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Abstract

In general, the zeros of an orthogonal rational function (ORF)
on a subset of the real line, with poles among {a1,...,a,} C (CoU
{o0}), are not all real (unless ., is real), and hence, they are not
suitable to construct a rational Gaussian quadrature rule (RGQ). For
this reason, the zeros of a so-called quasi-ORF or a so-called para-
ORF are used instead. These zeros depend on one single parameter
7 € (CU{oo}), which can always be chosen in such a way that the
zeros are all real and simple. In this paper we provide a generalized
eigenvalue problem to compute the zeros of a quasi-ORF and the
corresponding weights in the RGQ. First, we study the connection
between quasi-ORFs, para-ORFs and ORFs. Next, a condition is
given for the parameter 7 so that the zeros are all real and simple.
Finally, some illustrative and numerical examples are given.
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A GENERALIZED EIGENVALUE PROBLEM FOR
QUASI-ORTHOGONAL RATIONAL FUNCTIONS*
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Abstract. In general, the zeros of an orthogonal rational function (ORF) on a subset of the real
line, with poles among {a1,...,an} C (Co U {o0}), are not all real (unless o, is real), and hence,
they are not suitable to construct a rational Gaussian quadrature rule (RGQ). For this reason, the
zeros of a so-called quasi-ORF or a so-called para-ORF are used instead. These zeros depend on
one single parameter 7 € (C U {oco}), which can always be chosen in such a way that the zeros are
all real and simple. In this paper we provide a generalized eigenvalue problem to compute the zeros
of a quasi-ORF and the corresponding weights in the RGQ. First, we study the connection between
quasi-ORFs, para-ORFs and ORFs. Next, a condition is given for the parameter 7 so that the zeros
are all real and simple. Finally, some illustrative and numerical examples are given.

Key words. Quasi-orthogonal rational functions, para-orthogonal rational functions, general-
ized eigenvalue problem, rational Gaussian quadrature
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1. Introduction. Since the fundamental work of Stieltjes and Chebyshev, among
others, in the 19*" century, orthogonal polynomials (OPs) have been an essential tool
in the analysis of basic problems in mathematics and engineering. For example, mo-
ment problems, numerical quadrature, rational and polynomial approximation and
interpolation, linear algebra, and all the direct or indirect applications of these tech-
niques in engineering are all indebted to the basic properties of OPs. Mostly orthog-
onality has been considered on the complex unit circle or on (a subset of) the real
line.

Orthogonal rational functions (ORFs) were first introduced by Dzrbasian in the
1960s. Most of his papers appeared in Russian literature, but an accessible survey in
English can be found in [14, 17]. These ORFs are a generalization of OPs in such a
way that they are of increasing degree with a given sequence of poles, and the OPs
result if all the poles are at infinity. During the last years, many classical results of
OPs have been extended to the case of ORFs.

Several generalizations for ORFs on the complex unit circle and the whole real
line have been gathered in book [3, Chapt. 2-10] (e.g. the recurrence relation and
the Favard theorem, the Christoffel-Darboux relation, properties of the zeros, etc.).
Further, we refer to [1, 2, 6] and to [27] for the use of these ORFs in respectively
numerical quadrature and system identification, while several results about matrix-
valued ORFs can be found in e.g. [15, 16].

Of course, many of the classical OPs are not defined with respect to a measure on
the whole unit circle or the whole real line. Several theoretical results for ORFs on a
subset of the real line can be found in e.g. [3, Chapt. 11]. For the special case in which
this subset is a real half-line or an interval, we refer to [4, 5] and [11, 19] respectively,
while some computational aspects have been dealt with in e.g. [12, 20, 21, 22, 24].
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Under some mild conditions, ORF's on a subset of the real line satisfy a three-term
recurrence relation, and hence, the zeros of these ORF's are eigenvalues of a generalized
eigenvalue problem (GEP) obtained by this three-term recurrence relation. In general,
however, the zeros of ORFs are not all real so that they are not suitable to construct
a rational Gaussian quadrature rule. For this reason, the zeros of a so-called quasi-
orthogonal rational function (qORF) or a so-called para-orthogonal rational function
(pORF) are used instead. The zeros of a qORF or pORF depend on one single
parameter 7, which can always be chosen in such a way that the zeros are all real and
simple.

The aim of this paper is to present a GEP to compute the zeros of a qORF or
pORF. The outline is as follows: After giving the necessary theoretical background
in Section 2, in Section 3 we study the relation between qORFs and ORFs, and
present a GEP to compute the zeros of a qORF. Next, in Section 4 we study the
relation between ORF's and pORFs. Then in Section 5 we recall the use of qORF's in
rational Gaussian quadrature and give conditions so that their zeros are all real and
simple. Finally, some illustrative and numerical examples are given in Sections 67
for the case in which orthogonality is with respect to the Chebyshev weight functions
(1 —2)%(1 + )" on the interval [—1,1], where a,b € {£1}.

2. Preliminaries. The field of complex numbers will be denoted by C and the
Riemann sphere by C = C U {oo}. For the real line we use the symbol R and for the
extended real line R = R U {oo}. Further, the positive half line will be represented
by Rt = {z € R:z > 0}. Let a € C, then R{a} refers to the real part of a, while
S{a} refers to the imaginary part, and the imaginary unit will be denoted by i. We
will also use the short notation T{a}, defined by

S{a}
T{a} = { , aeC

lal?
0, a=0o0.

The unit circle and the open unit disc are denoted respectively by
T={z€C:|z|]=1} and D={zeC:|z| <1}

Whenever the value zero is omitted in a set X C C, this will be represented by X.
Similarly, the complement of a set Y C C with respect to a set X C C will be given
by Xy;ie; Xy ={te X :t¢Y}.

For any complex function f, we define the involution operation or super-c con-
jugate by f¢(z) = f(T). With P, we denote the space of polynomials of degree less
than or equal to k, while P represents the space of all polynomials. Further, we will
use the short notation [f(2)]y=. to denote lim,_., f(z).

Let there be fixed a sequence of poles A = {a1, as, ...} C Cp, where the poles are
arbitrary complex or infinite; hence, they do not have to appear in pairs of complex
conjugates. The rational functions we then deal with, are of the form

k k=1 ... 0
Ch® + Ck—1% + + coz k=1,2,....

) = T afan (= wjaz) (1 - afa)’ &

(2.1)

Note that, whenever a; = oo for every j > 1, the “rational functions” f(z) in (2.1) are
in fact polynomials of degree k. Thus the polynomial case is automatically accounted
for.



Define the factors

T
Z}C(I) = Zak(iv)fm, k71,2, y (22)

and the basis functions
bo(.%‘) = 1, bk(.’L’) = bk_1($)Zk(.CL’), k= 1, 2, e (23)

These basis functions generate the nested spaces of rational functions with poles in
A defined by

L1=10}, Lo=C, Ly:=L{o1,...,ar}=span{by,...,bp}, k=1,2,...,
and £ = Uy Lk Let

k
mo(z) =1, Wk(x):H(l—w/aj), k=1,2,...,

J=1

then for £ > 0 we may write equivalently

bk(z): and Ek:{pk/ﬂkipkepk}, k=0,1,2,....

R
Tk (3:‘)
In the remainder we will also use the short notations [ZLQ] = L{ag,..., 1,0} (e
the space of rational functions with the same dimension as Ly, but with the last pole
oy replaced by the pole @) and Ly (a) == {f € Ly : f(a) =0} = Z-L—.

Note that £ and £ are rational generalizations of P, and P. Indeed, if a; = 00
for every j > 1, the expression in (2.2) becomes Zj(x) = x and the expression in (2.3)

becomes by(z) = x¥. With the definition of the super-c conjugate we introduce

LS ={f°:feL}
The superstar transformation of a complex function fi € L \ Lr—1 is defined as

~ bg(w)

Note that the factor Z—’g merely replaces the polynomial with zeros {aj}f_l in the
k =
denominator of ff(x) by a polynomial with zeros {ozj}f:l so that £} = {f*: f €
Ly} = L.
Consider an inner product defined by a linear functional §:

(f,9)5 =8{fg}, fg€L, (2.4)

where the linear functional § is assumed to be hermitian positive-definite (HPD); i.e.;

F{foy =T{fcgt  and  F{ff} >O0for f #£0.

Orthogonalizing the basis functions {bg, b1, . ..} with respect to this inner product, we
obtain a sequence of orthogonal rational functions (ORFs) {¢o, ¢1,...}, with ¢ €
Ly \,Ckfl, so that ¢, Lz Lp_1;1e;

1

<¢k7¢j>3:W5k,ja dp € Co, k,j=0,1,...,
k



where 0y, ; is the Kronecker Delta. In the special case in which ¢ (z) = dpér(z), so

that
lerllz == 1/{er,pr)g =1,

we say that ¢y is an orthonormal rational function (nORF).

Put by convention aw_1 = ap = oo. We then call a rational function f, =
i—’; € Ly \ Lx—1, with k > 0, exceptional (respectively degenerate) iff pp(ap—1) = 0
(respectively pr(@r_1) = 0). A zero of py at oo means that the degree of py is less
than k. Further, for & > 1 we say that fi is singular iff py(c;) = 0 for at least one
j€40,...,k—2}. Finally, fi is called regular iff fi is not singular, not degenerate
and not exceptional. With these definitions we now introduce the following notations:

Li:={f € Lx\ Lr—1: [ is not exceptional} ,
Ly, := {f € °Ly : f is not degenerate} ,
"Cr:={f €Ly \ Li—1: [ is regular}.
In [10, Sec. 3] the following three-term recurrence relation has been proved for
nORFs p € L\ L—1.
THEOREM 1. Consider the nORFs ¢; € L;\ Lj—1, with j =k, k—1,k—2 and

k > 0, and assume @i, € Lk, Qrp—1 € L1 and Yr—2 s not degenerate. Then these
nORFs satisfy a three-term recurrence relation of the form

Dy,
Zk,1 (ZL‘)

} Yr—1(x) — %S@k—2($)} (2.5)

or(r) = ExZi(x) { [1 +

= Exr(z),

where Ey € Cy, D € C and
1= Dw/Z;;_(ap—1)

Cr
Er_

S (Co,

with initial conditions a_1 = ap = o0, p_1(x) = 0, and go(z) = 1o H1||g1 = Ey,
where ny € T.

The coefficients Ey, and Dy, can be expressed in terms of inner products as follows
(see [10, Thm. 3.7 and Thm. 3.9]):

B =i [ 0nll5 n € T,
and
Kij— Lk ,
Dk = Lk,j + Kk.j + (5 E 9 .7 < k:
Zi—1(ar) " Zp_(ar—1) k—1,j5 k=1
with
1 _
Ky, = 75 o) (Zipr—2,0j)5 +0k-2,; and Ly;=Ex1({Zrpr-1,9))5 -
i)

Whenever ay ¢ R, the modulus of the coefficient Ey, can also be computed as follows:

‘Ek|2 _ T{ak} |Ek71|2 .
(%{Dk} - |l)]€|2 ‘I{O{kfl}) . (|Ek,1‘2 - 41{0%71} . ‘I{Olkfz}) + ‘I{akfg}
(2.6)




Finally, the coefficients Ey, and Dy can also be expressed in terms of nORFs ¢ as
follows (see [10, Thm. 5.1]):

Zy—1(x)pr() — Zp—1(x)

Zi(2)pr—1(x) Ey.Zy(v)pr—1(2) T=q)_2 '

By = [7“0’“(” } and Dy, =
T=Qg -1
In the opposite direction as in Theorem 1, the following Favard-type theorem has
been proved in [9].
THEOREM 2. Let {x#}72, be a sequence of rational functions in L, and assume
that the following conditions are satisfied:
(A1) a1 =ag=o00 and oy, € Cy, k=1,2,...;
(A2) xi is generated by the three-term recurrence relation (2.5) ;
(A3) xr € L\ Lr—1,k=0,1,2,..., and x-1 =0 ;
(A4) D, € C and E, € Co, k=1,2,...;
(A5)

S{O&k} _ T{akfz}

S{Dy} =
B B

if ag—1 € Ry, respectively

) E. > A
R{DLY + (S{Dx} — iZ5r @)} = — (Zya(men)y? Bl A
|Ek| Akfl
if a_1 ¢ R, where Ay, = |E;€|2 — A% o} - Fak-1} >0, k =1,2,..., with
FEy € Cy. .
(A6) C, = % €Co k=1,2,....

Then there exists a HPD linear functional & on L - L so that
(f 906 =&{fg°}

defines an inner product on L for which the xi form an orthonormal system.
The above three-term recurrence relation can also be written as follows:

T {wk—1(x) L%—z(@} = ak—1 (1 - ax ) Pr—2(T)

- Z (o) k-2

+bp_1 (1 — QL) Vr—1(z) + cr—1 (1 — O%) vr(z), 0<k<n, (2.7)

where

_ bi— _
b1 =—Dp, cro1 =E; ", and ap_y =Cp = {1 + m} Cr—2 . (2.8)

Let I,, denote the n by n identity matrix, and define the matrices

bQ Co 0 0
a1 b1 C1 :
Jn: 0 0 7DTL:diag<a617a1_17"-aa;i1) )

: c Gp-2 bn72 Cn—2
0 e 0 Ap—1 bn—l



0 0

23(2310)
Sn = 0 , and B,=7J,D,+1I,-S,,
an-1 :
0 e O m 0
T T
and vectors ¢ _(z) =( pol®) ¢1(x) ... @p-1(z) ) ande,=(0 ... 0 1)

€ C™. Assuming the nORFs ¢, € 4, for k=0,...,n —1, and ¢, € °L,, we obtain
that

Jup, (@) = eBug, (2) = a1 (1 - ai) on(@)e-

The following theorem has then be proved in [18, Sec. 4].

THEOREM 3. Suppose the nORFs ¢ € %Ly for k = 0,...,n — 1. Then the
zeros xp i, j = 1,...,n, of a nORF @, (x) € °L, are eigenvalues of the generalized
eigenvalue problem (GEP)

Jn2, ; = Tn,;Bny, (2.9)

with

-1/2
Unj = {Zhﬂk xnj)| } fn(xn,j)v ﬁneT,

the corresponding normalized eigenvector.
In the remainder of this paper we will assume that the following conditions hold:
(C1) There exists a sequence {gpk}zzo, with n > 0 and ¢, € 9y, for k=0,...,n,
so that ¢y Lg Lr—1 for k=0,. .
(C2) There exists a function Pl iy e clon-l \ L,,—1 (not necessarily in eﬁ[na"’l])
so that @L n-1] Ll Lo
Finally, following a similar reasoning as in [7] for the polynomial case, the zeros
(]

Ty of an arbitrary rational function f, € £, \ L,—1, with

2) =Y W), W= (fa.on);
k=0

can be computed from the GEP

_ Gt ol = ol G-t 1\ (]

where

and



is the corresponding normalized eigenvector. Note that this GEP directly follows
from (2.7) together with

on(x) = [lf] (fn(x) Z’Yn 1Pk (T ) ) %[zf]n # 0.
Yn,n

3. Quasi-orthogonal rational functions. In general, a rational function Q,, €
Ln\ L1 is called a quasi-orthogonal rational function (qORF) whenever @,, Lz K C
L,,—1. The zeros of such a qORF depend on a set of parameters, which can be chosen
freely, where the number of parameters depends on the subspace K. In this paper
we will consider a special kind of qORFs, namely a family of qORFs for which the
zeros depend on only one parameter 7 € C. More specific, we will use the following
definition for qORFs.

DEFINITION 4. We call a rational function Qn € Ly, \ Ln—1, n >0, a qORF iff
Qn J—&' ['nfl(an)'

In theorem 5 below we will show that the zeros of this @,, indeed will depend on
one parameter 7, € C. As we will see later on in Section 5, the main importance of
Q.. is that it is always possible to choose the parameter 7 € C in such a way that all
the zeros are real and simple, and hence, can be used as nodes in an n-point rational
quadrature rule. Moreover, if a,, ¢ R, this n-point rational quadrature rule will have
the maximal possible domain of validity in the space of rational functions with poles
among A. The following theorem now gives a characterization for qORFs in terms of
nORFs.

THEOREM 5. A rational function Q, € L, \ Ln—1 is a qORF iff there exist

constants Ax @l B[Q € C so that

Q) = A %mwm%% (@), (3.1)
with
A[Ql¢£<z ot on)e = Bl [M}
W7 ) et enls = B @ )

Proof. Since Q,, Lz L,_1(a@y), it follows that Zn- 1Qn € Ea” U and Zn- lQn 1

Ly 5. Consider now the nORF <p£§1”‘11 ¢ L] \£n,1. Then there exist constants
A,, B, € C so that

Zyna(x) C i G ;
Zn () ———Qn(r)=A n‘Pn (z) + Bnpn-1(z),
and hence
i Zn(x) Zn(x)
Qn(r) = Anci =i ( + B 79071
W= e g e
Assuming @, € L, \ L1, it follows that there exists a constant 7 = (Qn¢n)z #

0 and a function f,,—; € £,_1 so that Q,(x) = ”y,[LQr]Lgan( )+ foo1(z ) Moreover, since
7



on Lz Lno1 D Loo1(@y), it follows that f,,—1 Lz L£,,—1(@,); hence, f,—1 is of the
form

Zn(z) [@n_1] A
P + By
Z 1(55) (=)

n—

fnfl(x) = A, m(pnil(l‘)y Ay, By € (C,

where An #* A,. Indeed, for An = A,, we would get that

Thoken(@) = (Bn - B") Z%_Liii)n)%l(x)’

which is impossible due to the fact that ¢, € ... Thus,

Z (.%) @ ] ~ Zn(x)
Tn—1 — AlQ] BlRl _ B -~
Zc (x)wn (J]) n QOn($)+( n n) 7 (.%‘)SO” 1(33)7
n—1 n—1
with
i Q] i (B _P
AQ = A ey ol = B, 4 A B Bu)
A, — A, A, — A,

which leads to the equality in (3.1). Finally, for Q,, € £,, \ £,—1 it holds that
7 Bl@

Do) = AR L T 7 o 0.
Zn_lcpl 1,% >g n +ZC (an)< 14 17410/>377é

This ends the proof. -

19 = A2+ B9 (

From the previous theorem it clearly follows that the zeros of a qORF @, €
Ly \ Ln—1 depend on one single parameter

Bl
A

Tn = = 7'7[LQ] eC.
The following two theorems will be important in order to prove the existence of
values T[Q] € C so that the zeros of @, are all simple and real, and to provide a

characterization for those values T[Q].

THEOREM 6. A ¢ORF Q,, € L, (i.e.; 71 [%] o #+ —1) satisfies

a relation of the form

Q] Q]
Qulz) = E9Z, (x ){ 1+ Zf—l(z)] ot (@) ZCLM%_Q(@} (3.2)

with ELQ] # 0. The coefficients ELQ], DLLQ] and CL,Q] are given by

Bl = AR E, 4+ BIQl/Z¢  (a,_1) (3.3)
Dl APE.D, + B (3.4
" A¥E, + Bz (1)
Al9E,c,
@) = ¢ | (3.5)

C A9E, + Bl ze (1)
8



where the coefficients C’LQ] and DLQ] are related by

1-D9ze (a,_
[ Zna(an) (3.6)
En—l

C,EQ] —

Further, cl9 # 0 iff Qn is not degenerate (i.e.; Al@ #£0); hence, iff Q, € L,.
Proof. From (3.1) together with (2.5) we deduce that

Qula) = DB 2,0 { 14 520 ual) = 5 sna(o) |

1 1
Z& 1 (an—1) * an(x)} Pn-1(x)

+ B9 7, (x) {

D C
= Zn E[Q] — n— - = n—
(-%') { " * anl(x) v 1(-7;) 2,572($) ¥ 2(%)} ’
where El? is given by (3.3), and
D, =A9E, D, + B and C,=ANRE,C,. (3.7)

Further, for Q,, = % € L, we find with ¢}, = fr—i that
qn(an—l) = Ey[LQ]an—lpn—l(an—l) 7é 07

so that Ey[LQ] #0.
Next, we have that

A9g,c, AP B, 1= Da/Z5_ (an1)] =1

CLQ] = - En—l
APE, + B#ze () APE, + BIYZe (1)
(AL?]EnDn + BLQ]) /Z5 1 (om—1) | __
=|1- Enil
A9 E, + BI? /25 _1(an-1)

1= DRYzg ()
B Enfl .

Finally, we deduce from (3.5) that cll # 0 iff Al@ # 0. Since

Qn(an—l) = ALQ]pn(an—l) #0 iff ALQ] #0,
; Q] ;
this means that Cp*' # 0 iff Q,, € %,,. -

As a consequence of Theorems 6 and 2, we now can prove the following.

THEOREM 7. Suppose the qORF Q,, = Z—’; € ,, and let o € Cy be chosen in
such a way that gn,(a) # 0 and S{a} = k- v, for some k € R, where the constant
vp, 18 defined by

(D} — Ther), a1 € Ko
Up = ) 2] A, ®
Sn {1 - [Xn + (Yn - 1) } |En71|2} , Op—1 ¢ R’

9



with
X, =2R{DI9} - ¥{a, 1}, Y, =23{DIN . %{a, 1},

and s, = sign (S{an—1}). Then %Qn € ddla] s orthogonal on L, _1 with respect to
an inner product defined by an HPD linear functional &:

(f,9)e = &{fg"},

not necessarily the same as the HPD linear functional §, but for which {(pk}z;& are
nORFs too:

(ks P5) e = Ok.js k,j=0,...,n—1.

Proof. Let gpi?] be given by

[@]
EyY Z,(x)
[a] — L2\
plel ol
=ElMZ, 1+—2 |, S Elal .
n (l‘) { + an(x):| ¥ 1(1) Zz—Q(Q:)SO 2(1‘) ) n € Co

Then it holds that ¢! € £!*)\ £,,_1. Hence, together with (3.6) and the fact that

cl@ = 0 it follows that assumptions (A1)—(A4) and (A6) in Theorem 2 are satisfied.
Next, if v, = 0, it follows that assumption (A5) in Theorem 2 is satisfied too for

every El ¢ Cop. If, on the other hand, v, # 0, it follows that assumption (A5) in
Theorem 2 is satisfied for

2 Lz; an—1 € Ry
‘Er[f] =3 leran =
Tléa Qp—1 ¢ R7
with
k
Al _ Tal? an—1 € Ry
" X2+ (Yo — 1)} haclifaanll o, ¢ R.

The previous theorem shows that the zeros of a qORF Q,, € %, are in fact the
zeros of a certain nORF. Under certain conditions, the opposite holds as well, as will
be proved in the next theorem.

THEOREM 8. Let gpif“] € ddf‘] represent a nORF with respect to an HPD linear
functional &. Assume the polynomial in the numerator of <p£?] has no zero in o, and
suppose the rational functions pn—o and @pn—1 are nORFs with respect to the HPD
linear functional & too, such that there exist constants ET[LQ] € Cy and DLQ] € C so
that

plel (o]
14— _ " 5
+ Zn—l(x) SD”l 1(I) Z:L_Q(x) Sﬁn Q(I) 9

10
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with

DY )Ze (an—y)

ciol = 1 =
" Enfl

e Cy.

Then, :go (] e, isa qORF with coefficients

[a] o] e (Dl — D,
gl En G plal E )
n En Cn n En— 1Cn

Proof. The statement directly follows from (3.2) by considering the system of
equations

ET[LQ] EL‘X]

DLQ] — DLOL]

and solving this system of equations for Al and BI? by means of (3:3)-(35). m

Finally, let ~,’ k] denote the k-th projection coefficient of Z,,¢,—1 onto the basis
{®o,.... on}iies

VLZJ:J] = (Znpn—1,¢k)5, k=0,...,n

One way to compute the zeros of a qORF Q,, € L, \ L£,—1, is by means of the
GEP (2.10), with

Bl@)
Zel  k=0,...,n. (3.8)

[l . Q] [Q] _-n
’Yn <Qn SDk> - A 6n k+ B 5n 1,k + c Tnk >
" s Zy_y(an) ™

Whenever @, € ¢L,,, we deduce from Theorem 6 that

. {@nl(fﬂ) - %@m} a2, (1- 75 ) onale)
+ 9 <1 - — ) on1(z) + < (1 - —> Qu(),

n—1

with
b[Q] B A»[,lQ]bn_1 _BLQ]CH—I [Q] _ Cn—1
A B,z () T A B,z ()
(3.9)
and
A%Q] -
CLLLQ—]1 Gn-1 (3.10)

AP B, /78 ()
where a,—1, bp—1 and ¢,_; are defined as before in (2.8). So, let us now define

J Cn—2 €, _ Snfl Qn—l
Jlel — n— n =n—1 sl@Ql — L@
n [ ]1 ST 1 b'[nqﬂl ’ n - n—1 . €T 0 ’

=n— ;,2(0471,72) =n—1

11



where 0,,_; denotes the zero-vector in C"~!, and BLQ] = JL?] D,+1I,— SL?]. Then
the zeros z\%) j=1,...,n, of the qORF Q,(z) € °L,, are eigenvalues of the GEP

n,j°

JLLQ]QL’Q’]]- = x[%]-B[Q]v[Q] (3.11)

n n o =n,j’
with

—1/2

n—1 9
- {Ela )] e (). mer onm
k=0

the corresponding normalized eigenvector.

REMARK 9. If Q,, € °L,,\%,,, it follows from Theorem 6 that A!“) = 0. From (3.1)
we then deduce that, besides the zero in @,_1, the remaining zeros of ),, are zeros of
©n—1- So, in this case the GEP (2.9) can be used instead to compute these remaining
Zeros.

REMARK 10. For the construction of a rational Gaussian quadrature rule, we are
only interested in qORFs @Q,, € "L,, (see Section 5); i.e.; T»,[LQ] € C and

1@l [M} £-1, k=0,...,n.
=g

4. Para-orthogonal rational functions. Whenever the HPD linear functional
5 is defined by a positive bounded Borel measure p with infinite support supp(p) C
[a,b], where —co < @ < b < 0o and [a,b] € R, and the poles are outside [a, b], one
mostly prefers to work with so-called para-orthogonal rational functions (pORF's) to
construct a rational quadrature rule with the maximal possible domain of validity
in the space of rational functions with poles among A. Again, the zeros of a pORF
P, € L, \ L,,—1 depend on one parameter 7 € C, but the main advantage of pORFs
over qORF's is that this parameter is easily characterized to ensure all the zeros of
P, are simple and inside [a,b]. In the most general way, a pORF can be defined as
follows.

DEFINITION 11. We call a rational function P, € Ly, \ Ln—1, n >0, a pORF iff

there exist constants ALLP], BLP] € C, so that
P, (x) = ALP]‘Pn(x) + BLP]QOZ(%)? (4.1)

with

AT — Bl (o, 03)s = =Bl [%—(x)} :
< >3 <Pn($) oo

From this definition it clearly follows that the zeros of a pORF P, € £, \ L1
depend on one single parameter

BLP .
_>2n . _[P]
Tn = =7 eC.
A

n

In Theorem 13 we will prove a connection between pORFs and qORF's, but first we
need the following lemma. _
LEMMA 12. The zeros of a nORF ¢,, € L, are all real iff o, € Ro.

12



Proof. For a, € Ry it has already been stated in [23, Lem. 3.1]' that the zeros of
@y, are all real, so it remains to prove that they are not all real whenever a,, ¢ R.
Suppose that «,, ¢ R, and assume that the zeros of ,, are all real. It then holds that
there exists a constant x,, € T so that

©n () = Knpn(T),
and hence, ¢} 1z £,_1. From

Z, Zec
0= <‘p:¢>£n—1>3: <_Z50$Lv['$zl> = <£n—1a_n§0n> )
we deduce that 7" = %‘Pn e i) and ¢l Ly Loo1. So, let ol(x) =

n(;Sna"](x), with k, € Cy such that Hg@?"]

s = 1. From Theorem 1 it follows that

there exist constants ELE"] € Cp and DLE ] € C so that

(] (] Dy %
an — glonl e 1 n e n— , 4.2
on (@) = EymiZy () 4 |1+ 7w | P (@) — 7t )" 2(x) (4.2)
with
[@n] /e
Clan — 1= D™ /2, a(an-1) _ Co.

Enfl
By definition we also have that

erlte) = kB zg(0) { [1+ 522 onalo) = e sna@) . (43)

Taking the inner product of (4.2) and (4.3) with ¢, for £ < n, we find that DLl =

_ - _ 2
D,, and C%) = ©,,. Consequently, E® = k,E,,, and hence, .E‘,[La"] = |kn|? | En .
On the other hand, from (2.6) it follows that E[a”] — |E,|? due to the fact that
an} = —%{an}, implying that |k,|* = —1. Clearly, this is impossible. -

THEOREM 13. A pORF P, € L, \ L,_1 is a qORF.?> Conversely, a qORF
Qn € Lo\ L1 is a pORF iff either a,, ¢ R or BLQ] =0.

Proof. Clearly, ¢, Lz L,_1(@,), while

* Z?’L— bn c Zn— c ZTCL
(ot = (et o), = (0 Z20) 0
n 3 n n 5 n 3

so that ¢! Llg £, 1(@,) too. Consequently, from Theorem 5 it follows that there
exist constants A% and B} so that

Zn(x)
on(x) = Anen(z) + B, —2 Pn-1(z). (4.4)
Zn 1(.’1))
1The statement in [23, Lem. 3.1] has been proved in the case of complex poles in the lower
half-plane in [3, Cor. 3.2.2], but this proof remains valid for arbitrary complex poles.
2This statement has already been made in [23], but the proof appears not to have been written
out anywhere yet.

13



So, we have proved that a pORF is a qORF, and hence, it remains to prove that a
qORF is a pORF whenever either ay, gé R or B[Q] = 0.
For o, € R it holds that ¢ (z) = A%, (x), while Z° ()T) On—1(x) # kpn(x) for

every k € C. So, the statement clearly holds for a;, € Ry with B,[«LQ] =0.
For o, ¢ R it follows from the previous lemma that B} # 0, so that

Qu(o) = A (a) + B 72T 1) = A (o) + B ),
1
with
AP Z A9 B g g2 B iy
|
For a pORF P, € "L,, it holds that
7P [‘p;(x)} #-1, k=0,...,n, and 7l [“’“—(x)} # 1.
" Len(@) ] om0, "o len@) ],
Let 77[:?;] denote the k-th projection coefficient of ¥ onto the basis {¢q, ..., on}; i€
W) =gk en)g. k=0,...n

Again, the zeros of a pORF P, € "L, can be computed, either by means of the
GEP (2.10), with

’yr[f,l = (P, pr) = A%P]én’k + BLP]'y?[f;], k=0,...,n, (4.5)

or by means of the GEP (3.11) with the aid of the following theorem.
THEOREM 14. A pORF P, € L, \ L1 is a qORF with coefficients

(2], [e"] /7

* n,n an

ALQ] — ALLP] + BLP] %[fn] ;p] v” e /Zn-a(on) , k<n,
/ 1(an + 5n 1,k

and
[
Blal — Bl o Tk , k<n
50/ 1(an) + 67L—1,k

Proof. The equalities directly follow from (3.8) and (4.5) by setting 77[?11 = ’yn k for

k=0,...,n, and solving for ALQ] and BLQ]. m
Finally, to compute the corresponding coefficients ALQ] and B,[lQ] for a given pORF
P, € L, \ L,,_1, the expressions in the previous theorem require the computation of
four inner products. The following two theorems, however, provide an alternative way
to compute these corresponding coefficients.
THEOREM 15. Let

K(z) := :z:g% Ko = [K(2)]s=a and L(z):= %.

14



Then a pORF P, € L, \ Ln—1 is a qORF with coefficients
ARl — AlPI 4 pIPI »

n n n

and

Bl = [{AF + BIP (K(2) - Kz, )} L(z)| _ . a€T\{a.1}

r=«x

Proof. From Theorem 13 it follows that for every z € C,

Pn(x) _ AE]P] +B7[LP] 90:;(17) _ A’LQ] +BLQ] Zn(x)(pn—l(x) _ Qn(‘r).
on(2) on(T) Z5 1 (x)pn () on(z)
The equalities now easily follow. -

THEOREM 16. A pORF P, € L, \ Ln—1 is a qORF with coefficients

BYE, (1-Gn/Z¢ (an_1)
AR — AlP] n-n n/ o =1 4.
w1 = DujZe_ (any) (4.6)
and
[P]
B[Q] — Bn Fn(Gn_Dn) :
" T 1= D./Z (@)
where B, and D,, are defined as before in Theorem 1, and
on(2) }
F,=|— #0
[Zn(w)wn—1(w) s—an1
Zn_1(x)py (1) }
and Gp=|—00—F—""r —Z, 1(x .4
AR )

Proof. Since ¢, € 9%,, it follows that ¢ is not degenerate and not exceptional.
Hence, from (4.4) we deduce that ¢} is of the form

erl0) = Fuznf) { [ 1+ 25 a0 - gl B 20,

where F,, and G,, are given by (4.7), and

_ 1= Gn/Z;_1(an—1)

Hn
Enfl

€ Co.

Consequently, the pORF P, satisfies

EP) 4 an_jiln(z)] Pn-1(z) — %:(I)@nz(x)} ,

Pp(z) = Zn(z) {

with

EFl = APlg, + BPE, D, =APE,D, + BYF,qG,
15



and
C,=APE,C, + BPF, H,.

The equalities for Ag‘?] and BLQ] now follow by solving the system of equations

Q9 _ plel
Dn = bna

where Ei% and D,, are given by (3.3) and (3.7) respectively. Finally, note that with

C,, and Al given by (3.7) and (4.6) respectively, we indeed get that
C,=AQE,c, =APE,C, + BP'F,H, = C,.
This ends the proof. -

[@n]

REMARK 17. It is easily verified that Z—;tpfl € L, ™ is orthonormal on £,,_;

with respect to the inner product (2.4). Moreover, since ¢, € %, it follows that
%@2 € dELa"], so that the coefficients F,, and G,, can also be expressed in terms of

inner products as in Theorem 1.

5. Rational Gaussian quadrature. As already pointed out at the beginning
of Section 3, the main importance of qORFs is that, whenever their zeros are all real
and simple, they can be used as nodes in a rational Gaussian quadrature formula.

This is shown in the next theorem (for the proof we refer to [8, Thm. 2.3.5]).
THEOREM 18. Suppose the zeros :UL%] of the qORF Q,, € "L,, are all real and

simple, and let

e -1
i { S ()} 61
k=0

Then the quadrature
S =D A f(@ng) = Fal{f} (5.2)
j=1

is exact for every f € L1 - LS _4. In the special case in which Q. (x) = ALQ](Pn(ZL'),
the quadrature is exact for every f € L - LS 4.

From (3.12) we deduce that the weights in (5.1) can be computed too, either by

means of the GEP (2.10) with the projection coefficients %[LQ,l given by (3.8), or by

means of the GEP (3.11). The weights are then given by

Q
)\mj = ULJ]»

2
2
[

where ’ULQl represents the first component of the eigenvector QLQ]».

The following theorem now provides a way to determine whether the zeros of a
qORF Q,, € L, \ L1 are all real and simple.

THEOREM 19. The zeros of a qORF Q, € “C, are all real and simple iff the
constant vy, as defined in Theorem 7, is equal to zero.

16



Proof. The statement directly follows from Theorem 7, and the fact that the zeros
of a nORF are all real and simple iff the last pole is real. -

Clearly, the zeros of a rational function f,, € £, \ £,—1 are all real iff there exists
a constant k, € T so that f(z) = knfn(z). So, from (4.1) it follows that the zeros

of a pORF P, € L, \ L,,_1 are all real iff either v, € R or TLP] € T. Moreover, in [8,

Lem. 2.3.4] it has been proved that the zeros of P, with T,[LP] € T, are all simple. In
particular this holds for a,, € Rq (even if i ¢ T), due to the fact that the zeros
of the pORF P, are then the zeros of the nORF ¢,, (and hence, are independent of
T»,[IP]).

Consider now the case of a positive bounded Borel measure p with infinite support
supp(p) C [a,b] € R, where the interval [a, b] is assumed to be the smallest closed
interval whose complement with respect to C has p-measure zero, and suppose the
poles ay, are bounded away from this interval. Without loss of generality we may
assume [a,b] = [-1,1] =: I. Further, let the HPD linear functional § be defined by

3 = /I f@)pz),  fecL. (5.3)

We then are concerned with the rational Gaussian quadrature formula (5.2) with

[Q] n
{In,j j= £ -
whenever «,, € Ry, so let us have a look now at the case in which «,, ¢ R. For

7)€ T it has been proved then in [23, Thm. 4.1] that at least n — 1 zeros of P,

1 C I. For sure, the zeros of the corresponding nORF ¢,, are all inside I

are inside (—1, 1), and that there exist T'y[lP] € T so that all the zeros of P, are in I.
Thus, in order to have them all in I, it suffices that the argument 6,, of 7‘7[LP] = eifn ig

inside an interval [y, 6.], with 0 < 6. — 6, < 27, where 6, and 6. are the arguments

of f:ifjgig and 72223 respectively, and the interval is chosen in such a way that
the argument of {— iljgﬂ is not in the interval [0y, 6,].
n T=00

As a consequence of Theorem 16 we can now prove the following.

THEOREM 20. Let 0 and 0. be defined as above. Then, for o, ¢ R, the zeros of
a qORF Q,, € %, are all in I and simple iff there exists a constant 7, = el € T,
with 0, € [0p,0.], so that
E.D, + F,G,,
Whenever oy, € Ry, the equality reduces to DLQ] = D,, so that the statement still holds
under the condition that ‘iff’ is replaced with ‘if .

Proof. From (3.4) we deduce that

DLQ] —

E,D, + 7
En+7%/2¢_ (an1)

DYl = , (5.4)

while it follows from Theorem 16 that

(P]
T[Q] — EnFn(Gn - Dn)Tn

n

En(1 = D /Z8_1(an-1)) + Fu(1 = G /ZE_ (an—1))7i

The statement now follows by plugging this equality for T,[LQ] into (5.4) and simplifying.

|
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TABLE 6.1
Definition of the Chebyshev weight functions p'(x) on I, respectively i’ (z) on T, and parameters
p and q fori1=1,2,3.

i () (=) | p|a

1] (1—a?)"1/2 i 1] -1
1/2 2

2| (&) = BRI

3| (-2 | 22 g

6. Illustrative example. To illustrate the results of the previous sections, we
consider the case in which the measure p in (5.3) is one of the Chebyshev weight func-
tions defined in Table 6.1. Given a sequence of complex numbers B = {1, 32, ...} C
D, we define the Blaschke factors for B as

Ck(z) = Cﬁk(z) = lz—_Bﬁ’CkZ’ k: 1727"'7

and the corresponding Blaschke products for B as

Bo(z) =1, Bi(z) = (e(2)Br-1(2), k=1,2,....

Further, we denote the Joukowski Transformation z = (2 + 27') by = = J(2),
mapping the open unit disc I onto the cut Riemann sphere C; and the unit circle
T onto the interval I. When z = €', then x = J(2) = cosf. In what follows we
will assume that x and z are related by this transformation. The inverse mapping is
denoted by z = J™(z) and is chosen so that z € D if 2 € C;. With the sequence
A = {ay,a9,...} € C; we then associate a sequence B = {31, 32,...} C D, so that
Br = J™(ay,), and set By = J™ () = 0.

Explicit expressions for the so-called Chebyshev nORFs, related to the i-th weight
function in Table 6.1, with arbitrary complex poles outside I are now given in the next
theorem. For the proof we refer to [13, Thm. 3.2].

THEOREM 21. Let x = J(2) € C and o = J(B;) € C1, j = 1,...,k. Suppose p
and q are defined in terms of i by Table 6.1 and let Ny represent the normalization

factor given by
9i
Ny =4/ =/ 1= |8l
™

Then the Chebyshev nORF's py(x), k > 0, related to the inner product (2.4), with the
HPD linear functional § defined by (5.3), and i-th weight function in Table 6.1, are
given by

_ [P N q Ny ZiBI?—l(Z) q
)= “”’“<”)‘2zi-1+q—3< B (z—ﬁk)Bkl(w)’ ol

In what follows, we call a qORF or a pORF based on the nORFs ¢, with respect
to the i-th weight function in Table 6.1 a Chebyshev qORF or a Chebyshev pORF.
In the remainder ¢ will consistently refer to the values 1, 2 or 3, while p and ¢ will
refer to the corresponding values in Table 6.1.
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We will also need the following lemmas. The first lemma has been proved in [13],

while the second lemma has been proved in [25, Lem. 3.3].
LEMMA 22. Let x = J(z) € C and a, = J(Bx) € C;. Then

2241 1—1—513

R R A e
and
Zp(x) Gi2) _ Sk
Z,g(.%‘)_o—kck(z)y O'k—acET.

LEMMA 23. Whenever z € T, it holds for every k > 0 that the derivative By (z)

can be written as

k - 2
By(z) = 2 > ; 'gk: (6.1)

Taking by convention that an empty sum equals zero, the equality holds for k = 0 too.
In the case of the Chebyshev nORFs, explicit expressions are known for the
recurrence coefficients Ej and Dy, in Theorem 1. For k > 1 they are given by (see [18,

Sec. 4] and [25, Thm. 3.5])

2/ 18D - 1B ) - BB
o (1+ 81+ B2,)

and

1+ 62,
S S N,
2(1 — |Br—1l7)
(1= |Br—1]")(Br + Bra) + 2R{Br—1}(1 — BiBy_s)
(1= BrBr—1)(1 = Br—18)_)

)

with Gy = 0. For k£ = 1 they are given by

\/;v Loloif (6.2)

1+ 57

and

D1 = (1—im0d2—61). (63)

p
9i—1

From Theorem 21 and Lemma 22 it follows for n > 0 that

“(2) = qN, . B¢ (2) ziB,L,l(z) q
Spn 2zi—1+q_3 an(Z) ]_*an ( ﬂ )B% 1(2)
I G = O = A = = o
"2zl g3 1= Bnz (2= Bn)Bn-1(2) |’ ’
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where

vn=[]ox €T (6.5)
j=1
Further, note that
Zp(@) ooy gNn 2B _y(2) q
Son(x) = Vn—1 i—1 - )
Zn(x) 220714+ g -3\ 1- [z (z = Bn)Bn-1(2)

so that the recurrence coefficients F,, and G,,, defined as before in Theorem 16, are
given by

_ 1 _Bnﬁn—l
F'IL - V’ILETL 1 o ﬁnﬂn71 b (66)
respectively
Gy = 2ip_1 (1 —imod2—p)
and
1+ 64
n=— X
2(1 - ‘ﬂn—1| )
(1 - |ﬁn*1‘2)(ﬁn + Bn—Q) + 2%{ﬁn*1}(1 - Bnﬁn—2)
n > 1.

(1= BnBn-1)(1 = Bn-18,_2) ,

The following theorem now provides expressions to check whether a given Cheby-
shev qORF or Chebyshev pORF is in "L,,.

THEOREM 24. Let x = J(z) € C and oy, = J(Br) € Cy, k = 0,...,n, with
Bo = 0. Further, let ,, for n >0 be defined by

2(1-62), i=1
en=19 (1+p8,), i=2
1, i=3.

Then a Chebyshev qORF Q,, with respect to the i-th weight function in Table 6.1 is
in Lo iff % € C and

21/1— |1

@ , _
1 7é 61(14‘6%) €1,

respectively

T[Q] # _ ?nlen(l - ﬂ_nﬁk) ~
" gnanl(ﬁk - ﬁn—l)

o Br—B -
{1 — 4B (%) Bn_2<ﬂk>B;2(ﬁk)} ,n>1,k=0,...,n.
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On the other hand, a Chebyshev pORF P, with respect to the i-th weight function in
Table 6.1 is in "L, iff

1_ n _
AP g 2T PP

1- ﬂnﬁnfl

— -1
P £ -7, {% - qﬁz;Bmk)Bn_l(ﬁk)} ,n>0,k=0,...,n,  (6.7)

where vy, € T is given by (6.5).

Proof. By computing [7%} ,forn >0and k =0,...,n, with the aid
(@) P ooy,

of Theorem 21 and Lemma 22, the inequalities for T,EQ] directly follow. The inequalities

for i) easily follow by computing {— ifgi;

k=0,...,n, by means of (6.4) and Theorem 21. -

} , for n > 0 with a = @,,_1 or a = ay,
r=o

Next, the following theorem provides expressions to check whether the zeros of a
given Chebyshev pORF P, , for which TT[LP] €T, are all in 1.

THEOREM 25. Let z = J(2) € C and oy, = J(Bx) € Cy, for k =1,...,n and
n > 1. Suppose TT[LP] € T and define

pn = 7y, € T, (6.8)

where v, € T is given by (6.5). Further, let ®F be given by

n—1 2
1 — |8k
PE=) ——.
" ;Hiﬁﬂ

Then a Chebyshev pORF P,, with respect to the i-th weight function in Table 6.1 has

a zero
[o0]

1. at infinity iff pp = pn = —1;
2. inx=—1iff

_ 148n
i 143,
_ =] 1
Pn = Pp ~ = 1+’8"+1+q>j§ i=3:
- = 1 — I
1+’B"+1+¢:

3. imax=11iff

pn=plitli=¢ TTE 2=




Proof. The zero at infinity immediately follows from (6.7) with ¥ = 0. For a zero
in z = £1 (and hence, in z = £1), it should hold that

(2= 0)Buma(2)B5 () — a(1 — 5,2)

iz BB (B, (2) — a1 —Bo2) |

z
Pn = —
z

Consequently, taking into account that B,,_1(£1)Bf_;(£1) = 1, we obtain for i = 1
that

1-— 1
le+] = 7—@1 and pL}*] = 7+—§n.

1-35, 1+ 5,
Next, consider the case in which ¢ = 2. For x = —1 = 2z we then obtain the same
result; i.e.; pgf] = p%f]. For x = 1 = z, on the other hand, using I’'Hopital we get
that

(8= Ba) + (1= Ba) | (Bu-1(2)Biea(2) ]
ngF] —— z=1 ,

(3= 5,) + (1= B,) [ (Bar(2)Bs 1 (2) ]

where it follows from (6.1) that

[(Bua(2)Bia(2))] _ =205

z=1

Finally, for ¢ = 3 we get for x = 1 = z that

22 = ) + (1= B) [ (Bur(2)Bia(2) ]

= =,
22~ Bn) + (1= B,) [ (Baa (2)B5 1 ()]
while we get for x = —1 = z that
gy 22 H ) - (145 [(anl(z)B:;_l(Z))'] .

2@+ 8- (145 [(Bin (2B () ]

z=—1
where it follows from (6.1) that

(Bu-a(2)B_1(2)'] = -2}

z=—1
|

Let P,(z) = AP [cpn(x) + i ga;';(x)} = Qn(z) € "Ly, with p, € T\ {-1}, where
pn is given by (6.8), and define

5 ﬁn+pnﬁn.

= 6.9
o (6.9)

In [13, Sec. 4] it has been proved then that, whenever 3, € (—1,1) and a,, = J(3,) €
Cj, the rational function ZZLQH € EL{’ ) ig orthogonal with respect to the HPD linear
22



functional & = §. Consequently, the zeros of a Chebyshev qORF @Q,, are for sure all

in I and simple if its recurrence coefficient DLQ] is of the form

Dl —

9T (1—zmod2—ﬂ1)

respectively

CI S N
" 2(1 — |Bn-1]?)
(1= 1Bu—1”)(Bn + By o) + 2R{Bu1}(1 — BB, 2).
( _ﬁnﬁnfl)(l_ﬂnflﬁn_Q)

n>1 (6.10)

with By = 0 and Bn € I. So, let us now define ﬂr[fﬂ

) -1 i=1or?2
[i-] .— )
& '—{ 1ol =3

Trer
and
1, i=1
Bt = 1+1+22¢>—’ 1=2
1+1+1q>,, 1= 3;
ie;

ﬂ[zi] _ Bn + P%i B

if B, € Dy.
1+ ph*]

Then for 3, € D; we deduce from the proof of Theorem 20 that the zeros of a
Chebyshev qORF @,, all in I and simple iff its recurrence coeflicient DLQ] is of the
form given above, with £, € [ ,[ff}, ,[LH]}. Further, since the ﬁ,[fi} are independent of
B, the same holds true for 3, € I.

The following theorem now gives a simple relation between the coefficients ALP]
and BLP] of a given Chebyshev pORF and the coefficients ALQ] and BLQ] of the corre-
sponding Chebyshev qORF.

THEOREM 26. Letx = J(2) € Candax, = J(Bx) € Cr, k=0,...,n, with By = 0.
Consider the Chebyshev pORF P,(x) = A%P]gpn(x) + BLP]gpr(z) € Ly \ Ln_1 with
respect to the i-th weight function in Table 6.1. Then the corresponding coefficients
ALQ] and Br[lQ] are given by

ALLQ] - ALIP] + B7[1P] — B g
"1— BB,
and
. —2
B[Q] _ B[P]l/ 1-— |ﬂn|2 IQS{ﬁn}(l + ﬂn_l) e e, — { \/5, (n,z) = (1, 1)
! V- ‘ﬁn—1|2 (1= BnBn_1)(1+32) R 1, otherwise,

(6.11)
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where vy, is defined as before in (6.5). Thus, for e T, it holds that

2

@ _ 1= 18> (148,

T =, 5 > €ns
1- |ﬁn—1| 1 + ﬂn

where

N
Wy = { (1—?—7;1“> 12%{671}_(1 - ﬂnflﬂn> y Pn 7é -1
1/6n—1v pn=—1,
and p, and B, are given by (6.8) and (6.9).

Proof. The equality for A%Q] directly follows from Theorems 15 and 24.
Next, suppose 3,—1 € D;. Theorem 16 together with (6.6) yields

AlQl — A%D] + BLP]Vn 1 — Bnbna { 1—Gn/Z;, 1 (an-1) } 7

" 1- ﬁnﬁn—l 1- Dn/Zﬁ_l(an—l)
and hence,
1—0np i
1= Gn/Ze (o) = (1= Dp)Z  (ay_y)) |[—=L=L )
[Zy 1 (on—1) = ( / 1(an-1)) 1= BB, .

or equivalently,

2

c c 11— 6n/6n71
(Gn = Dn)/Zy_1(an-1) = (1= Dn/Z;_1(an-1)) {1 = | ——=—
1- ﬂnﬁnfl
Thus
1—fB,B8n-1 1-8,8, 1
BIAI _ pIF] (Erp - ) B
mor 1/Z5 1 (an-1)

The equality in (6.11) now easily follows.

Since for 3, € I it should hold that B!?) = 0, it follows that the equality in (6.11)
remains valid for §,,_1 € I whenever 3, € I too. So, consider now the case in which
Bn-1 € I and (3, € Dy. From Theorem 16 and (6.6) we then deduce that

1- Bnﬁ’n—l

Bl = BIPly, E,
" " 1- ﬂnﬁn—l

(Gn Dn):
with
1 1 9i—1 1

and

BB+ R)?
1= BBna|* (1= |Bnal’)
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Also now the equality in (6.11) easily follows. -

Finally, in order to compute the zeros of a Chebyshev qORF or Chebyshev pORF
by means of the GEP (2.10), we need expressions for the projection coefficients ’y[ ¢!
or yjfk], k=0,....n

THEOREM 27. Let v = J(z) € C and ap = J(Bx) € Cr, k = 1,...,n. Suppose
the nORF's pi, k= 0,...,n, with respect to the i-th weight functzon m Table 6.1 are

defined as before in Theorem 21. Then the projection coefficients ’y of wr, n>0,
onto the basis {@o,...,pn} are given by

* Un. c
Wl = 28238, 1 /1 = 1Bal* By (),

respectively

izg{ﬂn}B;—l(ﬁn) %
(1 = B2)(1 = BnBy) By (6n)

{17%— i BE(B,) B 1(5n)}, k=1,....n,

where v, € T is given by (6.5), and e, is defined as before in Theorem 24. The
expression for k =mn can be simplified as follows:

Ao = (= 182 = 18

o) = 2 { (1= 18u1) — 029480} 8, By (B) Bua () }

Proof. First, note that (see [13])

—2
L[ _—a q 1 ?{ .

"(z)dr = , , dz = = "(2)d

/Ip(x)ac 2 TQi(QZ)’{QZ“lJrqS} T3 T,u(z) =

where [i(z) is given in Table 6.1, and that for any function f it holds that

FUE + 10/} =2 § 7@ )
T T
Consequently, for £ = 0 we obtain that

[*] _ _VnNnSOO (Zfﬁ )B;z 1(2)
Tno T T o1 gi f;r(zfﬂn)(lfﬁn)

)B'rCL 1( ) i—1 _ 2 =
= F/i- i n { SN ‘ﬁ”}
= [ B 1- PR ) 1

where it is easily verified that

_ B 72ﬁ21_1 +q_3 :571,
20\ 1- 2 "
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For k > 0, on the other hand, we obtain that

[¢™] anNnNk

R TIY
7{ (2 = Bn)Bi1(2) [2'Bra(z) q g
T (Z - ﬁn)(l - an) 1-— Ekz (Z _Bk)Bli—1(Z)
AT - (2= BB () )
— /(1 180 = 6P) {m f = Il
e [FE-BIB@B)
i {(z—ﬂnxl—ﬂnz)(l—mz)’ ﬂ"}
(== B)B:_1(2)
— 18, _ al dz
N PPN Iﬁl)[m f
B i23{6,} 8, BS 1(ﬂn)Bk_1(ﬂn)]
(1— @)1 — BBn) ’
where

123{6,} B, _1(Bn)

% (z—B,)B; 1(2) dz ={ T=PD0-Bf B () b<n
27 Jp (2 — Ba)(1 — Buz) (= — B) B, (2) = h k=n.

This ends the proof. -

THEOREM 28. Let x = J(z) € C and ax = J(B) € C;, k= 1,...,n. Suppose
the nORF's g, k= 0,...,n, with respect to the i-th weight function in Table 6.1 are
defined as before in Theorem 21, and let ,, and e,, be deﬁned as before in Theorems 24
and 26 respectively. Then the projection coefficients 7 of Z1po onto the basis
{©0,p1} are given by

Zg] _(lfimodeﬁl)(lJrﬁ%)e [Z¢] _ (14 3%)?

Mo = 1 oand 1) —_—
261 2e14/1 = 1617

For n > 1 the projection coefficients 7 of Znpn—1 onto the basis {po,...,on} are

given by
[Z<P] \/ |ﬁn 1 (1+ﬁ721 Bc (,6 )
25n( ﬁnﬁn 1) "
respectively

Jizel _ 1= 1Bn- i° (1+752)°
o 1—(8a)* 2(1=B2)(1 = Bufn- 0

7ﬁn5nfl i De
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(Z¢] _ (1+57)
771,71—1 - 2 ) X
2(1 - ﬂn)(l - 5nﬂn—1)(1 - ﬂnﬂn—l)

{2 [R{Bu-1}10 = 82) + 81 = 1801 )]
08,1 = [Bur )L+ B2)B5_5(8.) Bu-a(Bn) }

and

Z¢] _ \/(1 B[ = 186 (1 + 2)? )
Tk T (1= B2)(1 = Bufn1)(1 — GulBy)

BC* n 1 - n_ i DC

Proof. First, note that for n =1 and k € {0,1} it holds that

1

& (p1,00)5 = [L+ D1/Zo(c1)] {(Z1o , x) g + D1 (w0, or)z »

where E; and D; are given by (6.2) and (6.3) respectively. Some computations now
yields the expressions for n = 1.

Next, note that it follows from Theorem 26 and the expressions for 'yLQ,l and 77[51

that %[f ;] and 'yr[f,f I are related by

?n’YW] - L En?nfl 577, k
n,k 1— 6nﬂn_1 5

[ 118, 23{8,}(1+ B, 1) e
= 2 = €n 6’@71,19 + —Zc /- |
1- |ﬁnfl‘ (1 - ﬂnﬂn—l)(l + ﬂr%) Zn—l(an)

for k =0,...,n. It is easily verified that these equalities are satisfied for n = 1. For
n>1and k=0,...,n— 2 the equality is satisfied iff

e _ 7o 1= 18 (0= 5aBl) (14 82)
mE Tz e\ 1= 18,2 23801+ By

For k = 0 this yields

,Y[ZSO} _ Cro1(Bn)(1 — @ﬁnq) . 1- |/8n—1|2
(14 Bo 1)/ 75 (an) &n

\/ 1- |5n—1|2(1 + 53)2

- 2571(1 —ﬁnﬂnfl) BTCL?Q(ﬁn)’

(1+ B2) B, _5(8n)
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while for 0 < k < n — 2 we get that

7 _ G =B,y V=8P A8
" W B/ 28 () (1= 52)(1 = Bnl3s)

sl (1=
Bg(ﬁn) 1- ﬁnﬁk
V0= BP0 )0+ 52
20 B i) 1 BT
B;;_Q(ﬁn) { 1- ﬂnﬁk
Bi(Bn) |1 —Bnbr

- qﬁsz<ﬁn>Bk_1<ﬂn>}

- qﬂiBE(ﬁn)Bkl(ﬁn)} |

So, it remains to prove the expressions for k € {n — 1,n}. For k = n it holds that

I R
"] _ 2 Pnln—1
anyn%:n 1 _ ﬁngnfl
_23{BG 1 (Bn) [ 1 Bufn
1—32 1= BuB,

so that

- Qﬂ;Bn Q(Bn)Bn—l(ﬂn)} )

2ol Sa1(B) (L= BuBu1)  [1=[Baa|” (1 +ﬁ,%>
v : 3 X

(140 )25 _1(an) | 1=18a)"

1— BnBn—
{755 e

1- 6n/6n_1

1—|Bua|? (1+63)?
1—[8a> 20 =52)(1 = Bufn- N

{ _ﬂnén—l _qﬂ;B; )

1- ﬂnﬁn71
Finally, for K =n — 1 we have that
[Z¢]

Yn,n=1 _ (1 — |ﬁn—1|2)(1 + 6721) { 1— ﬁnﬁnfl i

Zialaw) (14 B0 )(1 - p2)
where it holds that

(1= [Boa[P)(A + B2)(1 = BuB_y) — (14 Bay)(1 = B2)(1

(Bn) B 1(ﬂn)}

1— Bufn_1 B —1(Bn) B 2(571)}17

- 6nﬁn 1)

= 2B = Buca) [R{Bam1}(1 = B2) + Bu(1 = [Baa )]

so that

%[1 ;f] T Ga—1(Bn)

Zialon)  (14B0_)(1—52)

% {2 [R{Bu1H1 = 52) + Bu(1 = (B0 )]

48, (1= 1801 ) (1 + 52) Bl o(Ba) Bu2(5n) } -

The expression for k =n — 1 now easily follows.
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7. Numerical experiments. For the numerical experiments that follow, we
consider the sequence of poles

—1)*3i —1)k+14
akz( ) 1, and hence, 5k=%7 k=1,...,n.
The recurrence coefficients ap_1, by—1 and ci_1, for k =1,...,n, are then given by
avs g -1
o =E1= 1 =
Ck—1 k { %7 k> 17
—S(1—imod2— 1), k=1
bp—1=—-Dy = —%, k=29
0, k> 2

and

where e; = V2 if i = 1, and e; = 1 otherwise.
Let the Chebyshev pORF P, be given by P,(z) = 5{pn(x) + mhek(x)}, with
n > 0 and 7, € C. From Theorem 24 it follows that P, € "L,, if

-9, 1=1
Tl#—l and 7'17é —%(3—i), 1=2
-2, i=3,

respectively

5 3
Tn¢{—1,—§,—g}, n>1.

Further, the zeros of P, (z) are all real and simple for 7, € T\ {—1}. In order to have
them all in I, it follows from Theorem 25 that 7, is bounded by the condition that

) [—1,1], 1=1
= -1)" i 1 - 3(2n+3) o
B = )2 1<1 T")e [—Lﬁ], =2 (7.1)
+Tn |:7 3nt7 3n+7i| i=3
3n+27 3n+2 | :

From Theorem 26 we deduce that the corresponding Chebyshev qORF is given
by

10V3mi,, Zi(z) —
_ ) 50+ m)e(@) + =5 ez g0, n=1 (7.2)

Qn(m) - { (5 + 3Tn)§0n(x) — (71)n47’ni§0n71(:p): n> 1.

Let us first consider the case in which n > 2. From (7.2) it directly follows that

the projection coefficients 77[5,1 = 'yT[lQ,l are given by

0, k=0,...,n—2
A =8 (), k=n—1 (7.3)
54 37, k=n,

29



(Pl _ @ P

n—1 n—1 “n—1 "

while it follows from (3.9)—(3.10) that the recurrence coefficients a

bLle and CLPJl = cgg]l are given by

3 B

—1)"67,i
- _ _ple) - D)6l 7.4
10(3 + 57,)” nt "534 57) (74)

et = (B =

n—

and

n—1 n 10(3+5Tn)

Note that C'9 and DI? satisfy the relation given by (3.6), and that the expression
for D?! could also be obtained by means of (6.10).

Let DI¥ = 2 + iy. Taking into account that |an_1|* = [S{an_1}]2 = 1/4, it
follows that v,,, defined as before in Theorem 7, equals zero iff

a? + <y+ (—1)"%)2 = (%)2. (7.5)

In other words, D!¥ should lie on a circle in the complex plain with center (0, (—=1)"*+13)

and radius 4%. Figure 7.1 graphically shows the circle (7.5) for n odd®. Also the graph

of DLLQ], given by (7.4) and (6.10), is plotted as a function of 7, and By, for B, € 1.

The values of DI for 35 € {27/17,16/11, —-16/11} (i.e.; the endpoints of the inter-
vals (7.1) for ¢ = 2 and ¢ = 3, with n = 3) and for 3, = oo are marked too. Clearly,

the graph of DLLQ] coincides with the circle (7.5) for 7, € T or B, € R.
[Ql

Next, for n = 2, the expressions (7.3) for the projection coefficients ~, %, remain
valid, but the recurrence coefficients are now given by

Q) Q11 3 Q) @ _ 3(—1i
a =BT =g 0 2 T A3+ 5m)

and

S _ plar _ (5 +3m)V3
! 2 4(3 +572)

For n = 1, on the other hand, we find with the aid of Theorem 27 or 28 that the
projection coefficients are given by

5v2 1
5v/371i 8 =
vﬁ:>%;L,elz 2 =9
! 1, i=3
and
5+, i=1
P = 54 @B+in i=2
5+ 371, i=3,

3The result for n even is similar.
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FiG. 7.1. The circle (7.5), with n_= odd, together with the graph of D£LQ], gwen by (7.4)
and (6.10), as a function of Tn, € T and Bn € R.
while the recurrence coefficients are given by

Q] [@\—1 61\/§
= E =
I (ET) 300+ 1) and

2 1— :
ng]:_DgQ]:—e—l 1—4mod2 — 2
2 147 /)2
Finally, in the examples that follow the computations were done with MATLAB®

74.

ExaMPLE 29. For the first example we consider the case in which 7,, = 1. We

4MATLAB is a registered trademark of The MathWorks, Inc.
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TABLE 7.1
Mazimal relative difference (7.6) of the computed nodes and weights for i = 1.

n An(x[EP]) An()\[EP]) An(I[GEP]) An()\[GEP])
25 || 321071 | 41107 ™ 341070 4510~
50 || 1.3107'* | 3.010713 1.11074 1.0107 1
75 || 6.810715 | 1.0107!2 4.61071° 2.310°13
100 || 3.010~ ™ | 9.110°13 2710~ 1.110712
125 || 2.510714 | 1.510712 2.6 10~ 9.71013
150 || 6.5107'* | 3.410~12 7.110714 2210712
175 || 29107 | 3.010712 23107 3.510712
200 || 49107 | 9.110712 4.6 10~ 6.9 10712
225 || 3.0107'* | 7.610°!2 3.310°14 6.1 1012
250 || 591074 | 9.310° 12 5.6 10714 2.610~ 11

then computed the zeros of P,, and the corresponding weights in the rational Gauss-
Chebyshev quadrature formula, by means of the GEP (2.10) and the GEP (3.11)
(let us denote the results by z[FFl : {x[EP]}” , and A[FFI . {)\[EP]}" for the
GEP (2.10), respectively z!GFPl .= {z [GEP]}J L and AGEP] . {)\ GEP }] | for the
GEP (3.11)). Note that in this case, the zeros of P, are also zeros ‘of a Chebyshev
nORF gooo] e m [26] a fast and efficient algorithm has been presented to
compute the nodes and weights in rational Gauss-Chebyshev quadrature formulas.
So, we used this algorithm too to compute the zeros of gpgfo], and the corresponding
weights in the rational Gauss- Chebyshev quadrature formula (let us denote the results

by {x, CHEB] ?_; and {)\ [CHEB] . In Tables 7.1-7.3 the maximal relative difference®
[CHEB]
A, (z) = max I~ Fnyg
O P 2 [CHEB]
n,j
\ . _ \[cHEB]
n,J n,j _ _
and A,(\) = 1r<n]a<xn D) , n=25k k=1,...,10, (7.6)
n,j

is given for the three Chebyshev weight functions in Table 6.1.
ExampLE 30. For the last example we consider the integral

51 = [ SVi=an (77)

where the function

@)= (a7

is taken from [13, Ex. 5.3]. This function has an essential singularity in = 5 and
x = —=. Since an essential singularity can be viewed as a pole of infinite mult1phc1ty,

5The weights An,;j are always strictly positive, so that the relative difference can always be
[o0]

considered. The zeros z,, ;j, however, are not bounded away from 0. So, whenever ;, * appeared to
have a zero in x = 0, the absolute difference was considered instead in this zero.
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TABLE 7.2
Mazimal relative difference (7.6) of the computed nodes and weights for i = 2.

n An (zEP) An ()\EP) An (IGEP) An()\GEP)
25 [ 43107 [ 62107 | 2.810™ | 4110714
50 || 1.8 107 | 40107 || 1.610~* | 2.010713
75 || 95107 | 9.31078 || 1.1107™ | 3210713
100 || 3.010~* | 461072 || 3.010°'* | 3.710° 13
125 || 8710714 | 2.6 1072 || 6.4107'4 | 5.8 1012
150 || 2.6 10714 | 3.110712 || 2910714 | 4.710°12
175 || 1.010713 | 491072 || 1.110713 | 1.510°!2
200 || 1.710713 | 1.1107 || 2.010713 | 831012
225 || 491071 | 1.2107 || 441071* | 9.110°12
250 || 6.6 10~ | 1.310~' || 7.31071* | 1.110° %

TABLE 7.3
Mazimal relative (7.6) of the computed nodes and weights for i = 3.

n An (l.EP) An()\EP) An(xGEP) A,L()\GEP)
25 1139107 [ 22107 || 421071 | 251014
50 || 1.610~* | 3.010713 || 1.5107'4 | 4310713
75 | 1.1107% | 1.210712 || 1.2107* | 1.310°12
100 || 5.110=™ | 1.8 1072 || 43107 | 7410~ %3
125 || 2410 | 4.0107 12 || 241071 | 2210712
150 || 6.6 107 | 3.4107'2 || 6.2107 4 | 4310712
175 || 25107 | 6.6 10712 || 2.610°** | 3.710°12
200 || 1.310713 | 8610712 || 1.410°1 | 6.210712
225 11 3.9107 | 5.,0107*2 || 4810~ | 531012
250 || 1.110713 | 3.0107*2 || 1.210713 | 1.310° 1!

this suggests taking

(—1)k3i
4 )

ap = k=1,...,n.
We calculated the exact solution of F{f} in multiprecision with MAPLE® 105. Ta-
ble 7.4 then gives the relative error on the approximation of (7.7) by means of an n-
point rational Gauss-Chebyshev quadrature formula based on the zeros of the Cheby-
shev pORF P, (z) = 5[pn(x) + Tl ()], n = 3,...,12, where 7, is chosen in such a
way that £, given by (7.1), is equal to either 0 or gZig We used the GEP (3.11) to
compute the nodes and weight.

Finally, note that P,(z) should have a zero in x = 1 whenever Bn =
verify this, the largest and smallest zero of P, (z) is given in Table 7.5.

3n+7
3n+2" To

8. Conclusion. We provided a generalized eigenvalue problem to compute the
zeros of a so-called quasi-orthogonal rational function (QORF) and the corresponding
weights in the rational Gaussian quadrature formula. In contrast with orthogonal
rational functions (ORFs) on a subset of the real line with poles among {a1, ..., @y},
the zeros of a qORF depended on a parameter 7 € (C U {oo}), which could always

6MAPLE is a registered trademark of Waterloo Maple, Inc.
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TABLE 7.4
Relative error on the estimation of (7.7).

Bn=0 | fBn=327
1.710% | 1.610°3
41107* | 2.3107¢
761076 | 421076
1.110°6 441077
151078 5.9107°
1.6107° | 4910710
1.71071 | 5210712
1410712 | 3.610°13
1.310714 | 4210°1
9.310°16 | 7.710°16

—_ =
NS ©w0-1ou s ws

TABLE 7.5
_ The largest and smallest zero of Pn(x) = 5[@n(x) + Tne;, (x)] for T chosen in such a way that
Bn = 3nt+7 o here Bn is given by (7.1).

3n+2’
n | largest zero (real part *) | smallest zero (real part *)
3 1.000000000000000 —0.4840240577449624
4 1.000000000000000 —0.6354870802328475
5 0.9999999999999993 —0.7277087451950761
6 1.000000000000000 —0.7887830761797099
7 0.9999999999999997 —0.8314675794018541
8 0.9999999999999998 —0.8624940438879204
9 0.9999999999999996 —0.8857482440642103
10 1.000000000000000 —0.9036166621909483
11 0.9999999999999993 —0.9176350836535240
12 1.000000000000001 —0.9288292785300265

a - - - .
The imaginary parts are zero up to machine precision.

be chosen in such a way that the zeros are all real and simple. First, we showed that
the zeros of a qORF are — under some mild conditions on the parameter 7 — zeros of
an ORF with poles among {aq,...,an,—1,a}, where « depended on the parameter 7.
Then, we gave a relation between qORFs and the so-called para-orthogonal rational
functions. Next, a condition was given for the parameter 7 so that the zeros of a
qORF are all real and simple. Finally, some illustrative and numerical examples were
given for the case in which orthogonality was with respect to the Chebyshev weight
functions (1 — 2)?(1 + z)® on the interval [—1, 1], where a,b € {£1}.
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