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Abstract
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1 Introduction

In computer aided geometric design it is often required or useful to construct a piecewise linear
approximation of a given curve or surface, e.g., for efficient visualization, intersection testing, and
geometric modelling. Such linear approximations are often realized through the use of refined
control polygons [4]. Piecewise linear approximations have been extensively analysed for Bézier
curves [11, 22, 10] and B-splines [9, 13].

In this paper we discuss and analyse several linear approximations of Powell-Sabin splines [14].
These C!-continuous quadratic macro elements can be represented in a stable normalized B-spline
basis. They have an intuitive geometric interpretation based on tangent control triangles. Vanraes
et al. [19] considered a global subdivision scheme, which was extended to a local subdivision scheme
in [15]. These properties are useful in a wide range of applications: Powell-Sabin splines are suited
for geometric design [7, 18, 16] and data fitting [2].

In the literature of Powell-Sabin splines, several piecewise linear approximations are proposed for
the graphical display of such splines. In this paper, we give an overview of these approximations,
and we will analyse their convergence properties. In Section 2 we recall the definition of the Powell-
Sabin spline space, and the construction of a normalized basis. Section 3 discusses three types of
piecewise linear approximations. Finally, in Section 4 we end with some conclusions.

*Research Assistant of the Fund for Scientific Research Flanders (Belgium)
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(a) (b)

Figure 1: (a) A PS refinement A* (dashed lines) of a given triangulation A (solid lines); (b) the
PS points (bullets) and a set of suitable PS triangles (shaded).

2 Powell-Sabin splines

2.1 The Powell-Sabin spline space

Consider a simply connected subset  C R? with polygonal boundary 9. Assume a conforming
triangulation A of € is given. A triangulation is conforming if no triangle contains a vertex different
from its own three vertices. Let n, ¢ and e be the number of vertices, triangles and edges in the
triangulation A. Denote |A| as the mesh size of A, i.e., the length of the largest edge in A.

The Powell-Sabin (PS) refinement A* partitions each triangle p; € A into six subtriangles with a
common vertex Z;. This partition is defined algorithmically as follows:

1. Choose an interior point Z; in each triangle p;, so that if two different triangles p; and p;
have a common edge, then the line joining Z; and Z; intersects the common edge at a point
R;; between its vertices.

2. Join each point Z; to the vertices of p;.
3. For each edge of the triangle p;

(a) which belongs to the boundary d€: join Z; to an arbitrary point in the interior of that
edge;

(b) which is common to a triangle p;: join Z; to R;;.

Figure 1(a) displays a triangulation with 6 triangles, and a corresponding PS refinement containing
36 subtriangles. Let II; be the space of bivariate polynomials of degree d. The space of piecewise
quadratic polynomials on A* with global C'-continuity is called the Powell-Sabin spline space:

SHAY) = {s cCl(Q): s

p €T0a, ] eA*}. (2.1)

Each of the 6t triangles resulting from the PS refinement is the domain triangle of a quadratic
bivariate polynomial. Powell and Sabin [14] proved that the following interpolation problem at
each vertex Vj

s(Vi) = fi,  Das(Vi) = for, Dys(Vi) = fyr, (2.2)
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has a unique solution s(z,y) € S3(A*) for any given set of n (fx, fz .k, fy.k)-values. It follows that
the dimension of the Powell-Sabin spline space S3(A*) is equal to 3n.

2.2 A normalized B-spline representation

Dierckx [1] showed that each piecewise polynomial s(z,y) € S3(A*) has a unique representation

n 3
s(zy) =Y > ciyBl(zy). (2.3)

i=1 j=1

The basis functions Bf (z,y) have a local support, and they form a convex partition of unity, i.e.,

n 3
Bl(z,y) >0, and ZZBZ(x,y) =1. (2.4)

i=1 j=1

Such a normalized basis can be constructed in a geometric way. We associate with each vertex V;
in the triangulation three linearly independent triplets (v j,8i;,7%i;), 7 = 1,2,3. These triplets
are determined as follows:

1. For each vertex V;, identify the corresponding PS points. The PS points of V; are defined as
the midpoints of all edges in the PS refinement A* ending in V;. The vertex V; itself is also
a PS point. In Figure 1(b) the PS points are indicated as bullets.

2. For each vertex V;, find a triangle ¢,(Q; 1, Qs 2, Qs,3) containing all the PS points of V;. The
triangles t;, ¢ = 1,...,n, are called PS triangles. Note that these triangles are not uniquely
defined. Figure 1(b) shows a possible set of PS triangles.

3. The three linearly independent triplets (« ;, 5i;,%:,5), J = 1,2,3, are derived from the PS
triangle ¢; of a vertex V; as follows:

o a; = (a;1,wi,2,;3) are the barycentric coordinates of V; with respect to ¢,

o 0, = (81,02, 0i3) and v = (vi1,%.,2,%,3) are the coordinates of the unit barycentric
directions, in x- and y-direction respectively, with respect to ¢;.

The Powell-Sabin B-spline Bf (x,y) is defined as the unique solution of interpolation problem (2.2)
with all (fx, fak, fy.x) = (0,0,0) except for k = i, where (fi, foi, fy.i) = (o, Bij,vi,j) # (0,0,0).
The condition of the B-spline basis is directly related to the size of the PS triangles. Typically,
smaller PS triangles lead to a better conditioned basis.

The PS control points are defined as

cij = (Qij,cij), (2.5)

and the PS control triangles as T;(c; 1,¢;,2,¢;.3), which are tangent to the surface z = s(z,y) at
the corresponding vertices V;.

Vanraes et al. [19] developed a global subdivision scheme for Powell-Sabin splines. Subdivision is a
procedure to represent a surface on a finer mesh than the mesh on which it is originally defined. The
subdivision strategy for Powell-Sabin splines is based on the v/3-refinement scheme of Kobbelt [8].
Applying this scheme twice, we obtain a triadic refinement. Every original edge is then trisected,
and each original triangle is split into nine subtriangles. In Figure 2 the triadic subdivision scheme
is illustrated for a given Powell-Sabin spline. This subdivision scheme is numerically stable, since
only convex combinations are needed to compute the PS control points of the refined spline. The
scheme was extended to a local subdivision scheme in [15].
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(a) (b)

Figure 2: (a) A Powell-Sabin spline constructed by 7 PS control triangles on the triangulation in
Figure 1; (b) the equivalent triadically subdivided spline with 37 PS control triangles.

3 Piecewise linear approximations

Subdivision is a common tool for the graphical display of splines. After a few subdivision steps,
the PS control triangles approximate the shape of the Powell-Sabin spline quite well (see Figure 2).
These control triangles can be used to construct a wireframe that mimics the spline surface. The
question is how to connect the PS control triangles efficiently into a single wireframe. We consider
three approaches of piecewise linear approximations. Figure 3 depicts the different wireframes for
the Powell-Sabin spline in Figure 2. To analyse their convergence rates to the spline surface, we will
derive an upper bound for the approximation errors, measured in the max-norm. For continuous
piecewise polynomials, this norm is defined as

Islloo. = max |s(z,y)l (3.1)

3

We also need the following notation,

2 —
28]l = mi

max D, D,(s , 3.2
I\UI|:1,|Iv|\21| () Hoo,p* 32

where D,, and D, are directional derivatives. For simplicity of the notation, we shall omit the
subscript 2 if the domain is obvious.

3.1 A wireframe based on vertex interpolation

A first type of wireframe can be constructed by connecting the spline interpolation points s(V;),
in the same way as the vertices V; are connected in the domain triangulation A. Note that the PS
control triangles are tangent to the Powell-Sabin spline at these points. The value of such a point
can be written as a convex combination of the control points, i.e.,

s(Vi) =ai1¢1+ai2cio+ qiscis. (3.3)

Here, (.1, 2, @ 3) are the barycentric coordinates of vertex V; with respect to the PS triangle ¢;.
The use of this wireframe for the graphical display of a Powell-Sabin spline was suggested in [21].
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Figure 3: Different wireframes for the graphical display of the Powell-Sabin spline in Figure 2. They
are obtained (a) by connecting the spline interpolation points s(V;), (b) by using the Bézier net,

3

(c) by connecting the projections of certain PS points into the corresponding PS control triangles,

as explained in Section 3.3.
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It is illustrated in Figure 3(a) for the spline in Figure 2. For future reference, we shall denote this
linear interpolant as T'1(s).

The following theorem treats the convergence of I'1(s) to the Powell-Sabin spline s(x,y). Stdmpfle
[17] proved that the error of linear interpolation at the vertices for a C''-continuous function on
a triangle p behaves, in general, as O(|p|). Although the Powell-Sabin spline is C''-continuous on
each triangle in the triangulation A, we can show that the error converges quadratically in the
mesh size. Recall that the mesh size is the length of the largest edge in the triangulation.

Theorem 1. The linear interpolant T'1(s) converges to the Powell-Sabin spline s(x,y) as

2 *
IT1(s) = slleo < 31A 1V25]l oo, (3.4)
with |A*| the mesh size of the PS refinement A*.

Proof. Consider a triangle p € A with given subtriangles p* € A*, see Figure 4(a) for a graphical
illustration. We first show that the error of the linear interpolant and the Powell-Sabin spline at
each vertex W in the PS refinement can be bounded by

*|2
) - 9w < S vz, (35)
Because of the interpolation, the error is zero at the three vertices V;, V; and Vj, of triangle p. We
will prove inequality (3.5) for the point R;; = A;;Vi + A;;V;. The proof is similar for the other
points in the the PS refinement (i.e., R;x, Ry and Z;;;). Let S’(u) be the univariate (piecewise)
quadratic spline corresponding to s(z,y) along the edge V; — V;, with u the accumulated lo-length
parameter along this edge from V; towards V;. Let u;, u;; and u; be the values corresponding to

Vi, Ri; and Vj, respectively. From the Taylor expansions at u; and u; we know that

S(us) = S(ua) + gy — ) D)) + 151

1 D2(8) ). (3.6)

Susy) = §u,) + (g — ) DS) () + LI DGy, (3.7

Since the spline S (u) is a quadratic polynomial on u;; — u;, we can write that

D(S)(uy) = (g — ) (S(uij) = S(us)) — D(S)(ui), (3.8)
and, analogously, on u; — u;; we have
D(S) ) = G (Sluy) = $(0)) = D)) (39)

By the C'-continuity of the spline at u;;, the right hand sides of (3.8) and (3.9) are equal to each
other. In combination with the equality A;;(ui; — u;) + Aji(uij —u;) = 0, we obtain that

(uij — u;)

o (05 = 5t0) = P4 D)) ) = ~xs (Stay) — Stuy) - W5 DSy,
and, using A;; + Aj; = 1, it follows

S(usy) = Ay (Sm b L) D(qui)) I (S(u» 1l ) D(quj)) o 30)
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Taking a linear combination of the previous equations (3.6), (3.7) and (3.10) we have

S(uij) =25 (ui;) — Nij S(uij) = Aji S(uij)
=y (8t - L b)) ) 4 a5 (80 - LT E D))

Because T'1(S(uij)) = Aij S(us) + Aji S(u;), we find the relation

=, ~ uij—ui 2 ~ uij—uj 2 ~
) (8(u) — Slong) = 2 DGy 0, M0 p gy )

Since A;; + Aj; = 1, we get inequality (3.5). Note that the proof of (3.5) for the interior point
Zijle = 2Vi + 2;Vj + 2;,Vy, is similar. In this case, the right hand side of equality (3.11) will be a
linear combination of z;, z; and zy, instead of A;; and Aj;.

We now prove error bound (3.4) on each of the six subtriangles p* (W7, Wa, W3) of p in A*. We
start by stating the following triangle inequality
IT1(s) —s| < |Ti(s) — F|+|F — s, (3.12)

with function F' defined as the linear interpolant over p* through the points s(W7), s(W2) and
s(Ws3) of the spline surface, i.e.,

F(J?,y) =T S(Wl) + T2 S(Wg) + 73 S(Wg)

The triplet (71,72, 73) are the barycentric coordinates of the point (z,y) with respect to triangle
p*. Both terms in the right hand side of (3.12) will be bounded independently. Because I'1(s) is
linear on p*, we have

[i(s) = F =71 (I'i(s) = s)(W1) + 72 (T1(s) = 5)(W2) 4 73 (U1 (s) — s)(W3).
Since the barycentric coordinates are positive and sum up to one, it follows that
IT1(s) — F| < max{ |(I'1(s) — s)(W1)[, |(T'1(s) — s)(W2)[, [(T1(s) — s)(W3)| }.
By (3.5) we get
A2
Pu(s) — Fl < 150
The second term in the right hand side of (3.12) is the error of a linear interpolant at the vertices

of triangle p*. We know from [20, 17] that such an interpolation error for C*-continuous functions
can be estimated as

1V25]| 0o (3.13)

_ o
|F—s| < 5 [1V?5|l0o- (3.14)
Filling the estimates (3.13)-(3.14) into (3.12) results in (3.4). O

Remark 2. Figure 7(a) illustrates the convergence of the wireframe I'1(s) to the corresponding
Powell-Sabin spline. We used the wireframes of the spline in Figure 2(a) and four subdivided
equivalent splines. The mazimum error, the mean error and upper bound (3.4) are plotted in the
figure.
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(a) (b)

Figure 4: (a) PS refinement of triangle p(V;, V;, Vi) together with PS triangle ¢;(Q;.1, Qi,2, Qi,3) of
vertex V;; (b) position of the Bézier control points of a Powell-Sabin spline in its Bernstein-Bézier
representation.

3.2 The Bézier net

A second type of wireframe can be obtained by using the Bézier net of the Powell-Sabin spline in
its Bernstein-Bézier representation, as suggested in [1].

The Bézier net can be constructed as follows. We consider a triangle p(V;, Vj, Vi) in the triangu-
lation A with its PS refinement in A*. The other triangles in A are treated in the same way. We
assume that the points shown in Figure 4(a) have the following barycentric coordinates: V;(1,0,0),
VJ‘(O, 1, 0), Vk (0, 0, 1), Zijk (Zi, Zj, Zk), Rij ()\ij, )\ji, 0), Rjk((), )\jka )\kj)a and Rki()\ika 0, )\ki). On each
of the six triangles in A* the Powell-Sabin spline (2.3) is a quadratic polynomial, that can be rep-
resented in its Bernstein-Bézier formulation by means of Bézier control points [3]. Their positions,
the so-called domain points, are schematically illustrated in Figure 4(b). The z-coordinates of the
Bézier control points are called Bézier ordinates. The Bézier control points are computed as

Si = ;1Ci1 +Q2Ci2+ ®;3C;3, (3.15a)
w,=Lji1¢;1+ Liacia+ Liszc;s, (3.15Db)
Vi=1Lj ci1+Liscia+ Ljzcia, (3.15¢)
wi=Li1ci1+ Liacia+ Lizcis. (3.15d)

The values (a1, @2, i3), (Lij, Li2, Liz), (L} 1, Lj 5, Lj 3) and (Li1, Li, Li 3) are the barycentric
coordinates of the PS points V;, S;, S;, and S; with respect to the PS triangle t;(Q; 1, Qi2, Qi3)-
The other Bézier control points can be found from the continuity conditions of the Powell-Sabin
spline, e.g.,

ry, = >\ij u; + )\ji Vi, (3.156)
tr = Aij Wi + Aj wy, (3.15f)
Oijk = 2 Wi + 2; Wj + 2k W. (3.15g)

The piecewise linear interpolant of the Bézier control points is called the Bézier control net. This
control net is tangent to the spline surface at the vertices in the PS refinement, i.e., at the points
Vi, Vi, Vi, Rij, Rjk, Rii and Z;j;,. We denote the Bézier net of a Powell-Sabin spline s(x,y) as
T'(s), and it is illustrated in Figure 3(b).
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Figure 5: Position of the domain points &3, with ¢ +j +k = 2.

The next theorem gives an upper bound for the error between the Bézier net and the underlying
Powell-Sabin spline, measured in the max-norm.

Theorem 3. The Bézier net T'a(s) converges to the Powell-Sabin spline s(x,y) as

A

c V25 00, (3.16)

IT2(s) = 8lloc <

with |A*| the mesh size of the PS refinement A*.

Proof. Consider a triangle p* € A* and the quadratic Bernstein-Bézier polynomial representation
B(z,y) of the given Powell-Sabin spline s(z,y) on p*. Denote its Bézier ordinates as b;j; and its
domain points as &jx, with ¢ + j + k = 2. We use the notation from Farin [3] for the indices, and
it is illustrated in Figure 5.

We first prove that the difference between the Bézier ordinates and the value of the polynomial at
the corresponding domain points can be bounded as

* |2
i~ Blw)] < L1978 e (317)

The difference is zero at the three corners of the triangle p*, i.e., bago = B(£200), bo2o = B(€o20)
and boo2 = B(&no2). We now consider the domain point £119. The reasoning is similar for the points
&o11 and &191. Denote u as the accumulated lo-length parameter along the edge of the triangle on
which 119 is situated. Let B(u) be the trace of B(z,y) on this edge, and let uagg, u110 and ugag
be the points corresponding to €200, 110 and &zo. Considering the quadratic nature of B (u), it is
easy to check that

1
B(u110) = Z(bzoo + 2b110 + bo2o),

D?(B)(u110) = m

(b200 — 2b110 + bo20)-
Hence,

" (UQOO - U'OQO)2

B(u110) — brio = 3 D*(B)(u110),

from which we obtain the inequality (3.17).

We now prove inequality (3.16) by showing that it holds on the four subtriangles of triangle p*:
p(§2005 €110, €101)5 (€020, 011, E110), P(6002, 1015 €011) and p(€110, 011, &101). We only consider the
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case on subtriangle p(€200,&110,&101). The other cases are proven analogously. We start from the
triangle inequality
2(B) — B| < |T2(B) — F| +|F - B, (3.18)

with function F' defined as
F(x,y) = 11 B(&00) + 72 B(&110) + 73 B(&101)-

The triplet (71,72,73) is the set of barycentric coordinates of the point (z,y) with respect to
subtriangle p(£200,&110,&101)- By the definition of the Bézier net, we have

I'y(B) — F = 71 (baoo — B(§200)) + 72 (b110 — B(&110)) + 73 (b1o1 — B(&101))-

By (3.17) it follows that

Il
T2(B) = F| < THVQB”oo,p*- (3.19)
The second term in the right hand side of (3.18) can be bounded by (see [20, 17])
|p(&200, &110, E101) ? lp*|?
P Bl < 2 192Blloc.pr = 2 197 Bl (3.20)
Combining the estimates (3.19)-(3.20) with (3.18) results in (3.16). O

Remark 4. The convergence of the wireframe T's(s) is illustrated in Figure 7(b). We constructed
the Bézier nets for the spline in Figure 2(a) and some subdivided equivalent splines. The graphs
of the mazimum error, the mean error and upper bound (3.16) are depicted in the figure.

Remark 5. Comparing the upper bounds (3.4) and (3.16), we note that the latter upper bound for
the error of the Bézier net is four times smaller than the one for the vertex interpolation wireframe.
This factor is also observed in the numerical experiments. For instance, the maximum error for
the finest wireframe in Figure 7(b) is 3.29 times smaller than the corresponding one in Figure 7(a).
The ratio of the mean error for the finest wireframes in both figures is 5.52.

Remark 6. The Bézier net provides a better linear approximation for the underlying spline than
the vertex interpolation wireframe. A disadvantage, however, is that many triangular patches are
needed in this representation. Since the Bézier net is constructed of four patches on each triangle
in the PS refinement (see Figure 5), there are globally needed 24t patches with t the number of
triangles in the triangulation A.

Remark 7. When a finer resolution for the Bézier net is required, one can apply the PS subdivision
rules and calculate the Bernstein-Bézier representation of the refined Powell-Sabin spline. A more
efficient approach for obtaining a finer wireframe is to keep the Bernstein-Bézier representation of
the original spline and to use the Bézier subdivision rules for refining the Bézier net [6, 12, 5]. In
this way, the refined Bézier control points are easy to compute.

3.3 The reduced Bézier net

The third type of wireframe is a fair compromise between the two previous wireframes: it is
based on the Bézier net, but it uses far less patches. The wireframe is constructed by connecting
projections of some PS points into the PS control triangles in a way that will be explained below.
Figure 3(c) shows such a wireframe for the Powell-Sabin spline in Figure 2.

To obtain this wireframe, we first build a certain mesh in the parameter domain. Subsequently,
the points in the mesh are projected into the corresponding PS control triangles. The constructed
mesh has three types of patches, as illustrated in Figure 6. The first type is associated with each
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(a) (b)

Figure 6: (a) A triangulation with PS refinement and PS points. (b) The mesh used for constructing
the reduced Bézier net.

vertex V;. It is obtained by constructing the smallest envelope polygon that contains all PS points
associated with V;. Obviously, the corners of such a polygon are PS points. Then, these corners
are connected into triangular and quadrilateral patches in the following way. For each triangle in
the domain triangulation A we construct a triangular patch by connecting the three PS points in
the interior of the considered triangle. We connect the adjacent PS points along each edge in A
to form a quadrilateral patch. The wireframe is then defined by the projections of the corners of
these patches into the corresponding PS control triangles.

We shall call this wireframe the reduced Bézier net. Comparing the wireframes in Figures 3(b)
and 3(c), one can see that the edges of the latter wireframe coincide with particular edges in the
Bézier net. Many neighbouring patches in the Bézier net are coplanar. These patches are merged
into a single patch in the reduced Bézier net. We denote the linear interpolant of this wireframe
as I's(s). Obviously, we obtain the same convergence result as for the Bézier net.

Theorem 8. The reduced Bézier net I's(s) converges to the Powell-Sabin spline s(x,y) as

A* 2
IPs(s) sl < 5L 10241, (3.21)

with |A*| the mesh size of the PS refinement A*.

Remark 9. The convergence of the wireframe T'3(s) to the corresponding Powell-Sabin spline is
analogous to the one of the Bézier net I'a(s). The maximum error, the mean error and upper bound
(3.21) are also illustrated in Figure 7(b).

Remark 10. The number of used patches is about 1/8 of the number needed for the Bézier net.
More precisely, the wireframe consists of n + t + e patches, where n, t and e are the number of
vertices, triangles and edges, respectively, in the triangulation A. Using Euler’s formulas, the
number of patches amounts to about 3t. Because of the smaller number of patches, this wireframe
is more visually pleasing than the Bézier net. Still it preserves the approzimation properties of the
Bézier net. A disadvantage is that the patches are constructed of polygons with a different number
of edges.

Remark 11. All error estimates derived in this paper are given for arbitrary triangulations.
Whereas the most approzimation bounds in the finite element literature have a dependence on the
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Bézier net, computed for the spline in Figure 2(a) and several triadically subdivided versions. The
graphs of the maximum error, the mean error and the estimated upper bound are shown.

wireframe

Vertex interpolation
Bézier net
Reduced Bézier net

c p
2/3 t
1/6 24t
1/6 | n+t+e~3t

Table 1: Comparison of the three discussed wireframes for the graphical display of a Powell-Sabin
spline s(z,y). The second column gives the constant ¢ in the upper bound ¢ |A*|?|| V25|« for the
error measured in the max-norm. The third column denotes the number of patches p needed in
the wireframe, assuming that the spline is defined on a triangulation A with n vertices, ¢ triangles

and e edges.

smallest angle in the triangulation, our estimates are all independent of the shape of the triangles

in the given triangulation.

4 Concluding remarks

We discussed three types of piecewise linear approximations for Powell-Sabin splines: the wireframe
based on vertex interpolation, the Bézier net, and the reduced Bézier net. We derived an upper
bound for the error of these wireframes measured in the max-norm, and we illustrated numerically
their convergence rates to the spline surface. Table 1 summarizes the upper bounds, together with

the number of patches needed in the wireframes.

Asymptotically, the wireframes converge to the spline surface as O(|A*|?). The Bézier net and the
reduced Bézier net are more accurate than the vertex interpolation wireframe. The latter, on the
other hand, needs fewer triangular patches. The reduced Bézier net is visually the most attractive
wireframe, since it approximates the shape of the Powell-Sabin spline quite well with a reasonable
number of patches. A possible disadvantage is that this wireframe is composed of polygons with
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a different number of edges. If the used graphical library cannot handle such polygons efficiently,
then vertex interpolation may be recommended: it is fairly easy to construct with a small number
of patches. The Bézier net is particularly interesting if the Bernstein-Bézier representation is
already available or required for other purposes, e.g., for the evaluation or differentiation of the
Powell-Sabin spline. A fine wireframe can then be obtained using the Bézier subdivision rules, but
at the cost of a large set of patches.
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