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Abstract

This article is concerned with the spatial coupling of a lattice
Boltzmann model (LBM) and the finite difference discretization of
the corresponding partial differential equation (PDE). At the inter-
face, we have a one-to-many problem since the macroscopic PDE
variables have to be mapped to more LBM variables. We show
how this mapping can be done either analytically, using results from
the Chapman-Enskog expansion or numerically, using a fixed point
iterative scheme. The results are illustrated for different diffusive
systems on a one-dimensional domain.
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Summary. This article is concerned with the spatial coupling of a lattice Boltz-
mann model (LBM) and the finite difference discretization of the corresponding
partial differential equation (PDE). At the interface, we have a one-to-many prob-
lem since the macroscopic PDE variables have to be mapped to more LBM variables.
We show how this mapping can be done either analytically, using results from the
Chapman-Enskog expansion or numerically, using a fixed point iterative scheme. The
results are illustrated for different diffusive systems on a one-dimensional domain.
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1 Introduction

A dynamical system can be described by various models, each operating on
a different level of abstraction. On the macroscopic level, there are partial
differential equations (PDEs) that describe the system’s evolution in terms of a
few macroscopic variables, like density, velocity, etc. On a finer level, there are
mesoscopic or pseudo particle models, like lattice Boltzmann models (LBMs)
that use idealized particle distribution functions on a regular grid to describe
the system. On the truly microscopic level, one has molecular dynamics and
kinetic Monte Carlo methods that model the interactions between particles
individually.

The choice for a particular model depends on several criteria. Macroscopic-
level models, like PDEs, typically have a small dimensional state space and in
general allow large time steps during simulation. However, they often fail to
describe the dynamics of complex systems. Mesoscopic models like LBMs on
the other hand allow the incorporation of complex physics in a more bottom-
up way than macroscopic models but typically require more variables and
smaller time steps. Furthermore, they can treat irregular domain boundaries
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in a natural way. Similar advantages apply to microscopic models, but simula-
tion with these models can be very expensive and often becomes prohibitive.
Finally, when modeling a system with a higher level model fails because it can
not be written in terms of variables at that particular level of abstraction only,
i.e. when the higher level model does not close, a lower level model describing
the same physics in more detail should be used.

Sometimes, the level of detail required to model a physical system changes
from region to region and different models have to be used on different parts
of the domain. At the interface between the models, there will be a mismatch
in the kind (and number) of variables used by the different models. There, the
variables have to mapped to one another. Many such hybrid models, which
couple a microscopic particle method to a macroscopic continuum method,
have already been well developed, see e.g. [2, 6, 10, 11, 12, 15] and references
therein.

In this article, we will spatially couple a LBM and a PDE model describing
the same diffusive system in different regions of space on a one-dimensional
domain. The PDE is discretized using finite differences and has the particle
density as the sole macroscopic variable. For this setup, the corresponding
LBM has three times as much variables (the particle distribution functions).
Since there are more LBM than PDE variables, we have a one-to-many prob-
lem at the interface where we have to map densities to distribution functions.
The inverse mapping of distribution functions to densities is straightforward
because density is defined as the sum of the distribution functions.

Albuquerque et al. [1] used the Chapman-Enskog expansion to write the
missing distribution functions at the interface as a functional of the density
variable only. We will use the same concept but a different implementation.
For cases where these functionals are not available or difficult to obtain ana-
lytically, the constrained runs scheme developed by Gear and Kevrekidis [8, 7]
can be used to obtain these functionals numerically. This scheme performs a
series of short microscopic (here LBM) simulations and resets the lowest order
velocity moment (density) to its initial value while leaving the higher order
moments unchanged. Van Leemput et al. showed in [17] that the application of
the scheme to the LBM discussed here, produces a numerical approximation
of the Chapman-Enskog relations that is correct up to first order.

The work described in this article is a step in the development of efficient
methods for the coupling of LBM and PDE models. In the discussion, we have
made some simplifying assumptions, e.g. we used the same time step and grid
spacing for both the PDE and LBM. Taking different time steps can further
optimize the methods presented here.

This article is organized as follows. In Sect. 2, we discuss different LBMs
and the corresponding PDEs. Section 3 describes the constrained runs scheme
applied to diffusive LBM. The issues concerning the coupling of the LBM and
PDE are discussed in Sect. 4. In Sect. 5 we present numerical results on a)
the FitzHugh-Nagumo reaction-diffusion system, b) a pure diffusion example
and c) a growth-diffusion example where the LBM reaction term depends on
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both the density and the velocities of the particles. Section 6 summarizes the
main conclusions.

2 Models for One-Dimensional Diffusive Systems

In Sect. 2.1, we describe the finite difference discretization of the partial dif-
ferential equation for one-dimensional reaction-diffusion systems. In Sect. 2.2,
we describe the corresponding lattice Boltzmann BGK model with a reac-
tion term depending on density only. Section 2.3 shows that both models are
equivalent when the macroscopic solution is smooth. In Sect. 2.4, we briefly
describe a lattice Boltzmann BGK model with a velocity dependent reaction
term to simulate growth-diffusion systems. The corresponding PDE is also
given.

2.1 Partial Differential Equation (PDE)

In a one-dimensional reaction-diffusion system, the partial differential equa-
tion (PDE) describing the evolution of the particle density (concentration)
ρ(x, t) as a function of space x and time t is given by

∂ρ(x, t)

∂t
= D

∂2ρ(x, t)

∂x2
+ F (ρ(x, t)) (1)

where D is the diffusion coefficient and F (ρ(x, t)) a macroscopic reaction force
term which depends on ρ(x, t) only.

To find a solution of (1), the equation is discretized using finite differences
(forward difference in time and central difference in space) to obtain

ρ(x, t + ∆t) = ρ(x, t) +
∆tD

∆x2
(ρ(x + ∆x, t) − 2ρ(x, t) + ρ(x − ∆x, t))

+ ∆tF (ρ(x, t))
(2)

with ∆x and ∆t the corresponding space and time steps.

2.2 Lattice Boltzmann Model (LBM)

Boltzmann models describe the evolution of a distribution function f(x, v, t)
that represents the number of particles that move with certain velocity v at
position x and time t. Lattice Boltzmann models (LBM) [3, 13] use discretized
distribution functions fi(x, t) with velocity vi that are defined on a space-time
lattice with grid spacing ∆x in space and ∆t in time. On a one-dimensional
domain, only three values are considered for the velocity (D1Q3 model):

vi = ci

∆x

∆t
, ci = i ∈ {−1, 0, 1} (3)
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with ci the dimensionless lattice velocity.
The lattice Boltzmann evolution law for the distribution functions is

fi(x + ci∆x, t + ∆t) = (1 − ω)fi(x, t) + ωfeq
i (x, t) + Ri(x, t) (4)

for i ∈ {−1, 0, 1}. The right hand side of (4) updates the values fi(x, t) to
post-collision values f?

i (x, t?) (with t < t? < t+∆t). Afterwards, these values
propagate to a neighboring lattice site according to their velocity direction
(left hand side of (4)). Diffusive collisions are modeled by the Bhatnagar-
Gross-Krook (BGK) collision term −ω(fi(x, t)−feq

i (x, t)) in (4) as a relaxation
to a local diffusive equilibrium

feq
i (x, t) =

1

3
ρ(x, t). (5)

The BGK relaxation coefficient ω in (4) will be defined in Sect. 2.3. Reactions
are modelled by the term Ri(x, t) in (4) as [14, 5]

Ri(x, t) =
∆t

3
F (ρ(x, t)) (6)

with F (ρ(x, t)) defined in (1). Here, it is assumed that reactions occur at the
local diffusive equilibrium [4].

The particle density ρ(x, t), i.e. the macroscopic variable (cf. (1)), is defined
as the zeroth order velocity moment of the distribution functions

ρ(x, t) =

1
∑

i=−1

fi(x, t) =

1
∑

i=−1

feq
i (x, t), (7)

where the second equality expresses that the BGK diffusive collisions locally
conserve density (compare (5)).

In a similar way, we define the dimensionless first and second order velocity
moments (up to the factor 1/2 for the second order moment) as

φ(x, t) =

1
∑

i=−1

ci fi(x, t) ξ(x, t) =
1

2

1
∑

i=−1

c2
i fi(x, t) (8)

We will refer to these moments as the “momentum” φ and (kinetic) “energy”
ξ (although these are non-conserved quantities in a diffusive system). The
state of the LBM at time t and position x is then fully determined by either
the distribution functions f = [f−1 f0 f1]

′ or the moments % = [ρ φ ξ]′. By
definition,





ρ
φ
ξ



 =





1 1 1
−1 0 1

1
2 0 1

2









f−1

f0

f1



 ⇔ % = M f (9)

and vice versa f = M−1
% (one-to-one relationship).
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2.3 Relations between LBM and PDE

When the solution of the LBM varies slowly on a macroscopic length and
time scale, we can show that the LBM from Sect. 2.2 reduces to the PDE
introduced in Sect. 2.1 using a multiscale Chapman-Enskog expansion [3].
Under this condition, both models describe the same macroscopic behavior.
To this end, we define a small tracer parameter ε and the scaling xε = εx,
tε = ε2t such that

∂

∂x
= ε

∂

∂xε

and
∂

∂t
= ε2

∂

∂tε
. (10)

For reaction-diffusion problems, we further assume that the reaction term
Ri(x, t) in (4) is of second order, i.e. Ri = ε2Ri, ε [3, 5], which explains the
choice in (6).

A second order Taylor expansion of the term fi(x + ci∆x, t + ∆t) in (4)
around fi(x, t) leads to

ci∆x
∂fi

∂x
+ ∆t

∂fi

∂t
+

c2
i ∆x2

2

∂2fi

∂x2
+ ci∆x∆t

∂2fi

∂x∂t
+

∆t2

2

∂2fi

∂t2

= −ω(fi − feq
i ) + Ri

(11)

Introducing the tracer scaling (10) and dropping the subscript ε notation, we
obtain

εci∆x
∂fi

∂x
+ ε2∆t

∂fi

∂t
+ ε2

c2
i ∆x2

2

∂2fi

∂x2
+ ε3ci∆x∆t

∂2fi

∂x∂t
+ ε4

∆t2

2

∂2fi

∂t2

= −ω(fi − feq
i ) + ε2Ri

(12)

The distribution functions fi(x, t) are expanded in terms of increasingly

higher order contributions f
[0]
i , f

[1]
i , . . . as follows

fi = f
[0]
i + εf

[1]
i + ε2f

[2]
i + . . . (13)

We substitute (13) in (12) and keep only terms up to second order to obtain

εci∆x
∂f

[0]
i

∂x
+ ε2ci∆x

∂f
[1]
i

∂x
+ ε2∆t

∂f
[0]
i

∂t
+ ε2

c2
i ∆x2

2

∂2f
[0]
i

∂x2

= −ω(f
[0]
i + εf

[1]
i + ε2f

[2]
i − feq

i ) + ε2Ri

(14)

This equation should hold for each order separately. Equating the zeroth order
terms leads to

f
[0]
i = feq

i =
1

3
ρ (15)

The part of order ε leads to the following expression for the first order correc-

tion f
[1]
i (x, t)

f
[1]
i = −

ci∆x

ω

∂f
[0]
i

∂x
= −

ci∆x

3ω

∂ρ

∂x
, (16)
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Gathering the terms of order ε2 in (14), we have

ci∆x
∂f

[1]
i

∂x
+

c2
i ∆x2

2

∂2f
[0]
i

∂x2
+ ∆t

∂f
[0]
i

∂t
= −ωf

[2]
i + Ri (17)

Substitution of (15), (16) and (6) results in the following expression for the

second order contribution f
[2]
i (x, t)

f
[2]
i = −

c2
i ∆x2

6ω2
(ω − 2)

∂2ρ

∂x2
+

∆t

3ω

(

F (ρ) −
∂ρ

∂t

)

(18)

When we sum (18) over all velocities, we obtain

∂ρ

∂t
= −

∆x2

3ω∆t
(ω − 2)

∂2ρ

∂x2
+ F (ρ) (19)

where we used the fact that
∑

i f
[2]
i = 0 (sum up (13) and use (7)). Comparing

(19) to (1), we obtain the relation between D and ω (cf. [14])

ω =
2

1 + 3D ∆t
∆x2

. (20)

Expansion (13) together with (15), (16) and (18) can be used to repre-
sent the state of the LBM system. Note that, since we dropped the index ε
notation in the derivation, the actual macroscopic derivatives are obtained
by combining (10) with (13). Using (9), the equivalent higher order moments
φ(x, t) and ξ(x, t) can be computed as functionals of the density ρ(x, t) only

φ = −
2∆x

3ω

∂ρ

∂x
+ O(ε3),

ξ =
ρ

3
−

∆t

6ω

(

F (ρ) −
∂ρ

∂t

)

+ O(ε4) .
(21)

These functionals, and by extension (15), (16) and (18), are called slaving
relations.

Note that, using the PDE (19) itself, (18) can be rewritten as

f
[2]
i = −

∆t

6ω
(3c2

i − 2)

(

F (ρ) −
∂ρ

∂t

)

= −
∆x2

18ω2
(ω − 2)(3c2

i − 2)
∂2ρ

∂x2
. (22)

2.4 Velocity Dependent Mesoscopic Reactions: Growth-Diffusion

Many microscopic systems have reaction rates that depend on the velocities of
the colliding particles. One example is the ionization reaction that appears in
electron transport through a molecular gas. During transport, the electrons
collide with the molecules and transfer part of their energy. Fast electrons
slow down by kicking additional electrons out of the molecule during reactive
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collisions. Slow electrons collide elastically and only change their direction.
This can only be modeled by a velocity dependent reaction term.

The LBM (4) in Sect. 2.2 is not suitable to describe such system because
the reaction term (6) depends on the density only. However, the classical
lattice Boltzmann BGK equation can be extended to include a more general
velocity dependent reaction term

fi(x+ci∆x, t+∆t)−fi(x, t)=−ω(fi(x, t)−feq
i (x, t))+∆t

∑

j

Aijfj(x, t). (23)

At each time step, the rate Aij denotes the chance that either a particle with
speed cj ends up with speed ci or that a particle has been created or destroyed
during the reaction. The microscopic velocities are again crudely discretized.
As in Sect. 2.2, we implemented the D1Q3 model (3) on a one-dimensional
domain.

In this article, we discuss a limited class of models with velocity dependent
reaction rates. We specifically look at a problem that gives rise to a growth-
diffusion PDE on a macroscopic scale when the solution of (23) is slowly
varying. As described in [18], this reduced model can be derived through a
Chapman-Enskog expansion similar to the one outlined in Sect. 2.2, and is
given by

∂ρ(x, t)

∂t
= D

∂2ρ(x, t)

∂x2
+ αρ(x, t) , (24)

where both D and the growth rate α depend on the microscopic reaction rates
Aij and relaxation parameter ω. As in Sect. 2.1, (24) can be discretized using
finite differences.

3 Constrained Runs Scheme

Given only the density values on the domain, the full state of the LBM can
be represented by the slaving relations (15), (16) and (18) as described in
Sect. 2.3. Assuming that such relations are unavailable or difficult to obtain
analytically, the constrained runs scheme [8, 7] can be used to approximate
these relations numerically.

The application of the constrained runs scheme to the LBM from Sect. 2.2
or Sect. 2.4 is outlined in Algorithm 1. Given the initial density profile ρ(0), an
initial guess for fi(x, t) is computed using e.g. (5). The LBM is then repeatedly
used to evolve the state for a short time τ . After each such simulation the
transformation (9) is used to reset the lowest moment of the distribution
functions to the initial density profile.

The constrained runs scheme can be defined as a map

%
(k+1) = Cτ (%(k)) ; k = 0, 1, 2, . . . ,K (25)

on the state vector %
(k) = [ρ(0) φ(k) ξ(k)]′; with k the iteration number and

τ the simulation time of the inner microscopic model, here the LBM. Since
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Algorithm 1 Constrained runs scheme for a one-dimensional diffusive LBM

Required: ρ(0) = ρ(x, 0)

f
(0)
i = wi ρ(0) ;

P1
i=−1 wi = 1, e.g. wi = 1/3 Choose f

(0)
i s.t. (7) holds

repeat

f (k+1) = LBM(f (k)) LBM simulation (4) over time τ
%

(k+1) = M f (k+1) Corresponding φ(k+1) and ξ(k+1) (9)
ρ(k+1) = ρ(0) Reset macroscopic variables
f (k+1) = M−1

%
(k+1) Map back (9)

until convergence heuristic < θ , with θ � 1

ρ(k+1) is reset to ρ(0) after each step, the map effectively iterates on the higher
order moments φ and ξ to obtain a fixed point.

A straightforward choice for the convergence heuristic in Algorithm 1 is

||φ(k+1)(x) − φ(k)(x)||2 < θ and ||ξ(k+1)(x) − ξ(k)(x)||2 < θ (26)

with θ a user-defined tolerance (θ � 1). Figure 1 sketches the evolution of the
procedure.

-

6

approx.

slow

{φ(0), ξ(0)}

{φ̃, ξ̃}

{φ(ρ(0)), ξ(ρ(0))}

ρ(0) ρ̃

?

u

u

u

�

�
��

Fig. 1. Sketch of the evolution of the constrained runs scheme. The higher order
moments φ and ξ are plotted with respect to the macroscopic variable ρ. The density
ρ is reset to the given ρ(0) after each LBM simulation. The constrained runs scheme
iterates towards a fixed point {φ̃, ξ̃} that is an approximation to the slaved state
{φ(ρ(0)), ξ(ρ(0))} (21). The fixed point lies on an “approximate” manifold while the
exact solution lies on the slow manifold described by ρ. The value ρ̃ is the density
corresponding to {φ̃, ξ̃} (before the final reset to ρ(0)) and will be useful as an
estimate for the error.

In [17] we analyzed the application of the constrained runs scheme for
the initialization of the LBM for one-dimensional reaction-diffusion problems
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(see Sect. 2.2). We have proven that the scheme is unconditionally stable and
convergent. Below, we restate the main theorems.

Theorem 1 (Stability theorem). The constrained runs scheme for the
lattice Boltzmann BGK model that describes a one-dimensional reaction-
diffusion system with either periodic, no-flux or Dirichlet boundary conditions
(and with the reaction term depending on ρ only (6)), is unconditionally sta-
ble.

Proof (Outline). The eigenvalues µ of the linearization (the Jacobian matrix)
of one step of the fixed point iterator (25) determine the stability of Algo-
rithm 1. If all eigenvalues in the spectrum σ(Cτ ) lie within the unit circle, i.e.
∀µ ∈ σ(Cτ ) : |µ| < 1, the iteration is stable. For the three types of boundary
conditions considered, we prove in [17] that these eigenvalues lie on a circle
centered at the origin with radius |1 − ω|. The constrained runs iteration is
unconditionally stable because 0 < ω < 2 [13] (compare (20)) and thus always
|µ| = |1 − ω| < 1.

Theorem 2 (Asymptotic convergence factor). As a corollary of the
above proof, the asymptotic convergence factor η := max{|µ| : ∀µ ∈ σ(Cτ )} is
equal to |1 − ω|.

Theorem 3 (Convergence theorem). The constrained runs algorithm for
the LBM described in Theorem 1 converges to a first order correct approxi-
mation {φ̃, ξ̃} of the slaved state (21). The approximation error depends on
ρ̃ − ρ(0), where ρ(0) is the initial density and ρ̃ is the internal simulated-upon
density corresponding to {φ̃, ξ̃} (before the final reset to ρ(0)).

The proof is quite technical and given in [17]. Using the one-to-one rela-
tionship between % and f (9), the expressions for the constrained runs fixed
point {(ρ(0)), φ̃, ξ̃} from [17] can be written as follows

f̃i =
1

3
ρ(0) −

ci∆x

3ω

∂ρ(0)

∂x
−

∆t

6ω
(3c2

i − 2)

(

F (ρ(0)) − 3
(ρ̃ − ρ(0))

∆t

)

. (27)

When we compare this expression with the expansion of fi (13) in its

Chapman-Enskog components f
[0]
i , f

[1]
i and f

[2]
i (15)–(18), we see that (27)

is indeed correct up to first order in the Chapman-Enskog expansion. Due to
the approximation error (the third term) in (27), the fixed point f̃i (or equiv-
alently {φ̃, ξ̃}) lies on an “approximate” manifold instead of the true slow
manifold described by the macroscopic variable ρ (cf. Fig. 1). To make this
error as small as possible, we choose τ = ∆t (one LBM time step).

4 Spatial Coupling

4.1 Problem Specification

In this section, we describe how to couple the PDE and LBM from Sect. 2.
In our setup, shown in Fig. 2, the one-dimensional domain is split into two
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PDE LBM

u u u u
-

f?
1 (xpde)

xpde − ∆x xpde xlbe xlbe + ∆x

Fig. 2. Spatial coupling of a PDE (left) and LBM (right) on a one-dimensional
domain. The interface lies in between two lattice sites. The evolution of the solu-
tion in the LBM region requires the propagating (post-collision) distribution value
f?
1 (xpde, t

?) coming from the PDE domain. Since the PDE only evolves density val-
ues ρ(x, t), this value is unavailable.

non-overlapping sublattices. Another option, using one overlapping lattice site
is discussed in [1]. The PDE is applied to the left sublattice and the LBM to
the right sublattice. We use the same lattice spacing ∆x and time step ∆t for
both the PDE and LBM, i.e. the simplest coupled space-time lattice. Since
the LBM is a mesoscopic model (as opposed to a truly microscopic model),
using the same ∆x is very reasonable. On the other hand, using the same
∆t is an important simplification. More efficient coupling schemes, especially
those that allow for different ∆t, will be the subject of future research.

Since the PDE and LBM use a different set of variables, namely ρ ver-
sus f = [f−1 f0 f1]

′, we have to be careful how to exchange information at
the interface during time simulation. To evolve the PDE in xpde, the value
ρ(xlbe, t) = ρ(xpde+∆x, t) (see Fig. 2) is needed in (2). This value is computed
from the LBM variables fi(xlbe, t) using (7).

The inverse problem, where we have to transfer information from the PDE
to the LBM region is more difficult. To evolve the LBM (4) in xlbe from t
to t + ∆t, we need to map a single density value onto three corresponding
distributions. This is formally stated as

ρ(xpde, t) 7→ fi(xpde, t) ; i ∈ {−1, 0, 1} . (28)

Since (7) should hold, this leaves two degrees of freedom.
The initialization of a LBM from a given density profile as described in

[17] faces the same one-to-many problem, but there the problem concerns the
whole domain instead of a single lattice site.

We will use the analytical slaving relations (15) and (16) or the corre-
sponding numerical approximation (27) by the constrained runs scheme to
derive the distributions at the interface given only the value of ρ(xpde, t). In
the next sections we discuss these two strategies.

4.2 Implementation using First Order Perturbations

In order to evolve the solution in the leftmost site xlbe of the LBM sublattice,
we need the value of the distribution function f1(xpde, t) coming from the
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PDE lattice that propagates into the LBM sublattice (see Fig. 2). This value
is missing, but can be computed as follows.

The key observation is that the PDE (2) simulates “directly” from t to
t+∆t, while the LBM (4) executes in two phases: first, collisions and reactions
to go from t to t? and secondly, propagation of the post-collision distributions
f?

i to get from t? to t + ∆t. Thus we actually need the post-collision value
f?
1 (xpde, t

?) instead of the value f1(xpde, t).
First, we compute the distribution f1(xpde, t) corresponding to the PDE

density ρ(xpde, t) at time t, using the first order perturbations (15) and (16)

f1(xpde, t) = f
[0]
1 (xpde, t) + f

[1]
1 (xpde, t)

=
1

3
ρ(xpde, t) −

∆x

3ω

ρ(xlbe, t) − ρ(xpde − ∆x, t)

2∆x

(29)

In (29), the derivative ∂ρ(xpde, t)/∂x is approximated with central differences.
The value ρ(xlbe, t) is obtained from the LBM domain using (7).

Afterwards, the corresponding post-collision value f ?
1 (xpde, t

?) is computed
from f1(xpde, t) (29) using the LBM:

f?
1 (xpde, t

?) = (1 − ω)f1(xpde, t) +
ω

3
ρ(xpde, t) +

∆t

3
F (ρ(xpde, t)) (30)

Finally, it is this value that is propagated to xlbe, i.e.

f1(xlbe, t + ∆t) = f?
1 (xpde, t

?) (31)

Note that the outgoing post-collision value f ?
−1(xlbe, t

?) that enters the PDE
domain is never used.

4.3 Implementation using Constrained Runs

As explained in Sect. 3, the numerical computation of fi(x, t) from a given
ρ(x, t) by the constrained runs scheme is accurate up to first order. As an
alternative to the procedure from Sect. 4.2, we can thus replace (29) with
Algorithm 1 and apply (30) and (31) to the result.

As already mentioned in Sect. 4.1, Algorithm 1 solves the one-to-many
problem for the LBM on the full domain, whereas the mapping problem for
spatial coupling (28) is an issue in a single lattice site xpde only.

Since information in the (explicit) LBM (4) propagates over only one lat-
tice site in each iteration, Algorithm 1 requires initial density values on a
sublattice with at least 2K +1 lattice sites, symmetrically distributed around
xpde, with K the number of iterations needed for convergence of the algorithm.
We can impose arbitrary boundary conditions on this sublattice because the
boundary information will not have reached xpde within K iterations.

Alternatively, one can drop the outer lattice sites (and distribution func-
tions) during propagation in each iteration to obtain a funneled scheme. Here
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we keep only the information streaming towards xpde. Again it is important
that there are at least 2K + 1 initial sites, symmetrically positioned around
xpde. Note that this funneled scheme decreases the amount of work with a
factor two. On the other hand, this implementation requires changes to the
propagation step of the LBM in Algorithm 1, which may not be desirable.

Of course, for the above implementations to work, the number of con-
strained runs K has to be obtained first. To this end, one could do a prelimi-
nary run on (part of) the domain with Algorithm 1 and observe its convergence
(see also [17]).

Depending on the implementation, the amount of work needed by the
scheme is either K2 or K2/2. If K is large and the full domain is small, this is
an expensive overhead since the scheme has to be used in between each time
step ∆t. Of course, for situations where the analytical slaving relations (29)
are unknown or difficult to obtain analytically, it is the only alternative.

5 Numerical Results

5.1 FitzHugh-Nagumo Reaction-Diffusion System

We will apply the proposed coupled PDE/LBM method to the FitzHugh-
Nagumo (FHN) reaction-diffusion system on a one-dimensional domain. For
this problem, both the PDE and LBM are known and valid on the full domain.
The system consists of two species: an activator and an inhibitor.

The PDE system describes the evolution of the activator ρac(x, t) and
inhibitor ρin(x, t) concentration (density) and is given by















∂ρac

∂t
= Dac ∂2ρac

∂x2
+ ρac − (ρac)3 − ρin ,

∂ρin

∂t
= Din ∂2ρin

∂x2
+ ε(ρac − a1ρ

in − a0) .

(32)

For each species, the LBM is described in Sect. 2.2. Given the PDE reaction
terms in (32), the LBM reaction terms are defined as (6)

Rac
i (x, t) =

∆t

3

(

ρac(x, t) − (ρac)3(x, t) − ρin(x, t)
)

,

Rin
i (x, t) =

∆t

3
ε
(

ρac(x, t) − a1ρ
in(x, t) − a0

)

, i ∈ {−1, 0, 1}.

(33)

For our numerical tests, we choose the parameter values as Dac = 1,
Din = 4, a0 = −0.03, a1 = 2 and ε = 0.05. The domain has length L =
20. At the boundaries of the domain, we impose homogeneous Neumann (or
no-flux) boundary conditions which are implemented in the LBM using the
halfway bounce-back scheme [9]. For both models, the lattice points x lie at
the midpoints of 200 lattice intervals, such that ∆x = 0.1. We choose the time
step ∆t = 0.001 [16].
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5.2 Spatial Coupling of the FHN PDE and LBM
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Fig. 3. Solution of the coupled FHN PDE/LBM model after 1000 time steps. We
used either zeroth order perturbations (34), first order perturbations (Sect. 4.2)
or constrained runs (Sect. 4.3) at the interface. The activator density ρac(x, t) at
t = 1000∆t is shown left and the difference with respect to the reference solution,
the LBM steady state on the full domain, is shown right. The dotted line shows the
position of the interface.

In this section, we spatially couple the FHN PDE (left) and FHN LBM
(right) models from Sect. 5.1. The domain is divided as in Fig. 2 with the
interface positioned at x = 5 (in between two lattice sites). Correspondingly,
we solve predominately with the LBM. We initialize the coupled model with
the LBM steady state computed on the full domain (see [16]). As described
in Sect. 4, we use either first order perturbations or constrained runs at the
interface. For our problem, the number of constrained iterations needed for
convergence is K = 25 (see [17]).

As an illustration, we also compare our results with a modification of the
scheme described in Sect. 4.2. We drop the spatial derivatives from (29) to
obtain

f1(xpde, t) = f
[0]
1 (xpde, t) =

1

3
ρ(xpde, t) (34)

and replace (29) by (34). Afterwards, we proceed as in Sect. 4.2. We call this
modification the zeroth order coupling scheme.

We first look at the short time behavior of the coupled problem. Figure 3
shows the results after 1000 time steps. On the time scale considered, the dif-
ference between the densities cannot be resolved visually. The corresponding
error is shown in the right panel. Here, we see that the zeroth order coupling
scheme results in a significant interfacial error, while the error with first order
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Fig. 4. The solution of the coupled FHN PDE/LBM model for different coupling
mechanisms after 30000 time steps. Shown on the left is the activator density
ρac(x, 30). In the right panel, we compare the corresponding errors to the differ-
ence between the PDE and LBM density computed on the full domain. The latter
is marked by the label “steady”.

or constrained runs coupling is much smaller. Clearly, neglecting first order
contributions in the coupling scheme is not a good option.

Next, we look at the long term effects of this interfacial error. In Fig. 4,
we show the solution after 30000 time steps. The left panel shows that the
error of the zeroth order coupling has now propagated over the domain and
shifted the solution globally to the right. In fact, all coupled models converge
towards a steady state that is different from the steady state obtained with
one model on the full domain.

The right panel shows that the modeling errors as a result of the coupling
with first order and constrained runs are comparable to the modeling error
between the LBM and PDE solution computed on the full domain. These
errors are most pronounced in the region where the solution varies strongly
(cf. Sect. 2.3). Note that we compared to the PDE steady state reference
solution on the full domain here, as we chose to solve predominately with the
LBM in the coupled model.

From the numerical experiments, we can also learn something about the
relation between the error and the spatial derivatives of the solution at the in-
terface. The (small) interfacial error in Fig. 3 for the coupling with both first
order perturbations or the constrained runs scheme comes from the second

order term f
[2]
1 (xpde, t) (18) that is neglected in the computation of the dis-

tribution function at the interface. This term is related to the second spatial
derivative ∂2ρ(xpde, t)/∂x2 of the solution at the interface (see (22)). Since this
second derivate is nonzero at the interface for our FHN example, we observe
a local interfacial error.
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Fig. 5. Illustration on how the error depends on the spatial derivatives of the
solution. The example is a pure diffusion system with Dirichlet boundary conditions
on the domain [0, 1] for two types of initial conditions. The coupled PDE/LBM
system is simulated for 10000 time steps. The position of the interface is marked by
a dotted line. Figures (a) and (b) show the solution and the error when the initial
condition is a straight line connecting the two boundary conditions. Figures (c) and
(d) show respectively the reference solution and solution with first order coupling
and the corresponding error for an initial profile with nonzero second derivatives.
First order coupling is correct for a solution with only first derivatives, but has a
small error when the solution has a nonzero second derivative.

In Fig. 5 we perform an experiment to illustrate this relation. Here, we
consider a pure diffusion model problem with Dirichlet boundary conditions
ρ(0, t) = 0 and ρ(1, t) = 1. The domain [0, 1] is discretized with 200 lattice
points and the parameters are chosen as D = 0.2 and ∆t = 0.00001. The
interface is located at x = 0.5. The steady state solution is a straight line con-
necting the density values at the boundary. We simulate the coupled system
for 10000 time steps. We impose two different initial conditions: the steady
state solution (Fig. 5 (a)-(b)) or an initial condition with a nonzero second
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derivative (Fig. 5 (c)-(d)). In the first case, Fig. 5 (b) shows that the error is
zero when first order coupling is used, since ∂2ρ/∂x2 = 0 here. In the second
case, the solution at t = 10000∆t has a nonzero second derivative and the first
order coupling error behaves similar to the error of the zeroth order coupling
in Fig. 5 (b). Note the different scale of Fig. 5 (b) and (d).

Of course, when simulating the system in Fig. 5 (c)-(d) for long enough
time, the interfacial error for the first order coupling will become zero since
the solution converges to the steady state as in Fig. 5 (a)-(b). For the FHN
example however, the steady state has a nonzero second derivative at the
interface and both the local interfacial error and the resulting global modeling
error evolve to a constant nonzero value.

Figures 3 and 4 suggest that the coupling with constrained runs is more
accurate than coupling with first order perturbations. This can be explained
by comparing (27) to (22). We see that the part corresponding to the reaction
term in (22) is approximated correctly by (27) while it does not appear in the
first order coupling scheme. At least for our example, this results in a higher
accuracy for the constrained runs coupling.

5.3 Spatial Coupling of a Growth-Diffusion PDE and LBM

In this section, we will spatially couple the LBM (23) and the finite difference
discretization of the corresponding PDE (24) for the growth-diffusion system
from Sect. 2.4. The setup on the one-dimensional domain is described in Fig. 2.
We used the D1Q3 scheme and a reaction matrix

A = [Aij ] =





−R 0 0
1.1R 0 1.1R

0 0 −R



 (35)

with R = 0.02. The relaxation parameter is ω = 1.6160. This LBM leads
to a macroscopic growth-diffusion problem (24) with D = 0.1856 and α =
1.315 · 10−3. Grid parameters are ∆x = 1/399 and ∆t = 2.5 · 10−6. The
interface is positioned at x = 0.25.

Instead of using the analytical slaving relations derived through a tedious
Chapman-Enskog expansion [18], we will use the constrained runs scheme to
derive the distributions at the interface numerically, given the density value.
Although we only proved stability and convergence of the constrained runs
scheme for the BGK LBM with density dependent reaction term (6) in [17]
(see Sect. 3), we expect that the scheme can be applied more generally also.

Figure 6 shows the density profile ρ(x, t) and corresponding error of the
coupled PDE/LBM model for the growth-diffusion system from Sect. 2.4. As
explained in Sect. 5.2, an interfacial error exists because the solution has a
nonzero second derivative at the interface. Since the solution grows over time,
the error grows as well.
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Fig. 6. The solution of the coupled PDE/LBM model for the growth-diffusion
system from Sect. 2.4 as a function of space and time. The left panel shows the
density ρ(x, t) while the right panel shows the corresponding absolute error. We
used constrained runs at the interface, which is positioned at x = 0.25.

6 Conclusions and Future Work

In this article, we have studied the coupling of a lattice Boltzmann model
(LBM) and a partial differential equation (PDE) describing the same diffusive
system, each on a part of a one-dimensional domain. We discretized the PDE
using finite differences.

At the interface between the two models, we have a one-to-many problem:
the PDE variables (here density) have to be mapped to more LBM variables
(the distribution functions). We showed that this can be done both analyti-
cally, using results from the Chapman-Enskog expansion, or numerically, using
the constrained runs scheme [8, 7]. We use the results from [17], where it is
shown that this scheme applied to the LBM under discussion approximates
the results from the Chapman-Enskog expansion correctly up to first order.
We illustrate these concepts for several diffusive systems.

We show that the solutions of the coupled model are comparable in accu-
racy to the solution of either the PDE or LBM model on the full domain. We
also show that the error made at the interface is proportional to the second
derivative of the solution at the interface. The latter is related to the error
term for the constrained runs scheme and to the second order term in the
Chapman-Enskog expansion.

For certain classes of problems, the current approach is not sufficient and
coupling that is correct to higher order is required. In this case, higher order
terms in the Chapman-Enskog expansion could be used if these analytic ex-
pressions are available. If these are not available, constrained run schemes as
proposed in [7] in the context of ODEs, could be useful.

In the current discussion, we used the same space and time step ∆x and
∆t for both the PDE and LBM sublattice. The focus was on the details of the
coupling and how information is exchanged between the two sublattices. The
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use of different ∆x and ∆t values in both regions, optimized to local stability
properties, would be a further development. When e.g. the time step of the
PDE is a multiple of the LBM time step, interpolation of densities between
two PDE time steps is then required to provide the necessary information to
the LBM region.

We foresee several applications of a coupled PDE/LBM simulation ap-
proach. One example is plasma physics where detailed reaction rates in lo-
calized regions determine the macroscopic behavior. Here, the system has a
solution that varies rapidly in a localized region of the domain but behaves
smoothly in the remainder. In the former region, the approximations made to
derive a PDE model will break down and the LBM with the complete reaction
details has to be used. In the smooth region, in contrast, the PDE approx-
imations are valid. It is important that the interface is situated in a region
where the solution is still slowly varying such that the slaving relations from
the Chapman-Enskog expansion hold.
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