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Abstract

We present a multiscale method for the simulation of large viscoelastic deformations and

show its applicability to biological tissue such as plant tissue. At the microscopic level we use

a particle method to model the geometrical structure and basic properties of individual cells.

The cell fluid, modeled as a viscoelastic fluid by means of Smoothed Particle Hydrodynam-
ics (SPH) is enclosed in an elastic cell wall, modeled by discrete elements. The macroscopic

equation and stress tensor are derived from the SPH model by means of the Generalized Math-
ematical Homogenization technique. The macroscopic domain is discretized using standard

finite elements, where the stress tensor is evaluated from microscopic simulations in small sub-

domains, called Representative Volume Elements (RVEs). Our emphasis is on reconstructing

the microscopic state inside the RVE for given macroscopic deformation and velocity gradi-

ent. We propose a scheme to initialize the RVE consistently not only with the macroscopic

variables, but also with the microscopic dynamics.

Keywords: RVE, computational homogenization, biological tissue deformation, microme-
chanics, SPH

1 Introduction

Plant tissue is a material with a distinct multiscale nature, in which properties at the (microscopic)
cellular level influence the (macroscopic) tissue behavior in a highly non-trivial way. Although one
could propose a constitutive model of plant tissue at a macroscopic scale [17, 22, 3], such models
do not explain how the underlying cell level properties affect the overall macroscopic behavior of
the tissue. An alternative approach is to develop physical models which appreciate the cellular
level, and to use this microscopic model for simulations at the tissue level.

A drawback of such microscopic simulations over large spatio-temporal scales is their associated
computational cost. This paper is devoted to a computational multiscale strategy that exploits the
relation between the microscopic (cellular) level and the macroscopic (tissue) level to significantly
reduce the required simulation time with the microscopic model. The method is an extension
of the micro-macro coupling strategy based on the concept of Representative Volume Elements
(RVEs) [15, 7, 20], which was already extended to deal with the case of elastic deformations of
plant tissue in [11]. The macroscopic continuum equation, in which the constitutive stress strain
relation is not explicitly known, is discretized on the whole domain using standard finite elements,
and integrated in time. In each quadrature point, we apply a given deformation on an RVE and
perform an appropriate microscopic simulation. The required stresses are then evaluated on the
fly using a stress expression corresponding to the mechanical part of the virial stress. The main
goal of this paper is to show how these microscopic simulations need to be carried out to recover
the viscoelastic deformation behavior at the tissue level. To this end, we derive a dynamical
microscopic problem to be solved inside the RVEs, together with a corresponding macroscopic
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continuum equation. This derivation is based on the framework of generalized mathematical
homogenization (GMH) [5, 4, 8].

The microscopic model that will be used, developed by Van Liedekerke et al [27, 26], explicitly
incorporates the cell fluid and cell wall viscosity. Therefore, it is able to model the dynamic
and static behavior of plant cells and aggregates with arbitrary cell shapes, possibly subjected
to large deformations. Both the solid phase (cell wall) and the fluid inside the cell (cytoplasm)
are considered. The viscoelastic cell fluid is modeled using Smoothed Particle Hydrodynamics
(SPH) [23, 24] and the cell wall by the Discrete Element Method (DEM) [6].

The main contributions of this paper are twofold. First, we extend the GMH technique to
deal with the velocity dependency of the inter-particle forces, i.e. the viscosity of the material.
This leads to a dynamic problem to be solved inside the RVE, in which not only a deformation
gradient has to be applied to the RVE, but also a velocity gradient. Second, a computational
method is proposed to initialize the RVE consistently with the macroscopic variables and at the
same time consistent with the microscopic dynamics. The method is based on the constrained
runs approach [9, 10], originally proposed as a part of the equation-free framework [13, 14]. We
remark that a simple relaxation to the elastic equilibrium is not possible since this would alter
the macroscopic observables, i.e. the velocity and/or the deformation. The scheme we propose to
reconstruct the microscopic state inside the RVE for given macroscopic deformation and velocity
gradients is an iteration of two steps: a short time integration followed by a rescaling of the RVE.
The time integration allows an internal relaxation of the RVE while the rescaling ensures that the
overall deformation and velocity gradients of the RVE (the macroscopic observables) correspond
to the given macroscopic gradients.

The paper is organized as follows. In section 2, we discuss the computational microscopic
(cellular) model, including a brief description of both the SPH and DEM methods for the cell fluid,
resp. cell wall. The coupled particle system can be written under the general form of Newtons
second law of motion. Section 3 then performs a two-scale expansion. We derive a microscopic
and a macroscopic equation as well as the necessary coupling relations using an extension of GMH
to visco-elastic deformation. Section 5 focuses on solving the problem inside the RVE for given
macroscopic observables and introduces the constrained runs iteration to consistently initialize the
RVE, i.e. reconstructing the microscopic state inside the RVE for given macroscopic deformation
and velocity gradient. Section 6 numerically illustrates the accuracy of the proposed approach
and shows its importance by comparing to simpler initialization schemes. We conclude the paper
and give an outlook in section 7.

2 Microscopic (cellular) model

In this paper, we use a Lagrangian mesh-free particle method for parenchyma plant cell tissue,
similar to the method introduced in [27]. The model considers both the solid phase, the cell wall,
and the more fluid-like phase, the cytoplasm. We first describe the mechanical model for the cell
wall, based on the DEM, followed by a discussion on the SPH method for the cell fluid. The
reader is referred to [27] for more details. Note that the microscopic scale here corresponds to the
cellular scale of plant tissue, and could therefore also be denoted as the mesoscopic scale.

2.1 Solid cell wall

The solid cell wall is considered as a thin viscoelastic solid which offers no resistance to bending.
The wall is coarse grained by particles as in the discrete element method (DEM) [6]. Neighboring
particles on the cell wall are bonded by a linear elastic spring and a dashpot while a strong
repulsive force prevents non-neighboring particles from overlapping. Let xi, vi and mi denote the
position, velocity and mass of a particle i. The relative distance and velocity of two particles are
denoted by xij = xj − xi and vij = vj − vi respectively. The force on a cell wall particle i from

2



Figure 1: Taken from [27]. Left: cell structure of real plants. Right: an in silico sample of plant
parenchyma tissue. The green discrete elements model the viscoelastic cell wall, shared between
adjacent cells, the blue dots represent the SPH particles.

its neighboring particles l and non-neighboring particles k is given by

Fi = −
∑

l

(kw (|xik| − l0) + γcxil · vil)
xil

|xil|
+
∑

k

fik

xik

|xik|
(1)

where kw is the strength of the harmonic contact, l0 the initial length of the contact and γc =
2
√

mikw a viscous damping parameter, chosen to get critical damping. The repulsive force fik is
defined as

fik = λ

(

1

|xik|6
− 1

x6
0

)

− 2

√

6λmi

|xik|7
xik · vik for |xik| ≤ x0 , 0 otherwise (2)

with λ the strength and x0 a cutoff distance. The second, velocity dependent term in (2) critically
damps the repulsive force. This critical damping was introduced for numerical stability. In the
model, two neighboring cells share one cell wall, making it impossible for two cells to slip along each
other or to debond. The masses of the particles in such a combined cell wall are computed from
the mass of the combination of the two cell walls and the middle lamella in between. The internals
of the plant cell are modeled as a viscous fluid using SPH, see 2.2. The SPH-DEM fluid-structure
interaction is based on the repulsive force (2), where the summation over non-neighboring particles
k in (1) also includes the SPH particles. The opposite force −fikxik/|xik| is applied to the SPH
particles.

2.2 Viscous cell fluid

We now turn to the cell fluid, which is modeled via SPH. The exposition on SPH below closely
follows [24].

In the smoothed particle hydrodynamics technique, the equations of motion of a set of (meso-
scale) particles are integrated in time. Associated with each particle is a kernel function. Macro-
scopic variables of interest, such as pressure, density, velocity, are obtained by interpolation of the
particle values by means of their kernel functions. The SPH approximation for a function f(x)
would thus be

〈f(x)〉 =

N
∑

j

f(xj)W (x − xj , h)dVj ≈ f(x) , (3)

with dVj a volume element associated to particle j, and W (x − xj , h) the kernel function with
smoothing length h. Ideally this kernel function closely approximates a Gaussian. Furthermore,
it has to satisfy

lim
h→0

W (x, h) = δ(x) , and

∫

∞

−∞

W (x, h)dx = 1 , (4)
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and it has to be symmetric. A popular choice for the kernel function is a cubic spline since it has
compact support and its second order derivatives are continuous. It is given by

W (x, h) =
σ

hν







(1 − 3
2s2 + 3

4s3), 0 ≤ s ≤ 1,
1
4 (2 − s)3, 1 ≤ s ≤ 2,

0, otherwise,
(5)

where s = ||x||/h, ν the number of spatial dimensions, and σ a scaling parameter.
Let mj and ρ(xj) denote the mass and density of particle j respectively. Then, after defining

dVj = mj/ρ(xj), the SPH approximation to the density field can be written as

〈ρ(x)〉 =

N
∑

j=1

mjW (x − xj , h) . (6)

We will denote the density of particle i at position xi by

ρi = ρ(xi) =

N
∑

j=1

mjWij (7)

with W (xi − xj , h) = W (xji, h) = Wji = Wij . To model a viscous fluid using SPH, we use the
momentum equation

dvi

dt
= −

∑

j

mj

(

pi

ρ2
i

+
pj

ρ2
j

)

(

xij

||xij ||
∂Wij

∂xi

)

+
∑

j

mj (µi + µj)vij

ρiρj

(

1

||xij ||
∂Wij

∂xi

)

(8)

with pi, resp. µi, are the pressure, resp. dynamic viscosity, at xi. The pressure is computed using
the equation of state

p = c2
sρ (9)

where cs is the speed of sound. Several alternatives to this equation of state are described in the
literature, see for instance [16].

Remark 1. A popular alternative way to compute the density at a given point is based on the
continuity equation dρ/dt = −ρ∇ · v. This leads to an ordinary differential equation for the
densities which has to be integrated simultaneously with (8). Here we use the summation density
approach (7) instead of the continuity based approach since it is more accurate in the conservation
of mass and because it allows us to write the complete SPH method in the general form given in
equation (10), see section 3.

Remark 2. Because the kernel function has compact support, particles further than r > 2h do
not interact. For accuracy of the interpolations, there should always be approximately the same
number of particles inside the zone of influence of each particle. To achieve this, the smoothing
length can be adjusted. This will not be considered further since introducing the smoothing length
as an extra variable per particle would complicate the derivations in section 3.

3 Generalized mathematical homogenization

We now derive a macroscopic continuum equation from the microscopic particle model using
generalized mathematical homogenization [5, 4, 8]. The equation of motion (8) for a particle and
for a point mass in the discrete element method can, omitting all external forces, be written as

mi

dvi

dt
=
∑

j

fij (xij ,vij) , (10)
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where xij and vij denote xj − xi and vj − vi, respectively. We introduce a discrete displacement
field as follows: If xi denotes the current position of an SPH particle and Xi denotes the original
position, i.e. the position at time t = 0, then

xi = Xi + ui , (11)

with ui the displacement of particle i. The displacement field can be written as a function of the
original coordinates Xi, i.e. u(Xi, t) (the material description), or as a function of the current,
deformed coordinates, i.e. u(xi, t) (the spatial description).

We now proceed to derive a macroscopic description starting from these equations. The ex-
position closely follows [8]; we have, however, extended the derivation to also include viscous
deformation, which will appear to be important for plant tissue. This viscous term is a direct
consequence of the fact that the inter-particle forces depend directly on the particle velocities; the
analysis will reveal that, on the macroscopic scale, this results in a dependence of the stress tensor
on the velocity gradient.

3.1 Multiple spatio-temporal scales and rescaled microscopic equations

We introduce two distinct material coordinates to describe the continuum scale and the microscopic
scale. Let X coordinates denote the macroscopic scale, at which microscopic features are invisible,
and let the microscopic features be captured by the coordinates Y. The two scales are related by

Y =
X

ǫ
0 < ǫ ≪ 1. (12)

The corresponding spatial coordinates are given as x and y = x/ǫ. In the same way, we introduce
a fast time variable τ , related to the standard time t by

τ =
t

ǫ
0 < ǫ ≪ 1 . (13)

With these notations, the first two material time derivatives of the displacement field are obtained
using the chain rule as

u̇i(Xi,Yi, t, τ) = u̇(X,Yi, t, τ) =
du(X,Yi, t, τ)

dt
=

∂u

∂t
+ ǫ−1 ∂u

∂τ
(14)

üi(Xi,Yi, t, τ) =

(

∂

∂t
+ ǫ−1 ∂

∂τ

)(

∂u

∂t
+ ǫ−1 ∂u

∂τ

)

. (15)

To carry out a multiscale asymptotic analysis, we also need to rescale the microscopic equations.
Consider the (macroscopic) continuum equation ρv̇(x, t) = ∇x ·σ, with σ the Cauchy stress tensor,
∇x· the divergence operator, ρ the material density and v̇ the acceleration. In a homogeneous
material, the stress derivatives are ∇x · σ ∼ O(1), while in a heterogeneous medium they can be
∇x · σ ∼ O(ǫ−1). Let us assume ρ ∼ O(1) and the characteristic length of the RVE is l ∼ O(ǫ).
The volume of a two-dimensional RVE is VRVE ∼ O(ǫ2) and from this the mass mi ∼ ρVRVE ∼ O(ǫ2).
Dividing equation (10) by the RVE volume yields

k1ρ
dvi(Xi,Yi, t, τ)

dt
=

1

k2ǫ2

∑

j

fij (xij ,vij) (16)

with k1, k2 ∼ O(1). The right-hand-side of (16) can be identified with the stress divergence term
from the continuum equation, which is O(ǫ−1). Defining the rescaled variables

f̄ij (xij ,vij) =
fij (xij ,vij)

ǫ
∼ O(1) , m̄i =

mi

ǫ2
∼ O(1) , (17)

leads to the rescaled SPH equation of motion

m̄i

dvi(Xi,Yi, t, τ)

dt
=

1

ǫ

∑

j

f̄ij (xij ,vij) . (18)
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3.2 Multiscale asymptotic analysis

Suppose the macro scale X is a continuum while the micro coordinates Yi are discrete. The
displacement of particle i at macro point X = Xi is given by u(X,Yi, t, τ). The displacements of
neighboring particles uj(Xj ,Yj , t, τ) can be expanded using Taylor series around the point X

uj = u(Xj ,Yj , t, τ) (19)

= u(X,Yj , t, τ) + ∇Xu(X,Yj , t, τ) · (Xj − Xi)

+
1

2
∇2

X
u(X,Yj , t, τ) : ((Xj − Xi) ⊗ (Xj − Xi)) + . . . , (20)

and since Xj − Xi = ǫ(Yj − Yi) = ǫYij , we have

uj − ui = u(Xj ,Yj , t, τ) − u(Xi,Yi, t, τ) (21)

= u(X,Yj , t, τ) − u(X,Yi, t, τ) + ǫ∇Xu(X,Yj , t, τ) · Yij

+
ǫ2

2
∇2

X
u(X,Yj , t, τ) : (Yij ⊗ Yij) + . . . . (22)

The assumption of separation in spatial scales leads to a multiple scale asymptotic expansion for
the displacement field of the form

u(X,Y, t, τ) = u0(X, t) + ǫu1(X,Y, t, τ) + . . . (23)

where the term u0 represents the macroscopic displacement, independent of the fine scale coor-
dinates Y and the fast time scale τ . Since we consider a periodic microstructure, the fine scale
perturbations u1(X,Y, t, τ) are periodic in Y. Furthermore, we will also assume u1 to be periodic
in τ . With expansion (23), (22) can be written as

uj − ui = ǫ
(

u1(X,Yj , t, τ) − u1(X,Yi, t, τ) + ∇Xu0(X, t) · Yij

)

+

ǫ2
(

∇Xu1(X,Yj , t, τ) · Yij +
1

2
∇2

X
u0(X, t) : (Yij ⊗ Yij)

)

+ . . . . (24)

Recalling the standard definition of the macroscopic deformation gradient,

F0(X, t) = I + ∇Xu0(X, t) , (25)

this leads to an expansion for xj − xi

xij = xj − xi = Xij + uj − ui = ǫφij(X,Y, t, τ) + ǫ2ψij(X,Y, t, τ) + . . . (26)

with

φij(X,Y, t, τ) = Yij + u1(X,Yj , t, τ) − u1(X,Yi, t, τ) + ∇Xu0(X, t) · Yij

= F0(X, t) · Yij + u1(X,Yj , t, τ) − u1(X,Yi, t, τ) (27)

ψij(X,Y, t, τ) = ∇Xu1(X,Yj , t, τ) · Yij +
1

2
∇2

X
u0(X, t) : (Yij ⊗ Yij) . (28)

Likewise, for the velocities, the multiple scale asymptotic expansion is written as

vij = vj − vi =
dxij

dt
= ǫξij(X,Y, t, τ) + ǫ2θij(X,Y, t, τ) + . . . (29)

where ξij and θij are the time derivatives of φij and ψij respectively,

ξij(X,Y, t, τ) =
dφij

dt
= Ḟ0(X, t) · Yij + v1(X,Yj , t, τ) − v1(X,Yi, t, τ) (30)

θij(X,Y, t, τ) =
dψij

dt
= ∇Xv1(X,Yj , t, τ) · Yij +

1

2
∇2

X
v0(X, t) : (Yij ⊗ Yij) , (31)
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with v = u̇ = du/dt and dYij/dt = 0. Since

||ǫ2ψij(X,Y, t, τ)||
||ǫφij(X,Y, t, τ)|| ∼ O(ǫ) and

||ǫ2θij(X,Y, t, τ)||
||ǫξij(X,Y, t, τ)|| ∼ O(ǫ) (32)

the inter-particle force can be Taylor expanded around (ǫφij , ǫξij) as

f̄ij(xij ,vij) ≈ f̄ij(ǫφij + ǫ2ψij , ǫξij + ǫ2θij) (33)

= f̄ij(ǫφij , ǫξij) +
∂ f̄ij

∂xij

(ǫφij , ǫξij) · ǫ2ψij +
∂ f̄ij

∂vij

(ǫφij , ǫξij) · ǫ2θij + O(ǫ2) .

The multiple scale expansion for the acceleration field is found by taking the second material
time derivative (15) of the multiple scale expansion for the displacement,

üi(Xi,Yi, t, τ) = ǫ−1 ∂2u1

∂τ2
+

∂2u0

∂t2
+ 2

∂2u1

∂t∂τ
+ ǫ

∂2u1

∂t2
+ O(ǫ2) . (34)

The rescaled equation of motion (18) is expanded using (34) and (33) to

m̄i

(

ǫ−1 ∂2u1

∂τ2
+

∂2u0

∂t2
+ 2

∂2u1

∂t∂τ
+ ǫ

∂2u1

∂t2
+ O(ǫ2)

)

= (35)

1

ǫ

∑

j

[

f̄ij(ǫφij , ǫξij) +
∂ f̄ij

∂xij

(ǫφij , ǫξij) · ǫ2ψij +
∂ f̄ij

∂vij

(ǫφij , ǫξij) · ǫ2θij + O(ǫ2)

]

.

Collecting terms with equal powers of ǫ leads to an equation with O(ǫ−1) terms,

m̄i

∂2u1(X,Yi, t, τ)

∂τ2
=
∑

j

f̄ij(ǫφij , ǫξij) , (36)

which defines the micro-scale problem, and to an equation with O(1) terms,

m̄i

(

∂2u0(X, t)

∂t2
+ 2

∂2u1(X,Yi, t, τ)

∂t∂τ

)

=
∑

j

[

∂ f̄ij

∂xij

(ǫφij , ǫξij) · ǫψij +
∂ f̄ij

∂vij

(ǫφij , ǫξij) · ǫθij

]

,

(37)
i.e. the macroscopic problem. Note that for a heterogeneous material, the inter-particle force
derivatives are O(ǫ−1). In the next two subsections, these micro and macro equations are investi-
gated further.

3.3 The micro problem

From the definitions for φij (27) and ξij (30), together with ǫYij = Xij we have

ǫφij(X,Y, t, τ) = ǫ
(

F0(X, t) · Yij + u1(X,Yj , t, τ) − u1(X,Yi, t, τ)
)

= F0(X, t) · Xij + ǫu1(X,Yj , t, τ) − ǫu1(X,Yi, t, τ) (38)

ǫξij(X,Y, t, τ) = Ḟ0(X, t) · Xij + ǫv1(X,Yj , t, τ) − ǫv1(X,Yi, t, τ) , (39)

and the microscopic equation (36) can thus be rewritten as

m̄i

∂2u1(X,Yi, t, τ)

∂τ2
=
∑

j

f̄ij

(

F0(X, t) · Xij + ǫ(u1
j − u1

i ), Ḟ0(X, t) · Xij + ǫ(v1
j − v1

i )
)

∀ i

(40)
Assuming the microstructure is periodic in Y, we can restrict the solution of this micro problem

to a unit cell for each value of X. Section 5 will focus on solving this problem numerically; the
unit cell will correspond to the representative volume element (RVE).
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3.4 The macro equation

The coarse scale equation (37) can be written, using the original unscaled mass and inter-particle
forces, as

mi

(

∂2u0(X, t)

∂t2
+ 2

∂2u1(X,Yi, t, τ)

∂t∂τ

)

= ǫ
∑

j

[

∂fij

∂xij

(ǫφij , ǫξij) · ǫψij +
∂fij

∂vij

(ǫφij , ǫξij) · ǫθij

]

.

(41)
Summation over all particles in the RVE and dividing by the initial volume of the RVE yields

1

V 0
RVE

∑

i

[

mi

(

∂2u0(x, t)

∂t2
+ 2

∂2u1(X,Yi, t, τ)

∂t∂τ

)]

=

ǫ

V 0
RVE

∑

i

∑

j

[

∂fij

∂xij

(ǫφij , ǫξij) · ǫψij +
∂fij

∂vij

(ǫφij , ǫξij) · ǫθij

]

. (42)

The inner summation over all particles interacting with particle i can also be interpreted as a
summation over the particles in the RVE, since an interacting particle outside the RVE corresponds
to another particle inside the RVE by periodicity. Let 〈·〉 define the temporal averaging operator
over a time interval τ0

〈·〉 =
1

τ0

∫ τ0

0

· dτ , (43)

then
〈

1

V 0
RVE

∑

i

[

mi

∂2u0(X, t)

∂t2

]

〉

=
ǫ

V 0
RVE

〈

∑

i

∑

j

[

∂fij

∂xij

(ǫφij , ǫξij) · ǫψij +
∂fij

∂vij

(ǫφij , ǫξij) · ǫθij

]

〉

,

(44)
where the second term in the left-hand-side of (41) vanished due to periodicity of u1 in τ . And
since the left hand side is independent of τ

ρ0
∂2u0(X, t)

∂t2
=

ǫ

V 0
RVE

〈

∑

i

∑

j

[

∂fij

∂xij

(ǫφij , ǫξij) · ǫψij +
∂fij

∂vij

(ǫφij , ǫξij) · ǫθij

]

〉

. (45)

By the chain rule we have

∇Xfij(ǫφij , ǫξij) =
dfij
dX

(ǫφij , ǫξij)

=

(

∂fij

∂xij

· ∂xij

∂X

)
∣

∣

∣

∣

(ǫφij ,ǫξij)

+

(

∂fij

∂vij

· ∂vij

∂X

)
∣

∣

∣

∣

(ǫφij ,ǫξij)

=
∂fij

∂xij

(ǫφij , ǫξij) ·
∂ǫφij

∂X
+

∂fij

∂vij

(ǫφij , ǫξij) ·
∂ǫξij

∂X

=
∂fij

∂xij

· ǫ
[

∇2
X
u0(X, t) · Yij + ∇Xu1(X,Yj , t, τ) −∇Xu1(X,Yi, t, τ)

]

(46)

+
∂fij

∂vij

· ǫ
[

∇2
X
v0(X, t) · Yij + ∇Xv1(X,Yj , t, τ) −∇Xv1(X,Yi, t, τ)

]

.

From some simple algebra, it follows that

ǫψij(X,Y, t, τ) =
1

2

(

∇2
X
u0(X, t) · Yij + ∇Xu1(X,Yj , t, τ) −∇Xu1(X,Yi, t, τ)

)

· Xij

+
1

2

(

∇Xu1(X,Yi, t, τ) + ∇Xu1(X,Yj , t, τ)
)

· Xij

=
1

2

∂φij

∂X
· Xij +

1

2

(

∇Xu1(X,Yi, t, τ) + ∇Xu1(X,Yj , t, τ)
)

· Xij (47)
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and similarly

ǫθij(X,Y, t, τ) =
1

2

∂ξij

∂X
· Xij +

1

2

(

∇Xv1(X,Yi, t, τ) + ∇Xv1(X,Yj , t, τ)
)

· Xij . (48)

Combining (47) and (48) with (46) transforms (45) into

ρ0
∂2u0(X, t)

∂t2
=

1

2V 0
RVE

〈

∑

i

∑

j

∇Xfij(ǫφij , ǫξij) · Xij

〉

(49)

− 1

2V 0
RVE

〈

∑

i

∑

j

[

1

2

(

∂fij

∂xij

· ∇X

[

u1
i + u1

j

]

+
∂fij

∂vij

· ∇X

[

v1
i + v1

j

]

)

· Xij

]

〉

.

Using the well-known relation ∇X · (v ⊗ w) = v∇X · w + ∇Xv · w and since ∇X · Xij = 0, the
coarse scale equation becomes

ρ0
∂2u0(X, t)

∂t2
=

1

2V 0
RVE

〈

∑

i

∑

j

∇X ·
(

fij(ǫφij , ǫξij) ⊗ Xij

)

〉

(50)

− 1

2V 0
RVE

〈

∑

i

∑

j

[

1

2

(

∂fij

∂xij

· ∇X

[

u1
i + u1

j

]

+
∂fij

∂vij

· ∇X

[

v1
i + v1

j

]

)

· Xij

]

〉

.

From xij = −xji, ǫφij = ǫφji, ǫξij = ǫξji and Newton’s third law

fij(ǫφij , ǫξij) = −fji(ǫφji, ǫξji) (51)

it follows that

∂fij

∂xij

(ǫφij , ǫξij) ≡
∂fji

∂xji

(ǫφji, ǫξji) and
∂fij

∂vij

(ǫφij , ǫξij) ≡
∂fji

∂vji

(ǫφji, ǫξji) . (52)

Since also Xij = −Xji, the second double summation in the right-hand-side of (50) is zero since
the ij term cancels with the ji term. We have recovered the classical continuum equation

ρ0
∂2u0(X, t)

∂t2
= ∇X · 〈P〉 (53)

P(X, t, τ) =
1

2V 0
RVE

∑

i

∑

j

fij(ǫφij , ǫξij) ⊗ Xij (54)

with P(X, t, τ) the first Piola-Kirchhoff stress tensor. Dividing (54) by J = detF(X,Y, t, τ) and
multiplying with FT (X,Y, t, τ) on the right leads to

J−1P(X, t, τ)FT (X,Y, t, τ) =
1

2JV 0
RVE

∑

i

∑

j

fij(ǫφij , ǫξij) ⊗ Xij · FT (X,Y, t, τ) (55)

σ(x, t, τ) =
1

2VRVE

∑

i

∑

j

fij(ǫφij , ǫξij) ⊗ xij (56)

where the well-known relation σ = J−1PFT between the Cauchy stress σ and the Piola-Kirchhoff
stress P was used. The coarse scale equation can now be written entirely in the spatial configu-
ration as

ρ
∂2u0(x, t)

∂t2
= ∇x · 〈σ〉

σ(x, t, τ) =
1

2VRVE

∑

i

∑

j

fij(ǫφij , ǫξij) ⊗ xij

(57)

Note that the definition of the stress tensor here corresponds to the mechanical part of the virial
stress.
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4 Finite element discretization

We now propose our computational multiscale approach, in which this macroscopic continuum
equation is discretized using finite elements [2], and supplemented with a microscopic simulation
in a representative volume element (RVE) around each quadrature point.

At the macroscopic level, we have chosen to use an updated Lagrangian formulation, but
an equivalent total Lagrangian formulation is also conceivable [28], and would not influence the
multiscale coupling strategy of the present paper. Rewriting the governing macro equation (57)
in its weak form leads to a nonlinear equation for the displacement field. The domain κt is
approximated by a set of nel finite elements κe, in which the continuum displacement field u =
x − X is approximated by u ≈ ∑

a Naũa where ũi are the displacements only defined in the
discrete nodal positions and Na is the shape function corresponding to node a. The discretization
of the spatial macro equation (57) becomes

M
d2ũi

dt2
=

nel
∑

e

(
∫

κe

σ∇Nadv −
∫

κe

∇Nagdv

)

∀ i, (58)

with g the external body forces and M the mass matrix, with elements

Mab =

nel
∑

e

(
∫

κe

NT
a ρNbdv

)

. (59)

The second order system of ordinary differential equations (58) can be integrated using standard
time-stepping algorithms [12].

In each quadrature point, the Cauchy stress is obtained using the stress formula (57b), ap-
plied to an appropriately initialized RVE. Such RVE-based methods are often used in materials
science [7, 20, 15]; we refer to [11] for an application to the elastic deformation of plant tissue.
The next section discusses the RVE initialization when viscous effects are important.

5 Initializing the micro problem

The problem to be solved inside the RVE, equation (40), receives displacements and velocities
as input from the macroscopic model through F0(X, t) and Ḟ0(X, t), which will determine the
boundary conditions for the unit cell. Solving the microscopic equation means finding a state
of the RVE that is consistent with these boundary conditions. However, since there are many
more degrees of freedom inside the RVE, the solution is not unique. The solution one is generally
interested in, is that particular configuration of the RVE that would occur if it was embedded in
a larger domain of a full microscopic simulation. From this observation we conclude that the RVE
should be consistent not only with the macroscopic input variables, but also with the microscopic
system dynamics.

We will now first discuss how the macroscopic state is imposed on the RVE via appropriate
boundary conditions, and then outline three increasingly accurate methods to reconstruct the
microscopic state inside the RVE.

5.1 Boundary conditions

Let ∂VRVE denote the entire RVE boundary and ∂V D
RVE

the Dirichlet part of the boundary. For
Dirichlet boundary conditions, the position of each cell wall particle needs to be prescribed as
xi = F0(X, t) ·Xi, ∀ i ∈ ∂V D

RVE
≡ ∂VRVE. For periodic boundary conditions, only the displacements

of three corners (∂V D
RVE

= [p1 p2 p3]) are prescribed as

[x1 x2 x3] = F0(X, t) · [X1 X2 X3] (60)

together with periodicity constraints on the rest of the boundary, see [19, 11]. This is illustrated
in figure 2. Corner p1 will be assumed to be at the origin. Corner p4 depends on the other corners
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Figure 2: Illustration of a periodical RVE deformed with a shear deformation.

through the periodicity constraints. Both for the Dirichlet and the periodic boundary conditions,
it can be shown that

F0(X, t) =
1

VRVE

∫

VRVE

F(X,Y, t, τ)dVRVE ≡ F̄ (61)

where F0 is the macroscopic deformation gradient and F̄ the deformation gradient averaged over
the RVE. Velocities can be applied analogously to the boundary nodes as vi = Ḟ0(X, t) ·Xi, ∀ i ∈
∂V D

RVE
≡ ∂VRVE in the case of Dirichlet boundary conditions, or only to the corners

[v1 v2 v3] = Ḟ0(X, t) · [X1 X2 X3] , (62)

with periodicity constraints on the rest of the boundary for periodic boundary conditions. It can
also be shown that for these boundary conditions, Dirichlet or periodic,

Ḟ0(X, t) =
1

VRVE

∫

VRVE

Ḟ(X,Y, t, τ)dVRVE ≡ ¯̇
F . (63)

If the RVE satisfies relations (61) and (63), it is said to be consistent with the macroscopic

variables. F̄ and ¯̇
F will be referred to as the macroscopic observables.

5.2 Cauchy-Born rule

If in equation (40), the problem to be solved inside the RVE, the O(ǫ) terms are neglected, the
particle positions and velocities in the RVE are given as

[

xi

vi

]

=

[

F0(X, t) · Xi

Ḟ0(X, t) · Xi

]

. (64)

This may be a reasonable approximation for small (linear) deformations. It is called the Cauchy-
Born hypothesis and is used in many multiscale methods, including the Quasi-Continuum method [21]
in regions where a continuum description is considered to be valid. The assumption of a constant
deformation gradient over the RVE is also referred to as the Taylor (or Voigt) assumption [25].

The u1(X,Yi, t, τ) terms can be seen as corrections to the Cauchy-Born rule. Correspondingly,
the v1(X,Yi, t, τ) terms can be seen as a correction to a linear velocity profile described by the
material velocity gradient Ḟ0(X, t). We now propose two ways of initializing these corrections.

5.3 Elastic equilibrium

First consider the case where the inter-particle forces (and thus the stress) do not depend on the
particle velocities, as in [11]. The microscopic problem then reduces to

m̄i

d2u1(X,Yi, t, τ)

dt2
=
∑

j

f̄ij
(

F0(X, t) · Xij + ǫ
[

u1(X,Yj , t, τ) − u1(X,Yi, t, τ)
])

∀ i /∈ ∂V D
RVE

.

(65)
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(a) Elastic (b) Constrained runs

Figure 3: Left: illustration of relaxation to elastic equilibrium. Right: constrained runs initializa-
tion, consisting of time-integration (red lines) followed by rescaling.

A possible RVE initialization is the steady-state found by integrating in time until equilibrium, or
directly via Newton’s method. Integration in time, starting from the Cauchy-Born approximation,
relaxes the system of particles and reduces its internal energy, hence minimizing the internal forces
and the stress. Using Dirichlet or periodic boundary conditions for the displacements, as described
in section 5.1, F̄, the macroscopically observed deformation, stays constant along the red path. In
other words, equation (61) is satisfied during the time integration. The particle positions in the
elastic equilibrium will be denoted by xe

i . Therefore, instead of using (64) for the initialization of
the microscopic problem, one can use the improved initialization

[

xi

vi

]

=

[

xe
i

Ḟ0(X, t) · Xi

]

, (66)

which can be improved further to

[

xi

vi

]

=

[

xe
i

l0(X, t) · xe
i

]

(67)

where l = ∂v(x, t)/∂x = ∇v = ḞF−1 is the velocity field gradient with respect to the deformed
coordinates, whereas Ḟ is the gradient with respect to the initial configuration. The elastic equi-
librium particle positions are thus also used for the determination of the particle velocities. Equa-
tion (67) gives a good approximation to the solution of the dynamic microscopic problem (40),
provided the inter-particle forces do not depend too strongly on the velocities.

The procedure is illustrated in figure 3(a), where point (a) denotes the first initialization (64),
and point (b), which will be called the elastic equilibrium, denotes the steady-state solution of (65).
The surface denoted σv(F, Ḟ) in figure 3(a) is a scalar representation of the (viscoelastic) stress,
for different macroscopic F and Ḟ, as it would be computed from an RVE embedded in a larger
microscopic simulation and consistent with that particular F and Ḟ.

5.4 Constrained runs iteration

Initialization with the steady state solution of (65) does not use the velocity dependence of the
inter-particle forces fij(x,v). Here, an initialization scheme is proposed to initialize both particle
positions and velocities at the same time by coupling them through the microscopic dynamics.
This scheme consists of two steps: time integration of the RVE, during which the macroscopic
observables are allowed to change, followed by a rescaling in order to restore the consistency
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Figure 4: Illustration of the 2 steps of the constrained runs iteration for an RVE deformed with a
shear deformation. The arrows at the corners denote the velocities.

with the given macroscopic variables. This is illustrated in figure 3(b). The first step, the time
integration, uses periodic boundary conditions, but without keeping the corners fixed. The goal of
this step is to bring the state of the RVE closer to the correct microscopic state as would be found
in a full microscopic simulation, i.e., the state is attracted to the σv(F, Ḟ) manifold. After the

time integration the macroscopic observables, F̄ and ¯̇
F, have changed and a rescaling is necessary

to restore the consistency with the imposed values for the macroscopic observables F0 and Ḟ0.
This rescaling is chosen such that it restores the positions and velocities of the corners according
to (60) and (62), while preserving the periodicity of the RVE boundaries, and that it alters the
internal configuration of the RVE as little as possible.

Let X = [x0 . . .xn; v0 . . .vn] represent the full state of the RVE, and X
0 = [F0 · X0 . . .F0 ·

Xn; Ḟ0 · X0 . . . Ḟ0 · Xn] the initial guess (64). The time derivative of the state is denoted by

X
′ =

dX

dt
=

[

v0 . . . vn

f0(xi,vi)/m0 . . . fn(xi,vi)/mn

]

. (68)

When using a single forward Euler step, the updated state after integration is

X̂
k

= X
k + ∆tX ′k . (69)

Then, we first translate the RVE such that corner p1 is shifted back to the origin. The shifted
corners p2 and p3 can be mapped to their initial positions by the following linear transformation

Pk ·
[

x̂k
2 − x̂k

1 x̂k
3 − x̂k

1

]

=
[

F0 · X2 F0 · X3

]

. (70)

The combined translation and linear transformation is an affine transformation. Similarly, the
velocities can be shifted, so that the velocity of corner p1 is zero. Then the shifted velocities of
corners p2 and p3 are transformed with the following affine mapping

Qk ·
[

x̂k
2 − x̂k

1 x̂k
3 − x̂k

1

]

+
[

v̂k
2 − v̂k

1 v̂k
3 − v̂k

1

]

=
[

Ḟ0 · X2 Ḟ0 · X3

]

. (71)

Note that here the positions are used to interpolate the velocities since the matrix with corner
velocities could become singular, which is not the case for the matrix with corner positions. Equa-
tions (70) and (71) uniquely define the 2 by 2 matrices Pk and Qk. These rescaling transformations
are applied to all particles inside the RVE

X
k+1 =

[

Pk 0

Qk I

]

·
(

X̂
k −

[

x̂k
1 . . . x̂k

1

v̂k
1 . . . v̂k

1

])

. (72)

The time integration (69) followed by the rescaling (72) together form the constrained runs itera-
tion, which is repeated until convergence. In the next section, the three strategies to reconstruct
the microscopic state inside the RVE are compared for a numerical example.

6 Numerical results

As a numerical example, we use the microscopic model for plant parenchyma tissue described
previously, with the parameters also taken from [27]. A plant cell measures 25×25µm where each
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25µm side of the cell wall is discretized using 11 discrete elements and the cells are filled with 16
SPH particles. The fluid density ρ = 1000 kg/m3 and the SPH particle mass mSPH

i = 2.7 · 10−12 kg
correspond to that of water, while its viscosity was set to µ = 10−2 Pa · s. To convert the density
and viscosity to two-dimensional quantities, we assume a constant thickness of the plant tissue of
10µm. The SPH smoothing length is set to 5.5µm and the speed of sound to cs = 50µm/s. The
mass of a cell wall particle is mDEM

i = 0.5 · 10−12 kg and the cell wall elastic modulus is set to
kw = 4000N/m. In [27], the viscous damping constant γc was set to a minimum, to approximate
a purely elastic wall while ensuring stability of the simulation, but mainly because of lack of
experimental data. Here, we have chosen to critically damp the cell wall. The repulsive force
strength is set to λ = 5 · 105 and the cutoff distance to x0 = 10µm. The system of DEM and SPH
particles is integrated in time with a leapfrog integrator with fixed time step δt = 10−4µs.

First we look in detail at the different initialization procedures applied to a single RVE consist-
ing of a single plant cell. Cauchy-Born approximation, elastic equilibrium and constrained runs
will respectively refer to (64), (67) and (69)-(72). Then a full microscopic simulation for a large
domain is compared to the coupled multiscale simulation.

6.1 Initialization comparison

To demonstrate the different RVE initializations we take a single plant cell as an RVE, using
periodic boundary conditions. Starting from this cell in its equilibrium state, a shear deformation
is applied in 20 steps according to

Fα =

[

1 0.01α
0 1

]

for α = 0, 1, . . . 20 . (73)

First, in each step the average velocity of the RVE is assumed to be zero, Ḟ = 0. To initialize
the state of the RVE due to Fα+1 we first apply the incremental deformation gradient ∆F =
Fα+1(Fα)−1 to the RVE as deformed by the previous deformation gradient Fα. This corresponds
to the Cauchy-Born approximation. For the initialization using elastic relaxation and constrained
runs iteration, further internal RVE relaxation is performed according to (67) and (69)-(72).
Figure 5(left) shows the σxy (top) and σxx (bottom) components of the average stress over the
RVE, after each of these three initializations. As expected, elastic relaxation and constrained
runs reduce the stress (in absolute value) as compared to the Cauchy-Born approximation. Since
the velocity gradient is zero, the constrained runs iteration converges to the elastic equilibrium.
Figure 5(right) shows the same but with a velocity gradient

Ḟ =

[

0 0.01
0 0

]

, (74)

applied to the RVE in each step. Recalling the expression for the SPH inter-particle forces (8), we
recognize a static pressure term, and a velocity dependent viscosity term. The constrained runs
iteration finds the particle positions as a trade-off between pressure and viscosity forces while the
elastic relaxation only considers the pressure forces; viscosity forces are zero in elastic equilibrium.
This intuitively explains why the σxx component of the stresses computed by constrained runs
and elastic relaxation do not coincide. The fourth line, labeled “full microscopic time integration”
in figure 5(right) is computed by moving the corners of the RVE with a fixed velocity according to
Ḟ, applying periodic boundary conditions and integrating continuously in time, starting from the
RVE equilibrium state. After an initial relaxation, the stress in the RVE comes relatively close to
that computed after constrained runs initialization, see figure 5(bottom-right).

A more in-depth look at an initialization with F10 and Ḟ from (74) starting from an undeformed
RVE is presented in figure 6. Let the error between two RVE states be defined as the 2-norm
of the difference of their state matrices X , as defined in 5.4. Figure 6(left) shows this error
from the reference solution as computed by full microscopic integration for initialization using
elastic relaxation and constrained runs iteration as a function of the number of relaxation steps
or constrained runs iterations. As could also be concluded from figure 5, the initialization using
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Figure 5: The σxy (top) and σxx (bottom) components of the stress tensor in an RVE deformed

by Fα (73). Left: average velocity gradient Ḟ = 0: the elastic relaxation and constrained runs
solutions coincide. Right: velocity gradient with Ḟxy = 0.01 (v on the figure). The line labeled
’full microscopic integration’ was obtained by continuously integrating in time an RVE which is
shear deformed with constant velocity.
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Figure 6: Left: error w.r.t. the reference state for the initialization by a) elastic relaxation and
b) constrained runs as a function of relaxation steps or constrained runs (cr) iterations. Right:
average particle force as a function of relaxation steps or constrained runs (cr) iterations. The
average force, and thus the particle accelerations go to zero.

constrained runs more accurately reconstructs the microscopic state. Figure 6(right) shows the
average force off all particles in the RVE as a function of the number of relaxation steps or
constrained runs iterations. As expected for the elastic relaxation, the total particle forces and thus
also the particle accelerations, go to zero as the RVE converges to the steady state. However, the
accelerations will no longer be zero when the velocity gradient is applied to the elastic equilibrium
of the RVE. From figure 6(right) we conclude that the constrained runs iteration also converges
to a state with zero accelerations for all particles. We can thus use this measure for the average
particle force in a stopping criterion for both the elastic relaxation and the constrained runs
iteration, see 6.2. During the first few thousand steps, the average particle force decreases rapidly,
while after that it slowly goes to machine precision. For smaller incremental deformations, only a
few hundred steps are needed to significantly reduce the average particle force, see also 6.2.

6.2 Bending bar

As a test scenario, a square piece of plant tissue fixed on the left side and bending under the
influence of a body force of 0.2µm/(µs)2 pointing downward is considered. The domain, 400 ×
400µm, consists of 16×16 individual square plant cells, stacked in a regular grid, see figure 7(left).
The same square domain is also discretized using 4 × 4 bilinear quadrilateral finite elements, see
figure 7(right). The deviatoric part of the stress tensor σ − tr(σ)/2 is integrated with a standard
2×2 point Gauss quadrature rule, while the hydrostatic pressure tr(σ)/2 is under-integrated with
a one point Gauss quadrature rule. This approach, called selective reduced integration, improves
the elements convergence by reducing volumetric locking [18]. The finite element system (58) is
integrated in time using the explicit Runge-Kutta code Dopri [12] with an absolute error tolerance
10−5 and a relative tolerance 10−3. The mass matrix is constant and is thus factorized only once.
The macroscopic density is computed by dividing the sum of all particle masses in the microscopic
simulation by the total domain area.

Since the microscopic structure is periodic, one period, i.e. one plant cell, is taken as the
RVE. The deformation and velocity gradient at each quadrature point are given as input to an
RVE centered around the quadrature point. After initialization of the RVE, the stress tensor is
computed using (57b). Figure 8 shows the vertical displacement of a point in the middle of the right
boundary of the domain as a function of time for the three different RVE initialization strategies.
Relaxation of the RVE to its elastic equilibrium is also done using the leapfrog integrator with
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Figure 7: Left: full micro 16 × 16 cells. Here the SPH particles are in blue, the cell wall particles
in red. Right: coupled multiscale computation. Each finite element uses 4+1 quadrature points,
so in total 4 × 4 × 5 RVEs, one cell each, are kept in memory.

δt = 10−4µs. The time integration step in the constrained runs iteration uses a single forward Euler
step with δt = 10−4µs. Relaxation to the elastic equilibrium and the constrained runs iteration
are stopped when the average particle force becomes less than 1.0. Experiments with a lower
bound for the average force did not significantly improve the results. On average 230 constrained
runs iterations where needed to relax the average particle force below 1.0. The macroscopic time
integrator used 4976 function evaluations for 829 computed time steps. The number of function
evaluations in the macroscopic time integrator times the average number of constrained runs
iterations, 4976 × 230 = 1144480, should be compared to the total number of microscopic time
steps in the full microscopic integration, which is 2500000. The speedup in time is thus roughly a
factor 2.1.

Figure 8 shows the differences between the three initialization procedures. The Cauchy-Born
approximation does not relax the RVE and thus severely underestimates the macroscopic dis-
placements. Since the stresses are overestimated, the material seems stiffer than it actually is.
Relaxation to elastic equilibrium, with a linear velocity profile applied afterward, see equation
(67), correctly computes the elastic part of the stress (oscillation around correct steady state),
but introduces artificial damping. Initialization with the constrained runs iteration successfully
reduces this artificial damping.

6.3 Discussion

The micro/macro numerical computation is subject to numerical errors of different types, which
will fall into the following three categories: microscopic discretization errors, macroscopic dis-
cretization errors, multiscale coupling errors. Note that most errors behave similar as in the
purely elastic case, see also [11] for a more detailed analysis.

In this work, we do not elaborate on the micro discretization errors (for instance SPH inter-
polation errors), since they affect both the full microscopic simulation and the coupled multiscale
method. However, caution is necessary since the SPH momentum equation (8) does not exactly
conserve angular momentum and thus results in a slightly asymmetric Cauchy stress tensor. In
the finite element computations the asymmetric stress tensor was used since it led to better results
than using only the symmetric part of the Cauchy stress tensor. We note that alternative expres-
sions for the momentum equation that better conserve angular momentum are to be preferred.
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Figure 8: The macroscopic evolution, represented by its vertical displacement, of a point in the
middle of the right side of the domain is plotted as function of time. Computation using the
full microscopic model is compared to the coupled multiscale method for three different RVE
initialization approaches.

Decreasing the finite element mesh size increases the accuracy, but the mesh should not be
refined beyond the microscopic resolution, see [11]. Likewise, the accuracy of the time integration
at macro level should not exceed the accuracy of the stress tensor, i.e., the tolerances used in the
stopping criterion for constrained runs and the elastic relaxation.

As the multiscale method relies on the separation in spatial scales, the typical microscopic
length scale, the RVE size, should be small compared to the typical macroscopic length scale,
the finite element mesh size. The remaining difference between full micro and multiscale using
constrained runs initialization in figure 8 is mainly due to this finite size effect. For larger domains,
the size of the RVE will relatively become smaller, yielding a larger separation in spatial scales
and relatively more accurate results, see [11].

In the finite element computations the main cost is in the microscopic simulation, the re-
construction of the microscopic state inside the RVE. The Cauchy-Born approximation of the
microscopic state does not require any relaxation steps and is thus very fast but quite inaccurate.
Elastic relaxation and constrained runs iteration on the other hand are time consuming but lead
to more accurate reconstruction of the microscopic RVE state. The accuracy of the initialization
can be controlled by the stopping criterion of the relaxation or constrained runs iteration. This
allows to control the trade-off between computational efficiency and accuracy. The challenge is to
find a stopping criterion that breaks the iteration as soon as the accuracy of the full microscopic
simulation is reached.

In the coupled multiscale computations only a fraction of the number of cells is simulated
compared to the full microscopic run. For larger domains the number of plant cells has to increase,
while the number of finite elements only depends on the desired accuracy, not on the domain
size. Thus a larger separation in spatial scales leads to larger computational benefit for the
multiscale method. Furthermore, the multiscale method can also benefit from a possible separation
in temporal scales. Several restrictions, including the CFL condition, enforce the use of a small
time step δt throughout the microscopic simulation. On the macroscopic scale, the material
behaves much smoother, allowing a time step of several orders of magnitude larger. Evolving the
microscopic model over a macroscopic time interval ∆T could be done using microscopic time
integration with m microscopic time steps such that mδt = ∆T or by applying the incremental
deformation gradient followed by one of the initialization procedures. A speedup is achieved when
the number of iterations in the relaxation is less than m.
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7 Conclusions and outlook

The multiscale approach described in this work is an extension of the RVE based hierarchical
multiscale technique as described in [15, 11] to also deal with the velocity dependence of the stress
tensor. This dependence of the Cauchy stress on the velocity followed automatically from the
velocity dependence of the inter-particle forces in the microscopic model, i.e. a model consisting
of both smoothed particle hydrodynamics and discrete elements. The macroscopic model and
the stress expression were derived from the microscopic model using generalized mathematical
homogenization, as originally proposed by Chen and Fish [5, 4, 8]. The method as presented here
applies to viscoelastic fading memory materials and may yield a considerable computational gain.
An example of such viscoelastic material behavior was given by a model for plant parenchyma
tissue.

Since here also velocity is considered as macroscopic observable, the RVE should be initialized
not only with the macroscopic deformation gradient but also with the current macroscopic velocity
gradient, which complicates the RVE initialization procedure considerably. We consider three
possible initializations. The first initialization, based on the Cauchy-Born rule, leads in our context
to inaccurate results, from which we conclude that internal relaxation of the RVE is necessary.
Two relaxation strategies are described. The first, a simple relaxation to elastic equilibrium
followed by applying the velocity gradient to the steady state of the RVE still introduced some
artificial damping (viscosity) at the macroscopic scale. We therefore proposed a scheme, called the
constrained runs iteration, to initialize both particle positions and velocities at the same time. This
approach explicitly uses the inter-particle dependence on the velocities and succeeds in reducing
the artificial damping.

In a numerical example, a multiscale simulation of the time dependent deformation of plant
parenchyma cells, the importance of a good initialization was demonstrated. It was shown that the
constrained runs initialization succeeds in reducing both artificial stiffness and artificial damping.
However, a detailed analysis of convergence and stability properties of this initialization procedure
are left as a subject for future research.
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