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Abstract

In this paper we provide an extension of the Chebyshev orthogonal rational func-
tions with arbitrary real poles outside [—1, 1] to arbitrary complez poles outside
[—1,1]. The zeros of these orthogonal rational functions are not necessarily real
anymore. By using the related para-orthogonal functions, however, we obtain
an expression for the nodes and weights for rational Gauss-Chebyshev quadra-
ture formulas integrating exactly in spaces of rational functions with arbitrary
complex poles outside [—1,1].
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Rational Gauss-Chebyshev quadrature formulas
for complex poles outside [—1, 1]

K. Deckers, J. Van Deun and A. Bultheel

Abstract

In this paper we provide an extension of the Chebyshev orthogonal ra-
tional functions with arbitrary real poles outside [—1, 1] to arbitrary com-
plez poles outside [—1,1]. The zeros of these orthogonal rational functions
are not necessarily real anymore. By using the related para-orthogonal
functions, however, we obtain an expression for the nodes and weights
for rational Gauss-Chebyshev quadrature formulas integrating exactly in
spaces of rational functions with arbitrary complex poles outside [—1, 1].

1 Introduction

Efficient rational Gauss-Chebyshev quadrature formulas were derived in [7] for
the case of arbitrary real poles outside the interval [—1,1]. Compared to other
quadrature rules which are exact for certain classes of rational functions, the
effort of computing the nodes and weights is remarkably small, even for ex-
tremely high degrees (n > 10%). These formulas were derived in the framework
of orthogonal rational functions as described in [1, Chap. 11], but the fact that
they are so easy to compute is due to the existence of explicit expressions for
Chebyshev rational functions with real poles, which were also derived in [7].

The main purpose of this paper is to extend the results from [7] to the
case of arbitrary complex poles outside [—1,1]. We will give expressions for the
rational functions orthogonal with respect to any of the three Chebyshev weights
and discuss the computation of the nodes and weights in the corresponding
quadrature formulas. To this end we also study the asymptotic distribution
of these nodes, using the theory of logarithmic potentials with external fields.
The technique used in [7] to derive most of the results was based on Bernstein-
Szegd polynomials, but for the case of complex poles this is no longer possible,
since there is no direct connection between the orthogonal rational functions
and polynomials orthogonal to a positive varying weight. Also, the nodes in the
quadrature formulas are no longer the zeros of the Chebyshev rational functions
themselves (these are complex), but are the zeros of so-called para-orthogonal
rational functions. It turns out, however, that the resulting formulas are very
similar to the ones from [7].



In the next section we give the necessary theoretical preliminaries. Sections
3—4 present the explicit expressions for the orthogonal and para-orthogonal func-
tions and the equations for the nodes and weights. We conclude the article with
some numerical examples.

2 Preliminaries

The field of complex numbers will be denoted by C and the Riemann sphere
by C = C U {oc}. For the real line we use the symbol R and for the extended
real line R = R U {co}. The unit circle and the open unit disc are denoted
respectively by

T={z:]z|=1} and D={z:|z| <1}

We will study orthogonal rational functions (ORF) on the real interval I =
[—1,1]. The complement of this interval with respect to a set X will be given
by X7, e.g.

T =C\I
Furthermore, we will use Z to denote the set of integers. If b = [a] with a € R,
then b is the smallest integer so that b > a.

—I
Suppose a sequence of poles A = {ay,a9,...} C C is given and define the

factors
T

Zy(z) = T—2/an

k=1,2,... (2.1)
and the basis functions
bo=1, bg(x)=0bx—1(x)Zk(x), k=1,2,... . (2.2)
Then the space of rational functions with poles in A is defined as
L, =span{bg,...,b,}.

In the special case of all ap = oo, the expression in (2.1) becomes Zj(z) = x

and the expression in (2.2) becomes by(r) = z*. Let P, denote the space of

polynomials of degree less than or equal to n and define
T (x) = H(l —x/ay),
k=1

then we may write equivalently

En = {pn/ﬂnapn S Pn}

We denote the Joukowski Transformation z = %(z + 271) by 2 = J(2),

—T
mapping the open unit disc D onto the cut Riemann sphere C and the unit
circle T onto the interval I. The inverse mapping is denoted by z = J~1(x) and



is chosen so that z e D if z € @I. With the sequence A = {a1, as,...} C @I we
associate a sequence B = {1, 82,...} C D so that By = J 1 (ag).

Given this sequence of complex numbers B = {(1,02,...} C D, we define
the Blaschke factors

Colz) = z— B

e T (2.3)
1—ﬁk2

and the Blaschke products
By =1, By(z)=Bir-1(2)G(2), k=12,...
With the weight functions
(1—22)""% | =1
L 1/2
wz) =1 (42) L i=2 (2.4)

x

(1-a22)* | i=3

we define the inner product of two functions f(z) and g(x) as

(fr9)w = /_1 f(@)g(z)w(z)dz.

If {f, f)w # 0 and (g, g)w # 0, then f(x) and g(z) are orthogonal to each other
with respect to the weight function w(z) (denoted by fL,,g) iff (f, g}, =0. In
the case of (f, f)w = (9,9)w = 1, we say that f(x) and g(z) are orthonormal
to each other with respect to the weight function w(z). So, assume now that
we are given a sequence of arbitrary complex poles {ay};_, outside I = [—1,1].
Then the rational function ¢, (z) with poles {aj;};_, is said to be orthogonal
iff oLy f for each f € £,,—1 (also denoted by ¢y, Ly Lpn—1).

We define the involution operation or substar conjugate of a function f(z)

as L
f+(2) = f(Z)
and the superstar transformation as
£ = PR )

Note that the factor b, (z)/bn.(z) merely replaces the polynomial with zeros
{@r},_, in the denominator of f.(z) by a polynomial with zeros {as};_, so
that L7 = Ly

Furthermore, we define the para-orthogonal rational functions Q. (x, 7) as

Qn(x,7) = pn(x) + 7o (x), TET, n>1. (2.5)

The use of these para-orthogonal functions lies in the fact that their zeros are
simple and real and can be used as nodes in the quadrature formulas. The
quadrature formulas follow from the next theorem.



i c |d|p| q
1 1 111] -1
213/2|10]1] 1
31 2 |0]2] 1

Table 1: Definition of ¢, d, p and ¢ in function of i.

Theorem 2.1. Assume Q,(x,7) = qn(x,7)/7n(x) is regular, i.e. none of the
zeros Tni(T) of qn(x,T) coincides with any of the poles. Define

-1
n—1

At = [ 2 o5 @ar () 5 @] | (2.6)

=0

Then the quadrature formula

/ w(z) f(x)dx =~ Z Ak f (@nk(T))
k=1

-1

is exact for f € Ln_1 - Ln_1+«. In the special case in which o, is real, this
quadrature formula is exact for f € Ly, - Ln,_1. (see [6, p. 490]).

In the case of real poles outside I, the expression for the Chebyshev ORF
5053) (z) related to the " weight in (2.4), as well as expressions for the com-
putation of the nodes and weights in the quadrature formula are given in the
next theorem. For the proof we refer to Theorem 3.4, 4.1 and 4.3 from [7, p.
313-318].

Theorem 2.2. Let v = J(z) € C and ap = J (Bx) € R’ Suppose we define the
numbers ¢, d, p and q for i = 1,2,3 according to table 1. Then the orthonormal

(@)

rational functions @y’ (x) with n > 1 are given by

Y Yy (F2e )

22171+ q—-3\ 1-p0,2 (2 = Bn) Bn-1(2)

i p
o =2 27)

Furthermore, the nodes for the construction of the rational Gauss-Chebyshev

Ifn =0, then apg) (x) 1is given by

quadrature formulas are the zeros of @5? (x). Let arctan(y/x) refer to the argu-
ment of the complex number x + iy in [—7/2,37/2) and define

n—1 . .
sin 0 sin 6
n(0) =2 tan —— tan —— )
fn(0) jgzlarc ancos@—ﬂj + arc ancos@—ﬂn



Let xEZ/Z denote the zeros of @S) (z) and put xEZ,Z = cos")

e ' ks then they satisfy the
ollowing equation

I (95;’,3) —(n—c)afjg:wk—dg, k=1,2,....n.

Finally, define

SR A IR/ VL
gn(@) = Z 1—2x/a; + 1—z/a,
j=1
Then the weights in the Gaussian quadrature formulas based on the gogf) (x) can
be given as functions of the nodes :E,EZ]Z as follows

1-(1—d (4)7i—1
Q@

i+ g (z0))

)\S; =27 n.

Note that for all poles equal to infinity, ga%l)(z) becomes the Chebyshev

polynomial of the first kind and 30%3) () becomes the Chebyshev polynomial
of the second kind. Furthermore, we have in this case that En = P, and
Ly Ln—1 = Pap_1. From now on, we will omit the superscript @ in order not

to complicate the notation.

3 Chebyshev ORF with complex poles

With the definition of the substar conjugate in section 2, we have that

At/ TN

Ck*(z)zl—ﬁkz’ 2,

and consequently that
BO* = 1, Bk*(z) = Bk,l*(z)ck*(z), k= 17 2, ces

Note that neither the denominator of (i« nor the denominator of ¢, ! contains
any complex conjugate. So with this we can rewrite Lemma 3.1 from [8, p.
174-175] as follows. The proof is similar to the one in Lemma 3.1 from [8, p.
174-175] and we omit it.

Lemma 3.1. Suppose A = {ap};_, C T’ and B = {Br}i_1 C D, and consider
the factors Zy(x), Ck(z) and (i«(2). Then there exist constants E and F only
depending on A and B so that

-1
Z ( = ) — EGu(2)+ P+ BG ()

iff
ar = (B + By 1)/2. (3.1)



The explicit forms of these constants EE and F are
__ A+ g Fo Bet B+ 5
TA-Aa-BP T T T U= 1BP)

For complex poles outside I, it now follows that, if the condition on the
placement of poles in (3.1) is satisfied, then by(x) is a linear combination of

E

B (2), B, (2), ..., By Y (2), By' = Bow, Bia(2), . . ., Be—14(2), Bi«(2).

We now give explicit expressions for the Chebyshev rational functions with
arbitrary complex poles outside I. Note the similarity with Theorem 3.4 from
[7, p. 313].

Theorem 3.2. Let x = J(z) € C and ap = J (B) € T’ Suppose p and q
defined as before in table 1 and let N represent the normalisation factor given

by
N = \/?/1 1Bnl2. (3.2)

Then the orthonormal rational functions o, (x) with n > 1 are given by

B qN 2 Bp_1.(2) q
on(x) = 2271 4+ ¢q—3 ( 1— 08z - (zﬂn)Bnl(z)) ' (3.3)

If n =0, the expression in (2.7) still holds.

Before proving Theorem 3.2, we will prove a little lemma that we shall need
not only for the proof of Theorem 3.2 but also for some computations in section
4.

Lemma 3.3. Let ¢, (x) be given by (3.3). If v € R, then @, (z) is given by

B gN 2'Bp_1(2) B q
C 2zl 4 g3 ( 1-B,z  (2—8,) Bn_l*(z)> - G4

Proof. In the case of 2 € I we have that |z| =1 or Z = 1/z so that B,.(z) =
B, l(2) and B,,(z) = B, !(z). Consequently, we have that
@) - gNzi—1 ' < ' _1 B qun_l(z))
24 (q=3)2""" \z71(z = B,)Bu-14(2)  1-P,2
B —¢>N 2'Bp_1(2) q
- e (R )

Furthermore, by filling in the different possibilities for ¢ and g, it is easy to see
that the following equality

on(T)

—q? q

24 (q—3)z-1 221443

holds. Finally, note that if x € RI, then z =% € I so that By.(z) = Bp(z). O



Proof of Theorem 3.2

Proof. First, note that with = cosf and w(z) = (1 — z)*(1 4+ z)¥, where p
and v belong to {£1/2}, we get that (see also [2, p. 687] and [8, p. 174])

1 . i
2/ w(z)dz:/ w(cos@)|sin0\d9:/ (1*COSQ)“+%(1+COS0)”+%C[9_

—1 -7 -

Or, with z = €i? and df = dz/iz, this becomes

! _1)ut3 ;
/1w(m)da: = %7{ <((22)13ﬁ(2— 1)2u+1(2+1)2u+1> Cll_z

-2
_ Ji% —q q I
2 ) 2i(22)" | 221 +4q—3 ’

where the integral is over the complex unit circle and the last equality is easily
verified by filling in the different possibilities for ¢ and ¢. Secondly, define

L SN (B @B)
hi(z) = 9it1; ((1_ﬁnz)(l—3k2)>7

- —gN? 1

f2(z) = 9i+1j (Zinl*(z)Bnl(z)(Z’ﬂn)(zﬁk)) ,
. _ N2 Bn_l*(z)

fs(2) 9+ ((1 — Bn2)(z — Bk)Bkl*(Z)) |
oo N2 Bi—1(2)

Ja(2) 9i+1j ((1 — Bkz)(z — ﬁn)Bn—l(Z))

and f(z) = f1(2) + f2(2) + fs(2) + fa(z). Then

(mi)o =5 P I

Because f1(z) is analytic on D UT, it follows that

7{ Fu(2)dz =0,

Furthermore, it is clear that f2(z) = f1(2)/2? so that

j{fz(z)dz = 7{ flz(f) dz = %fl(z)dz =0,

]{ fa(2)dz = 7{ f3(2)dz.

(Ons Pr)w = %fg(z)dz

and equivalently

As a result



If k # n, then f3(z) is analytic on DU T as well, so that

(‘Pna @k)w = 0.

In the case of &k = n, however, we obtain

1 N2rx
§ #e10: = e § g T

where the last equality follows from the residue theorem. So, with NV given by
(3.2), we get that

(‘Pna @n)w =1.

4 Quadrature formulas

For the construction of the rational Gauss-Chebyshev quadrature formulas, the
nodes are the zeros of the para-orthogonal function @, (z, 7). Before we derive
the formulas for the computation of these zeros, note that ¢,.(x) = p,(z) for
z € R. Furthermore, we have that

Ces(2) _ (BiJrl) Zy(z) L 19

, ,2,...,m
i (2) B+ 1) Ziu(x)
so that B (2)
nx (2
= n(T), T
Yon () Ba(e) (z) v €

Define 3

X(z) =21+ 12 5 (4.1)

then with @, (z) given by (3.4) we have that

o) = o ( ) q )
Yfn z 1 —ﬂ z (Z *Bn) anl*(z)

qN Qn* z) [ 2" Bp_14( B q
Cn(2) 1- 8,2 (Z—B )Bn,l(z)

qN (2= B)(1=B,2) [ 2'Bn1(2) q
X(z )(Z*ﬂn)(lfﬂnZ) 1-3,z  (2=8,) Bn-1(?)

- 2§5L> (2 (53) = (5




Since v € T, we may as well absorb it into the constant 7 in the definition of
Qn(z, 7). Assuming that this has been done, we get that

_ qN ZiBn—l*(Z) z _Bn
@@, 7) = 2X(z) { 1-38,.2 (1+Tz,6’n)

(- ﬁn)an_l(z) (1 + 71 _g:i) } L (42)

We can now derive formulas for the computation of the zeros of @, (x, 7), as
shown in the next theorem.

Theorem 4.1. Let arctan(y/x) refer to the argument of the complex number
x +iy in [-7/2,37/2) and define

671 +T5n
S Ty 43
e = 2 (4.3
Suppose ¢ and d defined as before in table 1 and define
n—1 . .
sinf — (8;) sin 6 + (8;)
n(0) = tan ——————J~ tan ——————
fn(0) ; [arc ancosﬁf%(ﬂj) + arc ancos@—%(ﬁj)
1 arcta sin 6
rctan ———.
cost — B+

Let x, (1) denote the zeros of Qn(x,7), put Tnk(7) = cosb,k(7) and put 7 €
T\ {—1} in such a way that |Bn.-| < 1. Then these zeros satisfy the following
equation

Fu (O (7)) = (0= €) () = 7k — dg, k=1,2,...,n. (4.4)

Proof. The proof is similar to the one of Theorem 4.1 from [7, p. 315]. We only
prove the first case (i = 1), since the other cases are analogous. First note that
BH,T = [, because T = 1/7, so that 8, . is real. From the expression for
Qn(x,7) we get that the zeros satisfy

znan—l*(an)Bn—l(znl) (M) =—-1= eiﬂ—(m_l), leZ

1- IBn,Tan
with z,; = J~1(x,;). This function has 2n different zeros, which form complex
conjugate pairs. Taking the real parts for [ = 1,...,n we obtain the n zeros of

Qn(z, 7). Note that {,(z) may be written as

Cn(z) = exp {Qi arctan % - iG}

while (,«(z) may be written as

nd+ 35,
Cnx(2) = exp {2i arctan S0+ 3(Ba) _ iG}

cos — R(Gn)



and

- ﬁn,r % t sin ¢ i0
——— =ex iarctan ———— —if » .
1—Bnr2 P cost — By -
Some computations complete the proof. O
Note that 7 = —1 is a critical value for which one zero of @, (x, 7) will lie at

infinity, and thus outside I, which explains the first condition on 7 in Theorem
4.1. If 7 # —1, then Q,(x,7) will have n finite zeros. The second condition on
7, however, is to assure that each zero of @, (z,7) lies within (—1,1), as will be
proved in the next theorem.

Theorem 4.2. Each zero of Q. (x,7) lies within (—1,1) iff 7 # —1 and 7 is
chosen in such a way that |3, -| < 1, with B, given by (4.3).

Proof. First note that @, (x, ) always has at least n — 1 zeros within (—1,1)
(see [6, p. 493]). Assuming that 3, € D\ I, we can deduce from (4.3) that
|ﬂn,7’| =1 for

1— 1
= —E":cos{quisinfl and T = — +§n:COS§2+iSiH£2,

1-3, 1+ 8,

with &,& € [—m, 7] and & # &. Filling in these values for 7 in (4.2) results
in Q,(1,71) =0 and @Q,(—1,72) = 0. Define now & = min{&;, &} and & =
max{{1,&2}. Note that the zeros of @, (z, 7) move continuously when 7 changes
continuously and that, if =, is a zero of Q,(z,7,) with 7, # —1, then it is a
zero of Qn(x, ) with 7, # —1 as well iff 7, = 7,. So, & and & are limiting
values for having exactly n — 1 zeros of @, (z,7) within (—1,1), and Q,(z,7)
must have n zeros in (—1,1) on one side of these limiting values. Furthermore,
we have that 7 = —1 for £ = £7. As a result, Q,(z, ) will have exactly n — 1
zeros within (—1,1) for £ € [—,& ] U €, 7] (where |B,,| > 1or 7= —1) and n
zeros within (—1,1) for & €]&;, &[ (where |B,.-] < 1).

If B, € I, then (B, = By, and thus |8, -] < 1 for every 7 # —1. If
7 = —1, however, we have that Q,(z,7) = 0 for z € R, and thus Q,(1,—1) =
Qn(—1,—1) =0 as well. Note that

lim 7= lim m=-1.
S(B)=0  (Bn)—0
Therefore, we can consider 3, € I as a limit case of 3, € D\ I with I(5,) — 0
which means that Q. (x, 7) will have n zeros within (—1, 1) for each 7 # —1. O

Note that 8,1 = R(8,) so that |3,.1] < 1 for each ,, € D. For every other
7 € T it is always possible to find a 3, € D so that |8, -] > 1. So 7 =1 is the
best choice for 7 € T.

Before we derive explicit expressions for the quadrature weights, we study the
asymptotic distribution of the nodes x5 (7), using some results from logarithmic
potential theory. The distribution of the points x,x(7) as n — oo depends on
the asymptotic distribution of the poles, as shown below. Note that Theorem
2 in [5] is a special case of the following theorem, corresponding to the case of
real poles outside 1.

10



Theorem 4.3. Assume that the sequence of poles A = {a1, aa,...} is bounded
away from I and that the asymptotic distribution of the poles is given by a

—I . . . .
measure v on (a subset of ) C, i.e. for any continuous function f with compact
support,

Jim 3" flaw) = [ f)an(e) (4.5)
k=1

If v = pdos + (1 — Py with 0 < p < 1 (where §, is the unit measure whose
support is the point z) and

/10g|t|d1/0(t) < o0, (4.6)

then the asymptotic distribution of the zeros of Qn(x,T) is given by an absolutely
continuous measure A with weight function

1 1 2 -1
V) = = / R dv(t)
T/1 — 22 t—x
where the square root is positive for t > 1 and the branch cut is [—1,1].
Proof. With the notation introduced above, define
_ _aN (ziBn_l*(z) B q )
2X(z) \ 1= 0nr2 (2 = Bnr)Bn-1(2) )

Then obviously the zeros of ¢, ,(x) are exactly the same as those of Q,(x, 7).
Furthermore it is clear that ¢, , L., £,—1. Writing

on,r(2)

Qn,'r(x)
(1—z/an,7)mn-1(x)

Sﬁn,f(z) =

this means that

/ an(z, T)pn—l(l')( wiz) gl =0

1 1—z/apn)|mn-1(x)

for any p,—1 € Pp—_1. So ¢, is an orthogonal polynomial with respect to a
varying weight. If we define

fuli) = 5= Togl(1 = /a2 ()]

it follows from the weak convergence (4.5) that

lim fo(z) = f(z) = /log ‘1 - f\ du(t).
n—oo t

According to the theorem on page 124 of [3], the asymptotic zero distribution of
qn is then given by a measure A on I which is the unique solution of the integral
equation

1
1
/log—d)\(t)+f(x):0, rxel,
1 |z —

11



where C' is a constant. The integral in this expression is just the logarithmic
potential of the measure A. Note that we have

flz) = f/log ﬁdu(t) - /log [t|dv(t).
The second integral is a finite constant because of equation (4.6) and because
the poles are bounded away from I (and thus from zero), and can be absorbed
into the constant C. The first integral is the logarithmic potential of v. This
shows that A is the so-called “balayage”-measure of v onto I. For the case of
real poles, an explicit expression for this balayage-measure is given on page 122
of [4], but for the more general case, we have to derive it ourselves.

Let gg(z,a) denote the Green function of the domain G = T’ with pole at a
and ¢(z) = z+ V22 — 1 the conformal map of the domain G onto the exterior of
the unit disk with /22 — 1 positive for real z > 1 (note that, with our previous
definitions, ¢(z) = 1/J7%(z)). Then it follows from [4, p. 122] that

o] 21 = 800
P(a)p(z) —1
According to formula (4.42) on page 121, the balayage-measure A is then given
by
1 d9a(z,a)  Oga(z,a)
!/ _ 9 9
Nw) = 5 / < ot 208 ) dvfa) (@7)

where ny are the two normals to the interval (—1,1) with n pointing to the
upper half plane and n_ to the lower half plane. From g¢(zZ,a) = ga(z,a) it
follows that

gc(z,a) = —

dg9c(x,a) _ 09 (x,a)
8n, 8n+

. (4.8)

The definition of the normal derivative reads

d9c(z,a)  lim gc(xz +1ih,a) — ga(x, a)
an_,_ h—0 h '

Using the fact that « € I and the relations

d(z +ih) = ¢(x) + ih¢' (z) + O(h?),
log |1 + ht| = hR{t} + O(h?),

and ¢'(z) = ¢(x)/vx? — 1, some computations yield
dgc(.a) _|ola)? - 1%{ o(x) } |

h—20

on, V-2 [(x) — p(a)][p(a)(x) — 1)]

Because of (4.8), replacing a with @ gives the other normal derivative. Adding
both derivatives together, using ¢?(z) + 1 = 2x¢(z) and simplifying then gives
O9c(z,a) | Ogc(w,a) _|¢(@)® —1 ~1+][¢(a)* - 2eR{d(a)}

o, T on  Vi—@  A@PE-a@-a)

12



If we put a = J(b) then ¢(a) = 1/b and we may equivalently write
dg9c(x,a)  Oga(z,a)  1—|b]? 1+ [b? — 22R{b}
ony on_  |p]2V1 — a2 2(r —a)(z—a)
A partial fraction expansion of the second factor gives

1+ [b]? — 22R{b} 1+ [b? — 2aR{b}
2@ —a)(z 1) %{ (@ a)a_a) }

assuming that a is not real. Now use a —a = (b — b)(|b|*> — 1)/(2/6|?) and do
some computations to obtain

8gg(x,a)+8gg(x,a)_ 1 %{bl/b}— 2 %{ a21}.

ong on_ /11— 22 z—a | /1—z2 a—zx

This equation is also valid for real a (taking into account the convention for the
square root mentioned above); it then reduces to the result from [4, p. 122].
Substituting in (4.7) then proves the theorem. O

Once the nodes z,x(7) have been computed, the weights can be found. In
the following computations, we will omit the 7 in order not to complicate the
notation. Let X (z) be given by (4.1) and define
1t
P(z,t) = — L

(Za ) |Z _ t|2

and

a:(2) = a2 z2iBJ 1*(2)BJ 1(z) q2

Then we can deduce from (3.3) and (3.4) that for z € T and j > 1

203003 ) = a5 00(2) ~ Lt (P 35) + P ().

For j = 0 we have that ¢y = g so that

2mpopo = 2p.
So, with A, given by (2.6), and with

21 1 n—1
Y.(z) = 2p+ a;(z (4.9)
j:l
we obtain
2 q(2z l iy
nk
3 :Yn nk) — nks P nks .
Ank (2n) XQan J; Grio B5) P (i )
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Note that [7(](22-”]6)141 /X?(z,1)]7 ! is in fact nothing more than the factor
[1 — (1 —d)(2nx)"""] we have in Theorem 2.2 and that for 3, real

B L= /!ty (4.10)

P )=P i) = = '
(ana ﬁ]) (Z"k’ﬁﬂ) 1—-28zn1 + ﬁJQ 1- znk/aj

Hence, if each pole in the sequence is real, then the following equality

q (Qan)i_l

Yo(2nk) = — X205t

[i + P (zuk, )] (4.11)

has to be true. Lemma 4.5 shows that equation (4.11) not only holds for every
sequence of real poles, but even for every sequence of complex poles with [,
replaced by (3, . To prove this, we first need the following lemma.

Lemma 4.4. Let hy, 3(2) be given by

hn,p(2) = 22171 {ZZ (12_662) - Bnl*(z()ZBnl(Z):| ’

then hy, 3(z) satisfies the following two recursions

) = fmp(2) (1—1B.7) 2" [(1- B
hnt1,6(2) = MOACH FETRIEYN <2_ﬁ> (4.12)

and

_ q (1 - |/8n|2)
hnt1,6(2) = hap(z) — 80— 3B B (4.13)

Proof. The recursions are easily verified by using the definition of h,, g(z) and
the knowledge that

(1= 18al?) (22 = 1) = (2 = Ba) (2 = B) = (1 = Buz)(1 = B,2).

O
With this we can now prove the following lemma.
Lemma 4.5. Let xp, = J(znk) be the zeros of Qn(x,7), then
i—1
Y, (zpk) = ————— P (zuk, Bn.r)] - 4.14
(2t = = LGt i+ P (2 ) (1.14)

Proof. Assume 8 € I and let K, g(z) and L, g(z) be given by

ZQi—QQ i—1 =
Knpls) = =5 +0 P8 + Y a,(2)
j=1
and Lng(2) = hngs(z) |2 Ba_1.(2)B 1(z)<zﬂ>q}
n, n, n—1x* n 1 —ﬁZ .
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First, we will prove by induction that K,, g(z) = Ly g(z) if z € T. For n = 1 we
get that

Lip(z) = hlﬁ(z)|: <Zﬂ

1—ﬁz>
B 1 i 1—pz n i z—0 B
T2 z— q 1- 3z q
Y. gz =8 1-p=
N 22714—22—1 lﬂz_zﬂ)
22 g2

Assume now that K, g(z) = Ly g(z) for n > 1. Then we have that
Kny1,8(2) = Knp(2) + an(2) = Lng(2) + an(z)

= hng(2) {ziBnn(Z)Bnl(z) <1Z—§Z> - q]

_ oy [27 Bu—1:(2) Bn-1(2) ¢

=B (752 lgf@f&) y (z(lﬂry)g(n |f (1 _ﬁz)]

_ 2) — (17|/8n
q[h"’ﬁ() (2= Bu)(2 = B) B ]

From the recursions (4.12) and (4.13) in Lemma 4.4, it follows that

K1 0(2) = @) [ Ban()8u(2) (50 ) = ] = L)

Secondly, note that

2% 2 . .
Zzg 7q1 _ 22_1pX2(z) + iqzz—l
so that
n—1
Knp(z) = 227'pX?(2) + gz + ¢z P (2,8) + > _ a;(2).
=1

Finally, we have that K, g, . (2nk) = Ln,g, . (2n) = 0 so that

n—1

227X 2(z) + 3 a5 (2u) = —q2it i + P (ks Bur)]
j=1

The equality in (4.14) now follows by using the definition of Y,,(z) given by
(4.9). O
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In the case of complex poles, equation (4.10) does not hold. Instead with

R(z,B) =1-2R(B)z+ B> and I(z,B8)=4[3(8)°(1—-2?)  (4.15)

we have that
2R(z, B)(1 = |81*)
R2(x,8) — I(x, )"

Finally, the weights can now be computed using the following theorem.

P(z,8) + P(2,5) =

Theorem 4.6. Let R(x, ) and I(x,3) be given by (4.15) and define

.’L‘ ﬁ 1_|ﬁ | 1- n‘r
) =2 J : :
Z R (x I(z, 35) 1o 2Bn,rx + B,

Then the weights in the Gaussian quadrature formulas based on the para-ortho-
gonal function Q. (x,T) can be given as functions of the nodes xni(T) as follows

- (I —dw()]™

)\n =27 " b ) )&y ’
g i+ gn (@ (7))

n.

5 Numerical examples

In this section we only give some examples of the use of these quadrature for-
mulas. Unlike in the case for real poles [7], the numerical considerations for the
fast and efficient construction of these formulas are rather involved. The main
ideas are of course the same as in [7], such as using the asymptotic zero distri-
bution to obtain initial values for Newton’s method etc., but a description of
a complete software implementation (covering both the real and complex case)
and a detailed numerical analysis will be given elsewhere.

Let 7 be one, and assume the sequences of poles 4, = {aq,...,an_1, s},
B, ={a1,...,ap_1,00} and Cp,41 = {aq,...,ap_1,00,00} with ay, € @I fixed
in advance. We will consider integrals of the form

1
Ig(fj)zﬁlx/l—foj(x)dx, ji=12,...

and their approximation by

Bl = YN0 ()
k=1

using sequence A,. Note that I3(f;) can be written as
1 1
1—-2z 1—-2z
I3(f) = /_1 V1 +I(1 +2)fj(z)dr = /_1 ”H—xgj(x)dx = I>(g),
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which can be approximated by

I51(9;) Z)‘ ng( nk)
k=1

using sequence B,,. Furthermore, I3(f;) can also be written as
Vg —a?

I3(f;) = \/—fg / \/_—332

which can be approximated by

L n+1 Z )‘n+1 k ( nJ)rl k)

using sequence Cp41. From Theorem 2.1 it follows that each of these approxi-
mations is exact if f; € £,_1-L,—1+, which means that, if we define the relative
error A, -(f) by

= I1(h;),

Ai,r (f) =

Li(f) — Lin(f) ‘
Li(f) ,

then A; . (f) has to be zero. For each example that follows, the exact solution

I;(f) was calculated with Maple 9.5.

Example 5.1. The first function f;(z) to be considered is given by

1 —I
he) = T m@e v oo @ €C

for n odd, which has poles of order (n —1)/2 in w and @. So let

w k=o0dd
ak{w b — even k=1,....n

with w = 3 + 2i respectively w = —0.5 4+ 0.05i. Then table 2 gives the relative
error for several values of n.

Example 5.2. The second function f>(x) to be considered is taken from [9, p.
169]. In this case we have

TT/w —I
_— R
sinh(mrz/w)’ we

fa(@) =
which has simple poles at the integer multiples of iw. So let
ar = (-DFk/2liw, k=1,...,n

for n odd, with w = 1.1 respectively w = 1.001. Then table 3 gives the relative
error for several values of n.
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w 3+2i —0.5+ 0.051

n | Az, (f1) Dor(g1) Arr(h) | As(f1) As - (91) Ay (h1)
3 2.2e-16 2.2e-16 3.3e-16 2.7e-14 9.4e-15 1.6e-14
5 5.0e-16 1.7e-16 3.3e-16 6.6e-14 3.4e-14 5.3e-14
9 3.2e-16 6.4e-16 8.0e-16 8.8e-14 9.1e-14 9.6e-14
17 1.4e-15 1.6e-15 1.4e-15 2.2e-13 1.6e-13 2.0e-13
33 | 4.1le-15 3.5e-15 3.8e-15 3.5e-13 3.4e-13 3.8e-13

Table 2: Relative error on the approximation of I3(f1) by Is.(f1), I2.n(g1) and
I s +1(hy) for several values of n.

w 1.1 1.001

n AB,r(fl) Az,r(fh) Al,r(hl) A:z,r(fl) A2,r(91) Al,r(hl)
3 7.3e-4 4.2e-7 7.3e-4 1.1e-3 9.7e-7 1.1e-3

5 2.1e-7 2.1e-14 2.1e-7 4.5e-7 9.0e-14 4.5e-7

9 1.8e-16 0 1.8e-16 1.9e-16 1.9e-16 5.8e-16
17 0 0 0 1.9e-16 3.8e-16 3.8e-16
33 1.8e-16 3.7e-16 1.8e-16 1.9e-16 1.9e-16 1.9e-16

Table 3: Relative error on the approximation of I3(f2) by I3 n(f2), I2,n(g92) and
I n+1(h2) for several values of n.

Example 5.3. The last function f3(x) to be considered is analogues to the one
in Example 5.4 from [7]. In this case we have

fo(z) = sin <ﬁ> . weR\ {0}

This function has an essential singularity in x = iw and * = —iw. For w > 0
but very close to 0, this function is extremely oscillatory near these singularities.
Since an essential singularity can be viewed as a pole of infinity multiplicity, this

suggests taking
ap = {

for n odd. Table 4 gives the relative error for several values of n, with w = 0.05.

iw k =odd
—iw k =-even

)

6 Conclusion

We have presented an extension of the expression for the Chebyshev orthog-
onal rational functions with arbitrary real poles outside [—1,1] to arbitrary
complex poles outside [—1,1]. The zeros of these orthogonal rational functions
are not necessarily real anymore. By using the related para-orthogonal func-
tions, however, we obtained an expression for the nodes and weights for rational

18



w 0.05

no | As,(fz) Aar(g93) Ary(hs)
101 3.9e-1 1.3e-2 3.8e-1
201 2.9e-2 8.2e-16 2.9e-2
401 4.5e-14 4.9e-15 3.7e-14
801 1.1e-14 1.4e-14 7.8e-15
1601 6.3e-15 2.7e-15 1.6e-14
3201 5.5e-15 9.4e-15 4.9e-15

Table 4: Relative error on the approximation of I3(fs) by I3 n(f3), I2,n(g3) and
I n+1(h3) for several values of n.

Gauss-Chebyshev quadrature formulas integrating exactly in spaces of rational
functions with arbitrary complez poles outside [—1,1].
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