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Abstract

In this article, we will study the link between a method for com-
puting eigenvalues closest to the imaginary axis and the implicitly
restarted Arnoldi method. The extension to eigenvalues closest to
a vertical line is straightforward, by incorporating a shift. Without
loss of generality we will restrict ourselves here to the imaginary
axis.

In a recent publication, Meerbergen and Spence discussed a new
approach for detecting purely imaginary eigenvalues corresponding
to Hopf bifurcations. The proposed method is based on inverse itera-
tion (inverse power method) on a Lyapunov like eigenvalue problem.
A projection step was added that significantly reduces the compu-
tational overhead.

The same method can be used for computing eigenvalues of a
matrix pencil near a vertical line in the complex plane. This method
then appears to be equivalent with Sorensen’s implicitly restarted
Arnoldi method with a special choice of shifts.
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Abstract

In this article, we will study the link between a method formqmuting eigenvalues closest to the imaginary axis and
the implicitly restarted Arnoldi method. The extension igesvalues closest to a vertical line is straightforwand, b
incorporating a shift. Without loss of generality we wilktgct ourselves here to the imaginary axis.

In a recent publication, Meerbergen and Spence discussed approach for detecting purely imaginary eigen-
values corresponding to Hopf bifurcations. The proposethatkis based on inverse iteration (inverse power method)
on a Lyapunov like eigenvalue problem. A projection step added that significantly reduces the computational
overhead.

The same method can be used for computing eigenvalues ofri pancil near a vertical line in the complex
plane. This method then appears to be equivalent with Semémsnplicitly restarted Arnoldi method with a special
choice of shifts.
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1. Introduction

In this article, we will study a method for computing eigelovss of a large sparse generalized eigenvalue prob-
lems, closest to the imaginary axis. This problem is of igee.g. in the study of stability of dynamical systems
where one is interested in computing Hopf bifurcations. @otimg the specific values for which Hopf bifurcations
arise, results in large, sparse eigenvalue problems. Faolierework [1-4], we know that detecting eigenvalues near
the imaginary axis is not always an easy task. The reasoatigitbst eigenvalue solvers search for eigenvalues near a
target point, called a shift. The extension to eigenvallesest to a vertical line is straightforward, by incorpargt
a shift. Without loss of generality we will restrict ourses/here to the imaginary axis.

The proposed method is a specific form of a new algorithm megan [5], for computing eigenvalues of a
two-parameter eigenvalue problery £ aB)x = 8Mx, with A, B and M real and:? = —1. The desiredy is the
one closest to zero corresponding to a pair of purely imagie@envalues:B. This problem is transformed to a
Kronecker eigenvalue problem for which the eigenvaluestairest can be computed via inverse iteration (also called
the inverse power method). The inverse iteration methodtiperformed on the very large Kronecker problem, but on
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the corresponding Lyapunov system of equations to keepdahmpatational complexity under control. The resulting
Lyapunov eigenvalue problem is solved via projection on gld¢r subspace (based on Arnoldi) and then an extra
projection step is needed for storing thfevector by Of) parameters.

Though the approach performs well in practice, the addifigmojection step complicates a theoretical study of
the convergence behavior. Without the extra projectiop fbe keeping the memory-cost bounded, however, this
coincides with performing inverse iteration on the largeme@cker eigenvalue problem. In addition, inverse itergtio
computes only one eigenvalue. Though not discussed in ¢5jdte of single vector iterations can easily be replaced
by a more generic form of subspace iteration [6, 7].

In this article, we will consider the more specific settiMg= B, which corresponds to computing eigenvalues near
the imaginary axis, as we shall see later. As a result of thiéce, we are able to prove the link with the “Implicitly
Restarted Arnoldi Method (IRAM)” for a particular choice shifts. Furthermore, we will see how the theoretical
setting (the link with IRAM), as well as the algorithms, adminatural extension towards subspace iteration.

The Arnoldi procedure [8] is a well-known iterative manner projecting a large arbitrary matrix via orthonormal
vectors onto a smaller Hessenberg matrix. This Hessenbangxncan then be used for approximating systems of
equations [9-11], for approximating the spectrum of thgiodl matrix [7, 8, 12], or for other large matrix computa-
tions. Especially relevant for our case, is solving the latge Lyapunov equation [13, 14].

One of the problems that might occur when using the Arnoldepdure, is that the number of orthogonal Krylov
vectors needed for a fficiently accurate solution, can be rather large. To overahisgroblem, restarting techniques
are used where one stops expanding the current Krylov sabspad uses the gained information for restarting with
a new starting vector [15]. The most popular technique ie8sen’s implicitly restarted Arnoldi method (IRAM)
[16-18]. It does not restart explicitly with a single vectout reduces the existing Krylov subspace to one of smaller
dimension by performing steps of the QR-method. This teplmiallows performing QR-steps with shifts, such that
one can emphasize or remove certain directions when congptiite reduced Krylov space: the dimenskoiirylov
space is reduced to a dimensipirylov subspace. Important for this paper is the conneatith subspace iteration
[19]. When the shifts are eigenvalue estimates (so-calledvRiues) from the Arnoldi method, the shifts are called
exact. There is a nice connection with deflation of eigere&ld7]. In that case, the reduced subspace is spanned
by the p selected Ritz vectors. Further expansion of the reducesipsugde can be interpreted as subspace iteration
applied to the subspace pfkept Ritz vectors. This interpretation will appear to bepfigl to understand the method
in [5], in particular the case d = M that we consider here. The choicemfi.e. the number of vectors in subspace
iteration, is often chosen larger than the number of wanigehealues, since this increases the speed of convergence.
This choice is also known as thick restarting [20].

For the problem discussed here, we have the specialBasevi. This corresponds to computing generalized
eigenvaluest = «a + 1B closest to the imaginary axis. Additionally, subspaceatien is enabled, resulting in the
ability of computing a larger set of interesting eigenvalughereas inverse iteration only provides informatioatesd
to one eigenvalue. It will be shown that the projection stapied out to reduce the rank of the solution of the
Lyapunov solver corresponds to shrinking the related Kngobspace. This provides us a link with the implicitly
restarted Arnoldi method. The results provided here aresestiep towards a better understanding and a more general
theoretical framework for studying the approach of [5].

The article is organized as follows. In Section 2 we will diss the related Kronecker and Lyapunov eigenvalue
problem. Section 3 discusses how to compute the desiredwailyes based on inverse subspace iteration. In Section 4
the link between inverse subspace iteration and implicéltarted Arnoldi is discussed. Section 5 provides some
numerical experiments. The conclusions are given Section 6

2. Theproblem setting and equivalent eigenvalue problems

Computing the desired eigenvalues is based on a transfiomwdtthe problem to equivalent eigenvalue problems.
This section discusses the related Kronecker and Lyapugewalue problems.
Consider the generalized eigenvalue problem

AX = ABX, 1)

with A, B € R™" andA andB nonsingular, whose eigenvalugs= «a; + 18 (1 < i < n) closest to the imaginary axis
are desired. Hence, among allwe are interested in the ones with the smallegt Generically, inverse (subspace)
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iteration on (1) converges to the smallggt in absolute value. Therefore, convergence to the smadgss not
guaranteed.

Transforming the generalized eigenvalue problem to a Koke&eeigenvalue problem, eliminating thereBy
solves this problem. The generalized eigenvalue prolderm (a+:8)Bx can be written as a two-parameter eigenvalue
problem, where both andg are now considered as (eigenvalue) parameters. Hencegvirgerrested in the smallest
|| which is either reald; = 0) or corresponds to a pair of purely imaginary eigenvalugs

We have the following relation with the Kronecker eigeneaproblem. (More detailed information on the Kro-
necker eigenvalue problem, based on the bi-alternate ptockn, for example, be found in [21].)

Theorem 1. Take A, B € R™", consider the following two eigenval ue problems:
Ax = ABXx (2)
v(B® B)z. (3)

%(A@ B+B®A)z

For each real eigenvalue pair (4,x) of Equation (2), y = A is an eigenvalue of (3) with eigenvector z = x ® x. For
each complex conjugate eigenvalue couple A and A (1 = a + 1B) of Equation (2), ¥ = a isa double eigenvalue of (3)
with z = x ® X and z as eigenvectors.

Conversely, if y isan eigenvalue of (3), then there are eigenvalues 1; and A, from (2), with 2y = 13+ 1,. Moreover,
zisalinear combination of x® y and y ® X, where Ax = 1;Bx and Ay = 1,By.

Proor. Due to the appealing nature of the proof, we reconsider quams of it (a more general form can be found
in [5]). We first prove the case of two complex conjugate evgdues. Since), B are real, all complex eigenvalues
appear in pairs. Consider the eigenpairs-(3, x) and @ — 15, X),

AX = (o +18)Bx and AX = (@ - 18)BX,
implying
(A-aB)x=i8Bx and @A-aB)x=-18Bx.
Based on these equations, we get tha(® x) is an eigenpair of (3).

[(A-aB)®B+B®(A-aB)](x®X) = (A-aB)x®Bx+ Bx® (A-aB)X
= (1BBx® BX) + (Bx® (—18)BX) = 0.

Similarly, we can prove thai{ X ® x) is also an eigenpair of (3). In the case of réathat is,A = @, we use8 = 0
giving us A — @B)x = 0 from which we can deduce that, & ® X) is an eigenpair of (3).

To prove the other direction we will simplify the problem, ultiplying (3) with B~ ® B~1. We get equivalence
of (3) with (whereB~*A = QRQ" is the Schur decompositio unitary, R upper triangular):

1
E(|3-1A® | +1®@B 1Az = yz

%(R@ l+1oR(Q"®Q")z = y(Q"e Q™

The eigenvalues oR® | + | ® R) equal all possible combinations + A; with 4;, A; eigenvalues of (2). Moreover,
also the structure of the eigenvectors is a clear conseguarthis factorization. [ |

The Kronecker eigenvalue problem (3) is closely related $o-galled Lyapunov eigenvalue problem. Consider
Z ann x n matrix, the ved-) operator stacks all columns of the matdxunder each other. We get the following
equivalent problems with ve@) = z:

(A® B+ B® A)vec(2) 2y(B® B)vec(2),

BZAT + AZB"T = 2yBZB'. (4)
3



We will refer to the second problem as the Lyapunov eigervaloblem, where we are interested in the and
matricesZ satisfying Equation (4). We will call the matric@seigenmatrices’.

Strictly speaking, we should call (4) a Sylvester eigenggdtoblem, ag can be nonsymmetric. But since we can
restrict ourselves to symmetric solutions, we call thisaggun the Lyapunov eigenvalue problem.

It is interesting to remark that the corresponding eigeniceg Z have low rank. Based on Theorem 1 we get
that the eigenvectors of the Lyapunov eigenvalue problem are of the farms £&1x ® y + &Y ® X, with &1, & two
parameters. This gives us V&) = z with Z = &yx" + &xy', which is of rank 2. In the case that the eigenvajue
corresponds to a red| the associated eigenmatrix is symmetric nanxaly. In the other case, the eigenvalyeare
double and have associated non parallel eigenvegtargly. The eigenvectors span therefore an invariant subspace
of dimension 2. Considering the Lyapunov eigenvalue problene can construct a symmetric eigenmatrix and a
skew-symmetric eigenmatrix generating the dimension 2ade of eigenmatrices. Both of the eigenmatrices are of
rank 2, the symmetric one equats’ + xy™ and the skew-symmetric one equgi€ —

3. Inverse subspaceiteration with projection

Since we are interested in the eigenvalues of (2), withosest to zero, we can apply inverse iteration on the Kro-
necker eigenvalue problem. Via Theorem 1, this procedwdt®in an eigenvalug corresponding to the eigenvalue
A with smallestal.

Given a random starting vectgs € R™, inverse iteration computes iteratively normalized vesio = ¥;/II¥;ll2,
where

1 - .
§(A® B+B®AY; =(B®B)yj-1 forj>1

Under some mild conditions, which are normally satisfied &ydom starting vectors (see e.g. [7]), the vegtor
converges to the eigenvector belonging to the eigenval(@)aflosest to zero.

This section is organized as follows. We first review the aaxnverse iteration method from [5]. Inverse iteration
for (4) requires the solution of a Lyapunov equation, as wal gee further. We have inexact inverse iteration since
the Lyapunov equation is solved by an iterative method. Rerftll description of the method we refer to [5]. In
order to reduce the computational cost, a projection wagadad inexact inverse iteration. As an extension, we
consider inverse subspace iteration. This method is conaly similar, but becomes slightly more complicated in
the Lyapunov setting. We now discuss the inverse iteratiethod for (4).

3.1. Inverseiteration

Practically, it is, computationally inconvenient to worlithvn? x n? matrices and vectors of lengtf sinceA and
B are already assumed to be large. Moreover, we also knowhbhalesired eigenvector needs to be a sum of at most
two tensor-decomposable vectors and hence only neepgardmeters instead of.

Translating the above inverse iteration procedure to ttaupov eigenvalue problem, we get the following.

%(B\?jAT +AY|B") = (BY;-1B") for j>1.

Take a starting matriXo € R™" (Y; is a normalized version df,-). By Theorem 1, we know that, for each eigenvalue,
there exists a symmetric eigenmatrix, hence we will assumaessolution symmetric and only search for symmetric
solutions of (4). Solving the Lyapunov equation is as expenas solving the corresponding system in the Kronecker
setting. Especially the storage 0f parameters for the matri¥; is too expensive since we know that the resulting
eigenmatrixY; has rank rank at most two. To reduce the computational coditypleve will approximate eachj by a
low rank matrix of specified rank SinceY; is real symmetric, the best approximation for a given raigobtained

by approximatingy; using a partial eigendecomposition, consisting of trominant eigenvalues. The matryg

is thus not stored as a densex n matrix but in factored forn¥; = W,D; WJT whereW; has orthonormal columns
andD; is a diagonal matrix. The solution techniques we will usehis trticle, generate already factored solutions:
YJ WJD iW!. As normalization, we usB; = DJ/IID lle. Genericallyr is taken larger than 2, not to endanger or to
slow down too much the convergence. Note that starting evdnarrank one right-hand sidg, may lead to a high
rank Y; after truncation of the smallest eigenvaluesyof After a few iterations, when the iterates start converging
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to an eigenmatrix, a good approximation by a low rank masiypassible without much loss of precision, as the
eigenmatrices have rank at most two.

The problem, as it is considered here, has larg& here exists a variety of iterative solvers for the Lyapuno
problem which can be found for example in [13, 22—-28] for i§kybased methods, [29] for ADI type methods, and
[30] for the Smith method. Overviews are presented in [3], 32

We will use the block Arnoldi method for reducing the dimems of the Lyapunov equation. The block size is
equal to the rank o¥j_;. For obvious reasons, this limits the rank of the solutiotheonumber of Krylov vectors. In
order to limit the cost of successively solving Lyapunov &gpns with a right-hand side of large rank, we can even
reduce further the rank of the solution by truncating thelbeigenvalues oﬁ(j as we discussed before. This is not
always possible, in general, but for many operators, low srutions can be expected [33, 34].

The following algorithm implements the inverse iteratioethod as depicted above. The solutions of the Lya-
punov equation are denoted Efy and their normalizations by;.

Algorithm 1 (Inverse Iteration on the Lyapunov Equation).

1. GivenYy = WoDoW!, Wy a column vector with\Wo|l, = 1 and||Dg||r = 1. Setj = 0.
2. While not converged

(a) SolveY;,, in factored formY;,; = W;,1Dj.1 W,

i1 from

%(B\?HAT +AYj,1B") = BY;B".
(b) Normalize\?j+1 and store it inYj. 1.
(c) Increasq: j=j+1.
To check whether the method has converged we first computsthesponding approximate eigenvajuas
traceQ;A;D;B] + D;B;D;A])
trace(D;B;D;B;)

Y= , 5)
Where,&j = WjTAWJ- and é,- = WJ.T BW;. The Equation (5) is based on the Rayleigh quotient for Kekaeproducts
see e.g. [35]. To check for convergence, we compute the iassda;, 8; andx; from the projected small system
WI (A - ajB)Wjx; = 18;W] BW;x; and check the residual norm

1A — @ B)Wix; — 15 BW;Xjllz-

Computing this residual norm is not a bottle-neck since ihigch faster than solving the corresponding Lyapunov
equation.

When running this algorithm, the rank of the successivetitstg may be large. Restricting the rank to a certain
thresholdr is surely helpful in order to reduce the computational céshe Lypaunov solver. From experiments, we
found thatr can be ten or larger, which makes it potentially impractioakeal life applications.

3.2. Inverseiteration with projection
In [5], the Lyapunov eigenvalue problem (4) is projected lo& Krylov space used by the Lyapunov solver. Let
Vj.1 denote the basis vectors obtained from the block Arnoldhwefor computingy;.1 in Algorithm 1. Define

Bj+1 = V}r+lBVj+1, Aj+1 = V]-T+1AVJ'+1 € R (6)

then we solve the orddrLyapunov eigenvalue problem
la 5 AT . FR % AT \_~ & .5 AT
E(Bj+lzj+lAj+]_ + Ajr1Zj4Bjq) = ¥j41BjnaZja By, (7)

The eigenmatrices have at most rank two. The correspondimgigenmatrices for the large scale Lyapunov eigen-
value problem (4) also have rank twg;,; = Vj+1Zj+1VjT+l. The advantage of the projection step is twofold: faster
convergence is expected than with inverse iteration andigh#-hand sides have rank two (at most). The projected
equation (7) can be solved by the QZ method, which has a coutypte the orderk®, or if this would be too expensive,
inverse iteration using the Bartels and Stewart [36] dilieetar system solver.
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Algorithm 2 (Inverse Iteration with Projection on the Lyapunov Equation).

1. TakeZo = WoDoW] . Setj =
2. While not converged
(a) Compute th& Krylov vectors, denoted by;.1, generated for solving

1 - ~
E(BYMAT +AYj;1B") = BZ;B'. (8)

(b) Solve the projected Lyapunov eigenvalue problem (7)Iah211+1 be the eigenmatrix associated with the

eigenvalue nearest zero. In practice, we decomﬁgslez W,+1DJ+1WJ+l with WJ+1 e R withr = 1 or

r=2.
(c) Compute the Ritz eigenmatrix in factored fodn, = Wj+]_Dj+]_ i1 with W1 = VJ+1VJ+1
(d) Increasq: j=j+1

The stopping criterion of this algorithm is the same as fergrevious algorithm without projection step. Note that
the block Krylov method for solving the (8) does not requirg This fact will be used for the extension to subspace
iteration.

3.3. Inverse subspace iteration

As discussed before, inverse iteration only enables cgewee towards a single eigenvalue. Assume now for
robustness that we want to compute several eigenvaluedtaimaausly. To achieve this, we need subspace iteration.
For simplicity of notation, we will now change to the KronecKormulation. Instead of iterating on a single vegtgr

we will now iterate on several vectors at the same time. Givetarting vectorgy(”, ..., yS’|, where the superscript
(i) denotes théth vector. Subspace iteration is of the following form, wévedor the[7", ..., "],

1 .
S(A®B+BeA) 92090 = [V 9] forj=o0. 9)

where the columns d#{?,...,y!?, | are orthonormal and constructed by using for instance, €8ahmidt orthog-

onalization on the columns ¢§';.....§'7,]. Let us denote the matrices containing these vectors ascagital
letters:Y .1 andYHl.

Algorithm 3 (Subspaceiteration on the Kronecker problem).

1. Given a starting matri¥, € R™, with orthonormal columns. Sgt= 0
2. While not converged

(a) SolveYj,; from 1/2(A® B+ B® A)Yj,1 =Y.

(b) Orthonormalize the columns ¥f.1 to getYj,.

(c) Increasd: j=j+1.

Depending on the interest, one can check convergence fagke sigenvector or for multiple eigenvectors. Testing
convergence for multiple eigenvectors proceeds idemjieal for a single eigenvector.

The structure of the eigenvectors is not exploited here &sulthe fact that dimensions are squared, is compu-
tationally very inconvenient. To overcome this problem, swétch back to the Lyapunov setting. The algorithm is
very similar to the previous one. The majoftdrence is thaf Lyapunov equations need to be solved, one for each
Ritz vector, and that the resulting Krylov spaces are addgdther in a new subspace, which is then used for the
projection. In the projection phaséRitz pairs are computed.

Let the ¢ Ritz eigenmatrices bwfi)D?)Wj(i)T fori = 1,...,¢. Instead of solving a Lyapunov equation for each
eigenmatrix, we can solve one Lyapunov equation with rlggntd side matrixNjD,-WjT where the columns d#V,
span all columns oW, ..., W, The Krylov space generated by the block Arnoldi methodAgris the sum of

the Krylov spaces started wiW}”, i =1,...,¢ This produces one large block Krylov space for all rightwthaides
6



together. Note that the matr¥; is not used by the block Arnoldi method and is irrelevant. Adtfsight, there is no
benefit compared to solving all Lyapunov equations togetHewever, dependencies in the blocks may occur so that
the Krylov blocksize may be reduced during the executiomefilock Arnoldi method [22]. Thé eigenmatrices are
computed from an orddrLyapunov eigenvalue problem. The starting vectors for i iteration are extracted from
those eigenmatrices.

The following algorithm presents this idea.

Algorithm 4 (Subspace iteration on the Lyapunov problem).

1. TakeZy = WoDoW], with W, € R™1. Setj = 0.
2. While not converged
(a) ComputeV;,1 of dimensiomxk from an iterative method (block Arnoldi for example) witlaging block
of vectorsW;. This is related to solving a Lyapunov equation with rigatl sideZ; = W;D;W] .
(b) Computef eigenpairsy; Z0) fori = 1,..., ¢ of the Lyapunov eigenvalue problem (7).
(c) Compute the associated Ritz eigenmatrices in factaedz{’ = W&, BOWY )T fori=1,....¢.
(d) Computewj,; € R™ so that all columns dwffl j=1,...,¢are spanned by the columns\&f, ;.

Convergence of this method can be checked again for the dmtn@igenvalues or for multiple eigenvalues at the
same time. Note that the matriX; is not used in this algorithm. Also note that in the first itema, we start with the
rank one matrixZ,. After the first iteration, we keepRitz pairs. Starting with a rank one matrix is required to mak
the connection with IRAM later.

4. Therelation with implicitly restarted Arnoldi

In this section, we will briefly recapitulate the (impligittestarted) Arnoldi method [16, 18] and then consider the
link with the Lyapunov eigenvalue problem.

The Arnoldi procedure is well-known for generating a seqaeof orthonormal vectors, such that the resulting
projected matrix is of Hessenberg form. Let us briefly redgie the construction of the orthonormal vectors. Let
S be ann x n matrix, v; a starting vector. The Krylov space of dimensignwith starting vectow; is defined as
Ki(S, v1) = sparjvy, Svi, S?vq, ..., SK1vy}. The Arnoldi procedure iteratively generates an orthoradimasis for the
iteratively growing Krylov subspaces.

In each iterationSv; is orthogonalized against the previously computed orthmabvectors into/j,1, which can
be expressed as follows, wikh; being the Gram-Schmidt ctiients.

SVJ' - hl,jvl + -0+ hj’jVj = hj+1!jVj+1,
which, forj =1,...,k (letk < n), can be rewritten in matrix language as
SVi = ViHi + s 1V (10)

whereVy = [va, ..., Vi], Hk = [hi ;] is akxk proper upper Hessenberg matrix. Eq. (10) is called the recoe relation,
since it gives the relation between successive iteratigtove. It is also called an ord&rArnoldi factorization.

Under some mild conditions, the eigenvalues of the Hessgnbatrix Hy (named Ritz-values) approximate the
well-separated eigenvalues of the maBikl5, 37]. Often, the dominant eigenvalues are well-sepdraigenvalues.

Let Hxz = 6z, thend is called a Ritz value angd = Vz an associated Ritz vector. The residuat Sy — 0y can
cheaply be computed from (10) as- hk+1,kvk+1e;[z and the residual norifr|| = hk+1’k|q[z|. The stopping criterion of
the Arnoldi method (and IRAM) is usally based on the resichaam, i.e. the method is stopped whgtj is below a
prescribed tolerance.

Unfortunately, it may happen that a large number of iteretits required, before an accurate solution can be
obtained. Storing a large number of iteration vectors besopmohibitive. This was the motivation for the implicitly
restarted Arnoldi method, which is explained in the follogisection.



4.1. Implicitly restarted Arnoldi

In the implicitly restarted Arnoldi procedure, we do notrsfeom scratch with a new starting vector, but we shrink
the existing Krylov subspace to a smaller dimension by rengpunwanted directions from the subspace. Globally,
the implicitly restarted Arnoldi procedure shrinks and &xgs a Krylov subspace on every restart.

Reducing the dimension of the Krylov subspace frorio p is done by performing — p steps of the shifted
QR-method on the Hessenberg matrix. The orthogonal tremstiion is applied to the Krylov vectors. After each
QR-step, the trailing orthogonal vector is removed and &¢he dimension of the subspace is reduced by one. An
important property of this QR-based reduction procedutbasthe remaining vectors still span a Krylov subspace,
but one of smaller dimension. Hence a successive applicafik — p QR-steps reduces the number of vectors to be
stored fromk + 1 to p + 1. Moreover, one can put more weight on some directions irkilgeov subspaces by well
chosen shifts for the QR-steps. Roughly speaking, one atatiat one should take the shifts close to the eigenvalues
one does not want to keep. Hence the remaining directionsrdr@nced. Unfortunately, it is not always clear which
shifts should be chosen for the shifted QR-method, nor wikataf p should be taken.

Implicitly restarted Arnoldi applied on a matr&is of the following form.

Algorithm 5 (Implicitly restarted Arnoldi method (IRAM)).

1. Given a starting vector.
2. Build the ordek Arnoldi factorization, starting fromy.
3. While not converged to the desired eigenvalues
(a) Seleck — pshiftsvy,...,vp.
(b) Apply a QR-step for each of the shifts(1 < i < p) on the Hessenberg matiik, and remove the trailing
vector from the Krylov space after each QR-step.
(c) Expand the existing Krylov space of ordeto a space of dimensidnby k — p Arnoldi steps.

Convergence of this method is tested by computing the Rilzes and checking if their residual norms are smaller
than a prescribed tolerance.

The details of the method and its derivation can be found nei&®en’s work [16, 18]. Many choices of shifts are
possible. We will use a selection of Ritz-values as shiftscalled exact shifts. Assume matti has Ritz-values
61,...,60¢ and associated Ritz-vectoys, ...,yx. Assume we want to keefy, ..., 6, and the directionys,...,yp.
Applying k — p QR-steps in the implicit method with the remaining Ritzuesd6.1, . . ., 6« as shifts, filters out these
Ritz vectors and leave us with the Krylov subspace g§pan. .,yp}. Expanding now again this Krylov subspace by
Arnoldi gives us a new subspace spanned bgctors. Moreover, it is proved in [17] that all the followgisubspaces

spadys, ..., Yp, SYi, S¥i,...,S¥ Py} forl<i<p, (11)

span the same Krylov subspace of dimendioit was observed in [16, 17] that restarting Arnoldi is notessarily
slower than a full Arnoldi process when exact shifts are usée reason is that the shifts that are close to eigenvalues
‘deflate’ those eigenvalues from the subspace and this spgethe convergence.

Hence the impact of the implicitly restarted Arnoldi methstivo-fold: firstly, it filters out all undesired directions
and, secondly, it enhances the other directions by substaedion. Indeed, from (11), we see that thgower
sequencey;, Syi, S%i, ..., S*P-1y; lie in the Krylov space.

Another choice of shift is a zero shift. In that case, the pabe dimension is also reduced by one, i.e. the deder
Arnoldi factorization

SVk — ViHk = his1xVike 165

is transformed to the ordér— 1 Arnoldi factorization
SViy — Vi aHi g = hekavier
where Range(;) = Range§Vy) with V" = [V|”_;, v¢]. We can combine both exact shifts and a zero shift.

Theorem 2. Given the order k Arnoldi factorization (10). Let (6;,y;) for j = 1,...,k be the k Ritz pairs. Then
applying k — p exact shifts and one zero shift leads to an Arnoldi factorization of order p— 1. By performingk— p+ 1
additional Arnoldi steps, we obtain the Arnoldi factorization (10) where the columns of Vy span

{Sy1,...,SYp. S%i,...,SK Py} foranyi:1<i<p. (12)
8



Proor. From [16, 17], applying the exact shifig,s, ..., 6« produces the ordgs Arnoldi factorization
_ T
SVp = VoHp = hp 1 Vi€
where Rangea(;) = Rangey, .. .,Yyp). With one additional shift zero, we obtain the Arnoldi faiczation

SWp-1 = Wp-1Gp-1 = Gp.p-1WpEp ;.

where RangeW/,-1, wp]) = Range§V;) [38]. Performingk — p + 1 additional Arnoldi steps produces an ordter
Arnoldi factorization (10). Since all poweBly;, i =1,...,p, j = 1,...,k — plie in the Krylov space, the columns
of Vi span (12). [ |

For the solution of generalized eigenvalue problems (&) Atnoldi method is often applied 8 = A™B which
favours the convergence of the eigenvalues near zero. fbinelieis assumed that all eigenvalues near the imaginary
axis are sfficiently close to zero, which is usually the case. The eigeleea® of Hy are now approximations to
eigenvalues o08. In order to find an eigenvalue of (1), we must computsA = 671. It is the connection with this
method and Algorithm 4 that will be given in the next section.

Alternatively, a shift can be used as in shift-and-invemadi, i.e. the Arnoldi method applied ® = (A-oB)™*B,
which is helpful is some situations [4]. We will give an exdmfurther.

4.2. The solution of Lyapunov equations
Assume we have the following Lyapunov equation to solve:

AYBT + BYAT = ww'.
Multiplying on the left withA~! and on the right witlA-T, we have
YST + SY = Sw(Sw)". (13)

This problem can be solved by Arnoldi’s method [13] appliedSt with starting vectorSw. Suppose thaY is
the matrix of corresponding Arnoldi vectors akg is the Hessenberg matrix. Now consider the okleyapunov
equation

YH + HcY = erel [[Swi)?

which is small ifk is small and can be solved by Bartels and Stewart [36]. We/use/k\?va as approximate solution
for (13).

When the right-hand side of (13) has rank larger than one,&{oylov subspace method can be used [22]. This
is, however, not needed as we explain in the next section. éshall see, we have a right hand side that is the basis
of a Krylov space. The following lemma then becomes useful.

Lemma 3. If the columns of Vo € R™¢ are a Krylov basis for S, then the block Arnoldi method applied to S with
starting vectors V; reduces to the Arnoldi method.

Proor. This is a well-known property, and can be shown as follovisc&V, form a Krylov basis, we have that
SVo-VoH =R

whereR s a rank one matrix. In the first block Arnoldi step, we ortboglizeSV, againsty. The remaining vectors
form a rank one matrix, which proves the lemma.



4.3. Inverseiteration on the Lyapunov equation and |RAM

We first consider the case 6f= 1, i.e., inverse subspace iteration corresponds to invtgsgtion. The idea
behind Algorithm 4 is to compute the solution of the Lyapueqguation by a Krylov method. In the first iteration, the
right-hand side has rank one, and so, we can use the methodbgesin the last section. Then, we projécandB
on the subspace obtained by the Krylov method. Instead géqting A andB, we can also proje® = A1B. This
is cheap, since this projection is known: it is the Arnoldisdenberg matri¥l,. The Ritz value®,..., 6 and Ritz
vectorsys, ..., Yk are computed front. Let the Ritz value nearest zero be real, with associated Ritz vecton.
The solution of the ordek Lyapunov eigenvalue problem (7) is the pdit,f/1y;). In the next iteration, a Lyapunov
equation with right-hand sidSylyIST needs to be solved. We again use a Krylov method, this timle stérting
vectorSy;. Following Theorem 2, using tHe- 1 exact shift®,, . . ., 6 and one zero shift, we obtain the single vector
Sy;. Following Theorem 2k additional Arnoldi steps produce an ordeArnoldi factorization with starting vector
Sy]_.

We can repeat this process until the eigenvalue has corleligéact, the solution of a Lyapunov equation is not
required. The Krylov space is entirely determined by the potation ofSy; on each iteration. This corresponds to
IRAM with shifts é,, ..., 6, and 0.

When we keeff vectors instead of one, we have a similar situation. fiigenvectors of the Lyapunov eigenvalue
problem are again rank one or two matrices whose eigenweater spanned by the columns of the rdnkatrix
[V1,...,Ye]. Inorder to perform the inverse subspace iteration stegfjnst have to form$ys, ..., Sy,]. This is again
easy to achieve by implicit restarting with shifts1, . . ., 6« and one additional zero shift. Performing a block Arnoldi
method on $yi, ..., Sy/] is not required either, asSy;, ..., Sy,] form the basis of a Krylov space. Theorem 2 can
be used again. Note that, implicitly, we solve the Lyapunigervalue problem and produce the eigenmatrquzﬁ
fori,j =1,...,¢. Note that the Lyapunov equation does not have to be solvpdaittice. This corresponds to IRAM
with shiftsf,1,...,6¢c and O.

5. Numerical examples

5.1. The Olmstead model

The mathematical model represents the flow of a layer of eisstic fluid heated from below [39, 40]. The
equations are

au v _d%u 3
o = 9% Cape TR
ov

Ba = u-vVv

whereu represents the speed of the fluid anid related to viscoelastic forces. The boundary conditemesi(0) =
u(1) = 0 andv(0) = v(1) = 0. After discretization with central fferences with grid-sizle = 1/(n/2+1), the equations
may be written aglx/dt = f(X) with X = [ug, V1, Up, Vo, ..., uN/z,vN/z]T. We consider the Jacobiah = of /dox for
n=10,000,B = 2,C = 0.1 andR = 0.6, evaluated in the trivial steady state solution. Figuradws the part of the
spectrum near the imaginary axis. Most eigenvalues lie ettt of this picture far away from the imaginary axis.

As first selection (1) of shifts we used the- p eigenvalues ofHy that correspond with the left most Ritz values
of (2), and as second selection (ll), the ¢ = k— p— 1 left most Ritz values and a zero shift. Choice (I) corresison
to the classical choice of (exact) shifts, where (1) copargds to the method from [5]. Note that for both selections,
the computational cost is of the same order for the skized p. We see in Table 1 that with the second selection,
the desired eigenvalue was found to full accuracy. The remsthat, with the first selection, the Arnoldi method first
converged to the eigenvalue§ 8652+ 1.69189 and then started to converge to the desired eigenvalueh&darger
value ofk, 20, we do not see significantfBirent behaviour.

5.2. Purely imaginary eigenvalues
We generated anx n matrix A with n = 10,000,M = I, such thatA has eigenvalues1, -2,...,-9998 and the
complex pair+30Q.. That means that the eigenvalues nearest the imaginanaexifie purely imaginary paif30:.
This construction simulates the physical situation in tbelde-ditusive convection example [41, 42].
10



Figure 1: Part of the spectrum of the Olmstead equation
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shits k p restarts 2 residual norm

() 10 5 10 -0.722241x4.20999 8.3-10°
) 10 5 10  -0.723921+4.20894 O
() 20 10 5  -0.723921x 420894 0
() 20 10 5  -0.723921x4.20894 0

Table 1: Ritz values nearest the imaginary axis féiiedent values ok andp and choices of shifts for the Olmstead problem

11



shifts k p restarts 2 residual norm
0 20 10 3 +137-10%+300 29-10%
@y 20 10 3 -204-101%+30 97-10%
(h 10 5 10 +758-10%+30 13.-10%°
(ay 10 5 10 +321-1083+300 24-10Y%

Table 2: Ritz values nearest the imaginary axis féiedent values o andp and choices of shifts for the problem with purely imaginagegivalues

shifts k p restarts 2 residual norm
I 20 10 3 +302-10%+300 62-10%°
@ 20 10 3 +355-101%+30 7.1-10°%
(0 10 5 10 -355-10%+30 36-10%°
(ay 10 5 10 +249-101%+300 12-10Y

Table 3: Ritz values nearest the imaginary axis fdfedent values ok and p and choices of shifts for the problem with purely imaginary
eigenvalues, using = 10

From earlier work [1-4], we know that detecting eigenvaluesarest the imaginary axis is not always an easy task.
The reason is that most eigenvalue solvers search for eifigrs/near a target point, called a shift.

In a first test, we compared the implicitly restarted Arnoftithod withk = 20 andk = 10 Krylov vectors and
p = 10 andp = 5 vectors after the restart, respectively. As first selactipof shifts we used th& — p eigenvalues
of Hy that correspond with the left most Ritz values of (2), andex®grd selection (I1), thk — p — 1 left most Ritz
values and a zero shift. Note that for both selections, tinepeational cost is of the same order for the s&maad
p. Table 2 shows the Ritz values and their residual norms befach implicit restart for éfierent values ok andp.

We see that the convergence behaviour is very similar fdr bledices of shifts.

We now perform the same computation, but using a shifsdre. we shift the matrix inté\— ol with o = 10. We
then compute the eigenvalues nearest the vertical linedin®0. Table 3 shows the results for the same parameters as
the previous runs. Note that the residual norms are for thtastd-invert transformation. As is now 10, a smaller
residual norm does not necessarily imply a more accuraemesdue. However, we notice that the real part of the Ritz
value has one more accurate digit with= 10.

5.3. Inverse subspace iteration for a parametrized eigenvalue problem

Recall the Olmstead equation from Section 5.1. We considex the parametrized Jacobian+ oB for n =
20,000,B = 2, C = 0.1 with parametetr = R— 0.6 whereR € [0.6, 5], evaluated in the trivial steady state solution.
In this example, we do not compute the eigenvalues nearestifiginary axis, but we want to compute the values
of R for which we have purely imaginary eigenvalues. That is, vemtto computer so that is an eigenvalue of
(A + aB)x = 1BMX.

We used Algorithm 4 witlf = 4 and Krylov subspace dimensi@r= 40. Table 4 shows the compute® and the
residual norms for four iterations of the method. Each liogesponds to an iteration (or restart) and each column
to an eigenvalue. Each of the printed eigenvaludsave multiplicity two. The double eigenvalues have the same
residual norms, so we do not print four columns.

a residual a residual
0.600251 18-101 | 0.600251 13.10°
0.2788+ 0.4861 8.1-10° | 0.2788-0.4861 6.3-10"
1.44783 85-107 | -1.51304 52.10%
1.44783 1910710 | —1.51304 98.10*

Table 4: Convergence behaviour for the computation of fogemralues of the parametrized Olmstead problem
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6. Conclusions

In this article, an alternative approach, based on the Kikereand Lyapunov setting was proposed for computing
generalized eigenvalues closest to the imaginary axis. méod was based on inverse subspace iteration on the
Lyapunov system, with an extra projection step to resttiet tank of the intermediate solutions. The link with
implicitly restarted Arnoldi enabled us to theoreticalkggict the convergence of the method. Both methods perform
subspace iteration on a selection of Ritz vectors obtairad & projection step.

The results in this article serve as a first step towards @ibattderstanding of the more general method as
proposed by Meerbergen and Spence in [5].
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