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Abstract. We present a multilevel algorithm to compute steady states of lattice
Boltzmann models directly as fixed points of a time-stepper. At the fine scale, we use
a Richardson iteration for the fixed point equation, which amounts to time-stepping
towards equilibrium. This fine-scale iteration is accelerated by transferring the error
to a coarse level. At this coarse level, one directly solves for the density (the zeroth
moment of the lattice Boltzmann distributions), for which a coarse-level equation
is known in some appropriate limit. The algorithm closely resembles the classical
multigrid algorithm in spirit, structure and convergence behaviour. In this paper,
we discuss the formulation of this algorithm. We give an intuitive explanation of
its convergence behaviour and illustrate with numerical experiments.

1 Introduction

For a broad class of systems, in applications ranging from physics, fluid flow
[10,9] and biology [2] to traffic flow [4], a macroscopic (coarse) partial differ-
ential equation (PDE) that models density evolution in a space-time domain,
is often insufficient to accurately describe physical interactions between in-
dividual particles (atoms, molecules, bacteria, vehicles). For instance, the
dynamics of a system of colliding particles with interactions that depend
sensitively on the relative particle velocities can, in general, not be modeled
completely by a reaction-diffusion equation for the particle density [13]. In
such cases, one needs to resort to a more microscopic (fine-scale) description,
such as a kinetic equation that models the evolution of the velocity-position
phase space distribution density of particles as a combination of advection
according the the current velocity and collisions that redistribute velocities
[25].

A lattice Boltzmann model (LBM) is a simple and effective space-time-
velocity discretization of a fine-scale kinetic equation [20]. Only a low number
of velocities are considered, and the discrete velocities are related to the lattice
spacing and time step in such a way that the corresponding distributions are
simply shifted over an integer number of lattice sites over one time step. The
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advantage is that one can decompose evolution in two separated steps: first,
one simply advects each distribution function according to its corresponding
velocity; subsequently, one performs a collision step in which the velocities
are redistributed. A more precise mathematical description of LBMs will be
presented in section 2.

In the appropriate diffusion limit [15, e.g.], the above-described fine-scale
kinetic models collapse onto a limiting coarse partial differential equation.
However, their associated computational cost is much higher, due to the
increased dimension. For such cases, several approaches have been developed
that exploit the link between the coarse and fine-scale levels of descriptions to
significantly accelerate computations. Of particular importance in this work
is the equation-free framework that was proposed by Kevrekidis et al. [11,21].
The framework introduces lifting and restriction operators to map a coarse
state to a fine-scale state and vice versa. These operators are then used to
construct a coarse time-stepper for the unavailable coarse equation as a three
step procedure: (1) lifting, i.e. the creation of appropriate initial conditions
for the fine-scale model, conditioned upon the coarse state at time t∗; (2)
simulation, using the fine-scale model, over the time interval [t∗, t∗ + ∆t];
and (3) restriction, i.e. the extraction of the coarse state at time t∗+∆t. The
resulting coarse time-∆t map can then be used in conjunction with projective
integration methods [7] to accelerate time integration, or with a matrix-free
algorithm to directly compute coarse steady states [17–19]. We refer to [12]
for a recent review and references to related methods.

In this paper, we borrow important concepts from the equation-free frame-
work, and use them to construct a new algorithm that directly computes
fine-scale steady states of an LBM as fixed points of the time-stepper. The
proposed algorithm bears many similarities with standard multigrid [1,22].
Multigrid is a sophisticated iterative method for the computation of a steady
state of a PDE. It is most easily understood by realizing that the error in
any initial guess consists of high and low wavenumber modes. Basic iterative
methods (such as a Jacobi or Gauss-Seidel iteration, or Richardson’s method,
which corresponds to time-stepping) are very efficient in removing high-
frequency error components; such methods are therefore called smoothers.
In multigrid, one uses the fact that the smoother yields errors (and resid-
uals) that can be accurately represented on a coarser mesh (since they are
smooth). One then transfers the residuals to the coarser grid (restriction) and
solves for the error. The resulting error is then transferred back to the finer
grid (prolongation). This sequence is called coarse grid correction, and the
combination of smoothing and coarse grid correction yields a very powerful
algorithm. At the the coarse grid, the same procedure can be applied. One
then performs again a few smoothing steps and a coarse grid correction on an
even coarser grid, leading to a hierarchy of grids – hence the name multigrid.

The multilevel algorithm that we propose here follow the same strategy.
At the fine scale, we consider the computation of a fixed point of a lattice
Boltzmann time-stepper; the basic iteration (smoother) on this level is a



Richardson iteration, which amounts to time-stepping towards equilibrium.
Instead of moving to a coarser grid, as in multigrid, however, here we move
to a coarser level of description, i.e. the level of the coarse PDE. Note that
at this level, we can only use the PDE that is known in the diffusion limit,
which yields only an approximation to the evolution of the density of the
LBM. The transfer operators that connect the coarse and fine-scale levels of
description are exactly the lifting and restriction operators that have been in-
troduced in the equation-free framework; these then replace the prolongation
and restriction operators that are used in multigrid.

The remainder of the paper is organized as follows. In section 2 we define
our model problems. Section 3 describes the behaviour of Richardson iteration
for this problem. We then proceed to formulate our multilevel algorithm
in section 4. Section 5 contains an intuitive explanation of the convergence
behaviour. We conclude in section 6.

2 Model problem

2.1 Lattice Boltzmann models

Throughout this paper, we consider reaction-diffusion lattice Boltzmann mod-
els (LBMs) [3,20] in one space dimension as the illustrative example. We
briefly review the principles of LBMs and describe the specific model prob-
lem of this paper.

We define a discrete number of particle distribution functions fi(xj , tn),
with 1 ≤ j ≤ N , −q ≤ i ≤ q and n ≥ 0, with grid spacing δx in space
and δt in time, and choose the velocities vi such that they correspond to a
movement over an integer number of lattice points during one time-step,

vi = ci
δx

δt
, ci = −q, . . . ,−1, 0, 1, . . . , q.

Furthermore, we introduce equilibrium distributions feq
i (x, t) = weq

i ρ(x, t),
which correspond to local diffusive equilibrium. Here, the coefficients weq

i =
weq

−i depend on the number of speeds 2q + 1.

Remark 1 (Notation). To avoid potential confusion, we emphasize that, in
this text, we will use the symbol δt (and, for notational consistency, δx)
to denote the parameters of the fine-scale (lattice Boltzmann) time-stepper,
whereas the symbol ∆t is used to indicate the size of a coarse time step.

With these definitions, we can write an evolution law for the distributions
f(x, t) = (fi(x, t))

q
i=−q as

fi(x+ ciδx, t+ δt) = (1− ω)fi(x, t)−ωfeq
i (x, t) + β

�

j

Vijfj(x, t) +Ri(x, t),

(1)



which we denote in compact form as

fn+1 = φ(fn), (2)

where f = (fi(x))
q
i=−q, x = (xj)Nj=1 and the superscript n denotes the time

instance t = nδt. Equation (1) decomposes evolution into a collision phase
(the right-hand side) and a streaming phase, during which the post-collision
values are propagated to a neighboring site. The first two terms of the right-
hand side represent a BGK relaxation to local diffusive equilibrium on a
characteristic time scale τ = 1/ω. The third term is an external force, which
is discretized as proposed by Luo [14], and the terms Ri(x, t) model reactive
collisions. Note that, for pure diffusion, a lattice Boltzmann time-stepper is
stable for ω ∈ [0, 2].

We now define the first few (non-dimensional) moments of the distribution
function as

ρ(x, t) =
q�

i=−q

fi(x, t), ϕ(x, t) =
q�

i=−q

cifi(x, t), ξ(x, t) =
1

2

q�

i=−q

c2i fi(x, t),

(3)
which represent density, momentum and energy, respectively. The lattice
Boltzmann equation can be written equivalently as a set of coupled PDEs
for the 2q+1 moments of the individual distribution functions. A Chapman–
Enskog expansion shows that, when the density is sufficiently smooth, the lat-
tice Boltzmann model (1) (or the set of coupled equations for the moments)
can be approximated by a single reaction-advection-diffusion equation only
depending on the density [5,16],

∂tρ(x, t) = ∂x(D∂xρ(x, t))+β∂xρ(x, t)+r(ρ(x, t)), D =
2− ω

2ω

δx2

δt

�

i

c2iw
eq
i ,

(4)
where the transport coefficients D and β and the reaction rate r(ρ) depend
on the relaxation, external force and collision terms in the lattice Boltzmann
model. When the reaction terms Ri can be written as functions of the density,
Ri(x, t) = weq

i δtR(ρ(x, t)), we obtain r(ρ) = R(ρ). In general, however, if
Ri(x, t) depend on the individual distribution functions, it is cumbersome to
eliminate the velocity dependence and derive an explicit formula for r(ρ).

From the assumption that a coarse model for ρ(x, t) exists, it follows that
the higher order moments ϕ(x, t) and ξ(x, t) can be written as functionals
of ρ(x, t). (We call this slaving.) For a 3-speed lattice Boltzmann reaction-
diffusion model, i.e. equation (1) with q = 1 and β = 0, these slaving relations
can be written down analytically as an asymptotic expansion in 1/ω. Up to



third order, we have [23],

ϕ(x, t) = −2δx

3ω
∂xρ+

δxδt

3ω2

(4ω − 2)

(ω − 2)
∂xr(ρ) +

δxδt

3ω2

(−2ω2 + 2ω − 2)

(ω − 2)
∂2
xtρ(x, t)

ξ(x, t) =
1

3
ρ(x, t)− δt

6ω
(r (ρ(x, t))− ∂tρ(x, t)) .

(5)
These expansions can alternatively be written down in terms of ρ(x, t) and
its spatial derivatives only, by making use of (4).

2.2 Fixed point formulation

We are interested in the fixed points of equation (2), i.e. solutions of the
nonlinear equation

f∗ − φ(f∗) = 0. (6)

This nonlinear problem can be solved using Newton’s method. We will apply
a multilevel algorithm on the linear systems arising in each Newton iteration,
which can be written as

�
I − Jφ(f̄)

�
∆f = −r(f̄), (7)

or, for short,
Afx = b. (8)

Here, we use x = ∆f and Jφ(f̄) = (∂φ/∂f) (f̄) and r(f̄) = f̄ − φ(f̄) denote
the Jacobian of φ and the residual of equation (6), respectively, evaluated
at a current guess f̄ . For notational convenience, we have eliminated the
dependence on f̄ in Af and b. The Jacobian Jφ is not available in closed form,
since we can only evaluate the time-stepper, but Jacobian-vector products can
be estimated as

Jφ(f̄)v ≈ φ(f̄ + �v)− φ(f̄)

�
,

with � appropriately small. This enables the use of methods that require only
matrix-vector products.

3 Richardson iteration

We first consider a basic iterative method, namely Richardson iteration,

x(k+1) = S(x(k), Af , b) = x(k) + (Afx
(k) − b), (9)

which is selected over alternatives such as Jacobi or Gauss-Seidel, because it
does not involve a matrix splitting of Af , and hence requires only matrix-
vector products. This method can be seen to correspond to time-stepping for



the error equation of the linearized system. To see this, we elaborate

x(k+1) = x(k) + (Afx
(k) − b)

= x(k) +
�
(I − Jφ)x

(k) − b
�

= Jφx
(k) − b.

The last equation shows that the Richardson iteration corresponds to time-
stepping with the linearized time-stepper, modified by the righthand side of
the linear system (the residual of the nonlinear equation). Hence, the spectral
properties of the smoothing operator will be those of the linearized time-
stepper.

Recall that we assume that an equation exists that closes at the level
of the density ρ(x, t) alone. As a consequence, this assumption implies that
the higher order moments become functionals of ρ(x, t) on time-scales which
are fast compared to the overall system evolution (slaving). This behaviour
is reflected in the spectral properties of the smoother: Richardson iterations
quickly reduce errors in the higher order moments, whereas errors in modes
that correspond to the density are not significantly affected by the smoother.
This observation is illustrated by a numerical experiment.

We consider the pure diffusion 3-speed lattice Boltzmann problem, i.e.
equation (1) with q = 1, β = 0 and Ri ≡ 0 using periodic boundary condi-
tions. The domain is [0, 1], and the model parameters are chosen to be D = 1,
ω = 1.25 and δx = 1/128. The time step then follows from equation (4). A
fixed point of this time-stepper can be found as the solution of the linear
system

Afx = 0. (10)

We now look into the behaviour of Richardson iteration for the linear system
(10).

Remark 2. Because of the periodic boundary conditions, the time-stepper has
a trivial eigenvalue 1, and consequently, the fixed point problem is singular.
This singularity can be removed by adding a phase condition and an artificial
parameter, see e.g. [19]. In this experiment, we perform a spectral analysis of
Richardson iteration; for this purpose, simply considering Richardson itera-
tion on the singular system is sufficient.

Because of the homogeneous righthand side, Richardson iterations reduce to
time-stepping with the original linear time-stepper. For the 3-speed model,
there is a linear 1-to-1 relation between the distribution functions and the
moments (3). It can easily be verified (for instance using Maple) that, when
working in the equivalent moment description, the eigenvectors have the form
(ρ, ϕ, ξ) = (A sin(k · x), B cos(k · x), C sin(k · x)), with 1 ≤ k ≤ N − 1. For
each frequency, there are 3 eigenmodes. However, the analytic determination
of the constants, as well as the corresponding eigenvalues, does not yield a
workable closed formula. Therefore, we compute the spectrum numerically.
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Fig. 1. Top left: Spectrum of the lattice Boltzmann time-stepper/Richardson
smoother for homogeneous diffusion. Bottom left: Richardson amplification factors
for each of the eigenmodes, as a function of wave number k. The solid line cor-
responds to the amplifications factors of the real positive eigenvalues; the dashed
line corresponds to the amplifications factors of the complex eigenvalues with nega-
tive real part. Right: a typical eigenmode corresponding to a real positive eigenvalue
(top) and a complex eigenvalue (bottom) of the time-stepper. The solid line contains
the real part; the dashed line is the imaginary part. The corresponding eigenvalues
are depicted by a square, resp. circle in the top left panel. Eigenmodes are dis-
played in moment representation: the leftmost part of each eigenvector corresponds
to density, the middle part to momentum and the rightmost part to energy.



The results are depicted in figure 1 (top left). It is seen that the spectrum
breaks down into two sets of eigenvalues: a set of N − 1 real and positive
eigenvalues, and a set of 2N − 2 complex eigenvalues with negative real part.
Figure 1 (right) shows an eigenvector corresponding to a particular mode in
each of these two sets, in the moment representation. One can visually verify
that the eigenvectors corresponding to the rightmost set of real eigenvalues
appear to satisfy the slaving relations (5); we call these the slaved modes.
The slaving relations are not satified for the eigenvectors corresponding to
the set of complex eigenvalues (non-slaved modes). Clearly, the slower a mode
is damped, the better the slaving relations are satisfied.m

We now look at the behaviour of the Richardson iteration for each of
these eigenmodes individually. Starting from a normalized eigenmode that
satisfies maxl Vl = 1 (with 1 ≤ l ≤ 3N − 3 denoting the components), we
perform a single Richardson iteration and look at the amplification factor.
Figure 1 (bottom left) shows the maximal value of the resulting vector as a
function of the wave number. As could be expected from the spectrum of the
time-stepper, we can draw two main conclusions :

– Regardless of the wave number, modes that corresponds to non-slaved
states are damped quickly by the time-stepper; only modes that corre-
sponds to slaved states can persist over longer time scales.

– For the slaved modes, we observe that low wavenumber modes are damped
much more slowly than high wavenumber waves.

Based on these observations, we conclude that it would be beneficial to
combine Richardson iterations with a method to directly reduce the errors in
the density. To this end, we now turn to a multilevel algorithm.

4 Multilevel algorithm

To solve the linear system (8) more efficiently, we make use of the link between
the fine-scale model (1) and the approximate coarse description (4). We first
describe lifting and restriction operators that map coarse to fine-scale states,
and vice versa. We then proceed to formulate the complete algorithm. An
intuitive explanation on it convergence properties is deferred to section 5.

4.1 Lifting and restriction

We consider operators that define a mapping between the distribution func-
tions fi(x, t) and the density ρ(x, t). A restriction operator, mapping the
distribution f(x, t) = (fi(x, t))i to the density ρ(x, t),

R : f(x, t) �→ ρ(x, t) = R(f(x, t)), (11)

can easily be obtained using (3). The converse lifting operator, reconstructing
distributions from the density,

L : ρ(x, t) �→ f(x, t) = L(ρ(x, t)), (12)



is considerably more involved.
One could simply initialize the distributions as

fi(x, t) = wiρ(x, t),
�

i

wi = 1, (13)

where wi = weq
i is an obvious choice, since this corresponds to the local

diffusive equilibrium. Via a Chapman–Enskog expansion, it can be shown
that this corresponds to a zeroth order approximation of the slaving relations
[23]. Clearly, initializing also the higher order terms in the Chapman–Enskog
expansion yields a more accurate reconstruction.

A numerical procedure to obtain a second order approximation to the slav-
ing relations, using only the time-stepper (2) is the constrained runs scheme
[8,6]. Here, during a preparatory step, a number of lattice Boltzmann time-
steps is performed, after each of which the density is reset. This scheme can
be shown to converge linearly, with a convergence factor |1− ω| [23]; hence,
it is also stable whenever ω ∈ [0, 2]. Higher order variants, which are more
accurate but may become unstable, have been investigated in [24].

4.2 Coarse-level correction

Once the fine-scale state has been transferred to the coarse level, we need
to define the coarse linear system that needs to be solved. For this, we start
from the approximate coarse model (4), and construct a corresponding time-
stepper, which we write in compact form as

ρn+1 = Φ(ρn),

where ρ = ρ(x).
The fixed-point equation at this level can then equivalently be written as

(I − JΦ(ρ̄))∆ρ = −R(ρ̄), (14)

which we write in a shorthand notation

AcX = B. (15)

Here, we use X = ∆ρ, and JΦ(ρ̄) = (∂Φ/∂ρ) (ρ̄) and R(ρ̄) = ρ̄ − Φ(ρ̄) de-
note the Jacobian of Φ and the residual of the coarse fixed-point equation,
respectively, evaluated at a current guess ρ̄.

4.3 The multilevel algorithm

With all building blocks in place, we are now ready to formulate the com-
plete multilevel algorithm. One iteration, starting from x(m), consists of the
following steps:



1. Presmoothing: Perform ν1 Richardson iterations,

x̄(m) = Sν1(x(m), b). (16)

2. Coarse-level correction:
– Compute the defect: d(m) = b−A ¯x(m).
– Restrict defect : D(m) = R(d(m)).
– Coarse-level solve : AcV(m) = D(m).
– Lift correction : v(m) = L(V(m)).
– Update fine-scale solution : x̂(m) = x̄(m) + v(m).

3. Postsmoothing: Perform ν2 Richardson iterations,

x(m+1) = Sν2(x̂(m), b). (17)

Remark 3 (Comparison with multigrid). The algorithmic structure resembles
that of a classical multigrid method to find steady states of partial differen-
tial equations [1,22]. For the PDE case, the amplification factors of a coarse-
level Richardson iteration are similar to the solid line in figure 1 (bottom
left). Multigrid combines the good smoothing properties for high wavenum-
ber modes with a coarse grid correction. One first performs a number of
smoothing steps, after which one transfers the residuals to the coarser grid
(restriction) and solves for the error. This restriction is possible, because a
smooth residual can be accurately represented on a coarser mesh. The result-
ing error is then transferred back to the finer grid (prolongation), and added
to the current guess. Here, exactly the same procedure is followed; only the
prolongation and restriction have been replaced by equation-free lifting and
restriction. Classical multigrid can be used for the coarse level correction.

Remark 4 (Full approximation scheme). Note that, as in multigrid, we trans-
fer the residual to the coarse level, and solve the error equation there. Instead
of using Newton’s method with a multilevel algorithm to solve the linear sys-
tems in each iteration, the nonlinear equation (6) can also be solved using a
nonlinear multilevel algorithm directly, in the spirit of a nonlinear multigrid
method (the full approximation scheme)[1,22].

5 Convergence of the two-level cycle

We now proceed to show how smoothing and coarse-level correction work
together to yield fast convergence. To this end, we adapt the exposition that
was presented in [1] for the classical multigrid method to our setting.

5.1 An intuitive algebraic picture

We start with an illustrative numerical example. We consider the pure diffu-
sion 3-speed lattice Boltzmann problem, i.e. equation (1) with q = 1, β = 0



and Ri ≡ 0 using Dirichlet boundary conditions. The domain is [0, 1], and
the model parameters are chosen to be D = 1, ω = 1.1 and δx = 1/128. The
time step then follows from equation (4). We again look for a fixed point of
the time-stepper as the solution of the linear system (10). To this end, we
perform two iterations of the multilevel algorithm using ν1 = 2 presmoothing
and ν2 = 2 postsmoothing steps, starting from an initial guess f that has the
moment representation

ρ(x) = ϕ(x) = ξ(x) = sin(3x) + sin(45x).

The evolution of the error throughout the algorithm is depicted in figure
2. The figure shows the effect of presmoothing, coarse-level correction and
postsmoothing during both iterations. We see that during the presmooth-
ing step the error in φ and ξ decreases rapidly, as well as the error in the
high wavenumber modes of ρ. However, the low wavenumber modes of ρ re-
main virtually unaffected by the presmoothing. In the next step, we solve for
the density error at the coarse-level correction, and lift the resulting error
the fine-scale representation using the zeroth-order term of the Chapman–
Enskog expansion. We remark that during this lifting step, the error in ξ
also decreases substantially, as a consequence of the form of the slaving rela-
tions (5)). Finally, in the postsmoothing phase, the error in the higher order
moments is again decreased. Note that the coarse-level equation does not
correspond exactly to the behaviour of the density of the lattice Boltzmann
model, and hence the resulting density error does not vanish. The lattice
Boltzmann model converges to the limiting density equation for ω → 1, so
the density error that remains after the coarse-level solve will be larger if ω
is further away from 1. This is illustrated in figure 3, where the experiment
is repeated with ω = 1.25.

We now proceed to providing an intuitive, graphical explanation of this
behaviour, see figure 4. The exposition is very similar in spirit to the intuitive
picture that was given in [1, Chapter 5]. In panel (a), we show the total error
ef in the current guess, and decompose this error according to the subspaces
that correspond to slaved and non-slaved eigenmodes (the dashed coordinate
system). We can also make a second decomposition that corresponds to the
transition between the coarse and fine-scale levels of description. A first sub-
space contains the fine-scale modes that can be represented given only the
density, i.e. the range of the lifting operator Range(L). Because the lifting
operator can only reconstruct the fine-scale state approximately, the subspace
of the slaved modes and Range(L) do not coincide exactly. The complemen-
tary space contains all remaining fine-scale modes, i.e. the modes that map
to a zero density, the null space of the restriction operator Null(R). Also this
space does not correspond exactly to the slaved modes. We will now look into
the behaviour of the multilevel algoritm in these decompositions. The first
step in the algorithm is presmoothing, depicted in panel (b). Here, the error
in non-slaved modes decrease quickly, while the error in the slaved modes is
virtually unaltered. (Note from the experiment before that this is only ap-



0 100 200 300 400
−2

0

2

l

er
ro
r

0 100 200 300 400
−2

0

2

l

er
ro
r

0 100 200 300 400
−0.5

0

0.5

l

er
ro
r

0 100 200 300 400
−0.1

0

0.1

l

er
ro
r

0 100 200 300 400
−0.1

0

0.1

l

er
ro
r

0 100 200 300 400
−0.02

0

0.02

l

er
ro
r

Fig. 2. Evolution of error throughout the multilevel iteration for a pure diffusion
lattice Boltzmann model with ω = 1.1. (The other parameters are in the text.)
Left: first iteration. Right: second iteration. Dashed, resp. solid, lines represent the
error before, resp. after the presmoothing phase (top), the coarse-level correction
(middle) and the postsmoothing phase (bottom). Eigenmodes are displayed in mo-
ment representation: the leftmost part corresponds to density, the middle part to
momentum and the rightmost part to energy.
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Fig. 3. Evolution of error throughout the multilevel iteration for a pure diffusion
lattice Boltzmann model with ω = 1.25. (The other parameters are in the text.)
Left: first iteration. Right: second iteration. Dashed, resp. solid, lines represent the
error before, resp. after the presmoothing phase (top), the coarse-level correction
(middle) and the postsmoothing phase (bottom). Eigenmodes are displayed in mo-
ment representation: the leftmost part corresponds to density, the middle part to
momentum and the rightmost part to energy.
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Fig. 4. Schematic representation of the error at different stages of the multilevel al-
gorithm: (a) initial error; (b) the effect of presmoothing; (c) the effect of coarse-level
correction; and (d) the effect of postsmoothing. Shown is how the error decomposes
in terms of (i) the range of the lifting operator and the nullspace of restriction; and
(ii) slaved and non-slaved eigenmodes of the lattice Boltzmann time-stepper.



proximately true, and only for the low wavenumber components.) Next, we
transfer the error to the coarse level and perform a coarse-level solve, see
panel (c). In this phase, the part of the error that is in Range(L) is signifi-
cantly reduced. Due to the fact that the density equation only approximates
the behaviour of the density of the lattice Boltzmann model, this part of the
error is not put exactly back to zero. We also observe that, in this step, the
error in the non-slaved modes has increased again. This is due to the lifting
operator, which reconstructs the fine-scale state based on the density alone,
reintroducing artifacts. In a final postsmoothing step, see panel (d), these
non-slaved modes are again removed by a number of additional smoothing
steps.

5.2 Numerical convergence tests

Let us now proceed to numerically illustrate convergence. We again consider
the pure diffusion 3-speed lattice Boltzmann problem, i.e. equation (1) with
q = 1, β = 0 and Ri ≡ 0 using Dirichlet boundary conditions. The domain
is [0, 1], and the model parameters are chosen to be D = 1, δx = 1/128, and
ω = 1.1, resp. ω = 1.25. The time step then follows from equation (4). We
again look for a fixed point of the time-stepper as the solution of the linear
system (10) using the multilevel algorithm with ν1 = 2 presmoothing and
ν2 = 2 postsmoothing steps, starting from a random initial guess. Figure 5
shows the two-norm of the error as a function of the iteration number. We
see linear convergence, with a convergence rate that depends on ω. As follows
from the algebraic picture above, this can be explained by noting that the
coarse-level correction reduces more error in the density when ω is closer to
1. We verified that the convergence rates are mesh-independent.

6 Conclusions

We presented a multilevel algorithm that accelerates the iterative computa-
tion of steady states of lattice Boltzmann models. The algorithm exploits the
link between a fine-scale description and a coarse-scale limiting equation. As
in multigrid, the error is decomposed into fine-scale and coarse components,
which are each handled independently. In multigrid, the fine and coarse scales
correspond to high and low wavenumber modes. In our algorithm, the error is
decomposed into a coarse-scale component, which is defined by a reduced de-
scription in terms of density alone, and the remaining fine-scale components.
The fine-scale component of the error is quickly damped by straightforward
time integration; the coarse component, on the other hand, is reduced via
the solution of an approximate coarse-scale equation.

The algorithm relies on the definition of appropriate lifting and restriction
operators to transfer the error from the coarse to the fine level and vice versa.
Such operators have been developed in the equation-free framework [11,12]
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Fig. 5. Two-norm of the error of the multilevel iteration as a function of the it-
eration number for a fixed point computation of a lattice Boltzmann time-stepper
with ω = 1.1 (solid) and ω = 1.25 (dashed), starting from a random initial guess.

for a variety of fine-scale systems. In cases where fine-scale steady states exist
(such as the kinetic formulations in this paper), our algorithm can provide
an efficient means to compute these fixed points. We note that, on the coarse
level, one could also use a multigrid algorithm for the solution of the coarse
level system, resulting in a method with overall linear complexity, also in
higher spatial dimension.

In future work, we will extend this work to more general discretization of
kinetic equations, and perform a more rigourous two-grid analysis.
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