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Abstract
The @ R-algorithm is a renowned method for computing all eigenvalues of an
arbitrary matrix. A preliminary unitary similarity transformation to Hessen-
berg form is indispensible for keeping the computational complexity of the QR-
algorithm applied on the resulting Hessenberg matrix under control.

The unitary factor @ in the @ R-factorization of the Hessenberg matrix H =
QR is composed of n — 1 rotations ordered from top to bottom. The ordering
of these n — 1 rotations is precisely determined by the Hessenberg structure and
uniquely specifies the unitary matrix Q.

In this article it will be shown that for any matrix there exists a unitary
similar matrix A = QR, where any type of ordering of the n — 1 rotations in
the factorization of the unitary matrix ¢ are admitted. Classic examples of
rotational factorizations of a unitary matrix ) are sequences from bottom to
top (lower unitary Hessenberg) or for instance the C'MV-decomposition of a
pentadiagonal unitary matrix. An important consequence of these alternative
formats is the loss of the Hessenberg structure. The resulting matrix is, however,
still representable by the same order of parameters. A constructive procedure to
compute the unitary similar matrix in factored form A = QR, as well as proof
of unicity of the reduction are given.

Based on the factorization of the unitary matrix @ in n — 1 rotations an
iterative procedure for computing the eigenvalues is presented. The @ R-like
iteration takes advantage of the specific ordering of the rotations and based on
the unicity of the rotational factorization an implicit version is designed. The
computational cost of the implicit version is again comparable to the cost of the
@ R-algorithm for Hessenberg matrices.

A first numerical experiment investigates to Ritz-value convergence behavior
of some variants of the unitary similarity transformation. A second test inves-
tigates the speed of convergence and the accuracy of the new iterative method
for some variants of rotational factorizations.

Keywords : unitary similarity transformations, @ R-like algorithms, Givens
rotations, patterns of rotations, eigenvalues
MSC : Primary : 15A18, Secondary : 15A21, 15A23



QR-TYPE ITERATIONS FOR EIGENVALUE COMPUTATIONS BASED ON
FACTORIZATIONS OF UNITARY MATRICES IN ROTATIONS  *

RAF VANDEBRILT

Abstract. The QR-algorithm is a renowned method for computing all eigenvabfesn arbitrary matrix. A preliminary unitary
similarity transformation to Hessenberg form is indispelesfor keeping the computational complexity of t@&-algorithm applied
on the resulting Hessenberg matrix under control.

The unitary factoQ in the QR-factorization of the Hessenberg matkix= QRis composed ofi — 1 rotations ordered from top
to bottom. The ordering of these- 1 rotations is precisely determined by the Hessenberg steiahd uniquely specifies the unitary
matrix Q.

In this article it will be shown that for any matrix there esist unitary similar matriXA = QR, where any type of ordering of
then— 1 rotations in the factorization of the unitary mat@xare admitted. Classic examples of rotational factorizatafresunitary
matrix Q are sequences from bottom to top (lower unitary Hessenloerfgy instance th€MV-decomposition of a pentadiagonal
unitary matrix. An important consequence of these alteradtivmats is the loss of the Hessenberg structure. The meguitatrix
is, however, still representable by the same order of paramefeconstructive procedure to compute the unitary similarixat
factored formA = QR, as well as proof of unicity of the reduction are given.

Based on the factorization of the unitary matfxin n— 1 rotations an iterative procedure for computing the eigel&is
presented. Th@R-like iteration takes advantage of the specific orderinghefrbtations and based on the unicity of the rotational
factorization an implicit version is designed. The compotadi cost of the implicit version is again comparable to the obshe
QR-algorithm for Hessenberg matrices.

A first numerical experiment investigates to Ritz-value cogeace behavior of some variants of the unitary similaritydra
formation. A second test investigates the speed of conveegand the accuracy of the new iterative method for some var@nt
rotational factorizations.

Key words. unitary similarity transformation®R-like algorithms, Givens rotations, patterns of rotatiaigenvalues
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1. Introduction. Among the so-called direct methods for eigenvalue comjmutst theQR-method
is the most popular and most used one for determining theneddiges of nonsymmetric matrices. An
extensive list of publications is devoted to this favoratdehnique: introductions appear in almost all
numerical linear algebra textbooks [14, 18, 24], more sstit@ited books [22, 40, 45], detailed studies
of the convergence behavior linking tRER-algorithm with subspace iteration [36, 41, 43], articlesuat
particular characteristics such as balancing, bulge ngasiaintaining well-focused shifts [38, 42, 44] and
even very recently several improvements to achieve speaddimaintaining high accuracy were proposed
[7, 8]. Also a wide variety of publications, both theoretifE2, 13] as more practical, is related to studies
on how to adapt th@R-algorithm to make it suitable for particular matrix stnuiets such as quasiseparable
[16], semiseparable (plus diagonal) [30, 33] unitary ptus tank [6, 26], Hermitian plus low rank [28],
companion, comrade, Hamiltonian [17, 39] and many otherioes.

Important, however, for applying @R-algorithm is to perform a preprocessing step, therebystran
forming the involved matrix to a more economical format. Sifirmat is assumed to have some prominent
features: it admits a cheap®R-step; generically less memory is heeded to store the matdxmportant
is that the economical format does not get lost aft@Ruiteration step. Well-known economical formats
are the tridiagonal form (for a Hermitian matrix) and the skasherg matrix (for a nonsymmetric ma-
trix). The original matrix is brought via unitary similayitransformations to this shape retaining thereby
the eigenvalues [14, 18, 40]. Some other less widespreatbfsrare related to rank structured matrices
[15, 25]. Also reduction algorithms tuned for specific matrases exist [3, 21].

In this article both the unitary similarity transformatiand theQR-algorithm are reconsidered gen-
eralizing thereby the results for Hessenberg and Hessgihiker(inverses of Hessenberg) matrices. Ex-
amining theQ-factor in theQR-factorization of Hessenberg(-like) matrices, it is obserthat it can be
factored by usingn — 1 Givens rotations. These— 1 rotations are in fact the minimal number that can be
achieved by a unitary similarity transformation on an adit unitary matrix. The resulting unitary matrix

*The author has a grant as “Postdoctoraal Onderzoeker” fierfrind for Scientific Research—Flanders (Belgium). Thearebe
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2 R. Vandebril

is referred to as being in compressed format. For a Hessgmbatrix this compressed format is build
by n— 1 rotations in descending order, a Hessenberg-like maadnh- 1 rotations in ascending order.
Studies [1, 4, 9, 10, 23, 37] relating unitary matrices witthogonal Laurent polynomials on the unit
circle reveal, however, the existence of a wide variety afgilte compressed factorizations of a unitary
matrix. Instead of only considering ascending or descend@guences of rotations, an arbitrary number
of direction changes can be taken. For example, the nowguaysarCMV-decomposition presents a
compressed factorization of a unitary matrix, changingdation for each of the — 1 rotations.

Based on a pre-specified pattern that the compressed uni@rx should satisfy a new algorithm
for executing the similarity transformation is presenteading to aQR-factorizationA = QR, with Q in
desired format. Globally this method has the same computaticomplexity as the transformation to
Hessenberg form. Both the Hessenberg and Hessenbergtikeace contained as instances of this generic
reduction method. Another example includes a resultingimgR-factored, where&) is decomposed in
n— 1 rotations according to theMV-pattern. A proof of unicity of the reduction procedure lzhea
Krylov sequences is included.

This almost unlimited number of patterns that can be use@doae a matrix to are then used to
develop aQR-like algorithm. Both an explicit as well as an implicit vers of aQR-like version suitable
for the new structures will be presented. It will be shownt tt@se new chasing algorithms share the
computational complexity of their well-known instances thiessenberg and Hessenberg-like case.

Numerical experiments are conducted, to investigate tlitamynsimilarity transformation to a com-
pressed formaat and to test {@&-like method for computing the eigenvalues of the matricassered.

The article is organized as follows. Section 2 presentsrpihry results, definitions and assumptions
related to all the essentials for understanding the artietion 3 discusses the algorithm for carrying out
the similarity transformation to a prescribed matrix stawe. In Section 4 the ne@R-like algorithm is
presented as an explicit calculation, some issues sucheastricture preservation and irreducibility are
considered. Section 5 presents an implicit version of thegdizedQR-method. Some comments on the
software and numerical issues and an example are given tio8&c Conclusions and future work close
the article.

2. Preliminary results. To obtain a self-contained article some definitions andnigles for factor-
ing unitary matrices in rotations will be reviewed.

A HessenbergnatrixH has all elements below the subdiagonal zerddessenberg-likenatrix Z has
all submatrices taken out of the lower triangular part okrahmost one: rankZ(i : n,1:i)) < 1, for all
i=1,...,n. In case of invertibility, the inverse of a Hessenberg masiof Hessenberg-like form. It is
assumed that the reader is familiar with a Givens rotatiah itmability of creating zeros in prescribed
matrix positions [18] by altering only two rows or columnstbé involved matrix.

REMARK 2.1. Throughout the manuscript we will continually ue 2 rotations, though all results
remain valid when using@ x 2 unitary matrices instead. A rotation has determinant edoal, whereas
the determinant of a unitary matrix can reach an arbitrarjuaof absolute value equal to

Rotations will be the building blocks for dealing with fadtmations of unitary matrices. To be able
to benefit from this rotational factorization it is crucidélat an elegant, intuitive and compact manner is
provided for keeping track of all information accompagmyan individual rotation. A graphical depiction
presents us readily the order of the rotations and indicatambiguous the rows affected by the rotation.

This graphical representation is introduced by computiegdR-factorization of a matrid = (a; )ij €
C>. The matrix elements are depicted by the symbpkach rotation is represented by a square bracket
with arrows. The arrows point towards the rows affected wapplying the rotation to the matrix. To
compute theQR-factorization by means of rotations, first the lower le@irakbntas; is annihilated b)GEl.
The matring'lA has a zero element in positi¢h, 1). Graphically we get:

X X X X X X X X X X

X X X X X X X X X X

GHA= X X X X X = X X X X X
[: X X X X X X X X X X

X X X X X 0 x x x X

The procedure is continued by eliminating all, but the tognent of the first column. This results in
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G G G GH A= QYA graphically depicted as follows:

K X X X X X X X X X X
[: X X X X X 0 x x x X

QA= H X X X X X = 0 x x x X
[: X X X X X 0 x x x X

X X X X X 0 X X X X

In turn all columns are brought to upper triangular form by accession of rotations
QIAFQQfA=Q"A=R

das ¢ bt

O O O ¢

Premultiplication byQ leads to theQR-factorization ofA, graphically represented in condensed format as
follows (thereby not depicting zero elements anymore):

2.1)

X X X X X
X X X X X
X X X X X
X X X X X
X X X X X
I
cooX
oo X X
o X X X
X X X X
X X X X X

A EZL,EK X % x (2.2)
I o

This schematic representation contains all essentiatrivdtion needed for operating with ti@gR-factor-
ization of the matriXA. The clearly denote on which rows the rotations act and aksertutual order of the
rotations is available. Moreover, one can read from thelserses which rotations (e.g. the two rotations in
the third, fourth or fifth column of the factorization Q) commute and can be applied Brsimultaneously
or in either order. With aotational factorizationof Q we refer to a factorization d in rotations.

REMARK 2.2. We note that possibly in Equation 2.2 some rotations needagerformed and are
therefore equal to the identity matrix. In the graphical estes of rotational factorizations, rotations equal
to the identity are, however, allowed. Only, when based @specified knowledge, such as the matrix
structure, the rotation equals the identity, the rotatioill wot be depicted in the schemes and as such
reflect this particular structure.

Based on the matrix structures, a Hessenberg metrand a Hessenberg-like matr& admit QR-
factorizations of the following form:

[: X X X X X E X X X X X
E X X X X [: X X X X
H= [: X X X and Z= [: X X X (2.3)
X X
C " C

The sequence of rotations in the factorizationtbfs refered to as @escendingequence of rotations.
The Hessenberg-like matrix on the contrary admits a ratatitactorization of the involved unitary matrix,
with anascendingsequence of rotations. As will be shown in Section 2.1, dimtal factorization is not
always unique. When referring, however, to a very specifieng of the rotations, as for a descending
or ascending sequence, we will speak aboustiepeor thepatternof the rotations.

2.1. Manipulations with rotations. The forthcoming algorithms depend heavily on manipulatotg
tations. These operations are already described and pets@ahere (see e.g. [32, 33]). For completeness,
however, we will briefly reconsider the necessary ones gghction, without proofs.

LEMMA 2.3. Suppose tw@ x 2 rotations G and G are given. Their product @5, = G3 is again a
rotation. This operation is named the fusion of rotatiorSraphically we depict this operation by a curly
arrow as follows:

€L = 0
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LEMMA 2.4 (Shift-through operation)Suppose thred x 3 rotationsGy, G, and G are given, such
that the rotations; and G act on the first two rows of a matrix, ar@, acts on the second and third
row (when applied on the left to a matrix). Then there exigtéhrotationsG;, G, and Gs satisfying the
equalityG1G,Gs = G1G,G3, whereG; and Gz work on the second and third row a@ operates on the
first two rows. This is a common result, whose proof is based on two variant&€toring a 3< 3 unitary
matrix (see [34]). Schematically this operation is deplctéth arrows like~ indicating were the marked
rotation will go to:

£ -

O ¢

The last important operation is the shift-through operatiblength?.

LEMMA 2.5 (Shift-through operation of lengtf). Suppose the following matrix produéWX is
given, whereS denotes a rotation acting on robvand?2. The matrice§V andX are unitary matrices, both
having a rotational factorization in a descending sequenférotations. The ith rotatlonGW of W acts on
rowi+21andi+2. Theith rotatlonGX related toX acts on row i and i 1. The matrix prodchWX can
be refactored aGWX = WXG, WhereG is a rotation acting on row + 1 and ¢+ 2. The unitary matrices
W andX are again descending sequences mftations.

The next two schemes depict the same unitary matrix, butfarelift rotational factorization of this
matrix. In Scheme (2.4) the rotatiosandG are marked with a<. On the left, the matri¥V equals the
lower descending sequence of rotatioXss the upper sequence of rotations. A shift-through opemadf
a specified length is depicted by adding a superscript tor@war., indicating the number of successive
shift-through operations that need to be performed. Thanapoints to the final position of the marked
rotation.

4
! Ev : C C : C
I CoC (2.4)
C.C C.C
C X
On the right of (2.4) we see the resulting scheme in which aketionG appears now on the bottom right,
againW is the bottom an& the upper descending sequence of rotations.
Dealing with QR-factorizations requires also to characterize the intamadetween rotations and
upper triangular matriceR. For simplicity we will confine ourselves in this article tomsingular matrice's
A. The next lemma specifies how sequences of rotations chanee transfering them through an upper
triangular matrix.
LEMMA 2.6. A nonsingular nx n complex matrix A, with RQ-factorization-ARQ admits a QR-
factorization A= QR, where the rotational factorizations of Q afdobey the same patternA proof of
this Lemma can be found in [27]. In words this means that feairg) rotations through an upper triangular

matrix affects the rotations themselves, but not the mutasition nor the rows/columns they act on.

3. Unitary similarity rotations. Starting from theQR-factorization of a matridA = QR a unitary
similarity transformation will be devised such that thetanj factorQ in the QR-factorization of the re-
sulting matrixA = QR admits a factorization in— 1 rotations appearing in a prescribed order. Admissible
outcomes of the similarity transformation, unicity as wadlsome usefull decompositions will be consid-
ered. In the remainder of the text when speaking abaitrélarity transformation a unitary similarity
transformation is considered.

3.1. Admissable outcomes and compressed unitary matrice§ome particulars and extra notation
are needed to specify without ambiguity the patterns obféwations of the unitary matri) admitted as
outcomes of the similarity transformation.

1We note that Lemma 2.6 remains valid, also in the singular cage Bt to exclude some technical and troublesome cases in
the forthcoming parts on unitary similarity transformations gheQR-like method, this restriction is posed in this article.
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Itis well-known that any unitary matri® is similar to unitary Hessenberg mat[@( admitting a Schur
parametrization [9]. The Schur parametrization is a miidgpive factorization ofQ into a descending
sequence ofi— 1 rotations. The forthcoming definition of a compressedaurgitmatrix is sort of extension
of this factorization.

A vectorp of lengthn— 2 containing the charactefqleft) andr (right) will define the strict order of
the rotations. Suppose- 1 rotationsG;,i = 1,...,n— 1 are given wher&; operates on rowsandi + 1.
Theith elementp; of the position vectomp specifies the position of the fact@®; w.r.t. the position of the
factorG;, 1 in the product of these rotations.

For example, the unitary matri® in the QR-factorization of a Hessenberg mattik is factored in
a descending sequence of rotations. This meansGhatways appears on the left &1, henceQ =
G1G;y...Gnh1 and the corresponding = [/,...,¢]. A Hessenberg-like matrix, however, is related to an
ascending sequence of iterations. There@teGy,_1...G,G; andp=1r, ..., r]. TheCMV-decomposition
[10, 23] of a pentadiagonal unitary matix= UV factors the matrix in two block diagonal matridésand
V, where the blocks are:22 rotations.

i
P=UV= [ (3.1)

C

Corresponding to our notatiéi® = GsG3G1G,G4, whereU = GsG3G; andV = G»G,. The corresponding
vectorp equalslé,r, 4,r].

In the rest of the article we refer toc@mpressed unitargnatrix as a unitary matrix admitting a fac-
torization ofn — 1 rotationsG; acting on rows andi + 1, according to a prescribed orderipgThe forth-
coming similarity transformation admits any type of congsed unitary matrix in the QR-factorization
of the resulting matriXA = OR, covering thereby the Hessenberg, Hessenberg-like an@dNhé case as
particular examples.

Factorizations of a unitary matri® in rotations were discussed before in several articles, 4, 2, 10,
37]. The origin lies in the so-called schur parametrizaf@jn Already in these manuscripts results related
to other types of patterns [1] were proposed. The relatitwéen orthogonal Laurent polynomials and the
corresponding unitary matrices were studied in [4, 10, ®8pending on the order of the monomials for
constructing an orthogonal basis of Laurent polynomiatséturrences are given by a compressed unitary
matrix. Both the order of the monomials as well as the shap@defcorresponing compressed unitary
matrix are determined by a position vecfar In [4], these factorizations are refered to as snake shaped
matrix factorizations due to the zigzag form of the pattdrrotations.

REMARK 3.1. Though not explicitly mentioned, it is tacitly assumed #ilhtinitary matrices have
determinant equal td. Otherwise an extra unimodular factor appears when bugddihe factorization
of a compressed unitary matrix. This unimodular factor dnespose any difficulties, all forthcoming
deductions remain valid just as the shift-through operadi@nd the fusions, only all theorems need the
incorporation of a unimodular factor. Instead of considgrirotations one can also us&x 2 unitary
matrices solving the problem immediately.

3.2. The algorithm. One can consider the piramid shaped factorization of a geaeitary matrixQ
in (2.2) as made up by 4 descending sequences (2.1) or as pdyedtascending sequences of rotations.
This two-folded interpretation enables us to reduce anyirgt the desired compressed format specified
by p. First the algorithm is presented, followed by a justifioati
In each step(fori = 1,...,n—1) of the algorithm the following similarity transformatigs executedt
e (if p; =r) annihilate the outen— 1 —i rotations of the rightmost yet untreated sequence of de-
scending rotations by a similarity transformation;

2Another interpretation could lead to a factorizat®r= G1G3GsG4G,, which is, however, due to commutativity equivalent to
P = G5G3G1G2G4.

30f course, in case a matrix is already structured, some tramafions need not be executed. Assume therefore a generic full
piramid shaped factorization of the matfx
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o (if pi = ¢) annihilate the outem— 1 —i rotations of the leftmost yet untreated sequence of ascend-
ing rotations by a similarity transformation.
The outcome of these— 1 steps result in a similar matri= QR where the factorization & in rotations
obeys the pattern identified Ipy
There are two building blocks in the design of this algoriftannihilation of rotations on the left or
either on the right. First, in Sections 3.2.1 and 3.2.2 alsiteft and right annihilation step is considered
on a piramid pattern coming from tl@@R-factorization of a 5< 5 matrix. The combination of these steps
is presented in Section 3.2.3.

3.2.1. Left annihilation of a sequence.ConsiderA = A® = QRO factored as in (2.2). Assume
p1 = ¢, requiring the annihilation of the 3 leftmost iterations€l3 leftmost rotationé;(lO)G(zO)G(so) in the
piramid shaped factorization (¥ define the similarity transformation

H H
A<1>:G(3°> G! G(10> (Q<0>R(0)) G(lO)G(ZO)Ggo):Q“)R(l), (3.2)

whereQWRW js theQR-factorization ofAl). Note thatQ)) must admit a rotational factorization without
the three leftmost rotations and no extra rotations on tijfe remaining. The forthcoming procedure will
update the factorization of the matig¥? to obtainQ%.

The newQR-factorization ofAY) is computed as follows. The rotations determining the siritit
transformation are marked by and separated from tl@R-factorization by a vertical dashed line. In (3.3)
Formula (3.2) is depicted.

| C e |
A “%L% | 1 ’E% (3.3)

|

| |
0L 0C ORINE
Since the marked rotations are constructed such to anteitifieee rotations in the left of the piramid shape,

six rotations in total will vanish. The rotations on the righe transfered through the upper triangular matrix
R© by using Lemma 2.6.

X
X
X
X

C | 5 X X X X X
EERALS X X X X

AL = K [: A X X X (3.4)
! X X

L0k £ X

In Scheme (3.4) three more undesired rotations (markes ))ogre present. The bottom rotation can be
incorporated in the rotation preceding it by a fusion. Thaaming two rotations are moved downwards
by respectively a single and a double shift-through openatiThe result is @QR-factorization of the
following form.

AL = Iz[: I: X X X (3.5)
BBt L g

Two more fusions in Scheme (3.5) are required to obtain te@eattrotational factorization of the matrix
QW which has now 3 rotations less th@f). TheQR-factorization ofAY) = QR s of the form

X X X X
[:I: X X X

NNk 7
C'CC .

X

It is important to observe that the top rotation of the pirdm@mains unaltered (it does not even change)

during the whole process. We will see that also in the righilgtation process the top rotation remains
untouched.

A

X X X X
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3.2.2. Right annihilation of a sequence Take A® = QORO again as in (2.2). Nowp: =r, im-
plying the removal of 3 rotations on the right. Whereas in #fé annihilation step the rotations deter-
mining the similarity transformation are readily avaikapthis is not the case here. A sort of preliminary
step needs to be performed, transfering the rotations pimmemoval to the right of the upper trian-

gular matrix. By Lemma 2.6, Scheme (2.2) is refactored aedethy transformed id® = QORO =
o H oH _oH
QOROGY G G

[: X X X X X
AQ) = C g i ii I (3.6)
KKKKE “ % KK

; (N (PN - i similari o
The three rotations on the rlgmg G,” G;’ determine the forthcoming similarity transformation:

H H
AV —cP" Gy

H oH _oH [ =/~ H (H _gH
—-cy 6y G (Q<°) ROGY 6P G )G&OJGQ‘”G@O) (3.8)

H
e (QR?) 6 el 6y (3.7)

H H H /~ioy ~
—c2"60" G (Q<0>R<0>>:Q(1>R<1>7

whereQ) must admits now a rotational factorization without the éhightmost rotations. The forthcom-
ing operations are quite similar to the ones for a left aaiion step and provide us the new rotational
QRfactorization ofAY) = QR After the similarity transformation the following equati is obtained
corresponding to factorization (3.8):

5 C X X X X X |
av— A0 L SRR R ¢
R I S

The six rightmost rotations vanish after the fusions. Thdeasired rotations on the left are dealt with
similarly as in Section 3.2.1: after a fusion, some shifotlyh operations and two more fusions they
vanish and as a result the new factorizatiod! = QYR is retrieved and the matriQ(V) satisfies the
constraints.

AL — B X X X
KKKKE e

Again we note that the rotation on top of the piramed is natrall by any of the performed operations.

3.2.3. Generic algorithm. The generic algorithm is illustrated by a simple examplee Thie is that
after each annihilation step the top rotation stays in pl&lc# considering this top rotation leaves us with a
new piramid of one dimension less on which we can again appyodthe two annihilation steps described
above. Once more the top of the smaller piramid remains angritcedure continues.

A formal proof that the algorithm produces the exact desmmegbut is done by induction. For a left
annihilation in step, the smaller piramid is located on the right of the remairtimg rotation, hence the
rotationG; is positioned on the left of the top rotati@, 1 of the smaller piramid. Note that the position
is fixed now, since&s; ;1 will stay in place. For a right annihilation obvioust will be positioned on the
right of the next remaining rotatio@;, 1. Hence, aften— 1 steps, the order of the rotations is fixed and
the requested outcome is obtained.
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Let us consider for example a6 matrix and a reduction process specified by the veztefr,r, |, r].
For simplicity, only the rotational factorization of theitary matrix QU is depicted in each step. In each
stepi the rotations prone to removal (specifiedggyare marked by .

As a result we obtain R-factorizationA® = Q¥WR“, whereQ® is factored byn— 1 = 5 rotations
satisfying the desired pattern.

3.3. The zigzag pattern decomposed in ascending-descengliformat. Section 4 presents an al-
ternative type ofQR-algorithm suitable for any type of matrik = QR with Q in compressed format. To
make the description of the algorithm comprehensible antpewt, two factorizations based on the zigzag
pattern will be introduced.

A compressed unitary matriQ admits a rotational factorization decomposed in two fac€@y and
Qa: Q = QyQa, whereQ, consists of a single sequence of ascending rotationgrubnsists of a single
sequence of descending rotations.

The mutual position between two successive rotatiBnand Gj; 1 regulates the factorization. The
unitary matrixQq contains the rotatiof®; if rotation G; precedess; 1 (Gj is located on the left o6; 1,
hencep; = ¢), otherwiseG; is stored inQ,. Since the trailing rotatio,_1 has no successor, it can be put
in either unitary matrix.

ExAMPLE 3.2. Consider the unitary matrix Q i3.9) with the given zigzag pattern of rotations.
The two possible factorizations, depending on the positfothhe trailing rotation, of Q are shown. The
rotations belonging to @ are on the left of the dashed line, the rotations gf @ the right. Based on
commutation properties the rotations can be reorderedtkeIguch that visually a single descending and a
single ascending sequence of rotations is obtained.

(3.9)

EE 0, X
g

o b 1

Another example of descending-ascending (DA-)factorizatisrtheCMV-decomposition (see (3.1)).

REMARK 3.3. Any compressed unitary matrix admits also an ascendingesteing (AD-)factorizaticj
Q = Q2Qq. The unitary matrix @ contains the rotation Gif rotation G precedes &1 (G; is positioned
on the left of G_1). Otherwise Gis stored in Q. Since the first rotation &has no precessor, it can be put
in either unitary matrix.

REMARK 3.4. The forthcoming QR-like algorithm is based on the DA-faegdion, but also the AD-
factorization can be used without any essential changdéadgiace. For example, the chasing technique
(see Section 5) for a DA-factorization goes from to to bothmehfor a DA-factorization it runs from bottom
to top. Up to a certain sense the links are similar to the oretsvben GR-like and RG-like iterations.



Patterns of rotations and eigenvalue computations 9

To avoid the cumbersome and even misleading word@g-like method”, we refer to the forthcoming
iterative algorithm for computing the eigenvalues as#ealgorithm

3.4. Unicity of the similarity transformation. An important, yet unanswered question is the one
of unicity. The theorem formulated here is sort of extensibnhe implicit Q-theorem, since also the
Hessenberg case is covered. The proof provided here is loasEdylov matrices as in [40], which is
more appealing than direct calculations as in [18, 32] fosséaberg and Hessenberg-like matrices. As
mentioned before, for simplicity, we restrict ourselve#his article to nonsingular matrices.

THEOREM 3.5 (Implicit Q-theorem).Consider a nonsingular matrix A and a position vecporLet
V1 and \4 be two unitary matrices sharing the same first column (up taiemodular factor) such that

QiR =A =VIA4 and QR,=A;=VHAW,

where the unitary factors Qand @ in the QR-decompositions of,And A obey the pattern specified
by p and all rotations appearing in these factorizations of @nd Q are different from the identify
Then we have that both matriceg and A are essentially identical. The zigzag patterns arising in the
various factorizations of compressed unitary matriceeteelose relation to the ordering of monomials
when considering the recurrence relations for orthogomalrént polynomials [4]. Here the ordering of
multiplication withA or A~1 will play an important role in the construction of the invetirational Krylov
matrices.

We consider rational Krylov sequence, ¢ of lengthk, with starting vector spanned b vectors
out of the sequence

L, Ay, A%y, Av, v, Ay, A%y, A8y, L. (3.10)

the order in which the vectors appear in the sequence isndieted by the position vectgs. The first
vector in the Krylov sequence is always the middle vegtolf p; = ¢ the next vector on the left is taken
to fill up positioni + 1, if pi = r, one takes the next one on the right. Sipge; is not specified, the last
vector, the one in thath position can either be from the left or from the right, tisisin optional choicé.
The associated Krylov matriX, (A, V) , has these vectors generating the sequence as colummsok a
matrix. Whenk = n, kis omitted as subscript i¥” andK

For example, th&€MV-pattern in (3.1) is determined hy= [¢,r,¢,r]. The corresponding rational
Krylov sequence is#;, 5(A,v) = spar{v, Av, A~ lv, A2y, A=2v},

The proof of Theorem 3.5 is decomposed in two parts. ConsiaeatrixA reduced via the similarity
transformation from Section 3 to a matrix factorizatHAV = A = OR according to the position vector
p. Crucial in the proof of Theorem 3.5 is the observation lh@(tA,el) is upper triangular, which forms
the first and most technical part of the proof. Once this istkkmdhe second part proceeds identical as in
[40].

3.4.1. Upper triangular Krylov matrix. Crucial is that all rotations in the rotational factorizati
of the compressed unitary matr@ are different from zero. Otherwise the proof will break-goand
essential uniqueness can only be proved up to a certain. piarprove thaKp(A e1) is upper triangular
the DA-factorization ofQ = Q4Qj is utilized. BothQq andQ, are build up by nonoverlapping diagonal
blocks, in which each block contains a sequences of roafisee (3.9)), the location of these blocks is
vital for the proof.

We will investigate the zero-structure of the vectafs, using theDA-decomposition 00. The anal-
ysis of A-ke; proceeds similarly. Sinc®@* = Q;*Q;* is aDA-decomposition 0~ and by Lemma 2.6
it is known that theDA-decomposition of th€-factor of theQR-factorization ofA~1 has the same pattern
as theDA—decompositiorQ;lég 1. This provides us all the essentials for analyzing the sirecof the
vectorsAke; in essentially the same way as flfe;.

As before, the vectorg denote the standard basis vectors; the ve@&astand for vectors having the
element in position different from zero, the elements beldvare zero and the elements above might be

4This is related to irreducibility and we will come back to thisSection 4.1. When an identity rotation is considered tyisi
only guaranteed up to this position, just like in the staddamplicit Q-theorem.
SWe point out that the freedom of the trailing items is recugtinroughout the article.
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nonzero. In facg equals a linear combination of tleg, 1 < j <i, where the coefficient af is nonzero,
the other coefficients are unspecified.

The study of the structure df, (A,e1) is quite technical, therefore the flow of the proof will be ac-
compagnied by an example in whigh= [¢,¢,¢,r,r,r,£,¢,r]. A DA-decomposition of) corresponding to
the example is of the form.

8
6= EK _ EK (3.11)

The indicesj are defined as followsy = 1 andij is the positiork such that theth transition from
¢tor orr to ¢ takes place between,_1 andpx. The list is closed by a trailing; = n, wheren is the
dimension ofQ. In the example we havig = 1,i, = 4,i3 =7,i4 =9 andis = 11. For simplicity we assume
in the forthcoming part thgb, = ¢, if it equalsr, only a change between even and odd in the upcoming
part is required. Based on this indexing, we can identifgdrel blocks in the matrice£§a ande' the
submatncesgd( “ij+1) (for odd j) are of Hessenberg form; the submatnégﬁl tij41) (for evenj) are
of Hessenberg- I|ke form; the remaining diagonal blocksathif), andQq equal the identity. Please note
that for both matrice®y andQ, the elements in the position, ij) are included in a Hessenberg (fQ8)
and a Hessenberg-like structure ().

The derivations in the forthcoming part are only valid whératations are nonidentical. Based on
the DA-factorization and the indexset, one can verify that (thengsing several times Lemma 2.6)

Afe; =81 forig<k<ir—1,

since the entire blockq(i1 : i> — 1) equals the identity.

Considering, howeveA'2, the matrixQ, will come into play since it has a Hessenberg-like block on
the diagonal, ranging from positida to iz. This interaction with@a will smear out nonzero elements
immediately untill positioriz. This means that we get that (there is a little abuse in rutdtty considering
Ifeéz =8, but in the spirit of the undefinedness of some elements inghtorg, this is appropriate)

Aizel = Aéz = Qd Qa Qéz = Qd Qa éz = Qdég = é3+1-

The action Ode on &, is properly defined due to the Hessenberg b@@klg i4). Roughly speaking
one can say that diagonal block in the maixshifts down the nonzero elements quite dramatically untill
positionis. From this position there is temporarly again no impacOgf meaning that the Hessenberg
structure ofQy can again shift down the nonzero elements in the vector oy The Hessenberg part in
action is nOV\Qd(ig :i4). Unfortunately, once position is reached), comes in action again. Combining
all this information the following formulas are retrieved:

Ak*i3+izel =81 forig<k<ig—1

indicating that the powers fror continue to grow froniy, but the nonzero elements have shifted down
until the nexti; for j odd.

Putting aII things together the following formula preditk® nonzero structure of the powers/bf
applied ong; (takeip = 1):

A 2joade <0177 @ =gy forij <k<ij1—1, for j odd

In words this simply states that when gnis reached for eve, that there is a downward shift of the
nonzeros up to position). The somehow complicated notation of the power just expsettsat the power
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keeps increasing by one each step. For our particular exsatimglfollowing relations are obtained:
Aer =8, Aoy =&, Aer=&, Aley =8, Ae =&, Al =8,

For the inverse power K similar formulas are obtained:

A 2 evens 707D o =&y forij <k<ij1—1, for j even
The example gives in this case:
Ale=8&, A2e =8 Ale =8, Atei=80 A%e =8,

Glueing now all the results for the powers and inverse potaysther, taking thereby the ordering of
the position vectop into account, one gets:

Kok(A) = [&,...,&].
Indeed testing it on our example we get:
Kp(A 1) = [e1,Aer, A%ey, Aler, A ey, A2e;, A3y, Aty Aey A%ey A%
= [e1,Ae1, A%, Aley, A ey, A%y, A%y, Aley, A0y, A%y, Adey
= [&,...,8u].
This concludes the technical part for proving tK@(Ael) is upper triangular.
3.4.2. Unicity based on theQR-factorization. By the definition of the rational Krylov matrices and
usingA = V" AV we get:
VK (A, e1) = Kp(VAVH Ve ) = Ky (A Ver). (3.12)
Using the notation of Theorem 3.5 the following equalitiess abtained ¢ is a unimodular factor) ;
ViKp(A1,€1) = Kp(V1AV]' Vier) = Kp (A, Vien)
= 0Ky (A, V2e)
= aKp(VoAN;' Voer) = VoK (Az, €1).

The left and the right term are bo@yR-factorizations. The essential uniqueness of this fazation implies
thatVy andV; are essentially identical proving thereby Theorem 3.5.

We will not elaborate on this, but the above relations cleantlicate that the corresponding Krylov
sequences uniquely determine the similarity transfoionatd bringA to A format, which means that the
Q-factor in theQR-factorization of the rational Krylov sequence can also $&dto unitarily transform the
matrix to the desired format.

4. Eigenvalue computations.Given a matrixA and a suitable shiftz, chosen to enhance the conver-
gence. A single shifte@R-step is determined by:

A—pul =QR (4.1)
A=RQ+ul, (4.2)

wherel stands for the identity matrix anilis the outcome and new iterate. Equation (4.1) correspands t
the explicit version of th&R-algorithm, where the matric&3 andR are computed explicitly before the
reverse product is computed. The implicit version deteemitie unitary matrix) on the fly and performs
the following transition, without explicitly forming thenitary matrixQ

A=Q"AQ. (4.3)
One can also define the matéxas
A=RAR?, (4.4)

this formula is, however, merely of a theoretical interestgroving for instance the preservation of the
structure of the matriA.



12 R. Vandebril

4.1. Irreducibility. A matrix A with QR-factorizationA = QR, where the unitary matrixQ is in
compressed format is said to be irreducible if and only if tpger triangular matrix has all diagonal
elements, except the trailing one, different from zero dritié rotations involved in the factorization of
the unitary matrixQ are different from the identity. It is a simple exercise toy# that this definition is
equivalent with the standard definition of irreducibility ldessenberg and Hessenberg-like matrices. A
rotation equal to the identity implies that the matrix isddaipper triangular and as such can be split in
submatrices for computing the eigenvalues.

4.2. The new iteration. Consider the matriXd with a QR-factorization having the unitary matrix in
compressed form ardA-factored:A = QyQaR;. The shiftedDA-iteration proposed here, consists of the
following steps. First the ascending sequence of rotati@yis brought to the right of the upper triangular
matrix R, by Lemma 2.6 QaR; = R Qa.

A—pl = QuQaRy — pil = (QuR — HQY) Qa = QRQ. (4.5)

Here the producRrepresents th@R-factorization of the term between the brackets. This uypitaatrix
Q determines the similarity transformation of thé-step: the new iterate is of the forAn= Q"AQ. Ina
certain sense this is sort otERV-factorization of the matriXA— ul, whereU determines the next similarity
transformation. We remark that tibA-factorization admits two variants, depending on the pmsiof the
final rotation, as a result there are also two variants focebeg aDA-step.

Let us elaborate a little on the structure@f The number of rotations appearing in the rotational fac-
torization of the unitary matriQ is essential for keeping the computational complexity udatrol; here
Q admits a factorization in a single descending sequencetations, sinc&QqR; — uQ!! is an irreducible
Hessenberg matrix. Descending sequences of rotationsedppl an upper triangular matrix result in a
Hessenberg matrix. Hence, two Hessenberg matrices armeditél, = QyR- andH, = QY. Based on
the diagonal blocks in the matric€g andQg, one can partition the matricés andH;. Itis easily verified
that the diagonal blocks of upper triangular formHp correspond with diagonal blocks of Hessenberg
form in H; and vice versa. Therefore the summation of both Hessenbatiices leads to an Hessenberg
matrixH = H; + H;. In caseA is irreducible, the Hessenberg matrix is irreducible ad,vaelmitting thus
an essentially uniqgu@R-factorization build up byr— 1 rotations.

Before proceeding the analysis of this iteration, the fdemwequivalent to (4.1), (4.3) and (4.4) are
given. Straightforward calculations imply the followinglations, using thereby Equation (4.5):

A= (RQ)Q+ul, A=Q"AQ and A=RQAQ/R (4.6)

Both theQR-algorithm for Hessenberg matrices and the rational driy&teration for Hessenberg-
like matrices fit nicely in this framework. Consider for exalma Hessenberg matrbt = QR. Take the
following DA-decompositiorQq = Q andQ, = I, this means that the final rotation is incorporated in the
descending sequence. Reconsidering (4.5Mfaives us R, = R):

A—pul =QR—pul =QR

asa result&NZ Q" AQ, which is a step of the standa@R-algorithm. For a Hessenberg-like matAx= OR,
the matrixQ is an ascending sequence of rotations. Diedecomposition considered = 1 Q,, with
the final rotation put in the ascending part of the factortratRewriting the formulas from (4.5) gives us
(Rg = R)I

A—pl =1QaR, — pl = (R — uQY) Qa = QRQ:.

The new iteratd corresponds to a step of tlEH-algorithm [31, 35] or the rational driveQR-iteration on
the matrixA.

4.3. Structure of the rotational factorization pattern after an iteration. One of the crucial features
of theQRiteration applied on Hessenberg and Hessenberg-likeeaatis the preservation of the structure.
Consider, however, a nonsingular matdx= QR, with Q in compressed format. Based on (4.4) and
Lemma (2.6) it is trivial to prove that the patterns in thetéamization of the matrixQ are preserved under
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QRsteps. For a general treatment of structures preservesr Qiiterates we refer to [13], the singular
case is treated thoroughly in [12].

The main reason why we did not focus on the developmefi®algorithms for these various types
of patterns is the number of rotations needed for determitiie similarity transformation. Consider for
example a Hessenberg-like matrix. Executing a step of #ditional QR-method on this matrix involves
the computation of 2— 3 rotations. A single shifte@R-step for a Hessenberg matrix (the inverse of a
Hessenberg-like) only needs— 1 rotations. One can roughly claim that for dealing with aceasling
sequence of rotations the double amount of rotationsQiratep are needed. Another reason is that these
matrices belong to the more general class of quasiseparattices (also Hessenberg and Hessenberg-
like matrices can be considered as quasiseparable matriEes quasiseparable matrices expliQR
algorithms, determined by much more than 1 rotations each step, are readily available [11, 16, 33].

TheDA-algorithm proposed here is not precisely the same aQBmethod, hence we cannot rely on
the structure preserving theorems from [13] and [12]. I, fiaevill be shown, that generically the structure
is not preserved under an iteration, but alters after eatheoiterations. We are particularly interested in
the shape of the rotational factorization of the ma@iin the QR-factorization of the matri¥d = OR as
the result of @A-step, since this determines the matrix structure.

Given a matrixA, the resultA after a step of th®A-iteration is of the formA = RQAQ{R 1. Using
Lemma 2.6, we know that the upper triangular matrieeend R~ have no impact on the pattern of the
Q-factor in theQR-factorization of the matriyA. It remains to investigate the structure@fAQ. Using
A= QgR Q,, we get that th&-factor in the factorization of shares the pattern @,Qq.

So the original pattern in the rotation@R-factorization ofA equals the pattern @4Q,, whereas the
new pattern coming fromA is equivalent to the pattern @,Qq. It is easily checked that this reverting
of the order implies that the pattern moves up one positiongider e.g. (3.9) and an example is given
in (5.5)), with the position of the last rotation determing the variant of theDA-factorization taken
to determine th®A-step. The flexibility of the position of the last rotationtlie decomposition oDyQ4
implies that one can alter the pattern on the fly, since baticels determine also slightly different resulting
structures. This flexibility of the final rotation in tH2A-factorization appears in the final column of the
Krylov matrices and in the position of the final rotation i tktructure preservation. Moreover, it will also
pop up, when discussing the implicit version of &-algorithm.

5. Implicit version. The most elegant form for executing steps of @ algorithm on a Hessenberg
matrix performs these steps implicitly. Instead of compgitihe entire sequence of rotations determining
the similarity transformation, the first rotation is sufiot (for a single shifted step) and the remaining ro-
tations are determined on the fly. Applying the similarigrtsformation determined by this rotation on the
matrix perturbs its structure in the upper left cornaitialization step). Since the resulting structure after
the similarity transformation is known one can apply now gusmce oh — 2 structure restoring transfor-
mations ¢hasing stepgssuch that the resulting matrix meets the structural cairgs. Accomplishing a
QR-step in this manner does hence not require the computatibie complete unitary matrix determining
the similarity transform in advance.

Implicit QR-algorithms for Hessenberg(-like) matrices are commomitedge [31, 40, 42, 44]. The
most popular method is the bulge chasing method where theeels perturbing the Hessenberg structure
are chased downwards untill they slide off the matrix. Whepla@kng the rotationalQR-factorization
for studying the bulge chasing algorithm, a rotation chgsirethod is obtained. In this case a perturbing
rotation is chased downwards until it vanishes.

Performing &DA-iteration on a zigzag pattern exploits chasing technidpaes both ascending (Hessenbdgg-
like) and descending (Hessenberg) sequences. A briefitelzion of these techniques, followed by a
strategy to combine both is considered next and results implicit DA-iteration.

5.1. Descending and ascending sequence3nly the single shifted case is considered, implying that
the initialization step is composed of a single rotation. pliepoint the difference between descending
(Hessenberg) and ascending (Hessenberg-like) sequeottesdses are discussed simultaneously. The
major difference lies in the determination of the chasingtions. In the descending case these rotations
pop up on the left side, whereas in the ascending case theaapp the right side of the factorization. The
initial rotation is determined by from the first column of tHessenberg matri@QyR, — uQ\' from (4.5).
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5.1.1. Initialization. Consider a Hessenberg mattikand Hessenberg-like matrix factored as in
(2.3). The next graphical scheme depicts the initializatitep applied omd andZ, whereG; and G,
are suitably constructedd¥ = G'HG; andz(®) = G}'z&;. The rotations involved in the similarity
transformation are marked by>a

X X X X X X X X X X
%BE X X X X >E >E|: X X X X >E
HO = [: X X X and z0 = E X X X
I: X X I:K X X
X X

Updating the representation starts by transferring thegioots in both cases on the right through the upper
triangular matrix (Lemma 2.6).

S 10A SEN IR
HO — KK < x and 20— EE X x

C : C :

Removal of one of the two perturbing rotations is done by @fuen the left in the Hessenberg case and a
fusion on the right of th&-factor in the Hessenberg-like case. After the fusion, &-#iiough operation

is performed (to the left for the Hessenberg, to the righttier Hessenberg-like), as a result one obtains
the following factorizations.

SIS S oo

X X X X X
X X X X X

X X X X X X X X X X

)EKE X X X X C X X X X

HO = C X X X and zW = [ X X X X
E X X I:[: X X

X X

To finalize this initialization step we transfer the markethtion in the middle oZ(® back to the right.

N

e

|

3

X

X
X X X X
X X X X X

>

The result of the initialization step gives us fdfY the QRfactorization of a Hessenberg matiif!) =
G (Q(l) R(1>) perturbed on the left with an extra rotatiGa, theQR-factorization oZ(1) = (Q<1> §<1)) GY I

however, is the one of a Hessenberg-like matrix perturbethemight by a rotatiorég'. Both disturbing
rotations act on rows 2 and 3.

5.1.2. Chasing the rotations.Chasing the rotations in both cases is quite simple. Theviatig two
similarity transformations will chase the perturbing taia down one position.

H® = GHHWG, = QURYG, (5.1)
70 — G706, = GYGURY (5.2)

To deal withH @, first G, is transfered through the matfY to the left and then a shift through operation
is executed resulting again in a matrix factorizati$t? = GzQ@R@, where the perturbing rotatioBs
acts now on rows 3 and 4. Dealing wif?) proceeds sort of in inverse order. First the shift through op
eration to the right is performed, followed by transferihg tbtained rotation through the upper triangular
matrix RY. The result is a factorizatior® = Q?R2GY, with Gz acting on rows 3 and 4. Graphically
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these transitions look as follows, starting with the faizations (5.1) and (5.2) dfi? andz(@.

E X X X X X X X X X X
E X X X X mE X X X X
H@ = E X X X >E >E[;[: X X X
[i X X [: X X
X L x
E X X X X X E X X X X X
En% X X X X E X X X X
H@ = B xx x|, z®= E >E X X X (5.3)
E X X [: xi
E X X X X X [: X X X X X
X X X X X X X X
H@ = [: xx x|, z®= [: X X X (5.4)
>E E X X K X X >E
C » C X

After n— 2 chasing steps one is not able to perform a shift throughediperanymore because the end
of the sequence is reached. The perturbing rotation can mofuded with a rotation from the sequence
and vanishes. As a result one retrieves again the propeiomdhfactorizations in a descending or an
ascending sequence.

The sequences of rotations considered in the next sectionarpurely of descending or ascending
form. Performing an implicit step on a zigzag pattern wikktbfore be constituted of both techniques.
Executing a similarity transformation to remove an undekiotation as in the left of Equation 5.4 will be
refered to asemoval of a left rotationwhereas a similarity transformation and the correspandiaps to
get rid of the perturbing rotation in the right of Equatio vill be referred to as theemoval of a right
rotation.

5.2. Zizag patterns. The result of eDA-iteration step on &R-factorization of a matriXd, whereQ
is factored in a zigzag pattern results in an upwards shifigrhag pattern (see Section 4.3). Performing a
DA-step implicitly is possible and proceeds similarly as ia finevious subsection. The remaining issue is,
however, the transition from descending to ascending seeseand vice versa. A generic zigzag pattern
is constituted of parts which are descending, ascendingros from ascending to descending and vice
versa. The previous section explained purely ascendingestanhding parts, here focus will be put on
the change of direction and on the determination of the fiihatiple) rotation. A global implicit version
simply combines all the building blocks from the previousl &nis section.

The upward move of the pattern means that for the connechietvgeen ascending and descending
sequences the patterns on the left of the arrow in (5.5) iothe patterns on the right of the arrow. The
transitions for both< and> corners are shown in (5.5). The upward move of the pattexetethe position
of the final rotation undetermined, only one of the rotatioregked by the- sign (5.5) in a sequence can
remain.

C C C C

(. - [, ad [ - [ (5.5)
KK %Kﬁ KK JQ%

From Subsection 5.1.2 the removal of either a left or rightysking rotation is known. In the forth-
coming graphical flow of the transition from left to right wellomit the upper triangular matrix. The
upper triangular matrix does not complicate matters, oné éxtra transfering of rotations through the
matrix should not be forgotten when implementing the method

5.2.1. Initialization. The matrix corresponding with-pattern is denoted a$() and the matrixz(®
corresponds to the-pattern. The initial similarity transformatidd®) = Gi'H(©G; andzM) = G/'z(0G,
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are carried out just as in Section 5.1, as result we get.

£ : C) X : i ¢
K[: - EE  andH® = |
| | | |
L L L

For the matrixZ™® the disturbing rotation appears on the right, 8% it is spotted on the left.

Z(1) _

5.2.2. Chasing the rotations.The chasing starts, another time, just as for the purelyeshelog or
ascending case. The similarity transformations to obit#fi andZ(? are determined analoguously as
before. In Scheme (5.6) the full similarity transformatiemlepicted, foiz(? this is based on the removal
of right rotation, and foH (@ this is based on the removal of a left rotation.

| ;
EB%== E%EB (5.6)
o

Looking at the resulting schemes in Equation (5.5), we saedfter this step the resulting matrix on the
right has a change of direction in both patterns. Indeedr #iis similarity transformation, we see that the
rotations which should determine the upcoming chasing @tepked byx) are not free anymore, which
means that they are blocked by other rotations. The changéreftion of the corresponding patterns
created a sort barrier blocking these rotations.

The problem is easily solved by changing the undesirediootaSince the blocked rotation satisfies
in fact the final pattern, this rotation is kept and the othgeorotations are now marked as undesired.

E |

C
: N and H® = [

£

|
|
PG
l
|

At this point the order of removal is changed. When the firstysbing rotation was on the right (resp. left)

it is now on the left (resp. right). These undesired rotatican be removed now by the standard techniques
for removing a left or a right perturbing rotation. The prsgeontinues by the standard routines for either
descending or ascending sequences.

5.2.3. Options for the final rotation. After the initial step anch— 3 chasing steps the matricg"
andH® are of the form (5.7). The rotation marked byis the rotation intuitively popping up as the
perturbing one after a left or right removal of a rotation ksirailarity transformation.

W= and H@= [ (5.7)
%KE KE%

A closer look at the bottom rotations, shows that for bothesafiowever, the left as well as the right
rotation are free. This implies that we can remove eithehefdtottom rotations. So instead of annihilating
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the rotation marked in (5.7), one can also remove the onekeaan (5.8).

it '

z®= [ : and H® = E N (5.8)
X 0
After having removed the undesired rotationH” andZ® from either (5.7) or (5.8), the patterns as
presented in 5.5 are retrieved. The flexibility with the fir@thtion was already observed in the study of
the structure oDA-factorization and also appeared in the explicit versiotheDA-algorithm.

Based on the impliciQ-theorem 3.5 one can prove that the outcome of the im@dléitversion is
essentially identical to the outcome of the explRa-version. Both the explicit and the implicit methods
applied onA result in unitary similar matriced; and A, admitting aQR-factorization with an identical
pattern for factoring, Theorem 3.5 then implies that both matrices are essenidhtical.

This approach is clearly related to t&R-method. Proofs of convergence exist for both ascending as
well as descending sequences. Unfortunately for the moaneratof of convergence for the combination of
both is not available. Since the chasing involves a swappétgeen ascending and descending sequences,

its convergence seems somehow natural. In the numericatiexgnts section it will be shown that the
combined approach converges neatly and inherits propdraen both techniques.

6. Numerical examples.Due to the almost unlimited choice of possible positiprisr a compressed
unitary matrix it is impossible to test all algorithms ana $®w they behave numerically for computing
eigenvalues. In the upcoming numerical experiments soheetsd approaches are used. Two types of
numerical experiments are executed. In the first type theynsimilarity transformations are examined.
The convergence behavior of the eigenvalues in the pagdyref correct shape (so-called Ritz-values) are
studied. The second type of numerical experiments stubegriplicit DA-algorithm as presented in this
paper.

6.1. Software package.Together with this article a software package is providadstadying the
patterns and the flexibility of working with the rotationaictorization of unitary matrices. The package
provides for instance routines for computing the rotatidaetorization of a unitary matrix; performing a
similarity transformation on an arbitrary matrix to obtaisimilarQR-factored matrixA whereQ satisfies a
previously defined pattern; compute QgQ, andQ,Qq factorization of a compressed unitary matrix; ex-
ecution of implicitDA-steps on &R-factored matrix withQ in compressed form and a tool for visualizing
the pattern of a rotational factorization (see Figure 6.1).

In Figure 6.1 patterns for factoring a unitary matrix arevghpvisualized with the routingplot. The
left shows the standard piramid factorization of a unitastiin Q € C29<20 . The right figure shows the
CMV-decomposition of a 2@ 20 pentadiagonal unitary matrix.

The Matlab software can be downloaded from the author's iwebs at
http://people.cs.kuleuven.be/~raf.vandebril/.

LB 6D 6O 60 GO GO GO GO GO 6O
NF G G0 GO GO GO GO GO GO GO

10 15 20 25 30 35 [ 05

FIGURE 6.1. The left figure is a graphical piramid shape decompositioraafnitary matrix. The right figure shows the
CMV -decomposition of a pentadiagonal unitary matrix.
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6.2. Implementation issues.

6.2.1. Deflation in theDA-algorithm. The possibility of subdividing a matrix after a step of Q&
method into two or more problems, which can be treated inaggetly is referred to as deflation. In the
standard Hessenberg case possible deflation is monitoreladaking the relative sizes of the subdiagonal
elements. Conveying this technique towards the rotatiosasegmt in theQR-factorization indicates that
deflation should be checked by searching for rotations niealr equal to the identity. Indeed, some
calculations reveal that a rotation equal to the identityegponds to a subdivision of the matrix into two
submatrices, whose eigenvalues one can now compute indiemiin

6.2.2. Computational complexity and storage count.Each rotation is stored by two parameters
(cosine and the sine), though strictly speaking only a simpgirameter is sufficient. For each rotation 2
additional integers are needed for determining the ordappé&arance in the sequence and the row they act
on. Hence, globally storing th@R-factorization of a matriXA = QR, with Q in compressed format uses
1/2n? +9/2n— 6 parameters.

Important operations in the process are the computationGi¥@ns rotation, the shift-through oper-
ation and a fusion. Computing a Givens rotation taes 6 operations [18], a shift-through operation
uses 14 operations plus the computation of 2 rotations iimgls cost ofcs = 14+ 2¢;, = 26 operations.
Executing a fusion needs = 6 operations.

Assume that th@R-factorization of a matrixA is given (roughly 23n® operations [18]). Each simi-
larity transformation for annihilation on either the rigtthe left side uses the same number of operations,
so we do not need to distinguish between those. Assume adefglannihilation step is executed on a
matrix of sizel x ¢. This means that — 2 rotations are subjected to removal. To remove the topiootat
¢ — 3 shift-through operations and a single fusion are neededhiation of the next rotation uses— 4
shift-through operations and a fusion, and this contind&ansition of a rotation through the upper tri-
angular matrix takes;(¢) = 6(¢+ 1) + ¢ = 6(¢ + 2) operations. Globally this implies for a left or right
annihilation the following cost:

(-2
calt) = Z(E—Z—i)CSJrCf +6 =192 — 590+ 42
=

Based on the execution of— 2 annihilation steps of diminishing sizes a global comgiexbunt is re-
trieved:

n-2
19 515
Cu :/z Ca(g) = §n3—58nz+ ?n_162
=1

Taking into consideration that the complexity for reducingnatrix to Hessenberg form via rotations takes
approximately B3 operations, one can see that the traditional reduction adeithabout 25% faster than
the alternative version based on Q&-factorization.

Consider next aff x £ matrix on which we want to perform an implicit step of the nBA-method.
Again, the left and right annihilation steps are equallyangive, so we will focus only on left annihilations.
The initial step, computation of the shift and the final stepaontributing only to the lower order terms in
the complexity count so we will neglect them. Each chasieg 8tvolves a transferring through the upper
triangular matrix, computation of a rotation and a shifistigh operation. So executirig- 2 chasing steps
leads to a complexity of:

Cs=({—2)(c(£)+cs) = (¢ —2)(6¢+36).
The complexity of a traditional chasing step applied on asdaberg matrix takes
(—2)(60+24),

which is just few operations cheaper than the new approach.

Deriving the computational complexity of the glodaf-procedure is quite cumbersome, since it in-
volves parameters assuming when deflation will take placksanforth. Since all variants are equally
expensive we will therefore in the numerical experimentaifoon the number of iterations it takes before
deflation can be applied. This is one measure one can takedicthg the speed of the approach.
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6.3. Ritz-value convergenceWhen reducing a symmetric matrix to tridiagonal form, theeeigplues
of the part already in tridiagonal shape approximate thersiglues of the original matrix. Under some mild
assumptions the well-separated eigenvalues are found5ijr$9, 20]. In [29] it was already noticed that
the convergence of the part already in Hessenberg-like taquals the convergence of rational Lanczos.
Considering the reductions in this work, based on the prédheorem 3.5, we see that they are sort of
in between the Hessenberg and Hessenberg-like case. Tiesmonding Krylov spaces are not purely
constructed by powers @ or by A~1, but combinations of both. Depending on the choice of thiedef
right annihilation, successive powers Afor A~ appear in the Krylov subspace. With Ritz-values we
refer to the eigenvalues of the part already in compresgadfo In the plots of Figure 6.2 the Ritz-value
behavior for a symmetric matrix having 100 eigenvalues Bygspaced in the intervdll/n, 1] is shown.
The horizontal axis denotes the order of the part of the matready of desired format. The vertical axis
denotes the range of the eigenvalues of the original mdtriihe figures a small dot is depicted if a Ritz-
value approximates an eigenvalue in the rafi@e?®, 10-%], a bigger dot is depicted if the approximation
lies within [10°,10-"°] and a plus sign is plotted if the approximation is better thér/>. Six different
reduction types are considered, from left to right we halve:reduction to Hessenberg form; the reduction
to Hessenberg-like form; the reduction@MV-form; the reduction to a symmetric zigzag-pattern, with 10
annihilations on the left, followed by 10 on the right; thelwetion to a nonsymmetric zigzag pattern, with
5 annihilations on the left, followed by 2 on the right; theluetion to a nonsymmetric zigzag pattern with
2 annihilations on the left, followed by 5 on the right. Theneergence of the reduction to Hessenberg

Reduction to Hessenberg form Reduction to Hessenberg-like form
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Eigenvalues
o
&

Y e e
0 10 20 3 40 50 60 70 80 90 10 0 10 20 30 40 60 70 80 90 10

50
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°
&
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o
&

0 10 20 30 40 5 60 70 80 9 100 0 10 20 30 40

50 60 70 80 90 100
Order Order

-
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&

Order Order

FIGURE 6.2. Convergence plots of the Ritz-values.

(tridiagonal) form, shows us the well-known pattern, in ghfirst the well-separated eigenvalues located
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on the extremes of the interval are first found. The Hessenldler convergence, as is known, is equal
to the Ritz-value convergence behavior related to a Kryjmscs build byA~1. The other figures their
convergence is sort of located in between these two figuasthE Hessenberg-like case the convergence
is clearly focused towards the smallest eigenvalues, alsthé four final plots this is the case, but not as
fast since for these matrices also powers@ippear in the sequence. The third and fourth plot are almost
identical since they are both symmetric zigzag patterrestdbrth plot alters, however, only after ten steps,
whereas th€MV-shape alters every step between left and right annihilatitie fourth plot shows thus a
slight advantage for convergence close to 1 and a slighy deleonvergence to 0. The fifth plot has more
powers OfA in its pattern than powers @1, and the sixth plot vice versa. Clearly the most prominent
present termA or A~1 forces convergence towards 0 or 1. The fifth picture is clos¢he Hessenberg
convergence and the sixth picture closer to the Hesselliergase.

6.4. Eigenvalue computations.In this section, the accuracy and speed of computing theeédiges
of an arbitrary matrix are tested. The matrix is first redutted compresse@R-factorization after which
the DA-algorithm is used for computing the eigenvalues.

The software provides a genefiA-algorithm, able of dealing with any type of pattern of raias.
Only at the end of a chasing the user should specify whethighaar a left annihilation step is executed,
with the possibility of changing this during execution. 3iiplementation of th®A algorithm is applied
on four variants. For these four variants the same inputiratrd identical deflation criteria were used
making a fair comparison possible. We know that the compurtat complexity is independent of the type
of zigzag pattern. Hence, in the following results only therage number of iterations per eigenvalue is
plotted and the maximum relative accuracy.

The initial matrix is reduced via unitary similarity traesfmations to a compress€R-factorization
after which choices for thBA-algorithm are made. The four cases are the following:

e Hessenberg matrix, thBA-algorithm does not change the pattern at the end of the seque
rotations, as a result the sequence remains descendingttoat the algorithm. This corresponds
to the standard Hessenberg algorithm.

e Hessenberg-like matrix, again without changing the patthe end of the sequence of rotations
in aDA-step. This corresponds to the Hessenberg-like algorithm.

e CMV-matrix, with altering the final rotation each step. In thiaynone retains thEMV-pattern
during theDA-algorithm.

e compresse@R-factored matrix constructed by two left annihilations ansingle right annihila-
tion. The correspondinBA-algorithm alters the direction every two steps, so after Dm-steps
the direction of the trailing rotation changes.

Deflation is applied when the absolute value of the sine otatiom is below 1014, this criterion is
identical for the four testcases. The algorithm only defldlecks of sizes at most 2. As shift the Rayleigh
shift is taken. ThéA-method is identical for all four versions, only the position were the final rotation
is taken is different for these four cases.

In the first numerical experiment a random symmetric magigénerated with eigenvalues equally
distributed in the interval0,1]. The problem sizes vary from 20 to 500. The four variants amied
on the same matrix. Figure 6.3 shows the accuracy and thageerumber of iterations. Taking into
consideration that thBA-steps are equally expensive for each method, the averagleanwof iterations is
a good measure for deducing the speed of the correspondimgaagh.

All four methods provide almost equally accurate resultsly@he number of iterations differs signifi-
cantly. An inappropriate conclusion states that the Hdssgplike approach is the best. Thé-algorithm
is related to @QR-method and the convergence@R-methods is dependent on the ratios between eigen-
values. Since the Hessenberg-like approach is relatecetmtierse of the matriA, it seems natural that
it outperforms the other methods in the case of equals spgigedvalues. To illustrate this, a second ex-
periment is performed, with eigenvalues the inverses oétgenvalues of the first experiment. Figure 6.4
illustrates the results. As expected the Hessenberg capertarms now the Hessenberg-like case. The
two other approaches are somehow in the middle of the figutkefisconvergence most likely relies on
powers ofA andA 1.

In the final humerical experiment we changed w-algorithm and made it adaptive. Instead of
selecting the position of the final rotation we alter it degieg on the average number of iterations. Starting
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e.g. with a Hessenberg matrix, we retain the structure ambtlalter the direction of the trailing rotation.
It is assumed that 2,5 DA-steps are needed to find all eigenvalues. After 10% of thisbar,n/4 DA-
steps we check the average number of iterations before @wee occurs. If this is too high we alter the
direction. In the Hessenberg case it means that we changir#uation of the final rotation, hoping that by
performing this action we can reduce the average numbeeaitions before convergence occurs.

This method was tested on a single example with equal spagenvalues. To compare the flexible
approach also the average number of iterations for the IHbesg and Hessenberg-like approach are shown
(Figure 6.5). It is clear that the changing of direction hasgmificant impact on the average number of
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FIGURE 6.5. Equal spaced eigenvalues.

iterations and thus also on the global time.
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7. Conclusions and future research.In this article a new procedure, based on @ factorization
of a given matrix, is presented for transforming a matrix wigtary similarity transformations to a com-
pressed format. This similarity transformation is a gelieation of the reductions to Hessenberg and
Hessenberg-like form and it can achieve for instanceCti®/-pattern in the decomposition of the unitary
matrix. Unicity of the reduction is proved. Based on the daigation of the unitary matrix a new proce-
dure, generalizing th®R-algorithm, is given. An implicit version of this method isgsented. Numerical
experiments show the viability of this approach and revapfsealing results related to the convergence of
Ritz-values as well as its impact on the convergence obisalgorithm.

Clearly, the research associated with these algorithmetiget finished. Important open theoretical
guestions remain such as a proof of convergence (illustiayehe numerics); an analysis of the conver-
gence speed; a theoretical foundation on which side to ehhedtrailing rotation; how to pick the shifts,....
These questions will be the subject of further research.
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