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pressions for some integrals of products of Bessel functions were derived. The
derivation however contains some flaws and consequently some of the results are
wrong. In this note we correct the errors and simplify the results. In addition
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1 Introduction

Infinite range integrals of products of Bessel functions occur in a wide variety of
problems from physics and engineering and are notoriously hard to evaluate. In
[SM05] integrals of this type arise in the expressions of electromagnetic field com-
ponents at a point on or above the surface of n-layered earth due to a circular loop.
In the appendix to that article, the authors claim to derive analytical expressions for
the integrals in question. Unfortunately, their derivation is mathematically flawed
and some of the results they obtain are incorrect.

The purpose of this note is twofold. Firstly, we wish to correct the errors and
simplify some of the (correct) results given in [SM05]. This simplification makes the
computations more efficient. Secondly, we present an entirely different and efficient
approach to compute integrals of this and a more general type, using an algorithm
described in [VDC05, VDC06a, VDC06b], which we believe may be of interest to
people in this field.

The three integrals which are studied in [SM05], are

I1 =

∫

∞

0

tJ1(at)J0(rt)dt,

I2 =

∫

∞

0

tJ1(at)J1(rt)dt,

I3 =

∫

∞

0

J1(at)J1(rt)dt,

where a is the radius of the loop, r is the source-receiver offset (these are obviously
positive numbers), and Jn(t) is the Bessel function of the first kind and order n.
A first issue, which seems to have gone unnoticed by the authors, is that these
integrals do not exist in the ordinary sense of improper Riemann integrals; they do
not converge (for any value of a and r). Integrals of this kind are usually defined in
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the sense of Abel summability. Let a real function f be given such that the integral

I(c) =

∫

∞

0

e−cxf(x)dx, c > 0

exists and is finite for every c > 0. Then f is said to be integrable in the sense of
Abel summability if the limit

lim
c→0

I(c) = I

also exists and is finite. This limit I is then taken as the value of the integral of f .
The integrals I1, I2 and I3 are to be interpreted in this way.

2 Correct derivation and simplification

In [SM05] the authors start their derivation from the equation [Wat66, p. 390]

∫

∞

0

e−cttµ−νJµ(xt)Jν(yt)dt =

(

1

2
x
)µ (

1

2
y
)ν

Γ(2µ + 1)

Γ(ν + 1

2
)Γ( 1

2
)

∫ π

0

sin2ν φ dφ

[(c + iy cosφ)2 + x2]µ+ 1

2

(1)

which is valid for <(c±ix±iy) > 0 and <(µ) > −1/2, where i denotes the imaginary
unit and <(.) the real part. This is indeed the right equation to start from, but
one cannot simply substitute c = 0, x = a, y = r, µ = 1 and ν = 0 to obtain
an expression for I1, as was done in [SM05]; this clearly violates the condition
<(c ± ix ± iy) > 0.

Instead, the correct reasoning is as follows. The integrand on the right hand side
of (1) is a meromorphic function of a which has simple poles at c = −i(y cosφ±x).
So if x 6= y, then the integrand is analytic in a neighbourhood of c = 0, for every
φ ∈ [0, π]. This means that the integral itself is an analytic function of c, and
therefore continuous, so we may take the limit c → 0 in (1) under the integral sign,
and then proceed as in [SM05]. The result is of course the same.

In the case x = y, this technique can no longer be used, but now it follows from
the asymptotic expansions of the Bessel functions that the integrals I1, I2 and I3

are infinite. This is explained in more detail in [VDC06a].
So for the integral I1, the results from [SM05] are correct, even though this

was not immediately obvious from their derivation. However, the expressions given
involve the classical Gauss hypergeometric function and can be simplified consider-
ably, using relations between the hypergeometric function and the complete elliptic
integrals given in [AS64, Chap. 17] (or proceeding directly from the integral expres-
sion and the definition of the complete elliptic integrals). The computations are
rather straightforward and we only give the final result:

I1 =



















2E
(

r
a

)

π(a2 − r2)
, r < a,

2

πa

[

1

r
K

(a

r

)

−
r

r2 − a2
E

(a

r

)

]

, a < r,

(2)

where K(k) and E(k) are the complete elliptic integrals of modulus k of the first
and second kind respectively. This is indeed a simplification, since these functions
can be computed much more efficiently than the hypergeometric function, using the
process of the arithmetic-geometric mean as described in [AS64, p. 598].
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The last integral, I3, is again evaluated using the same techniques and the for-
mulas in [SM05] are correct. Here as well they involve the hypergeometric function
and we can simplify them to

I3 =
2

πr

[

K
( r

a

)

− E
( r

a

)]

, r < a. (3)

When a > r their roles must be interchanged.

3 Incorrect result for I2

For the integral I2, the authors differentiate both sides of (1), then take the limit
c → 0 and substitute the right values for x, y, µ and ν. Because of the previous
discussion, this is only allowed when x 6= y (or a 6= r). Proceeding in this way in
[SM05], they derive equation (A-10) which reads

∫

∞

0

tJ1(xt)J1(yt)dt =

3ixy2

π

∫ π

0

sin2 φ cosφ dφ

(x2 − y2 cos2 φ)5/2
=

6ixy2

π

∫ π/2

0

sin2 φ cos φ dφ

(x2 − y2 cos2 φ)5/2
. (A-10)

The last integral is then evaluated again in terms of hypergeometric functions to
give the result

∫

∞

0

tJ1(at)J1(rt)dt =
2i

π

a2

r2(r2 − a2)
F

(

3

2
, 0;

5

2
;
a2

r2

)

, a < r

where F is the hypergeometric function (also here, when a > r their roles must be
interchanged). Clearly there is something very wrong with this result: the left hand
side is real, the right hand side is pure imaginary (the hypergeometric function is
in fact identically equal to 1 because one of its numerator parameters is 0). The
problem is that the second equality in equation (A-10) does not hold. The integrand

f(φ) =
sin2 φ cosφ dφ

(x2 − y2 cos2 φ)5/2

satisfies f(π/2 − φ) = −f(π/2 + φ) for any φ ∈ [0, π/2], from which it follows that
the second integral in (A-10) is equal to zero. This proves the correct relation

I2 = 0, a 6= r, (4)

which is quite different from the result in [SM05].

4 A useful program: besselint

At this point we would like to mention that the above analysis could in fact be
avoided entirely, since all of the above integrals can be computed very efficiently
using a recently developed algorithm described in [VDC05, VDC06a, VDC06b]. In
fact, this method can serve to compute integrals of the form

I =

∫

∞

0

e−cxxm

dx2 + 1

k
∏

j=1

Jνj
(ajx)dx,

also when they are only defined in the sense of Abel summability (all the parameters
involved are real, and neither m nor νj need be integer). However, only the case
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c = d = 0 is described in the abovementioned articles and has been implemented
in the publically available Matlab routine besselint. A complete implementation
for c 6= 0 and d 6= 0 will be available shortly. Furthermore, the program can easily
be translated into other programming languages, since it does not use any Matlab-
specific features or toolboxes. The explicit expressions for the integrals I1, I2 and I3,
based on elliptic integrals, are probably more efficient than our program, but such
explicit expressions are only very rarely available. Besides, the numerical result can
help to detect errors in the analytic derivation. More importantly, our algorithm
can easily compute the Hankel transform in equations (5), (8) and (9) in [SM05].

We are convinced that such a program will be of great use to researchers in
many different fields, not only in geophysics. It allows them to compute this type of
integrals without any difficulty or second thought and focus their attention on more
important issues specific to their research, instead of having to engage in tedious
mathematical analysis, which is all too often prone to errors, as has convincingly
been shown in the case under consideration.
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