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Abstract
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formulas with n positive weights and with the n—m remaining nodes
real and distinct, so that the quadrature is exact in a (2n — m)-
dimensional space of rational functions.

Keywords : Quasi-orthogonal rational functions, generalized eigenvalue prob-
lem, positive rational interpolatory quadrature rules.

MSC : Primary : 42C05, Secondary : 656D32, 65F15.



THE EXISTENCE AND CONSTRUCTION OF RATIONAL
GAUSS-TYPE QUADRATURE RULES*
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Abstract. Consider a hermitian positive-definite linear functional §, and assume we have m
distinct nodes fixed in advance anywhere on the real line. In this paper we then study the existence
and construction of nth rational Gauss-Radau (m = 1) and Gauss-Lobatto (m = 2) quadrature
formulas that approximate F{f}. These are quadrature formulas with n positive weights and with
the n—m remaining nodes real and distinct, so that the quadrature is exact in a (2n—m)-dimensional
space of rational functions.

Key words. Quasi-orthogonal rational functions, generalized eigenvalue problem, positive ra-
tional interpolatory quadrature rules.

AMS subject classifications. 42C05, 65D32, 65F15

1. Introduction. The central object of study in this paper is the numerical
approximation of a hermitian positive-definite functional § by means of an n-point
positive interpolatory quadrature rule with real distinct nodes {x}7_; and positive
weights {Ax}p_;:

S~ D M ().
k=1

When taking as nodes the zeros of an nth orthogonal polynomial (OP) (where orthog-
onality is with respect to the inner product defined by (f,g) = F{f(x) - g(T)}), we
obtain the nth Gaussian quadrature rule, which has a maximal polynomial domain of
validity; i.e., the approximation is exact for every polynomial of degree less than or
equal to 2n — 1. Clearly, the existence of the nth Gaussian quadrature rule depends
on whether an nth OP exists. If one or two nodes in the quadrature formula are fixed
in advance, and the remaining nodes are chosen to obtain exactness for at least every
polynomial of degree less than or equal to 2n — 2 or 2n — 3 respectively, we get more
general nth Gauss-type quadrature rules. In this case, the nodes are zeros of an nth
quasi-orthogonal polynomial, and the existence depends on the fixed node(s) as well
(i.e., for certain choices, one of the remaining nodes may lie at infinity and/or some
of the corresponding weights may be non-positive).

When f has singularities, it is often more appropriate to not consider a maximal
polynomial domain of validity, but rather consider more general spaces of rational
functions. In such a case the OPs are replaced by orthogonal rational functions
(ORFs) with preassigned poles (to simulate the singularities of f).

ORFs were first introduced by Dzrbasian in the 1960s. Most of his papers ap-
peared in Russian literature, but an accessible survey in English can be found in [9, 13].
These ORFs are a generalization of OPs in such a way that they are of increasing
degree with a given sequence of poles, and the OPs result if all the poles are at infinity.
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So, when taking as nodes the zeros of an nth ORF instead, we obtain the nth
rational Gaussian quadrature rule; see e.g. [1, Chapt. 11.6] and [2, 7, 8, 10, 11, 12,
14, 15, 17, 18, 19, 20]. Here we can also consider more general rational Gauss-type
quadrature rules obtained by fixing one or two nodes in the quadrature rule. However,
the existence of these quadrature rules now also depends on the sequence of poles.

The aim of this paper is to investigate the existence and construction of rational
Gauss-type quadrature rules. The outline is as follows. After giving the necessary
theoretical background in Section 2, in Section 3 we discuss the connection of positive
rational interpolatory quadrature formulas with certain kinds of quasi-orthogonal ra-
tional functions. Next, in Section 4 we use this connection to study the existence and
construction of rational Gauss-type quadrature formulas for a given (set of) node(s)
fixed in advance. Finally, some illustrative numerical examples are given in Section 5.

2. Preliminaries. The field of complex numbers will be denoted by C and the
Riemann sphere by C = C U {co}. For the real line we use the symbol R and for the
extended real line R = R U {co}. Further, the positive half line will be represented
by Rt = {z € R: 2 > 0}. Whenever the value zero is omitted in a set X C C, this
will be represented by Xg. Similarly, the complement of a set Y C C with respect to
aset X C C will be given by Xy;ie, Xy ={t€ X :t ¢ Y}.

Let a € C, then Re{a} refers to the real part of a, while Zm{a} refers to the
imaginary part, and the imaginary unit will be denoted by i. For a # 0 we will also
use the short notation {a}, defined by

Im{a}

T{a} = -Im{l/a} = { . o a€Co

, a= 0.

For any complex function f, we define the involution operation or super-c con-
jugate by f¢(x) = f(Z). With P, we denote the space of polynomials of degree less
than or equal to k, while P represents the space of all polynomials. Further, we will
use the short notation [f(z)],=a to denote lim,_,, f(x).

Let a sequence of poles A = {aj,as,...} C Cy be fixed, where the poles are
arbitrary complex or infinite; hence, they do not have to appear in pairs of complex
conjugates. The rational functions we then deal with, are of the form

ckxk + ck_lxk’l + -4 coxo

(1—z/o1)(1—z/az) (1 —z/ag)’

Note that, whenever o;; = oo for every j > 1, the “rational functions” fi(z) in (2.1) are
in fact polynomials of degree k. Thus the polynomial case is automatically accounted
for.

fr(x) = k=1,2,.... (2.1)

Define the factors
T

Z =7 = =1,2,... 2.2
k<$) Otk<$) 17£C/Ozk’ k y 4y ; ( )

and the basis functions
bo(ﬂf) = ]., bk(IL') = bkfl(lL')Zk(lL'), k= 1, 2, e (23)

These basis functions generate the nested spaces of rational functions with poles in
A defined by

L1={0}, Lo=C, Ly:=L{a,...,ar}=span{by,...,bc}, k=1,2,....
2



With £ we then denote the closed linear span of all {b;}72,. Let

k
mo(z) =1, m(z) = [J(1—x/ay), k=1,2,...,
j=1
then for k > 0 we may write equivalently
k
b(x) = @) and Ly = {px/7k : P € P}
In the remainder we will also use the short notation EE:‘] = L{aq,...,ax_1,a} (ie.,

the space of rational functions with the same dimension as Ly, but with the last pole
o, replaced by the pole o) and Ly () := {f = 2= € Ly, : pp(a) = 0} = g—(’jﬁkq.

Note that £ and £ are rational generalizations of Py and P. Indeed, if oj = oo
for every j > 1, the expression in (2.2) becomes Zy(x) = = and the expression in (2.3)
becomes by () = z*.

With the definition of the super-c conjugate we introduce L£§ = {f°: f € Ly}
Further, with Ry ; and Sp = S{a, ..., ar} we denote the space of rational functions
defined by Ry ; = Li - L = {f - 9°: f € Ly and g € L;} and S = Ly + L], :=
{f+9g°: f€Lyandg € Ly} respectively.

Consider an inner product defined by a linear functional §:

(f,9)5 =3{f9°}, fg€L,

where the linear functional § is assumed to be hermitian positive-definite (HPD); i.e.,

S{f9°} =S{feg} and  F{ff°}>0for f #0.

Orthogonalizing the basis functions {bg, b1, ...} with respect to this inner product, we
obtain a sequence of orthogonal rational functions (ORFs) {¢o, ¢1,...}, with ¢ €
,Ck \ L:kfl, so that ¢k J_g L:kfl; i.e.,

1 .
<¢k7¢j>gzw(sk,j» dp € Co, k,j=0,1,...,

where J ; is the Kronecker Delta. In the special case in which ¢k (z) = di¢r(z), so

that
lorlls = 1/{pr s pr)z =1,

we say that ¢y, is an orthonormal rational function (nORF).

Put by convention a1 = a9 = oo. We then call a rational function f; =
fr—z € Li \ Lr—1, with k& > 0, exceptional (respectively degenerate) iff py(ag—1) = 0
(respectively pr(@g—1) = 0). A zero of pr at co means that the degree of py is less
than k. Further, for £ > 1 we say that f; is singular iff py(c;) = 0 for at least one
j €40,...,k —2}. Finally, f; is called regular iff f; is not singular, not degenerate
and not exceptional. With these definitions we now introduce the following spaces of
rational functions:

Lr:={f €Ly \ Lr-1: f is not exceptional} ,
AL, == {f € Lx \ Li_1 : f is not degenerate} ,
Ly = LN Ly,
"L :={f €Ly \ Lx—1: [ is regular}.
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In [18, Thm. 2.1.1] (and [1, Chapt. 11.1] for the special case of all real poles) the
following three-term recurrence relation has been proved for nORFs ¢y € Ly \ Li—1.

THEOREM 2.1. Consider the nORFs ¢; € L;\ Lj—1, with j =k, k—1,k—2 and
k > 0. Then these nORFs satisfy a three-term recurrence relation of the form

Dy, Ck }
x) = EpZi(z) |14+ ——| pr-1(x) — =———pr_a(x 2.4
oulo) = 550 {14 72 o) = o)} (24)
= Ekwk(x)v
with |Ei| = |Yxl5" € R{, Ck € Co and Dy € C iff ¢ € Ly, and gp—1 € 1. The
initial conditions are a_1 = ap = 00, p_1(x) = 0, and |po(z)| = ||1||§1 = |Ep|. In

the special case in which or_1 € %L1y and Yr_o € Lr_o for k > 1, it holds that
(see [4, Thm. 3.3])

1 -=Di/Z;_(ow—1)
Er_1

Cy € Co.

In this case the coefficient Dy can be expressed in terms of inner products as follows
(see [4, Thm. 3.7 and Thm. 3.9]):

Ky,j — Li,j .
Dk = Lk,j ng,j 2] — y 0 < ¥l < k,
Zioitan T Zi (e T o1k
with
Ky = —— (Zrpr— i Ok—2. d Lij=FEr 1 {Zron ,
k,j Z,‘;’_Q(Ozk)< KPk—2,Pj)5 + Ok—2; an k,j k=1 {ZkPr—1,95)5

while for oy, ¢ R, the modulus of the coefficient Ej, can also be computed as follows:
Tap} By [

n (Im{Dk} - |Dk|2‘1{ak—1}) ' (|Ek’—1|2 — 4% ar—1} 'S{O"“_Q}) + T}

In the opposite direction as in Theorem 2.1, the following Favard-type theorem
has been proved in [3].
THEOREM 2.2. Let {x1}72, be a sequence of rational functions in L, and assume
that the following conditions are satisfied:
(A1) a1 =ap =00 and oy, € Co, k=1,2,...;
(A2) xi is generated by the three-term recurrence relation (2.4) ;
(A‘?) Xk G»Ck\‘ckfl; k:071,27"'; fde—l =0 ;
(A4) D € C and By, € Co, k=1,2,...;
(43)

‘I{Ozk} _ ‘I{Oék_z}

Im{Dk} =
B> |Eraa)?

if ag—1 € Rq, respectively

2 |Era)? A
|Ex)? Ak

Re{Dy}* + {Im{Dr} = iZk1(@r-1)}" = — {Zk1(@r1)}

if g1 & R, where Ay, = |Ep]> — 4%{ar} - S{op_1} > 0, k = 1,2,..., with
Ey € Cyy



—Dy/Z¢ .
(A6) C = =il e ¢y p=12,.

1
Then there exists a HPD linear functional & on L - L° so that

(f,9)e =&{f9"}

defines an inner product on L for which the x form an orthonormal system.
The above three-term recurrence relation can also be written as follows:

(]
U1 _ el ( x >
x (x) - —LE——— i o(x) y =a 1-— _o(x
{SOk 1(z) Zﬁ,g(ak—2)¢k a( )} o1 P Yr—2(x)
[¢] _ (] _
+0b,7, (1 or—1(x) +¢2, (1 er(z), 0<k<n,
g1 Qg

where

W =Dy P B and agﬁl:ck:{HiZﬁ .

Let I,, denote the n by n identity matrix, and define the matrices

bl 0 L 0
a[fﬂ] b[lw] C[lw]
J, = 0 0 ,Dn:diag(aal,afl,...,a;il) ,
. aL¢l2 b[vf—]z Cgﬂz
T S
0 0
a[lv»]
Z§ (o)
STL: 0 5 and ByL:JnDn+ITL_STLa
a[«P]
0 ... 0 n—1 0

and column vectors
Gn(@) = ( wolz) ¢1(z) ... @n1(z) )T and €, =(0 ... 0 1 )T eC™.
Assuming the nORFs ¢y, € %Ly, for k=0,...,n — 1, and ¢,, € °L,,, we obtain that

= - z o
JnZn(x) = 2B, @n(x) — cEﬁl (1 — a_> on(x)e,. (2.6)
n
The following theorem has then be proved in [16, Sec. 4].
THEOREM 2.3. Suppose the nORFs oy, € %Ly for k = 0,...,n — 1. Then the
zeros xpj, j = 1,...,n, of a nORF ¢, (z) € °L,, are eigenvalues of the generalized
eigenvalue problem (GEP)

Jn’l_fmj = l‘n,jBnﬁn,ja (27)

5



with

n—1 -1/2

— 2 -

Un,j = 1n {Z ek (zn,;)] } Grnl@ng), |l =1,
k=0

the corresponding normalized eigenvector.
In the remainder of this paper we will assume that the sequence of nORFs {¢y }7_,
exists and that ¢ € %Ly, for k=0,...,n.!

3. Positive rational interpolatory quadrature rules. Consider the set of n
nodes {xg wti—1 C R4, , where A, = {ax}}_; and acg 6 7 acij if k # j, and weights

n?

{Ank}r_, C Rf. We then call a quadrature formula of the form

Falf} =D A5 f @l ), (3.1)
k=1

an nth positive rational interpolatory quadrature formula (abbreviated PRIQ) iff
Ro{f} =F{f}-8u{f} =0forevery f€R, ;= Lp 1 £~ , where Lo C L; C ELLO;%

IfRrR, 1,; is the largest space for which R, { f} =0, then 1t is called the domaln of
Vahdlty Clearly, a necessary (but not sufficient) condition for the existence of a PRIQ
isthat R,,_,; =R | 5 i.e., for every function f in the domain of validity it should

hold that f€ is in the domain of validity too.?

With ‘(n+i—1: n—i—m, A,,§)-PRIQ’, where i € {0,1} and m € {1—i,...,n—1i},
we denote an nth PRIQ for which the space Ry 1;—1,n—i—m is contained in the domain
of validity (i.e., the quadrature is exact for at least every f € Rpti—1.n—i—m). 1O
study (n+i—1:n—1i—m,A,,§)-PRIQs we will need the so-called quasi-orthogonal
rational functions (QORFs), which are defined as follows.

DEFINITION 3.1. Let 0 < m < n. We then call a rational function Qn@mH €L,
an m-qORF of the first kind iff Q. a,,,, is of the form

m
- T
Qn,dpir () = Zaj@n—j@)a Am+1 = ( o ... Gam ) e CcmHL

DEFINITION 3.2. Let 0 < m < n. We then call a rational function Pn@mH e L,
an m-qORF of the second kind iff P, s of the form

;Am 41

= T
Pn,t'im+1( ) = aOSOn +Z aj @n j( ) Am+4+1 = ( ap ... Qam ) € CmtL,

n]

From the previous definitions it clearly follows that Qn g, ., 1§ Ln—(m+1) and
that

£7L—1a m =10
- Zw m
Pn,ﬁ,,,b+1 J—&' L:nfm(an) = ~Zc En—('rn—i—l), 0<m<n
EO(an) L_ m=n.

It is easily proved by induction over k = 1 ,n, with the aid of (2.5)—(2.6) and Theorem 2.1,
that oy, € 9¢Ly, for k =0, .. nlff{agfll, Ef] . C(CO {b C(Canddet{ 1 kaBk};éO
fork=1,...,n B

2If this condition is not satisfied, the weights cannot be all real; see [5, Sect. 2].
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Conversely, for every r,, € L,, and every m € {0,...,n} it holds that r, Lg L,,_ (1)
iff v, is an m-qORF of the first kind. Further, assume that there exists a rational

function go[a“ nl e eplfnoml g5 that go[a" 2 lg L£,-1 and Hga?”*m] s 1. Then
it holds that r, Lz L, (@,) iff 7, is an m-qORF of the second kind. The first

statement is trivial. To prove the second statement, we first need the following lemma.
LEMMA 3.3. Let 1 < m < n. Then for every sequence of constants {aj}m cC

there exists a sequence of constants {b; };”:H C C so that

m—+1

Zaﬂpn (@) = bopn(z) + Z bj—e—~ Zc Pn—;j ().

Proof. For m =1 it follows from Theorem 2.1 that

1 D,
onla) = Za(a) [1 n m] prs(a) = G o),

where it holds that

Dy, D,
1+ =FE, 1C, +
Zna(w) T ZE (@)
Consequently, the statement follows for m = 1 by taking by = ﬁ eC, b =
——uDs_ cCand by = =2 € C.

En 1Ch En_1
So, suppose now that the statement holds true for 1 < m —1 < n. For m we then

have that
Z ajpn—;( Z 4 Pn—j () + am Zn(2)Pn—m(z) =

boon () + g bj%”—%%m T Zo () (2).

From Theorem 2.1 it now follows that

1 Zn(x)
Enf(mfl) an(mfl)

(x) Pn—(m—1) (SL') =

Dy Zu(2)
Dn—(m-1) B "
Zn(m) |:1 + Zn—m<$) :| SOTL—m(m) Cnf(mfl) 7c

Pn— m—+1 (.Z‘),
nf(erl)(’r) ( )

where it holds that

14 2= C + M
Zn-m(2) nomEn ) Zyy ()

1 1 1
Zp—(m-1)(7) Zﬁf(mq)(x) Zﬁf(mq)(anf(mfl)).

As a result we find that

nZal@pn-m(@) = Y & ipn @) 4 e Za()nrey o),

7



. am Dy (m—1)
with dp—1 = = €eC dy = =2 eC,d =
m—1 En—(m—l)Enfﬁlcn—(nm—l) ’ m Enfmcn—(m—l) ’ m+1

€ Cand e, = — — Lo € C. Finally, from
n—m m Enf(nL—l)En—m,cnf('mfl)Z;_(m,_1)(O‘nf(m,fl)) y,

the induction hypothesis it follows that there exist constants {¢;}2, C C so that

Z0(@)pn-n-1)(@) = Gopn() 4 305 7 sipn )

This ends the proof. O
We are now able to prove the following.
THEOREM 3.4. Let 1 < m < n, and suppose ry, € L,,. Further, assume that

plFn-ml ¢ epl@n—ml . pl@n-ml | o p

[@n—m]
n

=L (3.2)

Then it then holds that ry, Lg Ly_m(Qn) iff T is an m-qORF of the second kind.
Proof. From the definition of an m-qORF of the second kind it is clear that
Tn Lz Lpnom(@y,) if r, is an m-qORF of the second kind. So, we only need to prove
that r,, is an m-qORF of the second kind if r,, Lz L,—p(ap).
The case in which m = 1 has already been proved in [6, Thm. 5] under the less
restrictive condition that <p[a” e LI[E"’I] \ L,—1. Thus, suppose that 1 < m < n.

Since 1, Lg Ly—m (@), it follows that Znmp e lTm] and Z} 1y Lg Lo (mt1)-

Consider now the nORF <p[a” e eplin- "‘] . Then there exist constants {b;}7, C C
so that
25— () = S
s D (z) = bogl™ @) + 3 by (o)
n m) —
and hence,
Zn() e, ~; _Zn(@)
rn(z) = bom%a” (@) + ij m%—j(@ =
j=1
Zn(x) = = Zn ()
bo o=l () Zo i (8) + ) bi oo ().
Zﬁ—m(fﬂ) Z Zrcz m an J) " z:; jZTCL—j(x) "

From the previous lemma it now follows that there exist constants {c;}7, C C so
that

Zn(x a - n
ra(x) = by Zci(())@gln_mu + copn(® +Zc] 7 i@

n—m

[@n—m]

©n is an m-qORF of the second kind. Since

Thus, it remains to prove that ZZ o

@La" ml eﬁ? "””], we deduce from Theorem 2.1 that
1 Zn() g
= e (@) =
B Zi (@)
[@n—m] Z ( )
an' 1+n7 n— CLO‘W M]i n—2T) =
( ) ZTL—I(J;)‘| 7 1( ) ZEL 2(‘1‘)90 2( )

[an—m] [(XW m] (J;) — [an—m]m
Ena G @)+ D e Gy on a0 = G gy o)

n—1

8



Finally, because Z,@,—1 is a 2-qORF of the second kind due to the previous lemma,
it follows that ZCZ—"QOLQH_M] is an m-qORF of the second kind. This concludes the

proof. O

In everything that follows, we will assume that the nORF @Ef‘"”"] in (3.2) exists.
The following two theorems now give the connection between m-qORFs and (n :
n—1-—m,A,,§)-PRIQs, where i € {0,1} and m € {1 —4,...,n —i}.

THEOREM 3.5. Let 0 < m < n—1, and consider a (n:n—1—m,A,,§)-PRIQ
of the form (3.1). Then there exists an m-qORF of the first kind Qn a,,,, € "Ly s0

that Qn,(—imﬂ(xﬁ}k) =0fork=1,...,n, and
AN =8I k=1..n, (3.3)

with L9 the Sfundamental interpolating rational functions defined by

n,
[Q] _ (1—z/an) Qn,dm+1(x)
Ln,k(m) - 3 ' T ; 3
(=, pfan) (2= )@ 5 (%) 1)

where the prime denotes the derivative with respect to x.
Proof. (The proof is similar to the proof of [1, Thm. 11.6.1].) First, note that
1@

b (@nj) =0k, 1 < k,j <n. Consider now the auxiliary function

eLy1, k=1,...,n,

hw) = f(@) = > Flwnr) - Li(@). (3.4)
k=1
For f € Ry n—1-m, this can be written as

p2n717m(x)

() - g ()

h(lE) = y Dan—1-m € ,P2n717m'

Since h(zp) = 0 for k = 1,...,n (interpolation property), and since the numerator
of Qy,d,,,, is a nonzero constant times the nodal polynomial (z — 1) - ( — Zn,n),
we can write

h(m) = Qn,(im_H (:L') 'gc(m)v g€ £n717m~
From (3.4), together with (3.1) and (3.3), it now follows that

S{h} = %’{Qn,d‘m,+1 ' gc} = %n{f}

Finally, since the quadrature is exact for every f € Ry pn_1-m (e, R {f} = 0 for
every f € Rnn—1-m), it follows that Q, a,,,, is an m-qORF of the first kind. This
ends the proof. O

THEOREM 3.6. Let 1 < m < n, and consider a (n — 1 : n —m, A,,F)-PRIQ of

the form (3.1). Then there exists an m-qORF of the second kind P, g, ., € "Ly so0
that Pn@m*l(:ng,k) =0fork=1,...,n, and

AL =3y, k=1 3.5

n,k S{ n,k}7 IRREEN(2 ( . )

with LES,L the fundamental interpolating rational functions defined by

(1 — x/an) . P’ﬂﬁm+1 (.Z‘)

(1- xﬁ,k/an) (x — mi,k)Py/LﬁMH (mﬁk)

9
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where the prime denotes the derivative with respect to x.

Proof. (The proof is similar as above.) First, note that Lfllﬁ(xn,j) =0k, , 1 <

k,j < n. Consider the auxiliary function
W) = f(@) =Y flen) - Lyh(a). (3.6)
k=1

For f € Ry—1,n—m, this can be written as

p2n717m(x)

h(z) = , —1-m € Pon—1-m-

( ) 7771,—1(1‘) K Wfl,m(x) P2n—1—-m 2n—1—m
Since h(zp) = 0 for k = 1,...,n (interpolation property), and since the numerator
of P, a,,,, is a nonzero constant times the nodal polynomial (z — 2y1) - (* — Znn),

we can write
h(z) = Py a,,,, (z) - 9°(2),
where

0 /T ()
o N -

Pn—1—m S 'Pnflfm~

Hence, g € Ly_m(ay). From (3.6), together with (3.1) and (3.5), it follows that

${h} = 8{Poa, - 97 = RS}

Finally, since the quadrature is exact for every f € Ry—1 n—m (€., R {f} = 0 for
every f € Rp—1,n—m), it follows that P, is an m-qORF of the second kind. This
ends the proof. O

sAm+1

4. Existence of rational Gauss-type quadrature rules. The rational Gaus-
sian quadrature rule is a special kind of PRIQ that has maximal domain of validity
Rpn—1; hence, itisa (n+i—1:n—14i—m,A,,§)-PRIQ with ¢ = 1 and m = 0.
It is well known that the rational Gaussian quadrature rule exists iff «,, € Ry and
on € "Ly,. Whenever it exists, it is unique, and the nodes can be computed by solv-
ing the GEP (2.7), while the corresponding weights can be found by means of the
corresponding eigenvectors as follows:

2 2
AT = Joasl? 12, (4.1)

where vy, ;; denotes the first entry in the normalized eigenvector @, ;. See e.g. [6, Sect.
5].

From the previous two theorems we can deduce that m-qORFs, with 1 < m < n—i
and ¢ € {0, 1}, can be used to construct (n +i —1:n —i—m, A,,F)-PRIQs with m
nodes fixed in advance. Indeed, consider an nth PRIQ of the form

m n
Salfh =D NS @)+ D NS @), (42)
k=1 k=m+1
where the sequence of m distinct nodes &), = {xg ety C Ry, are fixed in advance,

and the remaining nodes and corresponding weights are chosen such that the PRIQ is
10



a(n+i—1:n—i—m,A,,§)-PRIQ. Then these remaining nodes and corresponding
weights can be found by means of the m-qORF @, g, ., (for i = 1) or P, g, ., (for
i = 0), with the coefficients @,,+1 chosen in such a way that the m-qORF has zeros
in X,,. Clearly, the existence of the (n+i—1:n—1i—m,A,,§)-PRIQ (4.2) depends
on the sequence of poles A, ;—1 and the sequence of nodes X, (i.e., on whether the
zeros of the m-qORF are all distinct real, and the corresponding weights are positive,
for the given sequences A,,+;—1 and A},).

A special kind of PRIQs with nodes fixed in advance are the rational Gauss-
Radau (m = 1) and Gauss-Lobatto (m = 2) quadrature rules. The existence of
rational Gauss-Radau quadrature rules has been studied in [6, Sect. 5] for the case
of i = 0. In this reference it has been proved that, if P, z, € %L,, there exist
HPD linear functionals &, for which {¢; }?;01 forms an orthonormal system in £,,_1

with respect to the inner product (f,g)s = &{fg°}, and poles o € Co, so that
g P, le Ln—1. For this reason, whenever a (n — 1 : n — 1, A,,§)-PRIQ exists,
itisa (n:n—1,{a,...,an_1,a},8)-PRIQ (i.e., a rational Gaussian quadrature

rule) too. Consequently, its nodes can be computed by solving a modified GEP of

the form (2.7), with the coefficients a&all and bgfll that appear in the last row of

the matrices J,, and S,, replaced with aLP_]an . and bLLP_]an . (depending on the fixed
node; see [6, Sect. 3]), while the (:01"1respondinyg,r weights again can be found by means
of the corresponding eigenvectors.

The aim of this section now is to study the existence and construction of the
rational Gauss-Radau quadrature rules for i = 1, and the rational Gauss-Lobatto

quadrature rules for ¢ = 0.

4.1. Rational Gauss-Radau quadrature rules for ¢ = 1. Recall from Sec-
tion 3 that a necessary (but not sufficient) condition for the existence of a PRIQ is
that for every function f in the domain of validity it should hold that f€ is in the
domain of validity too. Since a (n : n — 2, 4,,F)-PRIQ should at least be exact
for every f € Ry, n—2, it follows that it should also be exact for every f € Ryp_2n,
and hence, for every f € Rp_2pn—2 - S{a@n—1,a,}. This leaves us with the following
possible situations:

1. If {ap—1,an} C Cpg, then

(a) for o, = @,—1 it follows that Rp_2n—2 - S{an—1,an} = Rp—1,n-1
(=Run—2),sothat the (n: n—2, A,,F)-PRIQisa (n—1:n—1, A4,,F)-
PRIQ (i.e., a rational Gauss-Radau quadrature rule with ¢ = 0) too;

(b) for au, # @p—1 it follows that Rp_2n—2 - S{an_1,n} = Ry, so that
the (n:n—2, A4,,%)-PRIQ does not exist.

2. If a,—1 € Cg and a, € Ry, it follows that R,—2 -2 - S{an—_1,0n} = Run—1
(D Rnn—2 ), so that the (n:n—2,4,,F)-PRIQisa (n:n—1,A4,,F)-PRIQ
(i.e., the rational Gaussian quadrature rule) too.

3. If an_1 € Ry and «,, € Cg, it follows that Rp—2n-2 - S{on_1,an} =
Rpn-2 - L{@} ( D Run—2 ), so that the (n : n — 2, 4,,5)-PRIQ is a (n :
n—1,{a1,...,an_9,an, an_1},§)-PRIQ (i.e., the rational Gaussian quadra-
ture rule for the case in which the last two poles are interchanged) too.

4. If {ap—1,n} C Ry, then

(a) for oy, = ap_1 it follows that Ry_2p—2 - S{n—1,00n} = Rp—1n-1
(=Rnn—2),sothat the (n: n—2,A4,,5)-PRIQisa (n—1:n—1,A,,5)-
PRIQ (i.e., a rational Gauss-Radau quadrature rule with ¢ = 0) too;

(b) for ay, # ay—1 it follows that Ry—2,—2 - S{an—1,an} = Ry n_2.

11



For the first two situations (1. and 2.), the existence of the rational Gauss-Radau
quadrature rule (with ¢ = 1) can easily be verified by checking the existence of the
corresponding rational Gauss-Radau quadrature rule (with ¢ = 0) or rational Gaussian
quadrature rule for the given sequence of poles A,, and fixed node $§,1~ Thus, in what
follows we can restrict ourselves to the case in which a,—1 € Rg and «,, € C{O,an_l}.?’
We then have the following lemma.

LEMMA 4.1. A 1-qORF of the first kind

Qn.i,(7) = aopn () + a1pn_1(z) € L,

satisfies a relation of the form

Qna, (@) =ER Z () [1+ ﬁ K (x) — ﬂ ()
n,az n n anl(x) n¥Pn—1 Zﬁ_Q(x) Pn—2 1)
where K, € Cy,
E, + al/Z (Oén_l) aogEn Dy + ay
plol — aoLm n C plel —
" K, o " aOEn+al/Zn(an*1))
|I(n|2 aoEy,

clel =
E

€ Cy, and ELCi]l =K,FE,_1 €C,.

9 (a0En + a1/ Zn(an_1)]

Proof. From Theorem 2.1 it follows that
Qnﬁ2 (l‘) =

aoEy Zn(x) { [1 7@

where ag # 0 due to Qp g, € L \ Lr—1. Setting

Dn } On—1(w) — mg)n—ﬂw)} + ar1pn—1(x),

_ Zn(x) B 1 1
Spn—l(x) = Zn($) @n—l(m) = Zn |:Zn(04n1) + an(IL'):| @n—l(m)a

we obtain that

Q7L,62 (ﬂf) = Zn(m) {

where

- - - E,
E, =aE, + L, D, =aFE,D,+a; and C, = @ .
Zn(an-1) En

Further, for Qna, = £ € deg,, we find with ¢ = Be that

Qn(an—l) = Enan—lpn—l(an—l) 7é 0,

3Because of the re-ordering of the last two poles in the rational Gaussian quadrature rule for the
case in which an—1 € Rp and ay € Cgr, we will allow as, to be arbitrary complex.
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so that E, # 0. The relation now follows by setting E, = LQ} K,, (for an arbitrary
K, € Cy), D, = DI EI¥K,, and C, = E¥c?. 0
As a consequence of the previous lemma and Theorem 2.2, we now can prove the

following.
LEMMA 4.2. Consider a 1-qORF of the first kind

Qn.,a, () = aopn(x) + a1pn_1(x) =

Let a € Cy be chosen in such a way that g,(a) # 0 and
Ha} =k (Im{ar1En/ao} + T{on})

for some k € RY. Then there exist HPD linear functionals &, for which {p; ;’;02
forms an orthonormal system in L,_s and @n—1 Le Ly—o with respect to the inner

product defined by (f ,g)s = &{fg°}, so that g—:Qn@z € deELLa] and g—:Qn@2 le Lot

X = 2 (7 - ) e (Lo,

Proof. Since an—1 € Ry, it follows from assumptions (A4)—(A5) in Theorem 2.2
that for every K, € Co, there exist HPD linear functionals & so that K, o, 1 is a
nORF in 9L,y with respect to the inner product defined by (f, g)g = &{fg°}. So,

[

let gon] be given by

ool — By Za(w)
" Bl Z,(2)

Qn,d2 (SC) =

[Q] [Q]
D C,
1+ él Kn@n—l(l“) - %@nﬂ(fﬂ)} )

ET[La]Za(m) { 7o 1 (@)

where El*) € Co. Then it holds that go[na] satisfies assumptions (A1)—(A4) in Theo-
rem 2.2. From assumption (A6) it now follows that C’LQ] should be equal to (K, E,,—1)~!.
From the previous lemma we deduce that this can only be for |Kn|2 =14 XLLQ}7 which
implies that ¥ should be in (—1,00). Finally, we have that

Im{Dn} +Im{a(;%n } _ Im{alfn/ao} + T{Oén} _ T{Olnf2} o
1+ X3 (L+ X | B, 2 B[

T{a} - Han—2}
k(1 + x9N | B, @ >’
(1 +x2") | Enl 'En_l‘

Tm(D2) =

where the second equality follows from assumption (A5) applied on D,,. Consequently,
assumption (A5) in Theorem 2.2 is satisfied too for every EX e ¢y if T{a} =0,

2
respectively for ’E)[f‘]' =k(1+ XLLQ]) B, € Ry if T{a} #0. O

The previous lemma now allows us to prove our first main result.
THEOREM 4.3. Consider a quadrature formula of the form

Sn{f}= Ag,lf(mg,ﬁ + Z Ag,k (acg,k), (4.3)
k=2

13



with fixed node in ng € Ra, . Further, suppose that the nodes {xg K h—q are zeros
of the 1-qORF of the first kind:

Qn.a, (T) = aopn(z)+a1pn-1(x), A p” et B ( n,l(xn,1)>7

n,1

and let the corresponding weights be given by (3.3). Then (4.3) is a rational Gauss-
Radau quadrature rule with Rp{f} = F{f} — Sn{f} = 0 for (at least) every f €
Rn.n—2 iff the following conditions are satisfied:

1. A% e C and Al® # —E.Zy ()

2. XLLQ] € (—1,00), where XLLQ] is defined as before in Lemma 4.2;

3. Im{A9E,} = ~F{an);

4.

Pn -17)

ALQ{ #* — [m] ) for every a € [(.An_g U{occ}h)N E{anfl,a"}] .

T=

If a, € Ry, then the third condition is automatically satisfied when the second con-
dition is satisfied. On the other hand, if a, ¢ R, then the first three conditions are

satisfied iff
1 1 1
I — (— - _—) € Co.

n,l = T
’ E, \an-1 Qp

Proof. First, note that @ a, € deg . iff the first condition is satisfied. Next, from
Lemma 4.2 it follows that there exist poles o € Cy, constants {k,_1,k,} C Co, and
HPD linear functionals & so that the sequence of rational functions {¢o, ..., pn_2,
kn—1¢n-1, kng—:Qn@Q}, with %Qm@ S deﬁkx], forms an orthonormal system in EL?]
with respect to the inner product defined by (f,g)s = &{fg°} iff the second con-
dition is satisfied. The third condition then follows from the expression for T{a} in
Lemma 4.2 and the fact that the nodes of an (n)ORF are all real and distinct iff the
last pole is in Ry (i.e, iff T{a} = 0). Finally, we have that Qn.a, € "Ly iff the last
condition is satisfied too.

Thus, the conditions given in the statement ensure the existence of the rational
Gaussian quadrature formula

®n{f} = ZAS,kf(xS,k)v
k=1

where 29, = x‘zk fork=1,...,n,and (&{f} — &,{f}) =0 forevery f € cil. ¢ 4.
Furthermore, because

&{f} =T{f} forevery f€Rn_1n-2,
it follows that
S{f} =& {f} forevery fe€Ru 1022 Ly 1. (4.4)
Due to the uniqueness of a (n — 1,0, 4,,, §)-PRIQ with n fixed nodes, it follows that

N ) + —
Mr=2r€Ry, k=1...n
14



Moreover, from the proof of Theorem 3.5 we deduce that the equality in (4.4) holds
for every f € R, n—2 due to the fact that the nodes are zeros of a 1-qORF of the first
kind.

Suppose now that o, € Ry. From the second condition it then follows that

— 1 1 1
A h o7 E, — | —-—]=0.
) =0 & Imfor Bufoo} o (5~ o

Since we assumed that o, # «a,_1, this implies that
Im{aEnfaot = 0= —F{ay}.
On the other hand, for o, ¢ R, it follows from the second and third condition that
{ Im{algn/ao} (1/an—1 — Re{l/an}) — Re{a1 En/ao}Im{l/a,} =0
Im{a1En/ao} =Im{l/a,} #0

{ Im{algn/ao} (1/0[”,1 —Re{l/a,} — Re{alfn/ao}) =0
Im{a1En/ao} =Im{l/a,} #0

Re{alﬁ_n/ao} =1/ap_1 — Re{l/an} - a1 Ey, 11
Im{a1En/ao} =Im{l/a,} #0 a  Qp1 Ty
@]
As a result, XLLQ] = % = |EnZn(ozn_1)|_2 eR{.

Finally, suppose (4.3) is a rational Gauss-Radau quadrature with 2,,{f} = 0 for
(at least) every f € Ry n—2, while the second condition is not satisfied. We then have
that

2 n 2
A [ena @l )]+ YA et @S 0| = kumal ™ > 0.
k=2
Consider now a rational function @L?"_l] € L, defined by
o t(z) =
Bz { |14 22 st : @
n " n—1\T - T~ n—1¥Pn—1\T) — = — Pn—2(T 5
anl(x) kn—1En—1Z;§,2(l‘)
where Er[f‘"_l] € Cp and Im{DLa"‘l]} = —% From Theorem 2.2 it then

follows that there exist HPD linear functionals & so that the sequence of rational
functions {@o, ..., Yn-2, kn—1¥n—1, QOE?”*]} forms an orthonormal system in d{*”*]
with respect to the inner product defined by (f , 9)g = &{fg°}. Moreover, the quadra-
ture rule (4.3) isthen a (n — 1,n — 1,{a1,...,@n-1,@n-1}, @)—PRIQ. Since assump-
tion (3.2) is satisfied, it follows from Theorem 3.6 that the nodes {m‘zk}gzl are zeros
of a 1-qORF of the second kind of the form

Zn—1 (l‘)

1ZC

P, 5 (x) = bl 1(z) + b (@)

n,bs n

o1 (x) € "Liom=,

with Zzi(laé;) P 5, (@) = Qna,(x). In [6, Thm. 7] it has been proved then that there

exists poles & € Rg so that for every k, € Cy, the sequence of rational functions
15



{©0,-sYn—2,kn_10n-1, kn%Pn 52} forms an orthonormal system in L:L?} with re-

spect to inner products defined by certain HPD linear functionals ® on L - L. But
this is in contradiction with Lemma 4.2 and our assumption that the second condition
is not satisfied. This concludes the proof. O

4.2. Rational Gauss-Lobatto quadrature rules for : = 0. In a similar way
as above, we can now study the existence of rational Gauss-Lobatto quadrature rules
for i = 0. Since a (n — 1 : n — 2, 4,,%)-PRIQ should at least be exact for every
f € Rp—1,n—2, it follows that it should also be exact for every f € Ry,_2,—1, and
hence, for every f € Rp_2n—2 - S{an—1}. This leaves us with the following possible
situations:

1. If oy ¢ E, it follows that Rn_zm_Q 'S{Oén_l} = Rn—l,n—l ( D Rn,n_g ),
so that the (n —1:n—2,4,,5)-PRIQisa (n—1:n—1,A4,,%)-PRIQ (ie.,
a rational Gauss-Radau quadrature rule with ¢ = 0) too.
2. If ay_q € Ry, it follows that Rn—2n-2 -S{an-1} =Rpn_1,n-2-
For the first situation, the existence of the rational Gauss-Lobatto quadrature rule
(with ¢ = 0) can easily be verified by checking the existence of the corresponding
rational Gauss-Radau quadrature rule (with ¢ = 0) for the given sequence of poles A,
and fixed nodes &> = {acg,l, mﬁQ} Thus, in what follows we can restrict ourselves to

the case in which a;,,—1 € Ry. We then have the following lemma.
LEMMA 4.4. A 2-qORF of the second kind

x Zy(z
Prs(0) = a0pn(a) + 1 5 i1 (0) + aa 7o a(o) € 4L

with o, 1 € Ry (hence, ZS_1(x) = Zn_1(x)), satisfies a relation of the form

oy

Poa(x) = B Z, (x) { m] Knpn—1(x) — m%—ﬂ@} , (4.5)

where K, € Cy,

E a
EP — aoLm C Dl — p 1
n =g € n 1 wE
K,|? E,_
clFl = |_;t]| (1 _ 2o 1) €C, and EY) =K,E,_,€C,.
En—l (Z()En

Proof. (The proof is similar to the proof of Lemma 4.1.) From Theorem 2.1 it
follows that

where

~ E
E, =aok,, D,=ayE,D,+a1 and C, = domn

— as.

&=

n—1
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Further, for P, 5, = 4= ¢ deg,, we find with ¢, = 7’:—2 that

qn(anfl) = Enanflpnfl(anfl) 7é 07

so that E, # 0. The relation now follows by setting E, = E,[LP]Kn (for an arbitrary
K, € Cy), D, = DP'EY K, and ¢, = EY'cl). O
As a consequence of the previous lemma and Theorem 2.2, we now can prove the

following.
LEMMA 4.5. Consider a 2-qORF of the second kind

(o) + gt () = 25

Pn753 (],‘) = aggon(x) + alm _Z;,Q(x

Let o € Cg be chosen in such a way that g,(a) # 0 and

Ta} = k- (Im { “f" } +T{an} — Re { azEn } ‘I{an_g}>

aoEn_1

for some k € RY. Then there exist HPD linear functionals &, for which {p; ;’;02
forms an orthonormal system in L,_o and @n—1 Le Ly—o with respect to the inner

product defined by (f,g)e = &{fg°}, so that =P, z, € degled gnd Zop, g Lo Lnoa
A7 = BB € (—o0,1)

Proof. (The proof is similar to the proof of Lemma 4.2.) Since a,—1 € Ry, it
follows from assumptions (A4)-(A5) in Theorem 2.2 that for every K, € Cy, there
exist HPD linear functionals & so that K, ,_1 is a nORF in ¢, _; with respect to

the inner product defined by (f,g)g = &{fg°}. So, let @La] be given by

o] — ﬁZQ—(x} i, () =
"B Zul)
[P]
El 7, (z) { Dn

clf!
1+ m] Knon_1(x) — m%ﬁnz(m)} )

where Ei*) € Co. Then it holds that @Lf‘] satisfies assumptions (A1)—(A4) in Theo-
rem 2.2. From assumption (A6) it now follows that C’T[LP ! should be equal to (K, E,,_1)~ .
From the previous lemma we deduce that this can only be for | K, | = 1— X%P], which

implies that XLP] should be in (—o0, 1). Finally, we have that

a a Ha oy, —
Im{DLf’l}:Im{D,L}JFIm{aOE }:Im{aog }+ IJ{E TQ} 3 |]{E n |22} _
n n n n—1

a1 By,

Infef b+ Hon) o Slans) Tlawa)
|E,|” " Baal® ’EP] ’2 B

n—1

_ 2
1By E, [P]
Im{aao } + ‘I{an} B ‘Enfl Xn ‘I{an_ﬂ . a2} _ THa} . Tan o}
B, |? ‘E[P]l'z ki |En)? ’E[P}lr ’
n— n—
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where the second equality follows from assumption (A5) applied on D,,, and the last
equality is due to

2
En

Enfl

P _ _02En

c R.
" aoEn_1

Consequently, assumption (A5) in Theorem 2.2 is satisfied too for every E,[f] € Cy if
2
EXN =k|E.)? eRY if T{a} #0. 0O
Before we can prove our second main result, we need the following lemma.
LEMMA 4.6. Suppose the nORFs oy, € Ly, k =1,...,n. Then the nORFs @,
and @n—1 have no common zeros.

Proof. Set ¢ = 22, From Theorem 2.1 it then follows that there exist polyno-

Tk
mials q%k) € P and constants q(()k) € Cy so that

T{a} = 0, respectively for

pe(@) = ¢ @)pr_i1 (@) + ¢ (1 = 2/on1) (1 — 2/Tp—2)pe—a(z), k=2,...,n.

So, let k = n and suppose that py_1(a) = pr(a) = 0 for @ € C (recall that ‘pj,(c0) = 0’
means that ‘py, € Pr_1’). Since ¢ € Ly and @p_1 € 9Ly_1, it follows that a # ap_1
and « # @y_2, and hence, that pr_o(a) = pr—1(er) = 0. Thus, continuing for k =
n—1,...,2, we find that o ¢ {ax—1,@r—2}}_,, and that po(a) = p1(a) = 0. This,
however, contradicts the fact that g = pg € Cy. O

Finally, we are able to prove the following.

THEOREM 4.7. Consider a quadrature formula of the form

Snlf} = /\E,lf(xg,l) + /\E,zf(mﬁ,z) + Z /\g,kf(mﬁ,k)> (4.6)
k=3

with fized distinct nodes in {mil,mﬁg} € Ry, . Further, let the functions a(Z) and
b(Z) be defined by

o= [55

Suppose the nodes {xg’k}gzl are zeros of the 2-qORF of the second kind:

{ e IR | W

xT

T=T =T

Zn(x) Zn(x)
P, . = n - <~ ¥n— e T NFPn— an = ZC_ )
n,ds (ﬂf) agyp (IL’)+G1 Zn_l(l')sa 1(£E)+(12 ZfL_Q(l‘)(p Q(IL') ( 1(£C) n 1(1’) )
with
AP A a(‘rn,l)b<$§2) - a(mﬁg)b(xil) (: AP (xg 25 )) and
n,l ag b(xg’l) . b(mg,g) n,1\*“n,1¥n,2
5 5
a(xy, 5) —alxy, ) P
A[P] — a2 n,2 n, _ A[ 1/, .35 F
n,2 agp b(ﬁﬂgyl) . b(fﬂgyz) ( n72(mn,1axn,2) ) )

and let the corresponding weights be given by (3.5). Then (4.6) is a rational Gauss-
Lobatto quadrature rule with Rp{f} = F{f} — Fo{f} = 0 for (at least) every f €
Rn—-1,n—2 iff the following conditions are satisfied:
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1. {b(@d )05 5) } © €, and b ) — b(aF ) #0;

En—l[Zn—l(an) + Dn + AEfj/En]
NG
Xn

#b(ay) if an # an_1 and o, € Ry,

where XLP] is defined as before in Lemma 4.5;

3 xn € (—00,1);

4. Im{ AV B} — AL BT {an o} = —~T{an}s

5. a(a) + Aﬂ + Agﬂb(d) %0 for every & € [(.An_g U{occ}h) N K{anfl,an}}
Proof. First, note that P, z, ¢ deg, if ag = 0. Hence, we may assume that

ap # 0 so that the coefficients Agﬂ and Aﬂ are well defined. We then have that xg >

Jj =1,2, are zeros of P, g, iff

Zn(x3 ) Zn (23 )
5 [Pl _“n\"n,j 3 [Pl _Zn\"n,j I ) — S
gOn(fE )+An @n,1($ )+An gOn,Q(QC )_07 J_172
n,j )1 Zn—l(xgd‘) n,J )2 ZrcL_Q(ng) n,j

(4.7
Suppose now that the jth node is a zero of ¢,,_1. From (4.5) it then follows that

3
0= C[P]M

Zrczf2(x§,,j)

Spn—Q(xn’j

Due to the previous lemma, a zero of ¢,,_1 cannot be a zero of p,,_s, so that C,[lp] =0.

As a result, the third condition is not satisfied. For this reason, the first part of the

first condition ensures that none of the nodes are zeros of ¢, 1, and that XLP] # 1. The

expressions for Agﬂ and A[nlg then follow by dividing the left-hand side in (4.7) with
¥

%;;f)j)gon,l LP% and Aﬂ. Further, for b(xg’l) = b(:cgg) it

holds that

(:cgd), and solving for A

a(xg,l) - a(mﬁg) = Ey [Z"—l(‘rg,l) - Zn—l(mﬁ,z)} # 0,

so that ag # 0 iff the second part of the first condition is satisfied.
Next, for o, # an—1 we deduce from (4.5) that P, z, € £, \ Ln—1 (and hence,
in 9L, due to ag # 0) iff the second condition is satisfied. Note that b(a,,) is well

defined. Indeed, since ¢, € %°L,,_1, it follows that [i”%fgﬂ is finite whenever

Qp = Qp_o. Similar as in the proof of Theorem 4.3, we then have that

1. conditions 3-5 ensure the existence of a rational Gaussian quadrature formula
&, {f} so that F{f} = &{f} = &,{f} for every f € Rj,—1,n—2, and hence,
x‘zk = xfik and /\gk = )‘S,k € Rg fork=1,...,n;

2. supposing the rational Gauss-Lobatto quadrature exists, while the fixed nodes
are zeros of a 2-qORF of the second kind that does not satisfy the third
condition, leads to a contradiction.

Finally, note that we only need to verify the second condition if a,, € Rp, because
conditions 3 and 4 ensure that all the zeros are real. This ends the proof. O
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4.3. Construction of rational Gauss-type quadrature rules. In the previ-
ous subsections, we related the rational Gauss-Radau and Gauss-Lobatto quadrature
rules (for respectively ¢ = 1 and ¢ = 0) with certain rational Gaussian quadrature
rules by means of the Lemmas 4.2 and 4.5 respectively. Supposing the quadrature
rule exists for a given (set of) node(s), the aim of this subsection is then to investi-
gate the construction of the quadrature rule (i.e., the computation of the nodes and
weights in the quadrature formula). For this, let X be fixed to either @ or P, and
suppose that the matrices J,,, D,, I, and S,,, are defined as above in Theorem 2.3.
Further, let XLLQ], XLP], A[Q] and ALPL be defined as before in Lemmas 4.2 and 4.5,
and Theorems 4.3 and 4. 7 and set

X _ ol o X, and oY, = (B9, - AXIA ) /L), (48
b= alh=al — (v, )/ (4.8)
where |n| = 1,
KX = 1+X[Q] X=Q and L[X]:{ 1+X£1Q]» X=Q
1/\1-xi!, X=P ’ X==r

With this we can define the modified matrices

On—2 S 0
JIx) Jn1 X glX] — ( - "l "2 )
n e n n—1 ’
67, o b, U2z G 0
il
and
BLLX] = J%X]Dn +1I, — SLLX], where 0,_o = (0 ... 0)'ecn2,

and modified column vector

790 = (woe) e1@) - K pa@) ) -

We then have the following theorem for the construction of the rational Gauss-Radau
and Gauss-Lobatto quadrature rules from the previous subsections.

THEOREM 4.8. Given the notation introduced above, the nodes {xik} in the
rational Gauss-Radau quadrature rule (4.3) (X = Q), respectively in the rational
Gauss-Lobatto quadrature rule (4.6) (X = P), are eigenvalues of the GEP

I = of B (4.9)

with

2 =S Jestad [+ [0’

—-1/2

FN@S ), | =1,

the corresponding normalized eigenvector. The corresponding weights satisfy

Ak = Hng,

where ’uT[Lk] denotes the first entry in vLXk]

Pmof The statement directly follows from Lemmas 4.1 and 4.2 for X = Q (re-
spectively from Lemmas 4.4 and 4.5 for X = P), together with (4.1) and Theorem 2.1.
O
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5. Numerical examples. In the numerical examples that follow, we construct
rational Gauss-type quadrature formulas for the approximation of

U} = Julf) = / f@yw(a)de,

where I = [—1,1] and w(x) is the Chebyshev weight function of the first kind w(x) =
1/v/1 — 22

Let x = J(z) denote the Joukowski Transformation z = % (z + z~!), which maps
the open unit disc D = {z € C : |z| < 1} onto the cut Riemann sphere C; and
the unit circle T = {z € C : |z| = 1} onto the interval I. The inverse mapping is
denoted by z = J"(z) and is chosen so that z € D if x € C;. Further, with the
sequence A = {aj,as,...} C Cr we associate a sequence B = {31, 32,...} C D, so
that By = J™" (). The so-called Chebyshev nORFs (with respect to the Chebyshev
weight function w(z) and inner product (f,¢),, = Juw(fg°)), with arbitrary complex
poles outside I, are then given by (see [8])

S _ L= 1B (2BE () 1
wo(z) T pr(r) = 5 ( T + (z—ﬁk)Bk_l(z)>’ k=1, (5.1)

where

These nORFs are regular and satisfy the three-term recurrence relation (2.4) with
coefficients (see [16, Sect. 4] and [19, Thm. 3.5])

_ 2\/(1 — 181 = 18111 = BrBrr)

E, = , k>1,
* (L+83)(1+52,)
and
1 2
Dk) — 7¢ﬂ2x
2(1 — |Br-1l")

(1= Be-1]?) (Br + Braa) + 2Re{Br-1}(1 — BiBr_s)
(1= BrBr-1)(1 — Br-1By_)

, k>1,

were we put by convention By = J™ (o) = 0. For k = 1, the coefficients are given
by

2(1 - |6:%)
E1 = W and D1 = *ﬁl.

Unless stated differently, the computations in the examples were done in double
precision using MATLAB® 7. 4

4MATLAB is a registered trademark of The MathWorks, Inc.
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EXAMPLE 5.1. For the first example, we consider the sequence of poles A; =
{—a,a,—a,a,...} CRy, witha > 1. We then numerically approzimate

Juw(prpi) =0k, n—2<k<n, n—-2<l<n,
where the i ’s are the Chebyshev nORF's (5.1) with poles in Ay, by means of an nth

rational Gauss-Radau quadrature formula

n

Tn(0r7) = An 10k (@) @F (Tn,1) + Y An ok (Tn,5)6] (€0 5)
=2

with fized node in x,1 =1 or x,,1 = —1. Thus, forn > 1 we have with 8 = Ji"”(oz) S
(0,1) that

1+8 _
== n= odd
AR =—yARW =3 T
13’ n = even.
Further, the coefficients (2.5) are given by
ol _ ol _ L4/ ol _ el _ L+ 5
e =ai = ———, ¢ =a =, k>1,
R T T
and
1+ 6%
ol — _g el = _B( B9 0 k1
0 ﬁ) 1 2(1 _ ﬂ2) 9 k 9 >
Thus, we have that Agfﬂ(il) € C, while
—L, n = odd L, n= odd
NCTIS P RN TR
oz = even T = even,

so that the four conditions in Theorem 4.3 are all satisfied. Hence, these rational
Gauss-Radau quadrature rules exist, and we can use Theorem 4.8 to compute their
nodes and weights. Tables 5.1 and 5.2 then show the absolute error of the approzi-
mation for several values of n and a. To get an idea of the accuracy of the computed
nodes and weights, we included the absolute error en(|<p0|2) of the approzimation of

Ju(|ol®) = 1 too, as well as the difference in absolute value between the fized node Tn,1

and the nearest computed node mgff’jmp I, The numerical results clearly show that the

quadrature rules are exact for every f € Ry n—2, but not for f € Rp—1,n-1\Rn-1,n-2-
EXAMPLE 5.2. For the second and last example, we consider the function

1
(22 = J(8)*)(2? = J(iB)?)

which is analogous to the one in Example 5.4 from [19]. This function has essential
singularities in x = J(i78), j = 0,...,3. For (3 very close to one, this function is
extremely oscillating near the center and mear the endpoints of the interval I. Since
an essential singularity can be viewed as a pole of infinity multiplicity, this suggests
taking

flz) = %Sin{ } . Be(0,1), (5.2)

Ay = {ay, = J(ik_lﬁ), k=1,2,... }.
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TABLE 5.1
Absoloute error in the rational Gauss-Radau quadrature formulas with fixed node in 1 for the
estimation of Juw(¢rey)-

n (k,1) error en(|pol?) mini<j<n { ng;mp] -1

2 8 (6,6) 3.1107e — 015 | 1.1102e — 015 4.4409e — 016
(7,6) | 6.7671e — 016
(8,6) | 3.7793¢ — 015
(7,7) | 5.0000e — 001

32 (30,30) | 6.5060e — 014 | 2.2204¢ — 016 6.6613e — 016
(31,30) | 3.4982¢ — 014
(32,30) | 6.9833¢ — 014
(31,31) | 5.0000e — 001

128 (126,126) | 8.6710e — 014 | 8.6597¢ — 015 2.2204e — 016
(127,126) | 2.4629¢ — 013
(128,126) | 1.6776¢ — 013
(127,127) | 5.0000¢ — 001

1.1 8 (6,6) 2.8869¢ — 015 | 6.6613e — 016 3.3307e — 016
(7,6) | 5.9539¢ — 015
(8,6) | 2.9089¢ — 014
(7,7) | 9.0909¢ — 001

32 (30,30) | 2.5824e¢ — 013 | 5.3291¢ — 015 4.4409¢ — 016
(31,30) | 4.6078¢ — 014
(32,30) | 3.0015¢ — 013
(31,31) | 9.0909¢ — 001

128 (126,126) | 5.8576e — 013 | 6.2728¢ — 014 4.4409e — 016
(127,126) | 5.0504e — 016
(128,126) | 7.8601e — 013
(127,127) | 9.0909¢ — 001

1.001| 8 (6,6) 2.6725e — 012 | 8.9040e — 014 8.8818e — 016
(7,6) | 6.9373¢ — 014
(8,6) | 3.7845¢ — 012
(7,7) | 9.9900¢ — 001

32 (30,30) | 1.9464e — 011 | 1.8097¢ — 013 4.4409e — 016
(31,30) | 3.3857¢ — 013
(32,30) | 2.2508e — 011
(31,31) | 9.9900e — 001

128 (126,126) | 5.3282e — 010 | 5.8442¢ — 013 2.2204e — 015
(127,126) | 1.1467e — 011
(128,126) | 5.2787¢ — 010
(127,127) | 9.9900¢ — 001

We then numerical approzimate Jy, (f) by means of an nth rational Gauss-type (Gaus-
sian, Gauss-Radaw and/or Gauss-Lobatto) quadrature rule Jp(f).

Note that the rational Gaussian quadrature rule only exists for n odd, while the
rational Gauss-Radau and Gauss-Lobatto quadrature rules can only exist for n even.
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Absoloute error in the rational Gauss-Radau quadrature formulas with fired node in —1 for the

estimation of Juw(¢ref)-

TABLE 5.2

a n (k,1) error en(|pol?) ming g <n { xk;mp] +1

2 7 (5,5) 2.1101e — 015 | 6.6613e — 016 4.4409e — 016
(6,5) 6.9117e¢ — 015
(7,5) | 9.2753¢ — 015
(6,6) | 5.0000e — 001

31 (29,29) | 7.5829¢ — 014 | 3.7748¢ — 015 4.4409¢ — 016
(30,29) | 3.8533¢ — 014
(31,29) | 6.8099¢ — 014
(30,30) | 5.0000e — 001

127 (125,125) | 3.2041e — 013 | 5.5511e — 015 6.6613e — 016
(126,125) | 7.0064e — 014
(127,125) | 3.1795¢ — 013
(126,126) | 5.0000e — 001

1.1 7 (5,5) 1.8874e — 014 | 3.9968e — 015 2.2204e — 016
(6,5) 7.4455¢ — 015
(7,5) | 1.0161e — 014
(6,6) 9.0909¢ — 001

31 (29,29) | 4.8961e — 013 | 2.4425¢ — 015 8.8818e — 016
(30,29) | 1.2114e — 013
(31,29) | 5.6687¢ — 013
(30,30) | 9.0909¢ — 001

127 (125,125) | 1.4577e — 012 | 7.9492¢ — 014 8.8818e — 016
(126,125) | 2.8959¢ — 013
(127,125) | 1.6543e — 012
(126,126) | 9.0909¢ — 001

1.001| 7 (5,5) 5.5702e — 012 | 6.8834e — 014 2.2204e — 016
(6,5) | 1.3406e — 013
(7,5) | 4.2642¢ — 012
(6,6) 9.9900e — 001

31 (29,29) | 3.0297¢—011 | 1.1113e— 013 1.1102e — 016
(30,29) | 6.5270e — 013
(31,29) | 2.2020e — 011
(30,30) | 9.9900e — 001

127 (125,125) | 3.4639e — 010 | 8.6042¢ — 013 1.5543e — 015
(126,125) | 8.8512¢ — 012
(127,125) | 3.5332¢ — 010
(126,126) | 9.9900e — 001

The coefficients (2.5) are now given by
_ 4B k=1
g, =alp = |
145 k>1,

2(1-(-1)*ip?)°
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and

8, k=1

B(1+8%)[2+i(1—8%)] k=29
pel — ] 2= m=12,....
k—1 0, k=2m-+1 o

2 2\ i1 32
(1) ,8(1+ﬁ(1)7[g;g/(812i+ﬁ1£;2 8 ))]’ k=2m+2,

Further, since the last pole is complex for n even, the nth rational Gauss-Radau
quadrature rule is unique (it is the nth rational Gaussian quadrature rule with the
last two poles interchanged), so that (see Theorem 4.3),

1— 3% +i(1+ 62 232
AU=P) i+ Py el 28y,
(1+i2)(1 = p?) (1-p2)
For the nth rational Gauss-Lobatto quadrature rule, with n = 2m > 4, we consider
the case of fized nodes in x,1 = —xn2 = 1. We then have that

A= (-

2m

A, -n=0 AP -1 =1, and (1 -1)=-1, m=23,....
It can be verified that the coefficients A[Q{;l,j(l, —1), j = 1,2, satisfy the five conditions
in Theorem 4.7, so that these rational Gauss-Lobatto quadrature rules exist. Thus, we
can again use Theorem 4.8 to compute the nodes and weights in the rational Gauss-
type quadrature rules.

For g = % we find with the aid of MAPLE® 10° that Juw(f) = 0.2888276658908954.
Figure 5.1 then shows the relative error of the approximation in terms of the num-
ber of interpolation points n. Note that for n = 4m + 1, m = 1,2,..., the rational
functions in L,—1 = Ly, that interpolate the function f(x) in the nth rational Gaus-
sian nodes, have poles in the four different singularities of f(x), each with the same
multiplicity m. This may explain the oscillating behavior of the relative errors for
the rational Gaussian quadrature formulas as a function of n, with better results for
the (4m + 1)th rational Gaussian quadrature formulas compared with the (4m + 3)th
rational Gaussian, and (4m + 2)th and (4m + 4)th rational Gauss-Radau quadrature
formulas. Further, note that the graph for the rational Gauss-Lobatto quadrature rule
(more or less) coincides with the graph for the rational Gaussian quadrature rule when
shifting the latter to the right (the (n + 1)th rational Gauss-Lobatto and nth rational
Gaussian quadrature formulas also have the same domain of validity). Due to this
shift, we obtain that the rational Gauss-Lobatto quadrature rule performs a little bit
better compared with the rational Gauss-Radau quadrature rule, although the latter
has larger domain of validity.

Finally, to get an idea of the accuracy of the computed nodes and weights in the
rational Gaussian and Gauss-Radau quadrature formulas, we also computed the nodes
and weights with the aid of the MATLAB® function rcheb, as described in [20]. For
each n, the difference in absolute value between the nodes and weights computed by
means of the (modified) GEP and the nodes and weights computed by means of the
MATLAB® function rcheb was less than 5.22¢ — 015 and 1.32e — 013 respectively.
On the other hand, for the rational Gauss-Lobatto quadrature formulas the difference
in absolute value between the fized nodes and the nearest computed nodes was less than
2.11e — 015, while the absolute error of the approximation of Jw(|<p0|2) =1 was less
than 9.66e — 014.

S5MAPLE is a registered trademark of Waterloo Maple, Inc.
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Fic. 5.1. Relative error in the rational Gauss-type quadrature formulas for the estimation of
Juw(f), where f is given by (5.2).
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