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1 Introduction

We use the following notations. C denotes the complex plane, C the one point compactification
of C (the extended complex plane), R the real line, R the closure of R in C U the open upper
half-plane, U the closure of U in C.
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A function f is called a Pick function if it is holomorphic in U and maps U into U. A Pick
function is either a constant in R or maps U into U.

Let 1 be a finite positive measure on R. The Stieltjes transform S, of p is defined as

1
Suz) = [Clt2)autt),  Cz) = —.
J -z
The Herglotz-Riesz-Nevanlinna transform €1, of p is defined as
141t
Q) = [ D(t.2)dutt),  Dlt,2) = ——.
—z
R

Both of these functions are Pick functions. Furthermore

Qu(z) = (1+22)5,(2) + [ du(o)

Thus for fixed z there is a one-to-one correspondence between 2, and S, as functions of p.

Let M be a Hermitian, positive definite linear functional on the space P of polynomials, and
define its moments ¢, by ¢, = M[z"], n =0, 1,2, .... A solution of the Hamburger moment prob-
lem for {c,} (or M) is a measure p on R which satisfies [ t" du(t) = ¢, for all n. (Such measures
exist.) A moment problem is called determinate if it has exactly one solution, indeterminate if
it has more than one solutions.

There is a one-to-one correspondence between all Pick functions f and all solutions p of an
indeterminate problem given by

(Nevanlinna parameterization of the solutions). Here A, B, C, D are entire transcendent func-
tions where the growth is restricted as follows: Let F' be any of the functions A, B, C, D. Then
for every positive e, there exists a constant M (¢) such that

[F(2)] < M(e) exp{e|z]}.

(Thus the function is of at most minimal type of order 1.)

For detailed treatments of important aspects of the Hamburger moment problem, see e.g. [1,3—
5,11-13,16,22-26].



The strong Hamburger moment problem is analogous to the classical problem, with the space
of polynomials replaced by the space of Laurent polynomials (linear combinations of 2%, k =
0,£1,4+2,....) A similar parameterization of the set of solutions of an indeterminate problem
holds, with the appropriate functions A, B, C, D holomorphic in C\ {0}. When F is any of the
functions A, B, C, D, there exist for every positive ¢, constants M (¢) and My(e) such that

[F(2)] < Moo(e) exp(elz]) and  [F(2)] < Mo(e) exp(e/|z]).

For detailed treatments on the theory of strong Hamburger moment problems, see e.g., [14,17—
21].

In this paper, we treat a rational moment problem, where polynomials are replaced by ratio-
nal functions with prescribed poles in R. A Nevanlinna parameterization for solutions of an
indeterminate problem in terms of €2, and Pick functions was proved by A. Almendral in [2].

The classical Hamburger moment problem is a special case of the rational problem under
consideration. Thus in this case there is an alternative parameterization in terms of €,,.

Our aim in this paper is to establish growth conditions at the singularities of the functions
A, B,C, D appearing in the parameterization formula.

In Section 2 we introduce the rational spaces on which the rational moment problems are
defined, and sketch the theory of orthogonal rational functions and their use in the theory
of rational moment problems, including the Nevanlinna parameterization of the solutions of
indeterminate problems. Section 3 is devoted to establishing a Riesz type criterion for such
indeterminate problems when the number of singularities is finite. This criterion is crucial for
the further development of the growth properties. (For the classical Riesz criterion, see e.g.,
[1],[22-24].) Finally in Section 4 we prove our result on the restriction on the growth of the
functions A, B, C, D at the singularities.

The organization and presentation of the material in Sections 3 and 4 is strongly influenced
by Akhiezer’s work [1] on the classical moment problem. Other very instructive treatments of
the classical problem can be found in the treatises by M. Riesz [22-24] and by Shohat and
Tamarkin [25] and Stone [26]. This classical approach has to be modified in a number of ways,
but the final results are of basically the same structure.

Remark 1.1 A parameterization result for rational moment problems associated with poles
outside the closed unit disk and measures on the unit circle T was proved in [10]. Here 2,
is replaced by the Herglotz-Riesz transform |[; if—z du(t) and Pick functions are replaced by
Carathéodory functions (holomorphic in the open unit disk and mapping this disk to the closed

right half-plane). All the isolated singularities of the relevant functions are poles in this case.



2 Orthogonal rational functions and rational moment problems

Let {a;}22, be a sequence of arbitrary points (interpolation points or singularities) in R\ {0},
ap = 0o0. We denote by G the set of points  in R\ {0} for which there is at least one k such
that ay = a. For a € G we denote by T, the subsequence of {ay}22; consisting of those «y, for
which o = «.

Set

(1-2). n=12.0 bi(e) = n=012....

The set {bo, b1, ...,b,} is a basis for the space
Ln:{p(z) :pe?n}
mn(2)

where P,, denotes the space of polynomials of degree at most n. We set L, = U L,,. We shall
also consider the space R = L - Lo consisting of products of two functions in L.,. Note that
if I', is infinite for all a € G, then R = L.

Remark 2.1 The space of Laurent polynomials is not formally included in this setting. The
exclusion of the origin as interpolation point is for technical reasons. A discussion of basic
properties in the general case when also the origin is included among the possible interpolation
points can be found in [9].

Let M be a Hermitian, positive definite linear functional on R.. Thus M[f] = M|f] for
f € Roand Mlg-g] >0 for g € L, g # 0. For convenience we assume M normalized such
that M[1] = 1. The moments i, of M are defined as

L = M[bm, - by).

(Note that b, = b,.) A measure p on R is said to solve the rational moment problem on L if
by, is integrable with respect to p and

/bm(t) dp(t) = pmo for m=0,1,2,....
R

Equivalently

[ o0 du(t) = Mlg) for g€ L



A measure p on R is said to solve the rational moment problem on R if by, - b, is integrable
with respect to p and

/bm(t)bn(t) dp(t) = pmn for myun=0,1,2,....
R

Equivalently

[ F@du(t) = M) for f € R

R

A solvable rational moment problem is said to be determinate if it has exactly one solution,
indeterminate if it has more than one solution. We denote by M(L.,) the set of solutions of
the problem on L., and by M(R) the set of solutions of the problem on R..

Let {¢,}22, be the sequence of functions obtained by orthonormalization (with respect to M)
of the sequence {b,}°°,. We fix them uniquely by multiplying with a unimodular constant, so
that the coefficient of b, in the expansion of ¢, with respect to the basis {b,} is positive.

_ pu(2)
O]
coefficients are real, hence ¢, (z) is real for x € R. The functions #,, of the second kind are

defined by

The function ¢, has the form ¢, (z) , Pn € Pp. Note that by our normilization, the

ho(2) = =2, Pn(2) = M [D(E, 2){pn(t) —wn(2)}], n=1,2,....

We shall also consider the rational functions o, given by (M, refers to M applied to t-variable)

on(2) = My [C(t, 2){on(t) —on(2)}], n=0,1,2,....

We observe that both 1, and ¢, belong to L,, and that both functions are real for real z.
Furthermore we find that

on(z) = [z0n(2) + ¥n(2)], n=0,1,2,.... (2.1)

1+ 22

The sequences {¢,}, {}, and {0, } satisfy a three-term recurrence relation of the form

on(2) - On-1(2) - On—2(2)
vnl2)] = {En 1—z/ay, B 1— z/;j} Yma(2) | F On?/;j Yn-2(2)
©n(2) On-1(2) On—2(2)



with initial conditions

oo(2) 0
o(2) | = | —=
©o(2) 1

Here B, C,, E,, are real numbers satistying E, = —C,E,,_ for n = 2,3,.... See [8, Sections
11.1, 11.2, 11.9].

Note that o; has the form o1(z) = k/(1 — z/a1), where & is a constant. We define

n(2) =611 — z/a1)on1(2), n=0,1,2,.... (2.2)

Note that x,(x) is real for real x.

The sequence {x,} satisfies the recurrence relation

z 1—z/an 1—z/ap
0l = {Ban i B 2 (94 G =

forn=2,3,..., with yog = 1.

Set
el 2 2"
=1, @, (z)= (1—), n=1,2,...and, b — , forn=0,1,2,....
0 ( ) kl:[z o ( ) 7Tn<2)

Let £,, denote the space spanned by {Z;O, by, ... ,l;n}, and set Lo, = UX Loy Reo = Lo Lo
We then have y,, € L,,.

According to the Favard type theorem for orthogonal rational functions (see [8, Section 11.9]), it
follows that there is a positive functional M on R such that the sequence { Xy} is orthonormal
with respect to M. We can then consider moment problems on Lo, and R for the functional
M. We shall call these moment problems associated moment problems. Since M is positive, the
moment problem on L, is always solvable.

We shall use the notation

=1 +2 P2 Qu(z) =1 +z (P nlz) = 1+:i xel2)?



We also set

Wan(

Note that w,(2) =14+ > ,cq Wan(2).

Let xo be a point in R\ [GU{0}], where G denotes the closure in C of the set G of interpolation
points. For technical reasons, xg is chosen such that 1, (z¢) # 0 and ¢, (o, z9) # 0 for k =
1,2,...,n, for all n, where ¢,(z, 7) is the numerator polynomial of the rational function , (z)+
©n—1(2). Such choice is always possible, see [8, Lemma 11.5.4]. In the following zg
shall be kept fixed, and will not be included in the notation for A,, B,,, C,, D, below. We set
-~ and define

1—z/on—1
1—z/an

H(z,zo)

Ch(2)=H(z,x0)

D, (2)=H/(z,xq)

(Note that the definitions differ from those used in [2] by a real constant factor E,,.)

We set Ci = C \ [G’U{—i,i}]. For z € Cg and t € R we define

(which means —A,,(2)/B,(z) when ¢t = c0). The functions A, B,,, C,,, D,, can also be expressed

in the following way:

An(z) = Enl :
B.(z) = Boros
Cn(z) = E,xoz
D,(2)=

E,xoz

[RS SENENTNE

D(em) - 3 wma)wk(z)]

n—1

D(z,20) + Y @k(lo)iﬂk(z)]

k=1
n—1

1+ z_: or(ro)pr(2)

To(z,t) = —

2= Z a2

|

|

> [fn(xoa Z)¢n(I0)¢n—1(2> - fn<zv I0)¢n—1(l‘o)¢n(2)]
Lfo (0, 2)Vn(20)Pn-1(2) = fu(2, 20)¥n—1(70)pn(2)]
[fn (20, 2)0n(T0)Vn-1(2) — fu(2, 20)Pn—1(20)Yn(2)]

[fn(xm Z)Qon(x[))@n—l(z) - fn(Zu xO)@n—l(lh)QOn(Z)]

An(2)t — Ch(2)
B, (2)t — D,(2)




where f,(z,w) = (1 — anz_l) (1 - ;"—n)

It follows by a simple argument from [8, Corollary 11.5.6] that the functions B, (2)t — D,(2),
t € R, have all their zeros on R. According to [8, Lemma 11.10.6], the function z — T,,(z, ) for
t € R is a Pick function, hence all the zeros of A, (z)t — C,,(z) are also real.

The index n (or the function ¢,,) is said to be regular if p,(a,—1) # 0 (pn(c0) # 0 means that
pn has degree exactly like n).

For z fixed, the linear fractional transformation ¢t — T, (z,t) maps for a regular index n the
closed lower half-plane onto a proper closed disk A, (z) in the open right half-plane. When
m > n, we have A,,(2) C A,(2). Let A denote the sequence of regular indices, and set

Axo(2) = [ An(2).

neA

The Ay (z) is a proper, closed disk or a single point, independent of z in Cg. Furthermore
A, (2) is a proper disk if and only if the series 372 |ox(2)|? converges locally uniformly in the
domain Cg. This is the case if and only if the series Y72 ; [¢x(2)[* converges.

We shall in the following assume that the set A is infinite. For simplicity of notation we let
without loss of generality A consist of the natural numbers. We shall use the notation

w(z) =1+ kf: len(2)*, Q(z) =1+ kf: Wr(2)]*, @(2) =1+ ki PACH

The following inclusions hold:

[90,(2) 1 € MR} € As(2) € {0(2) : € M(L20)}.

It follows that if the moment problem on R, is indeterminate, then the series 322, |¢r(2)[?
and 3°3° [¢r(2)]? converge. Furthermore, if the series 35, [ (2)|* converges, then the mo-
ment problem on L., is indeterminate. Now assume that the moment problem for M on R,
is indeterminate. Then 372, 4% (2)|? converges, hence also 372 |xx(2)|? converges. Thus the
associated moment problem for M on L. is indeterminate. Because of the closely related recur-
ston formulas, it is reasonable to expect that the moment problem for M on Ra is indeterminate
when the problem for M on R« is indeterminate. We have no proof of this, but we shall make
this assumption in the proof of (3.9) and Proposition 4.2 for F equal to A or C'. However, when
all the sets I', are infinite, then R, = L., and the moment problem on L., and R, coincide.
In this case Rog = Log = Lo and thus the assumption above is automatically satisfied. Note
also Remark 4.5, where the assumption is not needed. Thus our main result Theorem 4.4 does
not depend on this assumption.

The theory of orthogonal rational functions with poles on the extended real line is equivalent
to a theory of orthogonal rational functions with poles on the unit circle. See especially [8] and



[6].

For more details on the properties of orthogonal rational functions and rational moment prob-
lems that we have discussed so far, we refer to [2],[6],[7], [8, Chap 11], [9].

The convergence results and the parameterization results below were obtained by A. Almendral
in [2].

Assume that A, (z) is a proper disk (the limit circle case in contrast to the limit point case).
Then the functions A,,, B,,, C,, D,, converge locally uniformly in Cg to holomorphic functions
A, B,C,D. We may then write

A(z)=H(z,z0) |1+ i @Z)k(xo)wk(z)l
B(:) = B 20) Dz, a0) 3 wkmm(z)]

C(z)=H(z,xq) |D(z,x0) + i gok(fno)wk(z)]

k=1

D(z)=H(z,z0) |1+ ki @k(:ro)gok(z)] )

The collection {A, B,C, D} is called a Nevanlinna matriz for the problem.

The functions A, B,C, D appear in the following Nevanlinna type parameterization for an
indeterminate rational moment problem.

Theorem 2.2 Assume that the moment problem on R is indeterminate, and consider the
formula

(2)
ol (2.3)

Then

(i) For every Pick function f, there exists a i € M(Ly) such that (2.3) is satisfied.
(ii) For every p € M(Ry), there exists a Pick function f such that (2.3) is satisfied.

Remark 2.3 The correspondence between p and €2, is one-to-one. When I, is infinite for all
a € G, we have

{Qu(2) e M(Loo)} = Aoo(2).

Hence in this situation (2.3) establishes a one-to-one correspondence between Pick functions
and solutions of the moment problem (on L, or R).



3 A Riesz type criterion

Let 1 and po be two distinct solutions of the moment problem on R«. The function Q,, (2) —
Q,,(2) is holomorphic in C \ [R U {—i,i}], hence the zeros are isolated. It follows that there
exist positive v, v # 1 such that Q, (5 +1iy) # Q,,(6 +1y) for all 5§ € R. Note that we then
also have S, (8 +1y) # S,,(8 +iv) for all B € R. We choose a fixed v with this property, and
use the notation (3 = 3 + 1.

Let us start by stating a general Poisson formula first.

Lemma 3.1 Suppose & is in the lower half plane and (3 = B+~i, B # 0,7 > 0, and o € R\{0},

then
’Ymﬁﬁgﬁutl‘ Sl (3.1)

and
a4l

PROQOF. This can be proved by standard complex analysis arguments. [

Remark 3.2 Note that (3.1) also follows from [1, p.53] where in a footnote it is remarked that

/1n|1_|ds:ln

1
1-— =
s2+1

Cc

, (Im(c) <0).

Change of variables s = (t — 3)/~ and ¢ = (£ — (3)/ also yields (3.1).
In the following positive function shall always mean strictly positive function.

Proposition 3.3 Let R be a function in R, which is positive on R. Then there exists a
function L € L, such that

| _L@)':‘/R(l’) p{ ki °°1nR<>dt}

r — (g [z — (gl

for all x in R.

10



PROOF. By dividing out possible common factors in the numerator and denominator of R
we may write

where P is a polynomial of degree n, P(z) positive for z € R. The polynomial P then has the

form
P(z) = A2<1—Z)---<1—Z> <1—Z>.--<1—Z>
(2) = |A] 3 € 3 £
for a suitable constant A and &, ..., &, in the lower half-plane.
We define
Al1=2)...(1- =
Q(z) = ( 61) ( En) .
(1_z>...< _z)
Qg Qg
Then
(1-2)-(1-2) <1_z>...<1_z>
&1 &n 3 &n
Q(2)* = 1A 2 2
1 2 __z
gy Oy,
and for z € R:

MP(-g)(-g)(i-g) (¢

’Q(IMQ 2
‘1 o a ‘ o
gy Qg
We further define
(51
L(z b
=) z— (g
Note that L € L,,. We have
z— (g (2 = (p)Q(¢s)’

11



hence for x € R:

S—— ‘ _ Q@ JRG@) s
Z=Gp |z = GsllQ(C)| |z — ¢allQ(Cs)]
Using the identity
Tt -
——dt = —,
ZO t=CP
and Lemma 3.1 we get
p
1H|Q(Cﬁ)|—ln|A\+Zln e Zln‘l—off
J Jj=1 J
Y n <,3 D ‘ C[g
:111/4*/ +Y ml—-2{-YInj1->2
T % { . ; J Z akj |t_Cﬁ|2
and hence
hl’@ lnR
! - 3.4
n|Q gﬁ ’t_CﬁP ‘t—Cﬁ|2 ( )

It follows from (3.3) and (3.4) that
R o0
1 _L@)’ _ (z) expl T / lnR(t)th ‘
r =G |z — Cal 2 ) |t — Gl

which concludes the proof. [J

Corollary 3.4 For each non-negative integer n and each o € G there exists an L, € L, such
that for x € R:

1
Qf—Cﬁ

— Ln(z)

_ Ww(l’)exp{_v | In[1 + o n (1) dt}.

|z — (g 2 J |t — Cpl?

PROOF. The function 14w, (z) is the restriction to R of the function 1+ Y321, 1. ¢x(2)?,
which belongs to R, and is positive on R. Consequently the result follows from Proposi-
tion 3.3. U

12



Proposition 3.5 There exists a finite constant Ky such that for every R in Ro, which is
positive on R we have

exp{ﬁy lnR()dt}_ sup {/\/ x)dp(x },

|t — Col? L eM(R) |z — (sl
where K; s independent of R.

PROOF. Recall that S, ((g) # S,,(¢3), where py, p1o are two different measures in M(Rw),
cf. the introduction to this section. Set Ky = S,,(¢) — 5,,(() # 0. Since [ L(z)du(z) =
Jg L(x) dus(z) for all L € L, we may write

Fo= [ (20 - b)) o) - / (2~ @) dute)

hence

and consequently

()

|| §2sup{/

where the supremum is taken over all p € M(R,).

du(x)} :

Let R be an arbitrary function in R, which is strictly positive on R. Then we conclude from
Proposition 3.3 that

v lnR
R {M_C' af.

v T InR(t)dt w R(t) .
ex"{ rt—w}gm p{R/rx—cmd“”}

where K1:2/|K0| O

hence

13



Corollary 3.6 There exists a constant K independent of the index n such that for every
a € G,

exp{ y / ln[l + wa,n(t)] dt} < K- sup {/ \/mdﬂ(m)}

[t — ol |z — (gl
where the supremum is taken over all p € M(Rw).

PROOF. The function 14w, () is the restriction to R of the function 1 +Zz;iakera or(2)?,
which belongs to R, and is positive on R. Thus the conditions of Proposition 3.5 are satisfied,
and so the result follows from this proposition. [J

Lemma 3.7 Let « € G, a # o0, B € R. Then the following inequality holds for o = «,
1€ M(Reo):

/ ($ — Oz)(ZL‘ - 6)90k($)2 dﬁb(l‘) < |a B C[3| [’@k((ﬂ)¢k(§ﬁ)‘ + |Qu(gﬂ)§0k(Cﬂ)2ﬂ . (35)

A P 17
PROOF. For any 8 € R we may write
(1= 2)px(z)® z .\ @i(7) — or(Gs) Gt
Tao =)= = 2 or() — W%(Cﬁ)%(x) +
1%
18 (D@ G en@) = onlGa)kon(Ga) + Dl Ca)inlGo)”]
3

We observe that (1 — g)%ﬁ(%) belongs to £;_1. Thus the integral of the first term to the

right vanishes by orthogonality. Also the integral of the second term vanishes by orthogonality.
We then get

_z )2 %
[y 1 & [or(G0n(6) + ol 060

Hence by taking the real part of the equation we get

(2 = a)(z - Bpn()? e :
R/ e et )| < A GG + e GG

We find that |14 (31> = (1 4+ 3% —%)> +453%* > (1 — +*)?, from which (3.5) now follows. [

14



Lemma 3.8 Let i1 be a positive measure in R and let f be a non-negative function on R. Let
[a,b] be a bounded interval and let 5 € R. Then there exist positive numbers m(3) and M([3)
such that

flz flx
7“@ m—@P /!x—@P“ /!x—%P

for all a € [a, b)].

PROOF. The function ¢(x) = |z — (5|*/|x — (,|* has a positive minimum m(a, 3) and a finite
maximum M (a, 3) since ¢(z) — 1 as  — Fo00. The values m(a, ) and M («, 3) are continuous
functions of «, hence there exist a positive m(/3) and a finite M () such that m(5) < m(«, 5),
M(a, B) < M(B) for all « € [a, b]. We may write

|z — Gl
R\x—gv u/m—@wwx—gwm“>

hence

for all o € [a,b]. O

Proposition 3.9 Assume that G is bounded, a € G, € R. Then there exists a constant
Ky (a, ) independent of the index n and the measure n € M(Roo) such that

du(z) < Ky(a, §). (3.6)

PROOF. We know that the series 372 |¢x(¢5)]? and 302, | ((5)|? converge, and by Schwarz’
inequality then also the series >3, [¢r(C3)Yr((s)| converges. Furthermore, ©,(¢3) € A((p),
which implies that Q,((s) is bounded independently of ;1 € M(R).

It follows from Lemma 3.7 that

/(33—04)2(4}0[,”( )dpJ(

|z — Caf?

R

Zﬂw@%@H&%M%M-

Taking into account Lemma 3.8 we then get



n—1

it 2 (GGl + 12}

ap€ely

Thus there exists a constant K3(«, 3) independent of n and u € M(R) such that

/ (x — @)*[1 + wan()] du(z) < Ks(a, B). (3.7)

_ 2
J |z — (gl

We may write

1+ wan(z |z — al\/1+ wan(z 1

W—%| B |z — (g o —al

Hence by Schwarz’ inequality we get

/m sz—a)?[lwa,n( } l/ dp(x ]1/2 (3.8)

|z — (g |z — (p)? (z —a)

R

The factor 1/(x — «)? belongs to R, hence fR 2 equals a finite constant K, (independent
of ). Setting Ky = /K3(a, f) Ky, we obtain (3.6) from (3.7) and (3.8). O

Theorem 3.10 (Riesz type criterion) Assume that the moment problem on R is indeter-
minate. Assume that G is finite and let 3 € R. Then

T Inw(t)dt In Q(¢t
[EEERESL A and . 3.9
| Je— g = /u—@v (3.9

PROOF. According to Proposition 3.9 we have

\/1+wan
sup < Ks(a, B)

HEM(Roc) kﬁ—Cﬂ

where Ky(a, ) is independent of n. Consequently there is a constant K5(/3) such that

V14 wan(
sup < Ky (B).

el HEM(Roc) ) kf—ém
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It then follows from Corollary 3.6 that there is a constant K (3) such that

1 an
/g i 5 ]dt<K(6) for all n.
0o a€G |t_Cﬂ’

For any non-negative numbers t1,t,,...,ty we have

In <1 + g:tk> S g:ln(l + tk).

k=1 k=1

Consequently we may conclude from the fact that w,(t) =1+ > ,cq Wan(?):

lnwn
|t—Cﬁ|2 dt / |t—§5\2 {Zln[1+wa,n(t)]} dt < K(B)

aeG

for all n, from which the first inequality in (3.9) follows.

Similarly, since {x,} are the orthonormal functions associated with the indeterminate moment
problem on R, we find

T In@,(t)

dt <
J It —Gsl?

Then from (2.1) and (2.2) we infer that also the second inequality in (3.9) is satisfied. O

x) du(x)
2 GP | S

Remark 3.11 By considering the imaginary part in (3.7) when G = {o0}, we get ‘ Jp ==

Iff and hence by Schwartz’ inequality

/,/wn ©) dp(z L/wn(x)d,u(x)r/?< Ky

|z — (s [z — (s v

oo Ilnw(t)dt

It follows from Corollary 3.6 that in this case [°7 =Cal?

< Q.

4 Growth estimates in the finite case

We continue to assume that the moment problem on R, is indeterminate. Let a be a fixed
point in G. For the sake of simplicity we formulate the results and carry out the arguments only
for the case o # oco. By adapting the arguments given in this section, estimates in appropriate

17



form can be proved also in the case o = co. In the following [ shall denote an arbitrary point

in G.

We set m(z) = max {1, D(z,x¢)}, p(z) = max{1, H(z,x¢)},
o = max {[S7% ua0) % [S24 (20)?)12), and define

a(t) = In [p(t) {m(®) + ay/w®)}] . ¥(&) =10 [pt) {m(®) + ay/20) ]
It follows from Theorem 3.10 (the Riesz type criterion) that

T D(t)dt T ow(t)dt
/|t£)gﬁ|2<oo and /|t£)cﬂ’2<oo for any 5 € R. (4.1)

Note that ®(¢) > 0 and ¥(¢t) > 0 for all t € R.
Let n € (0,7/2). We introduce the notation

Alo,n) ={z€C:n < arg(z — )| < 7 —n}.

As usual we set z = x + yi.

Lemma 4.1 Assume that f is a non-negative function on R satisfying [ gﬁ?jﬂ < oo for
some a € R. Then for every € > 0 there exists a disk U, with center at o such that
T f(t)dt
|y’/'f() <= (4.2)
T J [t—=z [z—q]

for z € Uy, N A, ¢).

PROOF. We have f—fz(\tg < f(t) a.e., and || f(t)dt < oo since |t — z|* is bounded for

|t — a| <. Hence it follows by Lebesgue’s dominated convergence theorem, that

t—al<y

9
< o si 4.3
22 =27 (43)

2 2
L / J()dt — 0, hence v / J()dt
T |t — 22 =0 T

lt—al<y lt—a| <~y

for |y| sufficiently small.

For z € A(a,n) we have |t — 2| > |t — a|?sin®n. For |t — x| > ~ this implies |t — z|> >

18



|t — z|?sin® n. Hence

v / f(t)dt< 2y? / f(t)de

T it — 2|2 ~ msin?p |t — 2|2
[t—al>y lt—al>y

Since [;;_q> {t(t);'if < oo we find that

0, hence = < =5
[t —z]2 y—0 S [t —z]2 2 i
[t—al>y [t—al<y

y? / f(t)dt y? / fR)dt e . (4.4)

for |y| sufficiently small.
We have |z — afsinn < |y| when z € A(a,n), and so (4.2) follows from (4.3) and (4.4). O
Proposition 4.2 Assume that G is finite, and let « € G. Let V,, be a disk with center at «

and let F' denote any of the functions A, B,C, D. Then there exists for every ¢ > 0 a constant
Mi(e,n) such that

Fel < e ] )
for z € V, N A(a, 7).

PROOF. Let H denote any of the functions B,,, D,,. It follows by Schwartz’ inequality that
|H,.(t)| < p(t)[m(t) + ¢\/w(t)], hence In |H,(t)| < ®(t) for t € R.

Recall that all the zeros and poles of H,, are real.

From Poisson’s formula and Lemma 3.1, applied to the rational function H,(¢) with all poles
on R, we find

In | H,(t)| dt
In | H, (2 |y|/ n|Ha(0ldt g R

N

and hence

m%w§@7MMp

|t = zf?
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It now follows from Lemma 4.1 that In|H,(z)| < g for z € Ua N A(a,n), where U, is

sufficiently small. In (V, \ U,) N A(a,n) we have In|H,(z)| < M;(e,n) where the constant
M; (e,n) is independent of n, since H,, is uniformly convergent in (V,, \ U,) N A(«, n). Thus

€

In H(2)| < M (e.0) +

in V, N A(e,n) for all n.

Simiarly let G,, denote any of the functions A,,, C,,. Then In|G,(t)| < ¥(¢) for all ¢t € R, and
all the zeros and poles of G,, are real. It follows from (4.1) by the same kind of reasoning as
above that there exists a constant M;*(e,n) such that

In |G (2)] < M"(e,m) +

| c | for z € V, N A(a, m).
Z—

Setting M, (e,n) = max{exp[M;(,n)],exp[M[*(e,n)]}, we obtain (4.5). O

Fig. 1. Elements appearing in the proof of Proposition 4.3

Proposition 4.3 Assume that G is finite, o0 € G. Let o € G and let V,, be a disk with center
at a containing no other point in G. Then for every e > 0 there exists a constant My(g,m) such
that

|F<z>|§M2<s,n>eXp{ : }

|2 = a

for z € Vo, N [C\ A(a,m)] where F' is any of the functions A, B,C, D.

PROOF. Let p, denote the radius of V,, and let S(«,n) denote the sector of V,, N [C\ A(«,n)]
lying to the right of . According to Proposition 4.2 there is for every € > 0 a constant
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M, (e cosn,n) such that |F(2)| < M;(ecosn,n)exp {TZCEZY} for z € V,NA(a,n), hence a constant
M3 (e cosn,n) such that

IF(2)] < Mj (e cosn, n) exp { € oS’y } (46)

|2 =«

for z € V, N A(a,n), where F, is any of the functions A,,, By, Cy,, D,,.

We now consider z in the closure S(a,n) of the sector S(«,n). The function

Qn(2) = Fu(z)exp { - ——1

Z—Q

is holomorphic in S(a,n) \ {a}. We have

Qul)] = 1Fa2) exp {2 Re ——1, (@)
hence by (4.6)
@ < Moo {27 o f e 2= ] (45)

Let z be a point on one of the line segments of the boundary dS(«, n). Then z—a = |z—a] cosn,
hence

|Qn(2)| < Mj (e cosn,n). (4.9)

Next let z be a point on the circular arc of 9S(a,n). Then we have

\@n<z>|sM;<ecosn,n>exp{€cosn}exp{_dw—a)}

2
o Pa

% g
—1\42(600877,77)6'Xp{p2 [pacosn — (z —Oé)]},

[0}

hence

N gcosmn
|Qn(2)| < Mj(ecosn,n) exp{ P }

«

Thus there is a constant M (e cosn,n) such that

|Qn(2)| < Mj(ecosn,n) for ze€ dS(a,n)\ {a}.
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Recall that F), is a rational function. Therefore there exists for every € > 0 a constant k,,(¢) such
that | F,,(2)] < k,(g) exp {%} for z € V,. For z € S(a,n) \ {a} we have |z —a| > |z—a| cosn.
Hence

1Qn(2)] < Fn(e) exp { £ CoST) }exp {—s‘:”_o‘} < kn(e)

|z — af z—al?

for z € S(a,n) \ {a}. It follows that

limsup |Qn(2)| < kn(e) < 0.

Z—Q

zeS(en)\{a}

Then, according to a version of the maximum principle (see for example [15, Part II, p.208])
we have

|Qn(2)] < Mj(ecosn,n) for ze S(a,n),

and hence, according to (4.7)

|F(2)| < M;(ecosn,n)exp { P } , for z e S(a,n). (4.10)
In the same way we find an estimate
*3k €
|F(2)| < M3*(ecosn,n) eXp{M}, (4.11)

for z in the sector of V,, N [C\ A(a,n)] to the left of a.

Letting n tend to infinity in (4.10)-(4.11) and combining the resulting inequalities, the proof is
completed. [

Theorem 4.4 Assume that G is finite, co & G. Let « € G and let V,, be a disk with center at
a containing no other point of G. Then for every € > 0 there exists a constant M () such that

Fe < Mo {1
for all z € V,, where F is any of the functions A, B,C, D.

PROOF. Choose a fixed n = ny, and define M(e) = max{M,(e,ny), Ma(g,m0)}. The result
then follows from Proposition 4.3. [

22



Remark 4.5 For fixed ¢ € R, the rational function

T.(z,t) = —

has a partial fraction decomposition of the form

Ta(z,t) = En: )‘n,k(t)w

k=1 gn,k(t) -z’

with &, € Rand A\, > 0 for k£ = 1,...,n, and Y54 Ay x(t) = 1. (See [2, Sections 10-11],
[8, Sction 11.10].) Since |, x(t) — 2| > |y| > |z — a|sinn for z € A(a,n), we find |T,,(z,t)] <

14|22
lz—al

+ |z|. In particular

< 1+ |22
~ [z =<

1+ |z]?
" [z —qf

+1zl,

for z € A(a,n). Since ﬁ < mexp{ﬁ} for arbitrary ¢’ > 0 and suitable m, we conclude

that if B and D satisfy an estimate of the form |F'(z)| < Mexp{‘zf—a'} for z € A(a, n) for some

M, then also A and C' do. Hence the result of Proposition 4.2 can be obtained without making

use of the Riesz type criterion [ ‘Ln_%;t'l dt < oo (see (3.9)). The result in Theorem 4.4 can

thus be established without use of this criterion.

Remark 4.6 When G consists of the only point co (i.e. when « = oo for all k), the functions
F,, are polynomials with all zeros in R. Hence |F,(z)| is an increasing function of y, and an
estimate of the form |F,(2)| < M(e,n)exp{e|z|} in {z € C:n < |argz| < 7 —n} can easily be
extended to an estimate of the same kind in the whole plane. See e.g. [1, Chap. 2]. An argument
of this kind is not possible in the general case.

Remark 4.7 If « is an isolated point in G and there is only a finite number m of elements ay
in some I'y, then /" has a pole of order m at . Thus in a neighborhood V;, we have in this case
the stronger estimate |F'(2)] < M(e)|z — a|™™.
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