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1 Introduction

In [7] a Favard theorem was given for Laurent polynomials. Later, several Favard
theorems were determined for classes of rational functions with restrictions on the
poles: first, the restriction that the poles are complex and outside the extended real line
(or, using an inverse Cayley Transformation, outside the unit circle), see e.g. [1, 2, 4, 6];
afterwards, the restriction that the poles are all on the extended real line (or on the unit
circle), see e.g. [3, 4]. Finally, in [5, Thm. 3.10] a Favard theorem was given for rational
functions without restrictions on the poles. The complete proof of this last Favard type
theorem was omitted in [5] because the outline of the proof was similar to the proof
given in [4, Chapt. 11.9]. However, some adaptations needed to be made consistently
throughout the proof given in [4, Chapt. 11.9], so that the proof also holds when there
are no restrictions on the poles.

The aim of this paper is to give a complete proof for Theorem 3.10 in [5]. The out-
line is as follows. We start with an overview of the necessary theoretical preliminaries
in Section 2. Next, we prove two extended recurrence relations in Section 3. Finally,
Section 4 contains a complete proof of the Favard theorem that has been formulated
in [5, Thm. 3.10].

*The work is partially supported by the Fund for Scientific Research (FWO), projects ‘RAM: Rational
modeling: optimal conditioning and stable algorithms’, grant #G.0423.05, and by the Belgian Network
DYSCO (Dynamical Systems, Control, and Optimization), funded by the Interuniversity Attraction Poles
Programme, initiated by the Belgian State, Science Policy Office. The scientific responsibility rests with the
authors.



2 Preliminaries

The field of complex numbers will be denoted by C and the Riemann sphere by C =
C U {oo}. For the real line we use the symbol R, while the extended real line will be
denoted by R. Further, we represent the positive real line by R = {z € R : x > 0},
and the unit circle by T = {z : |z| = 1}. If the value a € X is omitted in the set X,
this will be represented by X, ; e.g.

Cy =C\ {0}.

Let ¢ = a + ib, where a, b € R. Then we denote the real part of ¢ by f{c} = a and the
imaginary part by S{c} = b.
Whenever we consider a summation or product of the form
J J
ng(az), respectively H g(x), j>i—1,
k=i k=i

we will assume for the special case in which j =7 — 1 that

i—1 i—1
ng (£) =0, respectively H gr(x) = 1.
k=i k=1
Suppose a sequence of poles A, = {ay,as,...,a,} C Cqis given. Define the
factors "
Z =——-, k=0,1,...
k(@) 1—x/ayk

and the basis functions
bo(z) =1, br(x) =bk—1(x)Zk(x), k=1,2,...
Then the space of rational functions with poles in .4,, is defined as
L, = span{bg,b1,...,by}.

We denote with P,, the space of polynomials of degree less than or equal to n. Let 7,
be given by

m(z) =[] - z/o).
k=1
Then we may write equivalently

Enz{pn:pnepn}.
Tn

In the remainder, we will use the notations T\ j and An\j, with n > j, to denote
respectively the polynomial

Tn
T\ = — € Pnj
J
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and the reduced sequence of poles A\ ; = {a; 41,12, ..,a,}. In the special case
in which j = 0 or j = n we have that m,\g = 7, and A,\o = Ay, respectively
Tp\n = Mo = Land A\, = Ag = 0.

Note that the value ay = 0 represents a forbidden value for the poles ;. Since we
consider only a countable number of poles a, we can always find a point on R so that
ar, # ag forall k = 0,1, .... Asimple transformation can bring this oy to any position
that we would prefer. Therefore, this forbidden value cyy is not a real restriction on the
sequence of poles, and we may assume it to be fixed by the value zero.

We define the involution operation or substar conjugate of a function f € L, as

This way we have that f(z) has a pole in z = « iff f.(z) has a pole in = @. With
L. we then denote the space of rational functions given by L,.. = {f«: f € L, }.
Next, let us consider an inner product that is defined by a linear functional M:

When (f, f) # 0 for all f # O that are in L., then the functional is called quasi-
definite; moreover, when (f, f) > 0 for all f # 0 that are in L, it is called positive-
definite. Finally, the functional is called Hermitian if for every f € Lo, - Loox it holds
that M{f.} = M{f}.

Suppose there exists a sequence of rational functions {¢,, }, with ¢,, € L, \ L,,—1,
so that the ¢,, form an orthonormal system with respect to the Hermitian positive-
definite linear functional M; ie. M{p;pr«} = J;i, where §;, denotes the Kro-
necker Delta. Further, assume that these rational functions are of the form ¢, (z) =
pn(x)/mn (). We then call ¢,, degenerate (respectively exceptional) iff p,, (@,—1) = 0
(respectively p,(c,—1) = 0). A zero of p, at co then means that the degree of p,
is less than n. If ¢, is not degenerate and not exceptional, it is called regular. In [4,
Chapt. 11.1] (for all the poles on the extended real line), and [8, Thm. 2.1.1] and [5,
Sec. 3] (for arbitrary complex poles), the following three-term recurrence relation has
been proved.

Theorem 2.1. Let Ey € Co, v_q1 € Ry and oy € C be arbitrary but fixed in advance.
Then the sequence of orthonormal rational functions {¢,, } is regular iff for everyn > 1
there exists a three-term recurrence relation of the form

Zn,

Zn(x)
Zn—1(x) )anz(w), (D

Zn—Q*(z
with

E, # 0
Cn == [En + Fn/anl(anfl)} /Enfl 7é 0.

n

M{1}

The initial conditions are p_1(x) = 0 and o(x) = , where 1 is a unimodular

constant; i.e. n € T.



The previous theorem starts from a system of rational functions {¢;, } for which the
o, are orthonormal with respect to a Hermitian positive-definite inner product, to prove
the existence of a three-term recurrence relation iff the system is regular. In order to
derive a Favard type theorem, however, we need to verify whether the statement holds
in the opposite direction; i.e., starting from a regular system of rational functions {,, }
for which the ¢,, are generated by the three-term recurrence relation (1), we have to
prove whether there exists a Hermitian positive-definite inner product for which the ¢,,
form an orthonormal system. In the next section we start with two extensions of the
above recurrence relation that we will need in the proof of this Favard type theorem.
But first we need the following auxiliary results that have been proved in [4, Lem.
11.9.1].

Lemma 2.2.

1. For all constants A and B, and for all integers j, k and n so that o, # o, there
exist unique constants a and b so that

B a b
NI T o @

2. For all constants A and B, and for all integers j and k, there exist unique con-
stants a and b so that

3 Extended recurrence relations

In order to prove the Favard theorem, we need the following extensions of the recur-
rence relation given in Theorem 2.1.

Lemma 3.1. Let the sequence of rational functions {¢,} be generated by the three-
term recurrence relation given by (1). Consider an integer n > j + 2 > 1, and assume
that o, & A(n—1)\;- In the special case in which j = —1, we define A,—1)\—1 =
An—1U{ao}. Then there exist constants ay, Gz, . . ., Gp_(j4+1), Cn—(j4+1)> Cn—(j+2), Gl
depending on n and j, so that

n—(j+1)
L)On(x) = Z ak‘pn—k(x)
k=1
Zn () Zn(2)
t Cn—(j+1) m%ﬂ(@ + Cn—(j+2)Cg+2m% (). (2

Proof. The proof is similar to the one in [4, Thm. 11.9.2]. Forn = j + 2 > 1, the
formula reduces to

Zy I))wn_l(chOOn Zn(x)

on(r) = arpn—1(z) + Clm

m%z—ﬂ@-
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It follows from the first statement in Lemma 2.2, with A = E,,, B = F,,, aj = ay, =
Q1 7 i, that this is the three-term recurrence relation itself. So let us now proceed
by induction. Assume that for s = j — 1, with n > s 4+ 3 > 2, we have that

n—(s+2)
L)On(m) - Z ak@nfkr(%‘)
k=1
Zn(x) Zn(x)
= Cn—(s > 7 \¥s T)+Cn(s Csys3 =¥ xz). 3
(s+2) Zs+2(x)@ 4o ) (s+3)Ls+3 Zs+1*(z)<P +1( ) (3
Applying Theorem 2.1 to g o(x) in the right hand side of (3) then gives
n—(s+2)
Qﬁn(l’) - Z ak‘pn—k(-r)

k=1

Zy () [( Foio )
= Cp_(s42)=— Egio+ —/—— | Zst2(T)pst1(x
(s+2) Z5+2(:c) +2 Zs+1($) +2( )‘P +1( )
Zsya(m) Zy ()
Cs - 7 ¥Ps n—(s CS 7 [ N\NFs

+Csp2 7o) ¥ ()| + en—(s+3) By 1” +1(z)

b é
= a4+ + Zp(x)psi1(x
ZS+1(£L’) Zs+1*($) ( )50 +1< )
Zn(x
+cn(s+2)cs+2Zn((x))<ps(x)a

where
a= cnf(s+2)Es+2a 8 = Cnf(s+2)Fs+2 and ¢= Cnf(s+3)cs+3-

From the second statement in Lemma 2.2 it follows that there exist constants @ and I;,
so that

. b ¢ i b
a+ + =a+ .
Zst1(x)  Zstrx(T) Zst1(2)

Further, if o, # 541, we can apply the first statement of Lemma 2.2 to write

G+ b _ Ap—(s+1) Cn—(s+1)
Zsy1(x) Zn(2) Zsa(w)

Hence, it then holds that

n—(s+2)
pn(@) =1 D apn-i(@) § = an-(or1y@si(@)
k=1

Zn(z) Zn(z)
+ Cn—(s+1)ms05+1($) + Cn—(s+2)Cs+2m%($)a

which proves the induction step. U



When 5 > 0 in (2), the three-term recurrence relation can be applied once more to
give a second form of the extended recurrence relation.

Lemma 3.2. Let the sequence of rational functions {¢,} be generated by the three-
term recurrence relation given by (1). Consider an integer n > j+1 > 1, and assume
that ay, & A(n—1)\j- Then there exist constants ai,az, ..., 0n_(j11);0y_j»Cr_j,
Cn—(j+1), all depending on n and j, so that

n—(j+1)
on(@) =1 Y k() p +a,_;0;(x)
k=1
Zn(z)

T ; (i) O] .4
+ CTL*] (‘r)@] (iE) +cn (G+1) Y541 Zj—l*(x) Pj 1((E) ( )
Proof. First, consider the case that n = j + 1 > 1. From the second statement in

Lemma 2.2 it follows that there exist constants a and ¢/, so that

F, aj
En + n — C/ 4 1
Znoa(x) Y Zu(x)
From (1) we then deduce that
Zn(z)

Pn(x) = [a) + ¢ Zn(2)] pn1(x) + Cnm@n—ﬂf),

which proves the case in whichn =7+ 1 > 1.
Next, consider the case that n > j 4+ 2 > 2. The proof is then similar to that in [4,
Thm. 11.9.3]. From Theorem 2.1 it follows that

M _ . Fjq (o @ s
Zia(z) (EJ+1 + Zj($)> pj(x) + 7y 1.(@) wj—1(x).

Hence, we find for the last two terms in (2) that

Cn—(j+1) Zin (@) ©jr1() + cn(j4+2)Cjr2 7, (@) pj(z)
Zn(x)
Zn(x)% (z) + Cn—(j+1)Cg+1 m%fl(x)v

where
d=cp_(s1)Ej+1, é=coenFir1 and  f=co_(j12)Ciya-

Finally, it follows from the second statement in Lemma 2.2 that there exist constants

a _.andc so that

n—j n—j°

d+




4 Favard type theorem

In this section we will assume that {,, }52  is a sequence of rational functions in L
and that the following assumptions are satisfied:

(Al) a_; € Rgand o, € Co,n=0,1,...,
(A2) o, is generated by the three-term recurrence relation (1),
(A3) pp, € L\ Lypo1,m=1,2,...,and g € Cy,

(A4) let F), be given by F, = % Then forn = 1,2, .. ., it holds that |Fn| < oo and

S{an—2}  S{an} |En_1l?
Han-1}, 4 2 - lon—22 — TJanl2 " TEn|?
e R 2 o {E) | = 2 - -, 5
R ) A ©)
where ~ N
A = |Bof2 —aStend Stona) g ©)

> Janal?
(AS) 0< |Ey] < o0,n=0,1,...,
(A6) CnEn,1 = — [En + Fn/anl(anfl)] 7é 0, n = ].7 2, e

The proof of the Favard theorem is then similar to the one in [4, p. 311-319]. First, we
define M on L by setting

M{go.} =1/¢o and M{p} =0, k=1,2,....

Note that the definition of M {y. } takes care of the normalization; i.e. M{|po|*} =

M{QDOSQO*} =1
Next, we need to extend M t0 Roo = Loo - Loox S0 that M{prpi} = 0 for k # L.

4.1 Extension of M

Consider the following table of products:

column(O columnl ... columnn

P1P0x
P2P0x% P2P1%

@n+1§00* §0n+1§01* e @n+190n*

When M is applied to these entries, we should always get zero. Let us now define
B_1 = {po«} and

By, =Bn1 U{prpns :k=n+1,n+2,...}, n>0.



Note that this way B,, contains the first n + 1 columns in the above table, together with
o«. Further, define

Bone =Bn—1 and  Bp e = Be—1.0s U {0k@nst, k> n.
These sets By, .« now generate the following spaces:
Ripx =span By sy, n=0,1,..., k=nn+1,....
The strategy is then to obtain a definition of M on the successive spaces
R Ro15s R3 155 - -3 R2,24, R3,24, Ra,250 - - 3 R334, -+ -5

so that we have the required orthogonality relations. Hence, each time we consider the
next product ¢ pp+, we can define M{prpns} = 0if @rone € Ri—1.n+; otherwise,
if Oxons € Ri—1 n« we need to prove that M{prpn.} = 0.

Eventually, we will then have defined M on the subspace

R, =span {UBj ns :n=0,1,...;k=n,n+1,...} C Re
so that
M{|gol?} =1 and M{pppn} =0, n=0,1,...;k=n+1n+2,....

It will, however, follow from assumption (A4) that the definition of M can easily be
extended to the subspace R._, = {f« : f € R..}, in such a way that for every
f € R, + R, it holds that M{f.} = M{f}. Moreover, it will turn out that
RL, + Rl = Reo, and with assumption (A6) we will then have that M {|p,|*} =
M{onpn«t =1forn =0,1,.... We will now elaborate these successive steps. Note,
however, that R 1. = L; hence, the first column (column 0) has already been dealt
with by our definition of M on L.

Columnn =1

Initialization: M {p2p1.}
If pop14 & Loo, we define M{popi1.} = 0.
If o1« € Lo, there exists an r so that

q
P2P1x = ’/Tl, qr € Pr. @)

T

Note that it should hold that r > 2; otherwise we would have that p; («1)p2(a@1) = 0,
while from our assumptions (A3), (A5) and (A6) it follows that both p; (o1 ) and po(aiq)
are nonzero. Consequently, we can rewrite (7) as

Tr\2P2P1x = T1xGr-

It now follows that Tr\2 should have a zero at @&;. Let m > 3 be the smallest index so
that «v,;, = @;. Note that, if m > 3, we have that o, ¢ A(m,l)\g. We now use the



extended recurrence relation given by (4) to write

-3

Pm = ajPm—j ¢+ U202 + Crp 0 Zmp2 + cm—3C3
1

3

m

271*801

.
I

-3
= ajPm—j ¢ + Uy 02 + Crp_ 921402 + C—3C301.
j=1

3

Note that ¢/, _, # 0; otherwise p,, € L,,_1, contradicting assumption (A3). Next,
applying M to the previous relation results in

Migm} ={ 3 a;M (o)

+ a;n72M{<p2} + C/msz{Zl*(pg} + Cmfgch{(p1}.

Note that M{¢;} = 0for j = 1,...,m. Thus, it holds that M{Z.¢s} = 0 as well.
Finally, because ¢, can be written as

Y1+ = d1Z15 + do,

it follows that
M{pap1:} = diM{Z1.02} + doM{p2} = 0.

Induction step for column 1

Under the assumption that M {;p;. } = 0 for every ¢« € Ri—1,1+ With [ # 1,
we have to prove that M {¢xp1.} = 0. The approach is the same for n = 1 as for
n > 1. We therefore refer to the proof of the general step: induction step for column n
(see below).

Column n > 2

Initialization: M {©, 1 1pn+}

If Lpnﬁ»lspn* ¢ Rn’n*, we deﬁne M{SO’I’L+1SD7L*} = O
If 01419« € R s, there exists an r so that

n—1
dr,j
Pn+1Pnx = ZO P 7::7 Gr,j € Pr. (8)
]:

Note that it should hold that > n+1; otherwise we would have that p,, (v, )pp+1 (@)
= 0, while from our assumptions (A3), (A5) and (A6) it follows that both p,, (c,) and
Pn+1(ay,) are nonzero. Consequently, we can rewrite (8) as

n—1

Tr\(n+1)Pn+1Pnx — Z Tns\j*Pjxlr.j = Tnxqr,0L0x-
j=1



It now follows that 7, (,, 1) should have a zero at &,,. Let m > n + 2 be the smallest
index so that «,,, = @,,. Note that, in the case in which this m > n + 2, we have that
m & A@m—1)\(n+1)- We now use the extended recurrence relation given by (4) to
write

m—(n+2)
Pm = Z A5Pm—j + a:n_(n+1)<,0n+1
=1
/ Zm
Hmn(ni1)ZmPn+1 + Cm—(nt2) Cnt2 7 @n
nx
m—(n+2)
= Z ajom—j ¢+ a’:n—(n—s-l)(pnle
j=1

+C;n—(n+1)Z”*"0’“bJrl + Cm—(n+2)Cnt2Pn-
Note that c;nf(nJrl) # 0; otherwise ¢,, € L,,_1, contradicting assumption (A3).

Next, multiplying with b,,_1.(z) and applying M results in

m—(n+2)
M{bn—1:pm} = Z a; M{bn—14pm—j} ¢ + a;n,—(n+1)M{bn—1*90n+l}

=1
+ 1y MAbns i1} + Cme(nr2)Cns2M{bp—1:00}

Because of the induction hypothesis all the terms vanish except for M {b,,+¢©p+1}, SO
that M {b,«pn+1} = 0. Finally, because @, can be written as

Pnx = Z djbj*;
=0

it follows that

M{pni1one} =Y diM{bjini1} = 0.
j=0

Induction step for column n
We now consider n > 1 and & > n + 2 for which we know that

M{ppu} =0, i=0,...,n—1; [>i+]1,
M{@;pn.} =0, j=n+1,...,k—1.

We then have to prove that M {¢kpn«} = 0. From (1) we get that

F
O = Zy |:Ek:+Zk

Z
} Pr—1 + CkZ i Pr—2.
k—1 k—2x

10



Next, multiplying with by, (x)/Z(x) and applying M then gives

bn*
M{ ~ <,0k} = Ex M {bpior—1}
2

bﬂ* bn*
Fp. M - _ C. M 9. (9
+ Iy {Z 1<Pk 1}+ & {Zkg*% 2} 9

Because of the induction hypothesis all the terms on the right hand side of (9) are zero,

so that )
M n* — O
{ 2y %}

We now distinguish two cases: (A) oy, # &y, and (B) ax = @y

(A) ag # Q.
From Lemma 2.2 it then follows that there exists a nonzero constant ¢ so that
1/Zy, = 1/Zp. + c. Hence

Dix

The first term on the right hand side equals zero because of the induction hypoth-
esis. Consequently, we find that M {b,.pr} = 0, and thus also M {©kpn«} =
0.

(B) ag = ap.
If Or@ne & Ri—1 nx» we may define M{pppn.} = 0.
If 01 n« € Ri—1,n«, there exist an r and constants c; so that

k—1 n—1
Gr.j
PrPnx + Z CiPiPnx = Z P 7::, qr.j € Pr. (10)
i=n-+1 7=0

Note that it should hold that » > k; otherwise we would have that p,, (a, ) ¥
Prt1(ay) = 0, while from our assumptions (A3), (A5) and (A6) it follows that
both p,, (v, ) and p,, 1 (v, ) are nonzero. Consequently, we can rewrite (10) as

k—1 n—1
Tr\EPkPnx + Z CiTr\iPiPn+ — Z Tns\j*Pjxqr,j = Tn+qr,0P0*-
i=nt1 =1

It now follows that T\ k should have a zero at @,,. Let m > k + 1 be the smallest
index so that «,,, = @,, = a,. Note that, in the case in which this m > k + 1, it
holds that o, ¢ A(m—1)\k- We now use the extended recurrence relation given

11



by (4) to write

m—(k+1)
Pm = 8 D APmej ¢t Tk
j=1
ek Zm @k + Cm— (k1) O 7 k1
k—1x%
m—(k+1)
= Z aj5Pm—j + a’;n—k@k
j=1
+ o sk + Cm—(k+1)Crt1 7 k1.
k—1x%

nx _ _Z .
Note that %g@kfl = 7z —pr-1 € Ly C Ly—1 sothat ¢, _, # 0; oth-

erwise ¢, e_ Ln—1, contradicting assumption (A3). Next, multiplying with
by—1x(x) and applying M results in

m—(k+1)
M{by1epm} =3 Y am i M{byn120m—j} ¢+l M{bn 1,04}
j=1
/ bn*
+Cm_kM{bn*90k}+Cm—(k+1)ck+1M Zr s Pr—1 ¢ -

Sincem > k41> n+ 3 and by /Z_1+ € L, it follows from the induction
hypothesis that all the terms vanish except for M {b,,.r }. Thus M{b,.or} =
0, and hence M {@ipn.} = 0 as well.

This concludes the induction step for column n.

4.2 The space R/ _,

Note that only assumptions (A1)—-(A3), (A5) and (A6) were necessary and sufficient to
define a functional M on R’ giving the required orthogonality relations. The question
is now whether this definition can be extended to R_, in such a way that we have the
required orthogonality relations in R._, as well. To answer this question, we first need
to consider the special case in which every pole is real, which has been treated in [4,
Chapt. 11.9].

It is well-known that orthonormal rational functions are fixed up to a unimodular
constant. In the special case in which every pole is real, it follows that £,, = L,,, for
every n > 0. Consequently, if the ¢,, form an orthonormal system on £, it must hold
that

VYn>0:{3e, €T: vns = nn}- (11)
It is easily verified that this is equivalent with the condition that
. F,
F,,L:E—:LE]R, n=12.... (12)

12



Not only is condition (11) (and hence, condition (12) as well) necessary, it is also
sufficient to ensure that the functional M as defined before is Hermitian on R._. The
latter is necessary due to the fact that for this special case it holds that R, = R._, =
Roo-

In general, for the case of arbitrary complex poles, we have that R # R._,, but
this does not mean that their intersection

X=R_NRL,
is empty. Thus, when extending the definition of the functional M to R._,, we have
to take into account the possibility that one or more basis functions of R, can be in
X. Therefore, we need a condition similar to (12) to ensure that the functional M, as
defined before, is already Hermitian on X.

In [5, Thm. 3.9] a relation has been proved between |E,,_1|, |E,| and F,. This
relation, which is given by (5), holds for every Hermitian positive-definite inner prod-
uct on a subset of the real line as long as the sequence of rational functions form an
orthonormal system with respect to this inner product. In our assumption (A4) we have
used this relation to extend (12) to the case of arbitrary complex poles. Note, however,
that in [5, Thm. 3.9] it has not been assumed that A, > 0. Certainly, the relation
given by Equation (5) is a necessary condition. However, at the moment of writing, no
proof has been found that verifies that this relation, together with the assumption that
A,, > 0, is sufficient to ensure that the functional M is Hermitian on X . Nevertheless,
we formulate it as a hypothesis and give the proof of the Favard theorem under the
assumption that the hypothesis holds true. But first we will justify the inequality given
in (6).

Note that for o, € Ry, Equation (5) reduces to
7 S ap—2} 1

B |047l|2 |En‘2 |an—2‘2 -‘En—1|2.

{Fn}

&2

While for o, 1 ¢ R, we have that

2%{(1”_1} _ i

|O[nfl|2 B anl(anfl)7

so that Equation (5) is equivalent with

2 |E1n—1|2 . An
|E’n|2 Anfl'

R{F,} + (%{Fn} - iZn_l(an_l))2 = [iZn_1(@n_1)]

Because Equation (5) is a necessary condition, we may assume that A, /A,,_1 € Rt;
otherwise the collection of (finite) F;, satisfying Equation (5) will be empty. Moreover,
if A, /A, —1 =0, it follows that F,, = —Z,,_1(@,,—1). Consequently,

CVnEnfl =E, |1+ Fn/anl(anfl) =0,
contradicting assumption (A6). Therefore, we should have that

An/A,—1 RS (13)

13



Finally, note that Ag > 0. Thus, suppose that A,,_; > 0. By induction it then follows
from assumption (A5) or (13) that A,, > 0, if respectively c,—1 € Rg or a,,—1 ¢ R.
We now have the following hypothesis.

Hypothesis 4.1. Suppose assumptions (Al)—(A3), (A5) and (A6) are satisfied. Then it
holds that the functional M as defined before is Hermitian on X = RLNRL., iff
|En—1|, | En| and F,, do satisfy assumption (A4) for every n. > 0.

Supposing the functional M is Hermitian on X, we can easily extend the definition
of the functional M to R’ _,. Each time a next product pj.p,, with k& > n > 0,
is considered, we define M{pg.¢n} = 0 if Yrepn & Ri—1+n + Rio; otherwise,
if Yren € Ry + Ri—1+n, it follows that there exist functions f € R, and h €
Rik—1xn S0 that pr.p, = f + h. Clearly, we then have that f € X so that M{f} =
M{f.}. Because of the induction hypothesis we also have that M{h} = M{h.}.
Consequently, it must hold that M {@k.pn}t = M{pkrpns} = 0.

4.3 The diagonal M{|p,|*} = M{©n@n«}
So far we have defined M on R, + R, so that
M{lpo’} =1 and M{gppni} =0, k#n.

Hence, it remains to verify whether R, + R, = Roo = Loo - Loox-
From the three-term recurrence relation given by (1) it follows that

AP Z14
w2 = EaZ1.p1 + F2271901 +Cy Zl 0.
1 [OF3

Because of Lemma 2.2 we have that there exist constants a;, with ¢ = 0, 1, 2, so that
1 1

— =q; +

7 7o t=1,2, respectively

ZO* :a0+

Zl* ’
It is easily verified that a; = 1/Z;(a;), while from assumption (A6) it follows that
Es + F5/Z1 (@) # 0. Consequently,

Z1xp1 € span {@o, 01, P2, P1x, 201+ } C R + R,

Thus 191« € R, + R/, as well. Similarly, from the three-term recurrence relation
it follows for n > 1 that
bn*

bps
ﬂ@nJrl - En+1bn*90n + Fn+17n§0n + Cn+1

bn*

<;Onfl~
Zn—l*

We again have that there exist constants a; = 1/Z;(@,,), withi =n — 1,n,n+ 1, so
that

i=mn,n+1, respectively

1
Zn—l* = nt + Zn*7
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while from assumption (A6) it follows that E,,+1 + F,4+1/Z,(@,) # 0. Hence, it
follows that

bn*@n S span {Qﬁn—la 9071,3 @n-&—l» @n—l@n*y <Pn+1<Pn*} C R:X, + ,R’:)o*

Therefore, v, on« € RL + R, for every n > 0, which means that R, + R, , =
Finally, we have the following lemma.

Lemma 4.2. Suppose that M {|po|?} = 1. Under the assumption given by (A6) it then
holds that M {|p,|?} = 1 for everyn > 0.

Proof. In [5, Thm. 3.1(1)] it has been proved that
M{|orl*} = FeM{prbre} + M{ok fr-1.},

where fr_1 € L1 and ky is the coefficient of by, in the expansion of ¢y, with respect
to the basis {bo, ..., bx}. This equality has been used in the proof of [5, Thm. 3.2],
under the assumptions that
M{lpp*} =1, k=n—-2n—-1, n>2, (14)
and
M{grpj} =0, k#j. (15)
Rewriting this proof, keeping the assumption given by (15) but without the assump-
tion given by (14), leads to
_ CnEn—l
En + Fn/anl(anfl)

which proves the statement. O

M{|§On—1|2} =

M{‘<p7n—2|2}7 n=223,...,

4.4 Favard theorem

Provided that Hypothesis 4.1 holds, we now have proved the following Favard type
theorem.

Theorem 4.3 (Favard). Let {¢,,} be a sequence of rational functions, and assume that
the following conditions are satisfied:

(Cl) a_1 €eRyand o, € Co,n=0,1,...,

(C2) ¢, is generated by the three-term recurrence relation (1),
(C3) o € L\ L1, n=1,2,..., and o € Cy,

(C4) let F,, be defined as before. Then |F},| < oo and

S{an—2} B S{an} ) |Enfl|2 -

|otn—2|? lon|? |Enl?
S{an—1} 4 2 2 :| |: 2 S{an—1} S{an—2}
B2 —S{E) - [|Ena]? —4 . ’
R L2 I L B P e P
n=12,...,
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(€5) max {0,432} S B <00 n=0,1,. .,

IO‘n‘2 |an—1‘2
(C6) CrEpn1=—[Ep+Fn/Zn-1(0n-1)]#0,n=1,2,...

Then there exists a functional M on L - Loox SO that

<f>g> = M{fg*}

defines a Hermitian positive-definite inner product on Lo for which the v, form an
orthonormal system.

Proof. Because of the previous analysis, the linear functional M is defined in such
a way that the orthonormality is satisfied. For every h € R there exist functions
f=>a;pi € Locand g = bjp; € Lo sothat h = fg,. Consequently,

M{h*} =M {Zalgol* . ijgoj} = Zaibi = Zgiai = M{h}

Finally, the positivity is guaranteed by

M{F2Y = Jaif? >0
for every f # 0. O

5 Conclusion

Let {¢, } be a sequence of rational functions with arbitrary complex poles, generated
by a certain three-term recurrence relation. In this paper we have shown that - under
some mild conditions - the rational functions ¢,, form an orthonormal system with
respect to a Hermitian positive-definite inner product.

The proof of this Favard type theorem involved a hypothesis with respect to one of
the conditions given in the formulation of the theorem; i.e. we have assumed that the
specific condition is necessary and sufficient to ensure the inner product is Hermitian.
Certainly this specific condition is necessary. Moreover, in the special case in which
every pole is real, the condition is sufficient as well. However, still open for investiga-
tion is whether the condition is also sufficient in the general case of arbitrary complex
poles.
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