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Abstract

In this manuscript we will present a new fast technique for solving
the generalized eigenvalue problem Tx = ASx, in which both matri-
ces T' and S are symmetric tridiagonal matrices and the matrix S is
assumed to be positive definite.!

A method for computing the eigenvalues is translating it to a
standard eigenvalue problem of the following form: L='TL~T(LTx) =
AMLTx), where S = LL" is the Cholesky decomposition of the ma-
trix S.

We will prove in this manuscript, that the matrix L='TL~7T,
with S = LLT is of structured rank form. More precisely the matrix
is of quasiseparable form, meaning that all submatrices taken out of
the strictly lower triangular part of the matrix, have rank at most 1.
These matrices admit an order O(n) representation, instead of O(n?)
in case the matrix was dense. It will be shown that the computation
of the generators of this quasiseparable matrix is only linear in time.

Exploiting the properties of structured rank matrices one can
use different techniques for computing all of the eigenvalues. Either
one can reduce the quasiseparable matrix L~TL~7T to tridiagonal
form in O(n?) operations, and hence compute the eigenvalues of the
tridiagonal matrix. One can also immediately compute the eigenval-
ues of this matrix, via the Q R-algorithm for quasiseparable matrices.
Both approaches lead to O(n?) methods for computing all the eigen-
values of the initial generalized eigenvalue problem, instead of the
O(n?®) methods in case the structure was left unexploited. Moreover
for quasiseparable matrices also bisection and divide and conquer
methods exist.

Keywords : generalized eigenvalue problem, quasiseparable, divide and con-
quer algorithm for quasiseparable, reduction to tridiagonal
AMS(MOS) Classification : Primary : 65F15, Secondary : 15A18.
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Abstract

In this manuscript we will present a new fast technique for solving the generalized eigenvalue prob-
lem Tx = ASx, in which both matrices T and S are symmetric tridiagonal matrices and the matrix S is
assumed to be positive definite.!

A method for computing the eigenvalues is translating it to a standard eigenvalue problem of the
following form:

L' T (L x) = ML x),
where S = LLT is the Cholesky decomposition of the matrix S.

We will prove in this manuscript, that the matrix L~!TL~T, with S = LLT is of structured rank
form. More precisely the matrix is of quasiseparable form, meaning that all submatrices taken out of
the strictly lower triangular part of the matrix, have rank at most 1. These matrices admit an order O(n)
representation, instead of O(n?) in case the matrix was dense. It will be shown that the computation of
the generators of this quasiseparable matrix is only linear in time.

Exploiting the properties of structured rank matrices one can use different techniques for computing
all of the eigenvalues. Either one can reduce the quasiseparable matrix L~'TL~7 to tridiagonal form
in O(n?) operations, and hence compute the eigenvalues of the tridiagonal matrix. One can also imme-
diately compute the eigenvalues of this matrix, via the QR-algorithm for quasiseparable matrices. Both
approaches lead to O(nz) methods for computing all the eigenvalues of the initial generalized eigen-
value problem, instead of the O(n®) methods in case the structure was left unexploited. Moreover for
quasiseparable matrices also bisection and divide and conquer methods exist.

Keywords: generalized eigenvalue problem, quasiseparable, divide and conquer algorithm for
quasiseparable, reduction to tridiagonal

1 Introduction
In this paper we will consider the generalized eigenvalue problem of the following form:

Tx = ASX,
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where both the matrices T and S are symmetric tridiagonal matrices and the matrix S is considered positive
definite. This problem arises in several applications such as the numerical solution of the radial Schrédinger
and Sturm-Liouville equations and vibrational analysis [1, 2]. More references to applications can be found
in [3].
A method for solving this problem is the reduction to a standard eigenvalue problem in the following
sense:
L't (LT x) = ML x),

where S = LLT, is the Cholesky decomposition of the matrix S (see [4, 5]). This approach is considered as
inefficient because the generated matrix L' 7L~ is assumed to be dense and the accuracy of the method
is dependent of the condition of S as the inverse of its Cholesky factors is required. This method requires
O(n?) operations, when computing the eigenvalues as described. Also different techniques exist, such as
the one presented in [3] by computing the eigenvalues via the associated characteristic polynomial, via
Laguerre’s iteration. There exist divide and conquer methods [6, 7]. Also methods for band matrices exist
[8]. More references can be found in [3].

In this manuscript we will prove that the considered matrix L~'7L™7 is dense, but has underlying low
rank properties. More precisely the matrix will be of quasiseparable form [9, 10]. This means that all
submatrices taken out of the strictly lower triangular part of this matrix will be of rank at most 1.

Based on the theoretical proof that the considered matrix is quasiseparable, we will present a methods
for effectively computing the representation of the quasiseparable matrix. As the quasiseparable matrix is
highly structured only O(n) parameters are needed to characterize the complete matrix. We will represent
the quasiseparable matrix using the Givens-vector representation [11]. A fast O(n) method for transforming
the generalized eigenvalue problem towards an eigenvalue problem involving a quasiseparable matrix will
be given.

Based on the O(n) representation of the quasiseparable matrix, alternative, much faster methods for
computing the whole spectrum will be considered. Different methods exist for computing the eigenvalues
of quasiseparable matrices. One can easily reduce the quasiseparable matrix with O(n?) operations to
tridiagonal form, instead of O(n®) for a dense matrix [12, 13, 14]. Then one can simply compute the
eigenvalues of this tridiagonal matrix. Or one can, instead of reducing the matrix to tridiagonal form
and computing its eigenvalues, immediately apply an implicit/explicit QR-algorithm on the considered
quasiseparable matrix [15, 16]. Also other techniques such as bisection and Sturm sequence methods [17]
and divide and conquer methods exist for quasiseparable matrices [18, 19]. 2

The manuscript is organized as follows. In the first section some definitions and a theoretical proof of
the structure of the matrix L~!TL~7 are given. To conclude this section a description is given on the rep-
resentation used for the quasiseparable matrix and a method for effectively computing the quasiseparable
matrix representation. Section 3 briefly discusses some well-known methods for computing the eigenval-
ues of quasiseparable matrices. The final section of this manuscript presents some numerical experiments
showing thereby the speed and the accuracy of the new technique for computing the eigenvalues of the
generalized eigenvalue problem.

2 Transforming the generalized eigenvalue problem

In this section we will prove theoretically that the considered matrix is dense, but not dense in its represen-
tation. In other words, we will prove that all matrices taken out of the part below the diagonal will have
rank at most equal to 1. Let us first formally define what is meant with a quasiseparable matrix.

Definition 1. A matrix A € R"™" is named a quasiseparable matrix (of quasiseparability rank 1) if any
submatrix taken out of the strictly lower triangular part has rank at most 1 (a similar demand holds for the

upper triangular part). More precisely this means that for every i =2....,n:

rankA(i:n,1:i—1) <.

2Some of the references above deal with semiseparable plus diagonal matrices instead of quasiseparable matrices. The techniques
presented in these references can however be adapted easily to be suitable for quasiseparable matrices.
3We use MATLAB-style notation.



In the remainder of the text we will also need lower/upper triangular semiseparable matrices. Let us
define them.

Definition 2. A matrix A € R"™" is named a semiseparable matrix (of semiseparability rank 1) if any
submatrix taken out of the lower triangular part has rank at most 1 (a similar demand holds for the upper
triangular part). More precisely this means that for everyi=1,...,n

rankA(i:n,1:0) <1.

The only difference between quasiseparable and semiseparable is the fact that a quasiseparable matrix
does not have the diagonal included in the low rank structure, whereas a semiseparable matrix does have
this diagonal included in the structure.

2.1 Theoretical proof of the structure

Reconsidering now the matrix product L~'TL~T, with L satisfying § = LLT. Due to the fact that the
matrix S is tridiagonal, the matrix L will be of lower bidiagonal form and the matrix L~'TL~" will be of
quasiseparable form.

We will formulate this as a theorem.

Theorem 1. Suppose a symmetric tridiagonal matrix T is given, and L is a lower bidiagonal matrix. The
matrix
A=L7'TLT,

will be a symmetric quasiseparable matrix.

Proof. We assume the considered matrices to be of size n.

It is well known that the inverse of a lower bidiagonal matrix is a lower triangular semiseparable matrix
(see e.g. [20]). Let us denote M = L~

The QR-factorization of such a lower semiseparable matrix can easily be computed by performing an
upgoing sequence of Givens transformations, n — 1 in total. More precisely the first Givens transformation
is performed on the bottom two rows of the matrix M, to remove the complete last row up to the diagonal.
Remark that it is possible to remove this complete row with one transformation as the last and second last
row are dependent of each other due to the semiseparable structure. The second last Givens transformation
acts on row n— 2 and n — 1, and removes the whole row n — 1 up to the diagonal. This procedure can easily
be repeated and gives us the following factorization:

G'GY...GI ,GT \M =R,

with R an upper triangular matrix. This means that M = G,,_1 G, ... G2 G| R, which is the QR-factorization
of the considered matrix.
Let us now look closer at the structure of the matrix

L 'T=MT =G,_1G,_>...G,G{RT.

An easy calculation reveals that the matrix RT is an upper Hessenberg matrix. We will now indicate with
figures what happens with this upper Hessenberg matrix if we apply our Givens transformations G up to
G,—1 onto this matrix. We show this on a 5 x 5 example, as this illustrates the general case. In the following
figures the elements x denote arbitrary elements, whereas the elements X denote elements belonging to
the quasiseparable rank 1 part. Our Hessenberg matrix is of the following form:

X X X X X
X X X X X
X X X X

X X X

X X



Applying the first transformation, G onto this matrix does not change its structure as the Givens transfor-
mation acts only on the first two rows. Applying the second transformation G, changes the second and the
third row. Due to the zero element in row 3, this element becomes dependent of the element above and we
obtain:

X X x
X X X
X X X X
X X X X X
X X X X X

The third transformation places a multiple of the first two elements of row three in row four and gives us:

XX X X
XX x X
X X X X
X X X X X
X X X X X

Finally the last transformation places a multiple of the first three elements of row four in the first three
elements of row five.

XX XX x
KX KX X
KK x X X
X X X X X
X X X X X
Il
XX XX X
KX KX X x
XX X X X
XX X X X
X X X X X

In the figure on the right we included one more element in the quasiseparable structure as this does not
have an impact on the global low rank structure. We can clearly see that the lower triangular part of this
matrix is of quasiseparable form. This means that the matrix L~!T has a lower quasiseparable structure.
Due to the fact that the matrix L7 is upper triangular, it is obvious that a multiplication of L~'T on the
right with the matrix L~7 does not change the low rank structure below the diagonal. Hence we have proved
that our matrix A = L~!TL~7 has the lower triangular part of quasiseparable form. Due to symmetry also
the upper triangular part satisfies these constraints and hence the complete matrix is quasiseparable. O

Let us now see how we can effectively represent a quasiseparable matrix and how to compute this
representation.

2.2 A representation for this matrix

We proved in the previous theorem that the resulting matrix is of quasiseparable form. To be able to work
with the matrix an effective representation of this low rank part is necessary. A straightforward choice
might be to represent the low rank part as coming from a rank 1 matrix. This means, representing the lower
triangular part as coming from uv’, with u and v two vectors. This is however a bad choice. First of all, this
representation does not cover all kinds of quasiseparable matrices and second of all it suffers heavily from
numerical instabilities, when computing e.g. the spectrum via a QR-method for quasiseparable matrices.
More information on the problems with this representation can be found in [11]. There exist various
kinds of other suitable representations, such as the quasiseparable, diagonal-subdiagonal representation,
Givens-vector representation, ... In this manuscript we will focus on the Givens-vector representation. Let
us briefly recapitulate some of the results for this representation, before showing how we can effectively
compute it for the considered quasiseparable matrix.

To represent the strictly lower triangular part of the quasiseparable matrix, we will use a representation
consisting of n — 2 Givens transformations and a vector of length n — 1. The Givens transformations are
denoted as G = [G1,...,G,_2] and the vector as v = [vy,...,v,_1]. Itis clearly seen that this representation
needs only O(n) parameters. The diagonal of the quasiseparable matrix is stored separately, leading to a
global storage of 2n — 1 elements and n — 2 Givens transformations.



The following figures denote how the strictly lower triangular part of the matrix can be reconstructed.
We only show here the strictly lower triangular part of the quasiseparable matrix. The elements denoted by
X make up the low rank part of the matrix. Initially one starts on the first 2 rows of the matrix. The element
v1 is placed in the upper left position, then a Givens transformation is applied, and finally to complete the
first step element v, is added in position (2, 1). Only the first two columns and rows are shown here.

Vi 0 -G Vi 0 + 0 0 R X 0
0 0 100 0 w X v |
The second step consists of applying the Givens transformation G, on the second and the third row, fur-
thermore v3 is added in position (3,3). Here only the first three columns are shown and the second and
third row. This leads to:
IX'VQO_}G &vz0+000 _)&@O
0 0 0 Lo o0 o 0 0 v X X v |
This process can be repeated by applying the Givens transformation G3 on the third and the fourth row of the
matrix, and afterwards adding the diagonal element v4. After applying all the Givens transformations and
adding all the diagonal elements, the strictly lower triangular part of a quasiseparable matrix is constructed.

Because of the symmetry also the strictly upper triangular part is known. Finally one obtains a strictly lower
triangular part of the following form.

civi
Cc281V1 (62 %)
C35251V1 C352V2 €33 (D

We remark that the construction of the quasiseparable part of the matrix, resembles the application of
the Givens transformations onto the Hessenberg matrix in the proof of Theorem 1.

2.3 Computing the representation

Let us now show how we can easily compute the generators of this quasiseparable matrix. We have to
compute three things to obtain the generators of the resulting quasiseparable matrix: The Givens trans-
formations for the Givens-vector representation, the vector used in this representation and the diagonal
elements of the resulting quasiseparable matrix.

Let us start by computing effectively the Givens transformations. Suppose we have the lower bidiagonal
matrix L. It is obvious that there exists a sequence of Givens transformations G,_1...G applied on the
right of the matrix L such that LG,,_1 ... Gy = L is an upper bidiagonal matrix. The Givens transformation
G,,—1 works on the last two columns, the transformation G,_» on columns n — 2 and n — 1 and so forth.
This gives us the following equation:

L'reT = (EGTGL...6T ) 't T
GG LT
...Gy (Gli_lTL_T) .

Gu-1
- anl
Combining the factors G{L~'TL~T = H, we get an upper Hessenberg matrix. Hence it is clear due to
construction that the Givens transformations G, up to G, are the Givens transformations needed for the
Givens-vector representation of the quasiseparable part in the matrix. Moreover we see that it only takes
O(n) operations to compute all these Givens transformations, more precisely only 8z — 8 operations are
involved.
In the remainder of this section we will illustrate how to compute the vector v of the Givens-vector
representation of the strictly lower triangular part, and also how to compute the diagonal of the resulting
quasiseparable matrix. To construct these remaining unknown generators, we have to compute in some



sense explicitly the product of these matrices. Fortunately due to all the hidden structure, the global cost of
computing all these generators is O(n). Not all the details of the computational aspects are given as it often
involves straightforward computations. The software is available in MATLAB, and can be downloaded
from the first author’s site. The following list gives a brief overview of the consecutive steps which will
be followed to compute the diagonal and the vector v. After each item the number of involved operations
is shown, indicating the low cost of computing the generators of the quasiseparable matrix. Following this
list we provide more detailed comments on the computations.

e Compute the generators of the inverse of L. Computing the Givens transformations involves 8n — 8
operations, the vector takes 2n — 1 operations.*

e Compute the representation of the matrix TL~7, subdivided in:

— compute the diagonal elements (6n — 6 operations);
— compute the subdiagonal elements (2n — 2 operations);

— compute the generators of the strictly upper triangular part (12n — 21 operations).
e Compute the representation of the matrix L~!TL~7, subdivided in:

— compute the generators of the strictly lower triangular part (16n — 32 operations);

— compute the diagonal elements (10n — 14 operations).

Let us start by computing the generators of the inverse of L. The matrix L is lower bidiagonal, hence
its inverse is a lower semiseparable matrix. Therefore, this matrix can be represented by a Givens-vector
representation. We do already have the Givens transformations for the representation, of the matrix L™!,
namely Gi,G»,...G,—1. As the diagonal elements of L~ ! are the inverses of the diagonal elements of L,
one has as generators the Givens from above and as vector elements the following vector:

1 1 1 1

VL= ) PR ' 7
li1er " Ine In—1p—1Cn—1" lnn

Assuming that we denote our matrices as L = (/;;);;. We remark that these computations are well-defined
as one can easily verify that all cosines in the different Givens transformations are different from zero.’

Following the computation of the inverse we compute the matrix TL~7. With similar techniques as
discussed in the proof one can see that this matrix is an upper Hessenberg matrix, for which the strictly
upper triangular part is of quasiseparable form. In fact one can compute by simple matrix multiplication
the diagonal and subdiagonal elements of the matrix 7L~7. The computation of the generators of the upper
triangular part is also rather straightforward. The Givens transformations are exactly the same as the one
used above, only one less: G,Gs3,...,G,—1. The vector of the representation of this upper triangular part
can be obtained by computing the superdiagonal elements of the matrix TL~7 and dividing them by the
corresponding cosines of the Givens transformations.

Finally, we need to compute the diagonal and strictly lower triangular representation of the quasisep-
arable matrix L~!(TL~T). Even though it seems that we will obtain a dense matrix the multiplication
between the lower semiseparable matrix L~! and the strictly upper triangular part of (TL~T), which is of
quasiseparable form, can be done in O(n) operations. Writing down the lower semiseparable matrix, and
the strictly upper triangular part of the matrix TL~7 as in Equation 1, one can easily deduce a simple loop
which computes the subdiagonal elements of the new quasiseparable matrix. Based on these subdiagonal
elements and on the fact that the cosines of the Givens transformations are different from zero, one can
easily obtain the generators of the strictly lower triangular part.

Summarizing, the complexity of computing the Cholesky decomposition of the positive definite tridiag-
onal matrix takes 5n — 3 operations. Computing the generators of the quasiseparable matrix takes 56n — 84

4 An operation consists of performing one of the following operations +, —, x, /.
A cosine equal to zero, translates to the fact that a diagonal element of L needed to be zero, which is not possible due to the
positive definiteness of S.



operations. Hence the total cost for computing the representation of the quasiseparable matrix is 617 — 87
operations.

Traditionally, one assumed that the approach of computing the eigenvalues via L~!TL™T, was too
expensive because the reduction to tridiagonal form of a dense matrix already took O(n®) operations. This
reduction was essential, before being able to compute the spectrum in O(n?) operations, via for example a
divide and conquer technique or a QR-algorithm. Using the method presented above however, we see that
it takes O(n) operations to obtain the representation of the quasiseparable matrix. For this quasiseparable
matrix there exist techniques O(n?) for computing the whole spectrum. In the next section we will briefly
discuss this methods.

3 Computing the eigenvalues of a quasiseparable matrix

We do not go into the details on how to compute the eigenvalues of quasiseparable matrices, as these
techniques are well-known nowadays. We will just present some pointers to manuscripts in which all the
essential information can be found.

3.1 Reduction to tridiagonal form

Due to the specific rank structure of the matrix A, we can easily reduce this matrix to tridiagonal form in
O(n?) operations instead of the traditional reduction, which needs O(n?) operations. There exist several
variants to reduce a quasiseparable matrix to tridiagonal form [13, 12]. Also a kind of a parallel method to
reduce a quasiseparable matrix to tridiagonal form was developed [14]. Recently also more general reduc-
tion schemes, to reduce arbitrary structured rank matrices to tridiagonal (Hessenberg in the nonsymmetric
case), were proposed [21, 22]. All presented algorithms are of order O(rn?), where r is a factor related to
the rank of the structured rank parts. In our case we consider a quasiseparable matrix of quasiseparability
rank r = 1.

3.2 Applying the QR-algorithm directly onto the quasiseparable matrix

The last few years people have intensively studied QR-algorithms for structured rank matrices. Let us
present some of these results. First there was the QR-algorithm for semiseparable matrices, followed by
the one for semiseparable plus diagonal matrices [23, 24]. Recently more general types of QR-algorithms
exist for low rank perturbations of unitary matrices and so forth [25, 26, 27]. Explicit QR-algorithms for
higher order quasiseparable matrices can be found in the following manuscripts [15, 16].

3.3 Other methods

As mentioned in the introduction also different techniques for computing the eigenvalues of quasiseparable
matrices exist. For example the bisection method and a method based on Sturm sequences can be found in
[17].

Another technique is based on halving at every step of the algorithm the problem size. These so called
divide and conquer methods are based on solving the secular equation [18, 19].

Both methods mentioned above need O(n?) operations for computing the whole spectrum.

4 Numerical experiments

In this section we will present results concerning the timings and accuracy of the presented approach. We
chose to use the divide and conquer method for computing the eigenvalues and eigenvectors of the consid-
ered quasiseparable matrices. Up to our knowledge this algorithm is among the fastest available methods
and provides accurate results when computing the eigenvalues of quasiseparable matrices. The software
was implemented in MATLAB and executed on a Linux platform. The used divide and conquer approach
is the one from [18], where we needed to adapt the software as the implementation as presented in [18]



(the straightforward solver) was based on the generator representation whereas the resulting quasiseparable
matrix in our approach is represented using the Givens-vector representation.

In the first set of experiments we show results concerning the speed of the complete algorithm for
computing eigenvalues of the definite symmetric tridiagonal matrix pair. In the second set of experiments
we show results concerning the accuracy of the computed eigenvalues and eigenvectors.

4.1 Timings

The left Figure 1 shows the speed of constructing the quasiseparable matrix, based on the two tridiagonal
matrices. Both the timings of the individual experiments as well as the average cputime are shown. We
performed experiments on matrices of sizes ranging from 100 up to 2000 and for each size 5 experiments
were run. The timings as depicted in the left figure are divided by the size of the experiment. This clearly
shows that we get a complexity of O(n) for computing the representation of the quasiseparable matrix.

The figure on the right plots the cputime needed to compute the whole spectrum including the eigen-
vectors of the quasiseparable matrix, using the divide and conquer method. The timings are divided by the
square of the problem size. It is clear that the average time graph converges to a straight line, indicating
that the complexity is indeed O(n?).

Hence, the numerical experiments clearly indicate that the presented approach for computing the eigen-
values of the definite general symmetric tridiagonal eigenvalue problem is of order O(n?).

Construction of the quasiseparable matrix Computing the spectrum of the quasiseparable matrix
x10 x10™*
1.2 T ¥ T
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Figure 1: Timings for computing the whole spectrum

The MATLAB method EIG(T,S,” CHOL’) computes the generalized eigenvalues by computing the eigen-
values of the symmetric matrix L~!TL~7T, with § = LL” . Tt reduces the symmetric problem to a tridiagonal
eigenvalue problem by orthogonal similarity transformations. This reduction to tridiagonal form, does not
exploit the quasiseparable structure, hence this reduction will use O(n?) operations.

4.2 Accuracy, experiment 1

In the first experiment we compared the computed eigenvalues with known eigenvalues of the problem.
We solved the definite symmetric generalized eigenvalue problem with two tridiagonal Toeplitz matrices.
The first matrix 7 is constructed with a random diagonal and a random (using RAND of MATLAB) subdi-
agonal(equal to the superdiagonal) element. The second matrix S has a random subdiagonal (equal to the
superdiagonal) element, whereas the diagonal element is chosen to be twice the subdiagonal element plus
1. In this way we known that the matrix S is positive definite and moreover is well-conditioned.

As both Toeplitz matrices commute we can explicitly compute the spectrum of the generalized eigen-
value problem as it equals the ratios of the (ordered) eigenvalues of 7 and S. In the experiment the eigenval-
ues of T and S respectively were computed using the EIG of MATLAB. Based on these *correct’ eigenvalues
of the generalized eigenvalue problem, we performed experiments for sizes ranging from 100 to 1500, and



for each experiment we performed five random tests (with the constraints on S as mentioned above). The
relative accuracy measure which we took into consideration is the following one:

max; |7\-z — 7:,|
(max; A;)
where A; denote the eigenvalues and A the computed eigenvalues.

It is clear in Figure 3 that the presented approach is very accurate and computes in average all eigen-
values up to machine precision.

Accuracy of the eigenvalues
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Figure 2: Accuracy of the eigenvalues

4.3 Accuracy, experiment 2

In the following set of experiments we compute a relative error involving the eigenvalues and eigenvectors.
We solve in fact the first problem involving the quasiseparable matrix A of the two equivalent problems:

Ay = My,
L't T(L'x) = AMLTx).

We compute hence the eigenvalues A; corresponding to the eigenvectors y;. To obtain the eigenvectors x;
of the generalized eigenvalue problem, we need to compute the following:

X; = L_Ty.

As we know from the theoretical results, the matrix L~7 is an upper triangular semiseparable matrix.
Moreover the representation in terms of Givens transformations and a vector is known. The multiplication
between the matrix L~y can easily be performed in O(n) operations (see e.g.[28]).

For the following set of experiments we took matrix sizes ranging from 100 to 2000 and 5 exper-
iments for each size were considered. The tridiagonal matrix 7 has random diagonal and subdiago-
nal elements. The matrix S has random subdiagonal elements and the diagonal elements were taken
S(i,i) = 2+« max(S(i,i — 1),8(i,i+ 1)) + 1, in order to make the matrix positive definite and well condi-
tioned.

We considered the following relative backward error:

max ( HTX,' — 7\.,‘SX,'H2 >
ATl + Al (1Sxill2) )




where the eigenvectors x; = L™Ty; and the eigenvalues A; and eigenvectors y; were computed using the
presented method.

Accuracy of the eigenvalues and eigenvectors
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Figure 3: Accuracy of the eigenvalues/eigenvectors

4.4 Accuracy, experiment 3

In this last experiment we will perform more specific tests, for comparing the accuracy of the proposed
method with the methods, available in MATLAB.

The matrices S considered in the following examples are tridiagonal matrices having eigenvalues
20 21 ... 27! They are constructed by reducing the matrix:

0" diag([2°,2",...,2" )0,

to tridiagonal form. The matrix Q is an orthogonal matrix taken from the QR-factorization of a random
matrix. The diagonal and subdiagonal elements of the matrix 7' are generated by the MATLAB com-
mand RANDN. We computed the generalized eigenvalues for this problem by three methods. The method
proposed in this manuscript and by the QZ-method EIG(T,S,’QZ’) implemented in MATLAB and by the
Cholesky factorization as implemented in MATLAB EIG(T,S,”CHOL’).

We plotted for all eigenpairs the following error. Remark that we normalized the eigenvectors:

||TX,'—7\.,'SX,'||2.

In the left of Figure 4 you can see the comparison of the different accuracies of the different methods.
The right figure denotes the logarithm of the absolute values of the eigenvalues, to see which eigenvalues
are the smallest ones in the left figure. It is shown that our method performs better for smaller eigenvalues
than the Cholesky factorization approach of MATLAB. It performs slightly worse than the QZ-approach,
for small eigenvalues. One can also see that the new approach yields a behavior rather similar to the one of
the Cholesky approach.

In the following four figures, we repeated the same experiment. A similar behavior as discussed in the
previous figure is observed.

In Figure 6, we did not compare the individual error for each eigenpair, but we ran 20 experiments (like
the ones above) and plotted for each experiment individually the following error measure:

ITE = SEA]|2,
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Figure 4: Accuracy of the eigenvalues/eigenvectors

the matrix E contains the eigenvectors and the matrix A is a diagonal matrix containing the eigenvalues on
the diagonal. We can see that globally the new method delivers the most accurate results.

Even though we sort of reshuffled the eigenvalues of the original matrix by performing the similarity
transformation with the matrix Q, and reducing the matrix to tridiagonal form, the matrix is still graded in
some sense. The top left elements on the diagonal are much smaller than the elements in the bottom right
position. We will now flip our matrix S upside down and from left to right, such that it becomes graded but
in the wrong dimension.

In Figure 7 on the left, we plotted for one specific example the error of each eigenpair. We see that the
Cholesky approach and the new method perform equally well. In the right figure, we plot again the global
error of 20 experiments. We see that the OZ-method is the worst now, whereas the Cholesky approach is
slightly better than the new method.

5 Conclusions

In this manuscript we showed that one can solve the definite generalized tridiagonal symmetric eigenvalue
problem by transforming it to a standard eigenvalue problem. The presented method is can be solved
efficiently in O(n?) operations instead of O(n?) by exploiting the structured rank properties of the involved
coefficient matrix.

It was shown that this matrix is of quasiseparable form and its eigenvalues and eigenvectors can be
computed efficiently using various methods.

Numerical experiments showed that the computational complexity is O(n?), and moreover the method
provides accurate results for all test cases considered.
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