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Abstract

In this article, we perform a numerical stability and convergence analysis of
the constrained runs initialization scheme for a lattice Boltzmann model. Gear
and Kevrekidis developed this scheme in the context of coarse-grained equation-
free computing. Given the macroscopic initial fields, we study the mapping of
these variables to the higher-dimensional space of lattice Boltzmann variables.
The lattice Boltzmann model considered is the BGK collision model for one-
dimensional reaction-diffusion systems. For such systems, we prove that the
constrained runs scheme is unconditionally stable and that it converges to an
approximation of the slaved state, i.e. the microscopic state consistent with
the macroscopic initial condition. This approximation is correct up to first
order in the Chapman-Enskog expansion of the lattice Boltzmann model. The
asymptotic convergence factor is |1 — w| with w the BGK relaxation parameter.
The results are illustrated for the one-dimensional FitzHugh-Nagumo reaction-
diffusion system. Using the constrained runs initialization in the context of
equation-free computing, we also perform a coarse-grained bifurcation analysis
of this model.
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Abstract

In this article, we perform a numerical stability and convergence analysis of the con-
strained runs initialization scheme for a lattice Boltzmann model. Gear and Kevrekidis
developed this scheme in the context of coarse-grained equation-free computing. Given
the macroscopic initial fields, we study the mapping of these variables to the higher-
dimensional space of lattice Boltzmann variables. The lattice Boltzmann model consid-
ered is the BGK collision model for one-dimensional reaction-diffusion systems. For such
systems, we prove that the constrained runs scheme is unconditionally stable and that it
converges to an approximation of the slaved state, i.e. the microscopic state consistent
with the macroscopic initial condition. This approximation is correct up to first order in
the Chapman-Enskog expansion of the lattice Boltzmann model. The asymptotic conver-
gence factor is |1 —w| with w the BGK relaxation parameter. The results are illustrated for
the one-dimensional FitzHugh-Nagumo reaction-diffusion system. Using the constrained
runs initialization in the context of equation-free computing, we also perform a coarse-
grained bifurcation analysis of this model.
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1 Introduction

1.1 Initialization of microscopic and mesoscopic models

Complex dynamical systems are often simpler to model on a finer level than the continuum or
macroscopic level. Examples are numerous. Molecular dynamics simulations follow the laws
of Newton and can be used to model complex fluids such as the flow of polymers. To model
e.g. fluid flow at the mesoscopic level, lattice Boltzmann models (LBM) are an alternative to
the Navier-Stokes equations. A LBM uses simple collision and propagation rules that update
distribution functions of idealized particles on a lattice with limited velocities. We call these
fine-level models collectively microscopic models.

However, many of these systems exhibit a separation of time scales between the fast de-
tailed microscopic processes and the slowly varying macroscopic variables. The latter are
typically the first few lower order moments of the microscopic variables like density and
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velocity fields. Irrespective of the microscopic starting state, time trajectories of such sys-
tems are quickly attracted towards a slow lower-dimensional manifold [10] described by the
macroscopic variables. Once on the manifold, the higher order moments of the microscopic
variables have become functionals of (become slaved by) the lower order ones and the full
state is adequately described by the macroscopic variables only. If this description can be
written down in closed form, like a set of partial differential equations (PDEs), it is called
the reduced equation on the manifold. The time needed for the slaving process is called the
healing time in [16] and is typically small compared to the relevant macroscopic time scales.

In general, starting a microscopic simulator from given macroscopic initial conditions
includes some arbitrariness because there are, typically, a large set of microscopic variables
and only a few macroscopic variables given (one-to-many problem). In molecular dynamics,
for example, the initial positions and velocities of all the particles have to be computed from
the given temperature and density profile. Typically, the particles are positioned on a square
lattice while the velocities are drawn from a Maxwellian distribution. In a similar way, LBM
simulations are traditionally bootstrapped from the initial macroscopic fields by setting the
distribution functions in each point to a local equilibrium.

Gear and Kevrekidis proposed the constrained runs algorithm in the context of singularly
perturbed ODEs [8, 6] to consistently map macroscopic initial data to microscopic variables.
In the same context, Zagaris and Kaper compared the scheme, which they call the zero-
derivative principle, to the computational singular perturbation method [27]. The constrained
runs scheme performs a series of short microscopic simulations and resets the lowest moments
of the microscopic variables to the macroscopic initial condition after each run while leaving
the higher order moments unchanged. After a few iterations, the scheme converges towards an
approximation of the slaved state corresponding to the initial macroscopic data. As a result,
the microscopic variables are initialized both consistent with the initial macroscopic state and
close to the slow manifold described by the macroscopic variables. With such initialization,
the subsequent microscopic simulation will approximate the “true” time trajectory (on the
manifold) described by the reduced equation.

In this paper, we perform an extensive analysis of the stability and convergence of the
constrained runs initialization scheme for the LBM with BGK collisions for one-dimensional
diffusive problems. In this context, the initial density p(©) (the lowest moment) is given and
we seek the values of the corresponding higher order moments, momentum and energy, (or
equivalently, the values of the distribution functions consistent with p(o)) to initialize the LBM
with. We show that the initialization scheme is unconditionally stable and convergent and
that the resulting higher order moments are first order accurate. The asymptotic convergence
rate equals |1 — w| with w the BGK relaxation parameter.

Only recently, we learned of the related work of Mei et al. [17] and Caiazzo [2]. In
[17], the authors present a scheme for the initialization of the LBM with multiple relaxation
time (MRT) collision model for the incompressible Navier-Stokes problem. For a given initial
velocity field u(?), both the unknown initial pressure field (or equivalently the density field) and
the higher order moments are computed using a modified LBM simulation where the velocity
field in the equilibrium distribution is kept fixed to the value w(®). This effectively reduces
the model to a convection-diffusion LBM with one conserved variable, the density. Caiazzo
[2, p. 43] analyzes this scheme for the LBM with BGK collisions for the same Navier-Stokes
problem and shows that the resulting pressure (and density) is second order accurate. In this
paper, we implement the scheme of [17, 2] for one-dimensional reaction-diffusion systems. We
show that it behaves similarly to the constrained runs scheme and that the results of our
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numerical analysis also apply to this initialization procedure.

Note that a good initialization is important both in terms of efficiency and accuracy. The
simulation of equilibrium systems can be done more efficiently using constrained runs since
it eliminates the long run times associated with waiting until an equilibrium sets in. For
out-of-equilibrium simulations, such initialization makes it possible to initialize accurately
and track the correct transients.

1.2 Coarse-grained equation-free computing

The separation of time scales mentioned earlier has inspired Kevrekidis et al. to develop
so-called coarse-grained “equation-free” methods [12] that perform a macroscopic time inte-
gration of systems for which only a microscopic model is available. It is assumed that the
reduced equation in terms of the macroscopic variables only is (at least conceptually) deriv-
able, but unavailable. The corresponding coarse-grained time stepper performs a macroscopic
time step AT in three phases. In the first phase, called lifting or reconstruction, the micro-
scopic system is initialized from the macroscopic data. Here, the constrained runs procedure
can be used. Secondly, we simulate over AT using the microscopic model. In the third phase
(restriction), the macroscopic variables are computed from the resulting microscopic state.
Instead of doing a full microscopic simulation, the efficiency of the resulting time stepper
can be increased in time by projective integration schemes [7, 26] and in space by gap-tooth
techniques [12, 20].

Van Leemput et al. showed in [24] that the lifting phase can have a significant impact
on the accuracy of the coarse-grained time stepper. For the computation of steady states of
a LBM, they showed that a bad initialization of the microscopic simulator can excite slow
modes in the system. The macroscopic time step AT must then be unnecessary large to damp
the resulting initialization error.

For the computation of periodic solutions, such initialization error will induce a permanent
phase shift in the solution. Furthermore, when the microscopic simulator is stochastic or
chaotic, Makeev et al. [15] show that a large AT leads to irreparable diffusion over a large
part of the attractor, thereby losing phase information. It was further shown in the context of
numerical bifurcation analysis [24] that the computation of unstable solutions becomes nearly
impossible when AT is very large.

In the context of time integration acceleration schemes as described in [7] and [26], where
bursts of microscopic simulations are used to estimate the macroscopic time derivatives, an
accurate initialization will limit the size of AT and efficient schemes can be developed. Finally,
the issue of “lifting” also occurs in hybrid domain decomposition techniques where different
models are spatially coupled. One example is the coupling of e.g. a PDE to a LBM [1,
25]. At the boundary, the PDE will provide the macroscopic variables from which the LBM
distribution functions have to be calculated. This can be seen as a localized initialization that
needs to be implemented carefully to ensure smooth behavior of the solution at the interface
between the models.

1.3 Overview of the paper

In this paper, we apply the constrained runs initialization scheme [8, 6] (see Sect. 3) to
the lattice Boltzmann BGK model for one-dimensional reaction-diffusion problems (Sect. 2).
In Sect. 4, we will show that the scheme is unconditionally stable and convergent. These
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theoretical results are verified numerically in Sect. 5 for the FitzHugh-Nagumo system with
no-flux boundary conditions. We also construct the coarse-grained time stepper for this
system and use the constrained runs scheme in the lifting phase. We used this time stepper to
perform a time stepper based numerical bifurcation analysis of the system [14, 24], although we
showed in [23] that coarse-graining the LBM is not a requirement to enable bifurcation analysis
(because of the deterministic nature of the mesoscopic LBM). In Sect. 6, we summarize the
main conclusions of the paper. In Appendix A, we verify the matrix theorems used to proof
stability. Finally, we derive the discrete evolution equations for the moments in an alternative
way in Appendix B.

2 Lattice Boltzmann Model for One-Dimensional Reaction-
Diffusion Systems

Lattice Boltzmann models (LBM) [3, 18] describe the evolution of particle distribution func-
tions f;(z,t) discretized in space x, time ¢ and velocity v;. The distributions are defined on
a space-time lattice with grid spacing Az in space and At in time. On a one-dimensional
domain, only three values are considered for the velocity (D1Q3 model):

Ax
v =¢——, ¢G=1€{-1,0,1},
7 ’LAt (2 { }
with ¢; the dimensionless lattice velocity.

The lattice Boltzmann evolution law for the distribution functions is
fl($ + CiAxv t+ At) = (1 - w) fz(xv t) + wfieq($7 t) + Rz(xv t)v (S {_17 07 1} . (1)

The right hand side of (1) updates the values fi(z,t) to post-collision values f}(x,t*) (with
t < t* <t+ At). Afterwards, these values propagate to a neighboring lattice site according
to their velocity direction (left hand side of (1)). When the solution of the LBM varies slowly
on a macroscopic length and time scale, the PDE (the reduced equation) describing the same
reaction-diffusion process can be derived through a multiscale Chapman-FEnskog expansion
[25, 3] of (1) and is defined as

T *p(a
8p(a£ v =" f;(x; s Fiplat)) @

where p(x,t) is the particle density (concentration), D the diffusion coefficient and F'(p(z,t))
a macroscopic reaction force term which depends on p(z,t) only.

Diffusive collisions are modeled by the Bhatnagar-Gross-Krook (BGK) collision term
—w(fi(x,t) — f{%(x,t)) in (1) as a relaxation to a local diffusive equilibrium [19]

et t) = 5 ol 1) 3)

The BGK relaxation coefficient w is then defined as [19, 25]

2
w=—————".
1+3DEL

For stability reasons, it follows from (1) that 0 < w < 2 [18] (compare (4)).
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Reactions are modelled by the term R;(z,t) in (1) as [19, 5]

At
Ri(e,t) = 5 Flpl, 1) (5)
Here, it is assumed that reactions occur at the local diffusive equilibrium [4].
The particle density p(z,t) is the macroscopic variable (cf. (2)) and is defined as the zeroth
order velocity moment of the distribution functions

plet) = 3 file) = 3 [0, (®

where the second equality expresses that the BGK diffusive collisions locally conserve density
(compare (3)). The dimensionless first and second order velocity moments (up to the factor
1/2 for the second order moment) are

1 1

Slw,t) =D cifilx,t) 5 Ex,t) = % > & filw1). (7)

i=—1 i=—1

We will refer to these moments as the “momentum” ¢ and (kinetic) “energy” ¢ (although
these are non-conserved quantities in a diffusive system). The state of the LBM at time ¢ and
position z is then fully determined by either the distribution functions f = [f_1 fo f1]’ or the
moments @ = [p ¢ £]'. By definition

P 1 1 -1
¢ | = -1 0 1 fo & op=Mf (8)
§ 0 3 f1

and vice versa f = M 1o (one-to-one relationship).

3 Initialization with Constrained Runs

3.1 The Slaved State

For the LBM of Sect. 2, the higher order moments ¢ and ¢ are quickly attracted to the
slow manifold described by the density p (cf. the discussion in the introduction), i.e. they
become quickly slaved to functionals of the macroscopic variable. These functionals (the
slaving relations) can be derived analytically from the Chapman-Enskog expansion of (1) [25]
and are, up to third order, defined as

28w 9p(a,t) | AzAt ( w 1) <8F(p(x,t)) B 82p(x,t>> ,

3w Oz w? w—2 '3 oz Ozt

p(x,t) =
1 At Op(z,t) ©
€(o.t) = golot) - 5 (Flpla.0) - )

Here, we consider 0/0z to be a first order operator, while 9/0t and F(p) are second order
contributions (compare (2)). In this way, the above expression for ¢ has a first and third
order contribution, while £ is written as a combination of zeroth and second order terms.
Alternatively, relations (9) can be written in terms of spatial derivatives of p only using (2).
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Given only the value of the macroscopic initial condition p(z,0), relations (9) can be
used to initialize the LBM. First, ¢(z,0) and {(z,0) are computed from p(x,0) using (9).
The derivatives are approximated by finite differences. The corresponding distributions are
then obtained as f(z,0) = M ~'g(x,0) (8). Assuming that slaving relations like (9) are
unavailable or difficult to obtain analytically, the constrained runs initialization algorithm
approximates the values for the missing, slaved higher order moments corresponding to the
given macroscopic density.

3.2 Constrained Runs Scheme

Algorithm 1 Constrained runs scheme for a one-dimensional diffusive LBM

Required: p(©) = p(z,0)

FO —wp© s SL =1, e w; = 1/3 Choose f”) s.t. (6) holds
¢ = (w1 —w_1)p® ; €O = L(w; +w_1)p® Equiv. higher order moments
repeat
£+ — LBM(f (%)) LBM simulation (1) over time §t
o) = prf(ktl) Corresponding ¢*+1) and ¢++1 (8)
plht1) = p(0) Reset macroscopic variables
flt1) — pp—1pk+1) Map back (8)

until convergence heuristic < 6 , with 0 < 1

The constrained runs scheme [8, 6] is a fixed point iteration scheme that computes the
full state of a microscopic time simulator corresponding to the given macroscopic variables.
Using the constrained runs procedure on the LBM from Sect. 2, we iterate upon the higher
order moments ¢ and &, given p. We define the constrained runs scheme as a map

ok = cs(0®): k=0,1,2,... (10)

with k the iteration number and dt the simulation time needed by the inner microscopic sim-
ulator. The details for a one-dimensional diffusive LBM are given in Algorithm 1. Although
the value p(*) = p(© = p(z,0) is kept constant (reset), we included p in the state vector
o) =[5 ) ¢ ()

A straightforward choice for the convergence heuristic is
[¢"+ D (z) = oW ()]l <0 and  [|¢*H D (z) — W (@)[|2 <0, (11)

with 6 a user-defined tolerance (f# < 1). Note that the computation of the distributions
£+ = D=1+ in Algorithm 1 reduces to

E+1 k+1 k+1
Syt = p® — D — D (12)
since solely resetting the density changes the value of fékﬂ) only.

Figure 1 sketches the procedure’s evolution. We denote the fixed point of the constrained
runs scheme by {q~5, 5 } and the corresponding density from the microscopic simulation by p.
Due to the microscopic simulation, j will be different from the p(© to reset to (that is, unless
the initial condition is a steady state of the microscopic model itself and p = p(o)). The
corresponding higher order moments {(]3,5} are only approximations to the missing higher
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Figure 1: Sketch of the evolution of the constrained runs initialization procedure. The higher order
moments ¢ and £ are plotted with respect to the macroscopic variable p. The density p is reset to
the given p(®) after each LBM simulation. The fixed point {qg, §~ } of the constrained runs scheme is an
approximation to the slaved state {¢(p(?),£(p(®)}. The former lies on an “approximate” manifold
while the latter lies on the slow manifold described by p. The value p is the density corresponding to
{$,€} (before the final reset to p(®) and will be useful as an estimate for the error.

order moments {¢(p(?), £(p(¥)} of the slaved state. The values {p(?), ¢, €} denote a point on
an “approximate” manifold instead of the true slow manifold described by the density p (cf.
Fig. 1). Since the approximation error is proportional to the microscopic simulation time 0t,
the latter should be chosen as small as possible. For a LBM, we thus choose 0t = At (one
LBM time step).

4 Analysis of the Constrained Runs Scheme

In Sect. 4.1, we derive the equations that couple the evolution of the moments p, ¢ and & at
the current position z. In Sect. 4.2, we prove that the constrained runs scheme for the LBM
for one-dimensional reaction-diffusion systems is unconditionally stable. As a corollary of the
proof, we also derive the asymptotic convergence factor. Finally, we show in Sect. 4.3 that
the constrained runs scheme converges to an approximation of the slaved state.

4.1 Evolution Equations in the Space of Moments

In order to obtain a time stepper for the distribution functions f;(x,t) evaluated at the current
position z, the standard LBM BGK equation (1) can be written alternatively as

filz,t+ At) = (1 —w) fi(x — Az, t) + wfi¥(z — ¢; Az, t) + Ri(z — ¢; Az, t) . (13)
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Expanding the terms in the right hand side of (13) up to second order around respectively
fi(z,t), f{(z,t) and R;(z,t), we obtain

fila,t+A8) = (1-w) <fz'(:n,t) PN L azfi@:,t))

Oz 2 Oz
0f U (z,t) Az 0% f(z,t)
€q . 7 ’ ) 1 ’ 14
+w (fZ (x,t) — c;iAx D +- 92 (14)
OR;(z,t)  2Ax? ?Ry(z,t)
+ Ri(z,t) — ¢;Ax pe + 5 R

We now transform (14) to the space of moments. First, we sum over all distributions.
Using definitions (8), we then get the equation for the macroscopic variables p
(1)

Ox Ox?
AtAx? 0?F(p(z,t))
3 Ox? ’

plx, t+ At) = p(z,t) + (1 —w) <—Aw

wAz? 0%p(z, 1)

(15)

where we used property (6) (local conservation of density), definitions (3) and (5) and ¢ =

c? | = 1. The evolution equation for momentum ¢ is derived by multiplying (14) with ¢; and

summing over all ¢

0 Az? 0%¢(x,
dlx,t+ At) = (1 —w) <¢(x,t) —2Ax 5((99;,15) + ;E ggfz t)>

_ 2wAz Op(z,t)  2AzAtOF(p(x,t))
3 Oz 3 Oz '

(16)

If we multiply (14) by ¢?/2 and sum afterwards, we get the following equation for energy &

- g(%(%t) Ax? a2§(x,t)> Ep(w,t)

e, t+ At) = (1 —w) <§(x,t)

2 Ox 2 0x? 3 (17)
wAz? ?p(z,t) At AtAz? 0°F(p(z,t))
6 o2 3 Flp(z, t) + 6 Dz '

Obviously, the explicit time stepping in the above equations can be seen as a forward
finite difference discretization of the corresponding continuous time derivative. Therefore,
substituting o(x,t + At) — o(z,t) = At do(z,t)/0t in (15)—(17) leads to the fully continuous
versions (in  and t) of these equations.

Note that the reduced PDE (2) is obtained by substituting the slaving relations (9) for ¢
and & up to first order into (15) and retaining only the terms up to second order.

4.2 Stability Analysis

The eigenvalues of the linearization (i.e. the Jacobian matrix) of the constrained runs scheme
(10) will determine its stability. Section 4.2.1 lists a few theorems about the eigenvalues of
a certain class of matrices that will be needed further on. In Sect. 4.2.2 and 4.2.3, we derive
the Jacobian matrix for the LBM under discussion with either periodic, no-flux or Dirichlet
boundary conditions. Finally, we prove in Sect. 4.2.4 that the scheme is unconditionally stable
for the type of systems considered.
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Figure 2: Eigenvalues p,, of the 10 x 10 matrices with structure (18) (left), (20) (middle) or (21)
(right) and relations (19) for b = 0.75.

4.2.1 Useful Matrix Lemmas

Here, we state a few general lemmas about the eigenvalue spectra of a class of matrices that
will be needed in Sect. 4.2.4. The proofs are given in Appendix A. Figure 2 shows the
numerically computed eigenvalues p of matrices (18), (20) and (21). The matrix elements are
related as in (19) with b = 0.75.

Lemma 1. Define a square 2N x 2N matriz J structured as follows (here given a small
dimensional example with 2N = 10):

[ a —b b
—c a c
b a —b
a —c a
b a —b
c a —c a (18)
a b a —b
c a —c a
a —b b
| —¢c a c a ]

(for clarity, we omitted zeros from our notation). When the elements of such a matriz are
related as

. beER, (19)

the matriz has N distinct eigenvalues i, = bexp(im2r/N); m =0,1,...,N — 1 (each with
multiplicity 2), which lie on a circle with radius |b|.
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Lemma 2. Define the following square 2N x 2N matriz J (here for 2N = 10):

[ —a b a -b 1
—c —c a
a b a —b
c —c a
b a —=b
c - a (20)

b a —b

c a —c a

b —a -b

C a & a

When the elements are related as in (19), matriz (20) has 2N distinct eigenvalues fiy, =
bexp(imn/N); m=0,1,...,2N — 1. These eigenvalues lie on a circle with radius |b|.

Conjecture 3. Define the square 2N x 2N matriz J (here for 2N = 10):

i 2b b —2b T
b
a b a —b
c a —c a
b a —=b
c a - a (21)

b a —b

c —c a

b 2b —2b

b

When the elements are related as in (19), matriz (21) has 2N — 2 distinct eigenvalues iy, =
bexp(im?2n /(2N —2)); m=0,1,...,2N =3, lying on a circle with radius |b|. All eigenvalues
have multiplicity 1, except pg = b which has multiplicity 3.

4.2.2 The Jacobian Matrix

In the constrained runs procedure, we reset the density variable p+1) = p(k) = () and
retain only the equations for the higher order moments (16) and (17). These equations are
coupled as follows

[ Pk+1) ] ) (1 + ATIQ 88—;2> ‘ —2Az 2 Hk) 5 22)
(k+1) | = LT Az O Az2 2 [ (k) ] + Deont »
¢ % ‘ (1 +5- W) ¢
with
_2wAz 8@ 2AzAL OF ()
Bcont = 5 3 O 3 O ’ (23)
82 (0) 2 92 F(p(0)
wp©) 4 efet 2 4 AR (p©) 4 Atds ST

where Beont gathers the terms related to f;/?(z — ¢;Az,t) and R;(x — ¢;Az,t) which depend
upon the density p(o) only (see Sect. 4.1). Since these values are kept constant, they do not
contribute to the Jacobian matrix.
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Due to the local nearest-neighbor nature of the LBM equation (1) or (13), combining the
second order Taylor expansion from Sect. 4.1 with a discretization of the corresponding spatial
derivatives with standard central differences, ensures that the dynamics of the higher order
moments is described correctly. Alternatively, as described in Appendix B, the equations
for the moments (and the corresponding Jacobian) can be derived in discrete form from the
LBM using the definitions of the moments (8) only. The result is the central differences
approximation of (15), (16) and (17).

If we write the discretized state vector in interwoven form as

[ 0P (@jm1) €W (o) oW (z)) € (z) B (2j41) € (zj0n) .. (24)

for j = 2,...,N — 1 and N the number of lattice points, the discretized system has the
following structure

a —b ¢>(k)(.$j—1)
: —c a R (z;_1)
o () a b a —b o*) (x5)
f(k"'l)(xj) | ¢ a —¢ a 5(1«)(93‘;) + Baise  (25)
b a —b ¢(k)($j+1)
. c a —c a £®) (j41)

with By;se the central difference discretization of Beopne (see (78)-(79) in Appendix B) and

1-— 1-—
a=-—2 , b=1—w and c:Tw. (26)

Since the matrix shown in (25) is constant, it is also the Jacobian matrix. Its dimension
equals 2N x 2N, i.e. two times the number of lattice points.

The top and bottom rows of the Jacobian matrix in (25) are determined by the boundary
conditions imposed on the spatial domain. In Sect. 4.2.3, we derive these border elements for
periodic, no-flux and Dirichlet boundary conditions. In all cases, we use N lattice sites.

4.2.3 A Note on Boundary Conditions

Periodic boundary conditions The N lattice sites are positioned at the midpoints of
N lattice intervals, such that all distributions, including the ones crossing the boundary,
propagate over only one lattice distance Ax. The boundary conditions are defined as

fi(z1,t+ At) = fi(zn,t) and foi(zn, t+ At) = f5y(21,1) (27)

where the value f denotes the post-collision (or pre-propagation) distribution with velocity
ci (see Sect. 2). When discretizing the spatial derivatives in (22) with central differences, the
missing higher order moments at one side of the interval are just the higher order moments
at the other side of the interval. We then obtain the recurring structure in the first and last
two rows of matrix (18). Alternatively, the border elements of matrix (18) can be derived as
in the paragraphs below.
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No-flux boundary conditions No-flux boundary conditions are best implemented using
the halfway bounce-back scheme [9, 11]. This puts the LBM variables at the midpoints of N
lattice intervals. Consider the left boundary, which is a distance Az /2 away from the nearest
internal site x1. The halfway bounce-back implementation states that the unknown incoming
(out-of-wall) distribution f; is given by

fl(l’l,t‘{‘At):fil(LEl,t) ) (28)
a condition which is imposed during propagation.

The discrete evolution equation for momentum at the left boundary site x; can be written
as

d(x1,t + At) = fi(xq,t + At) — foq1(z1,t + Ab) (29)
= [Xi(@1,t) = [y (22, 1) (30)
= (1 — w)ffl(l’l,t) - (1 - W)ffl(l'%t) + G(p(l’l,t);p(l‘g,t)) (31)
= -0+ (1 - w0+ L5 (w1
— (L= w)é(wa, 1) + Glp(x1,1); p(a2, 1)) (32)
= —ag(z1,t) + bE(x1,1) + ad(x2,t) — bE(22, 1) + G(p(z1,1); p(2,1)) . (33)

Equation (29) defines the momentum (7) after propagation. Imposing propagation and the
boundary condition (28), we obtain (30). Enforcing BGK collisions and reactions, (31) is ob-
tained in terms of the pre-collision distributions. Substituting the corresponding pre-collision
higher order moments using f = M ! (8), (32) and (33) are obtained, the latter using (26).
The term G gathers the terms depending on p. This term winds up in the vector of constants
(23) and does not contribute to the Jacobian matrix. The coefficients in (33) are precisely
the elements in the first row of matrix (20). The second row follows from a similar derivation
for the energy.

The same type of derivation can be done for the rightmost site x y (where f_1(zn, t+At) =
fi(xn,t)) to obtain the coefficients in the last two rows of (20).

Dirichlet boundary conditions To enforce Dirichlet boundary conditions, we put the N
lattice points at the edges of NV — 1 intervals, such that the boundaries coincide with the outer
lattice sites x; and xy. Note that Az is now L/(N — 1) with L the domain length. The
unknown distributions at the boundaries are computed during propagation as

f1($1>t+ At) = p(xlat) - fa(mlvt) - fil(x%t) ) (34)
f*l(:ENat"i' At) = p(ZL‘N,t) - fg(ﬂvat) - ff(l‘N_l,t) )

where p(z1,t) and p(zy,t) are the density values imposed by the Dirichlet condition at the
boundary.

The discrete evolution equation for momentum at the left boundary site x; can be written
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d(x1,t + At) = fi(xq,t + At) — foq(z1,t + Ab) (35)
= p(w1,t) — fi(21,t) — 2 f2 (w2, 1) (36)
=—(1-w)fo(z1,t) = 2(1 —w) fo1(22,t) + G(p(z1,1); p(22, 1)) (37)
= —(1—w)p(x1,t) +2(1 —w)&(z1,1) + (1 — w)p(w2,1)

—2(1 —w)é(z2,t) + G(p(x1,1); p(z2: 1)) (38)
=2(1 —w)é(z1,t) + (1 —w)g(x2,1) — 2(1 — w)é(w2,1)

+ G (p(x1,t); p(x2,t)) (39)
= 20(21,t) + bp(w2, 1) — 2bE (w2, t) + G’ (p(w1,1); p(2,1)) - (40)

The reasoning is equivalent to the one for equations (29)—(33). Again, the terms G and G’
gather the terms depending on p. The coefficients in (40) are the elements in the first row of
matrix (21). The second row follows from a similar derivation for the energy. The last two
rows are derived from the same type of derivation for the rightmost site x .

4.2.4 Stability Theorem

Theorem 1 (Stability theorem). The constrained runs scheme for the lattice Boltzmann
BGK model that describes a one-dimensional reaction-diffusion system with either periodic,
no-flux or Dirichlet boundary conditions (and with the reaction term depending on p only
(5)), is unconditionally stable.

Proof. The eigenvalues i, of the linearization (the Jacobian matrix) of one iteration of the
fixed point map Ca; (10) determine the stability of the algorithm. If all eigenvalues in the
spectrum o(Ca;) lie within the unit circle, i.e. Vi, € 0(Cat) © |pm| < 1, the iteration is stable.

Since (26) satisfies (19), the Jacobian matrix in (25) represents the bulk of the matrix
J (except for the boundaries) from either Lemmas 1, 2 or 3. Depending on the type of
boundary conditions (see Sect. 4.2.3), the full structure of J given in (18), (20) or (21) is
obtained. These theorems state that all eigenvalues ., lie on a circle centered at the origin
with radius |b| = |1 —w|. The constrained runs iteration is unconditionally stable because, as
already mentioned in Sect. 2, 0 < w < 2 and thus always |um,| = |b] < 1. O O

Theorem 2 (Asymptotic convergence factor). The asymptotic convergence factor n of
the constrained runs scheme for the LBM described in Theorem 1 equals |1 — w|.

Proof. The proof of Theorem 1 states that all eigenvalues u,, lie on a circle with radius

|b| = |1 — w|. Hence the spectral radius (or equivalently, the asymptotic convergence factor)
is given by
7n:=  max bm| =10 =11 —w|.
oo il = 1] = |
U |

4.3 Convergence

Theorem 3 (Convergence theorem). The constrained runs scheme for the LBM described
in Theorem 1 converges to a first order correct approximation {qg,é} of the slaved state (9).
The approximation error depends on p — ,0(0), where p(o) 1s the initial density and p is the
internal simulated-upon density corresponding to {&,é} (before the final reset to p0 ).
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Proof. The unconditional stability of the constrained runs algorithm (Theorem 1) implies that
the scheme converges to a fixed point { b, & }. We will now prove that this is an approximation
to the slaved state (9).

Since the macroscopic variable p is reset in each step of the algorithm, i.e. since @
Cai([p© ¢®) €] equation (15) becomes

Oz . 0z2 3 0z2

AtAz? 92 F(p0)
3 0x?

(k) 2 ¢ (k) 2 52 (0)
pEFD = )0 4 (1 ) (_Ax&ﬁ LA 507 >+wA:c 0°p

(41)
+ AtF(p) +

after simulation in the (k 4+ 1)'* step. Reordering terms in (41), we obtain an expression
for the term between brackets. Substituting this expression in (17) results in the following
equation for £*+1)

At
6

1

(P — 0. (42)

gltl) — ¢b) _ e(k) 4 gp(()) — Z2F(pO) +

The fixed point {(p(?), ¢, €} of (10) is defined by ¥+ = ¢*) and £:+1) = ¢#) Denote the
corresponding density from simulation by p (cf. Fig. 1). In the fixed point, (42) equals

~ SLRO) + 55— 5. (43)

0) _ =%
p 6w 2w

~ 1
$73

When we substitute (43) in (16), the following equation for the fixed point value ¢ can be
derived

2 Az 9p®) 1 AtAz OF (p©) Az d(p— p0)

9=- 3w Oz §~—w) w? oz = _w)wQ oz (44)
L (- w0
2w O0z?

An expression for 82q~5/ 02 is obtained by derivation of (44) and keeping only the lowest
(third) order terms. Using (2), this can be written as

(45)

- ox ox

¢ 28z 9% 2 o(p—p)  \,0F(?)
0x2 3w 013  (w—2)Ax )

Substituting (45) in (44), we finally obtain

(2820p9 | Awhi [ w | INOF(Y) Az w | NOG—p") o
3w Oz w? Ox w? Oz |

b=

o2 3 w—2

When we compare (43) and (46) to the analytic slaving relations for momentum and
energy given in (9), we see that the first two terms match, but not the third one. Using
the notion of order from Sect. 3.1, it follows that the fixed point {(p()), <Z>,£N} matches the
slaved state (9) completely up to first order. Using (8), this is equivalent to stating that the
corresponding fixed point distribution functions f; are a first order correct approximation of
the f; in the Chapman-Enskog expansion of (1) or (13) (see [25]). The approximation error
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is proportional to the error made upon resetting the density, i.e. the value p — p(©) and the
spatial derivative thereof. This value is thus a measure for the “difference” between the slow
manifold and the actual approximate manifold converged upon (see Fig. 1).

Note that in a full system steady state, i.e. a steady state of the LBM itself, the approx-
imation error in (43) and (46) vanishes since all time derivatives (and thus also p — p(©))
evaluate to zero. As already mentioned in [8], this means that full system steady states lie
both on the approximate and the slow manifold.

As discussed in Sect. 3, choosing the smallest possible simulation time dt ensures that the
error in (43) and (46) is as small as possible. Also, the error is small when the density profile
is smooth. O O

5 Numerical Results

In Sect. 5.2, we illustrate the theoretical results from Sect. 4 for the FitzHugh-Nagumo (FHN)
reaction-diffusion system with no-flux boundary conditions. The details of this system are
given in Sect. 5.1. A related initialization scheme developed by Mei et al. [17, 2] is discussed
in Sect. 5.3 for our model problem. In Sect. 5.4, we use the constrained runs scheme as the
lifting procedure in the coarse-grained time stepper for the FHN LBM and perform a time
stepper based numerical bifurcation analysis of the resulting system.

5.1 Example: FitzHugh-Nagumo Reaction-Diffusion System

There are two species in the FHN system: the activator and inhibitor, denoted by the super-
scripts ac and in respectively. For each species, the LBM is described in Sect. 2. We discretize
the one-dimensional spatial domain [0, 20] with N = 200 lattice points. At the boundaries, we
impose no-flux boundary conditions which are implemented using the halfway bounce-back
scheme [9, 11]. This puts the lattice points at the midpoints of N lattice intervals (Az = 0.1).
We use a LBM time step At = 0.001 [24]. The evolution of the species is coupled through
the reaction terms R;(x,t) only, which are defined as (5)

ac At ac ac in
Ri(2,1) = = (p"(2,) = (0")*(2,1) = p" (2, 1))
. At . (47)
R (z,t) = 5 € (pac(x,t) —a1p”(x,t) — ao) .
The parameters values are ag = —0.03 and a; = 2, while the diffusion coefficients in (4)

are D% =1 and D™ = 4. We chose ¢ = 0.05 in all our numerical experiments, except for
Sect. 5.4, where we performed pseudo-arclength continuation with free parameter ¢ € [0, 1].
The equivalent reduced PDE equations (2) can be found in e.g. [22, 24].

5.2 Stability and Convergence

First, we computed the Jacobian matrix J of the constrained runs procedure numerically
using a finite difference technique. Column [ of J is obtained as the directional derivative of
Cai(@™) (10) in the direction of the I** unit vector e; using

(k) — (k)
J[Z] — Jel — CAt(Q + 66[) CAt(Q ) ,

€
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Figure 3: Eigenvalues p of the Jacobian matrix of the constrained runs scheme for the FHN LBM
problem. The smallest circle of 2N = 400 eigenvalues corresponds to the inhibitor species, while
the larger circle of 400 eigenvalues is related to the activator species. The unit circle represents the
stability boundary. The computed values for the circle radii R*® and R‘™ are given also.

where € is a small parameter.

For the FHN model with two species, we use the following ordering of the state vector
oF) = [poc pin pac gac g €] (where we omitted the iteration index k). The resulting
Jacobian matrix J has the following structure

1 0 0
B A () (48)
Bin 0 Am

where each sparse submatrix is 2N x 2N dimensional. The identity matrix I is related to
both species’ densities, while the submatrices A%¢, B and A™, B are associated with both
¢ and & for either the activator or inhibitor species. If the discretized state variables ¢ and &
are written in an interwoven manner (24) or if permutations are done on the Jacobian, these
matrices are banded (2 x 2 block tridiagonal) with bandwidth 6. The submatrices B% and
B™ contain the derivatives of the ¢- and &-equations with respect to p and can be worked
out analytically from Beon: (23) or equivalently from Bg;s. (25).

Note that the marked submatrices in (48) which gather the derivatives that couple the
higher order moments of the activator with the higher order moments of the inhibitor and vice
versa, are zero matrices. This means that there is no extra coupling between the activator
and inhibitor higher order moments other than the one induced by momentum and energy
quickly becoming slaved with respect to their own species’ density, which is in turn the only
variable coupled to the other species. This is in agreement with (47) (and the corresponding
force term in the reduced PDEs) where the species’ densities are coupled through the reaction
term only.

The eigenvalues of the block lower triangular matrix (48) are the eigenvalues of each
diagonal block. The density-related identity matrix I accounts for 2V eigenvalues ¢ = 1 which
do not count for the stability/convergence analysis since p is kept constant by constraining
(resetting) its value. Since p is not really a state variable, the corresponding eigenvalues are
neglected.

Both submatrices A% and A are structured as in (20) (with relations (26)). Lemma 2
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Figure 4: Convergence of the higher order moments ¢*) and £*) in the constrained runs scheme

with respect to the “unknown” slaved higher order moments ¢(p(?)) and &(p(®)). To better show
linear convergence, we initialized Algorithm 1 with a bad choice for the higher order moments ¢(® =
—0.74p(® and £©) = .38,

states that each matrix has 2N eigenvalues lying on a circle. Figure 3 shows the numerically
computed eigenvalues of the Jacobian matrix of the constrained runs procedure evaluated at
the fixed point {(p(¥), $,£}. The circles of eigenvalues have radius R% = 0.53846 < 1 and
R™ = 0.090909 < 1 respectively. It can be checked that all eigenvalues lie at equi-angular
distances /N on the circle, which is conform Lemma 2. The constrained runs iteration is
stable because all eigenvalues lie within the unit circle.

Substituting the parameter values of our model problem in (4), we see that

W™ = 1.53846 and ™ =0.90909 ,

such that
b* =1 — w* = —0.53846 and b =1 — " = 0.090909 . (49)

In absolute value, these are exactly the radii R* and R computed in Fig. 3.

Figure 4 shows the evolution of the higher order moments ¢*) and ¢*) computed in the
constrained runs procedure with respect to the “missing” higher order moments ¢(p(®)) and
& (p(o)) of the starting point. The latter were obtained by first simulating with the LBM until
slaving is obtained, i.e. over a time interval larger than the healing time, here 20At¢ [24] (cf.
the discussion in the introduction) and then computing the ¢ and £ values (7) that correspond
to the resulting p(©) (the starting point for this experiment). The asymptotic convergence
factor 7 can be estimated as

o NEE

E®, 1,2,..., (50)
with E(*) the error at step k, i.e. either E®) = ¢®) — ¢(p©)) or EF) = ¢k) _ ¢(p(0)),
Computing (50) for the momentum variables leads to values 7% =~ 0.53 and 1 ~ 0.090
(Fig. 4 left), while for the energy variables 7% =~ 0.60 and 7" ~ 0.11 (Fig. 4 right). These
values are approximations to the respective theoretical asymptotic convergence factors (circle
radii) |6%¢| and [b™| (49). Since [b"*| < |b%¢|, the inhibitor species converges faster.
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Figure 5: Convergence plots of the constrained runs procedure for the activator species. The LBM

simulation is performed for 6t = At or 6t = 2At. The initial condition in Algorithm 1 is ¢(©) =
—0.74p® and £© = 0.38p(®). The left panel shows the evolution of momentum ¢ *) while the
right panel shows the evolution of energy £%¢(*) with respect to the corresponding “unknown” slaved
moments. Output is shown at the same absolute time, thus we slightly abuse the index k£ notation.

To verify expressions (43) and (46) numerically, we computed the norm of the difference
between €, respectively ¢, and the right hand side of (43) and (46) evaluated at the p and
p©) values. We obtained values within machine precision.

The convergence plots in Fig. 4 level off because the fixed point {(5, é} ends up on the
approximate manifold instead of the true slow manifold (cf. Sect. 3). The simple convergence
heuristic (11) does not take this “levelling off” into account. However, the error terms in (43)
and (46) suggest to monitor the differences pF+1) — p(0) and the spatial derivative thereof for
k=0,1,2,... and stop iterating when these values converge (since p — ,0(0) is a measure for
the difference between the approximate manifold and the slow manifold at p(o)). Figure 4
shows that about 25 iterations are sufficient if p(**1) — p(0) is monitored. This is conform our
experiments. Note that the simulation overhead incurred by the constrained runs initialization
comes at the benefit of a very accurate time simulation afterwards (see Sect. 5.4).

The absolute stability of the constrained runs procedure implies that the scheme is always
convergent, independent of the initial condition in Algorithm 1. A bad choice of fi(o) (or
equivalently ¢(©) and £(©)) away from the slaving relations (9) leads to a larger initial error
E©) and thus a few more iterations necessary for convergence. The fixed point converged upon
is however the same. To better show linear convergence in Fig. 4, we chose the distributions
asymmetrically as £ = 0.75p©, £{” = 0.24p©@_ £ = 0.01p© (or ¢ = —0.74p© and
£ = 0.38p(0) instead of the better option of e.g. fi(o) = p0/3 (or ¢(O = 0 and £©) = p(©)/3),
where the latter is closer to the slaved state.

Figure 5 illustrates that it is best to choose the simulation time dt of the microscopic
simulator used in the constrained runs scheme (10) as small as possible. In case of a LBM
thus equal to one At. Results are shown for ¢ either equal to At or 2At. Although the latter
initially converges faster, the fixed point of the former is more accurate.

5.3 Comparison to the Initialization Scheme of Mei et al.

Mei et al. [17] proposed an initialization scheme for the LBM MRT model for the incompress-
ible Navier-Stokes problem. Caiazzo [2] analyzes this scheme for the LBM BGK model for
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Algorithm 2 Initialization of Mei et al. for one-dimensional diffusive LBM

Required: p(® = p(z,0)

fi(o) =p0/3 Initialize with e.g. the BGK equilibrium f;?
repeat

£ = LBM p0q(FR), p() Run modified LBM over time At
until convergence heuristic < 6 , with 6 < 1
o= Mf Corresponding ¢ and € (8)
p=p0 Use initial density
f=M"1p Corresponding distribution functions (8)

the same Navier-Stokes problem. We implement this initialization scheme for the LBM BGK
model for one-dimensional diffusive problems. The LBM from Sect. 2 is then initialized with
Algorithm 2. Here, evolution equation LBM0q(f*), p(0) represents (1) with a fixed density
value p(®) in both the equilibrium distribution and reaction term, i.e. (3) and (5) are replaced
with

) = 2000 5 Rilet) = SR @0). 61)

Note that for diffusion, this is not a LBM anymore, since density is not conserved by the
BGK collisions, i.e. the second equality in (6) does not hold. This implies that the con-
verged distributions f; do not sum up to the correct initial density p(®. A small additional
transformation is necessary (last lines of Algorithm 2).

We now compare Algorithms 1 and 2. The constrained runs scheme uses the LBM itself
and manipulates the distribution functions externally by resetting the macroscopic variables to
the given initial fields. On the other hand, the scheme of Mei et al. modifies the LBM internally
by fixing the macroscopic variables to the initial values in the equilibrium distribution and
force terms. The resulting scheme relaxes towards the given macroscopic variables.

However, it can be checked that the evolution of ¢ and £ (or equivalently f; and f_;) is
the same in both Algorithms 1 and 2. Indeed, in step k of Algorithm 1, we reset the density
(12). In step k + 1, the density — which is a conserved variable here — is computed (6) and
used in the BGK equilibrium (3) and reaction term (5) in (1). The resulting iteration for f;
and f_; is equal to (1) with (51). Note that for fp, the schemes behave differently, which is
the reason for the reset of density in the last lines of Algorithm 2. We can conclude that the
higher order moments have the same convergence behavior (this can be checked numerically
also). Thus the results of Theorems 1, 2 and 3 apply. As a consequence, the converged higher
order moments ¢ and ¢ for our model problem in Algorithm 2 are first order accurate and
their values are given by (43) and (46).

5.4 Application: Coarse-Grained Numerical Bifurcation Analysis

Next, we use the constrained runs procedure in the lifting (reconstruction) step of the coarse-
grained time stepper [12] for our LBM. We compare our results to those obtained with the
reconstruction scheme proposed in [22]

fi(x,0) = w; p(x,0) with Z w;=1. (52)



20 P. Van Leemput et al.

As discussed in [24], this type of initialization does not attempt to approximate the slaving
relations (9) for the higher order moments. This induces a significant macroscopic error,
which leads to an unnecessary large value of AT. The best possible approximation to the
slaving relations with (52) is the choice w; = 1/3, i.e. initialization with the local diffusive
BGK equilibrium (3). The corresponding initial higher order moments are { = p/3 (good) and
¢ = 0 (bad, although the numerical value is small also). After initialization, we simulate over
a coarse-grained time step AT using the LBM. Finally, the restriction computes p(x,t+ AT)
using (6). To focus on the effect of the lifting only, these AT-integrations are successively
repeated within the time integration interval [0, 7], instead of using this basic time stepper
in combination with more advanced time integration acceleration techniques [7, 26].

We have used this coarse-grained LBM time stepper in a time stepper based numerical
bifurcation analysis using the Newton-Picard method [14]. For the FHN model with the choice
of parameters mentioned in Sect. 5.1, we compute a branch of steady states and a branch
of periodic solutions for varying € € [0, 1]. Figure 6 shows the results for the coarse-grained
LBM with either the reconstruction scheme (52) with w; = 1/3 or the constrained runs
procedure (Algorithm 1). We compare to the bifurcation diagram of the full LBM (without
coarse-graining) [23]. For steady states, we set T" = 5, while for periodic solutions, T is the
period. We choose AT = 20At = 0.02 (on the order of the healing time [24]). It is clear from
Fig. 6 that, even for such small value of AT, the results for the constrained runs initialization
compare well to those for the full LBM, which is not the case for the reconstruction with
(52) and w; = 1/3. Note that we failed to compute the complete periodic solution branch in
the direction of the fold point for the reconstruction with f;(x,0) = (1/3)p(z,0) (52). The
resulting time stepper proved too inaccurate to compute solutions near the unstable ones
beyond the fold point.

6 Conclusions

In this paper, we analyzed the use of the constrained runs scheme [8, 6] for the initialization of
a lattice Boltzmann model (LBM) from given macroscopic initial fields. The LBM considered
is the BGK model for one-dimensional reaction-diffusion systems with either periodic, no-flux
or Dirichlet boundary conditions. For such systems, we proved that the constrained runs
scheme is unconditionally stable and convergent. We showed that the scheme converges to a
first order correct approximation of the slaved state, i.e. the state that is a consistent with
the macroscopic initial condition. Furthermore, we derived that the asymptotic convergence
factor equals |1 — w|, with w the BGK relaxation coefficient. We used the FitzHugh-Nagumo
reaction-diffusion system with no-flux boundary conditions to illustrate the theoretical results.

We also used the constrained runs scheme as the lifting or reconstruction step in the
coarse-grained time stepper [12] for the LBM and performed a time stepper based numerical
bifurcation analysis [14, 24] of the result. We showed that the resulting bifurcation diagram
is very accurate, even if the coarse-grained time step is small.

As an alternative to constrained runs, the initialization scheme of Mei et al. [17, 2] can be
used. For the LBM BGK model for one-dimensional reaction-diffusion systems, we showed
that this initialization procedure is very similar and that the results of our numerical analysis
apply, yielding the same convergence and accuracy results.

Although initialization of the microscopic model with the constrained runs scheme incurs
some extra work compared to a direct initialization with e.g. the local BGK equilibrium
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Figure 6: Bifurcation diagram for steady states (top) and periodic solutions (bottom). Time steppers
are the coarse-grained LBM with reconstruction scheme either f;(z,0) = (1/3)p(z,0) (52) or the
constrained runs scheme (Algorithm 1) and the full LBM for reference. Unstable solutions are indicated
by dotted lines and bifurcation points by boxed markers. The markers represent only a subset of the
computed points.
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distribution, the benefits are clear. After initialization, the microscopic state is both consistent
with the initial macroscopic state and close to the slow manifold described by the macroscopic
variables. On the contrary, initialization with the BGK equilibrium can lead to significant
macroscopic initialization errors, as shown in [24] and [17, 2].

For the microscopic model itself, an accurate initialization will reduce the simulation time
and allows for the computation of meaningful transients. In the context of equation-free
computing, a proper initialization is an important issue for coarse-grained time integration
acceleration [7, 26], bifurcation analysis [24] and hybrid domain decomposition techniques [25].

We believe that the numerical analysis in this article can be extended to lattice Boltzmann
BGK models for higher dimensional systems and systems other than reaction-diffusion also.
Although it seems unlikely that the eigenvalues of the linearized constrained runs scheme for a
more general LBM lie on a circle, the factor (1 —w) can still be expected to play an important
role in the stability analysis. Below, we comment on the generalization of this analysis.

To start with, the general BGK term in the LBM equation can still be expanded in
a Taylor series. Deriving the continuous evolution equations in the higher order moments
is however less straightforward. To this end, a meaningful set of higher order moments
must be defined. For e.g. a two dimensional problem, the definitions in [13] can be useful
here. Note that the discretization of the spatial derivatives in these equations should be the
natural one corresponding to the nearest neighbor nature of the propagation (cf. Appendix B).
This will result in a sparsity pattern of the corresponding Jacobian matrix comparable to
the one in this paper. Also, since the BGK equilibrium distribution only depends on the
macroscopic variables which are kept constant during the constrained iterations, this term
will not contribute to the Jacobian matrix, i.e. it will not contribute to the stability analysis.
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A Proofs of the Matrix Lemmas from Sect. 4.2.1

A.1 Proof of Lemma 1
The 2N x 2N matrix J (18) can be written as

J

bJ, (53)

such that the corresponding eigenvalues are related as

pw=>bp. (54)

We will now prove that the eigenvalues [ of J lie on the unit circle with angular distance
27 /N.
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Both matrices J (18) and J (53) are so-called compound-circulant matrices. From [21] it
follows that the eigenvalues i of J can be found as the union of eigenvalues A\ of the 2 x 2

matrices
_ 1/2 -1 1/2 1| no1
Hmn = [«—1/4 1/2 }’“1*[ 1/4 1/2 ]T”L : (5)
where 7, is any N** root of unity:
2 2 2
Tm = exp(i mﬁw) = cos(mﬁw) + z’sin(mﬁw) ; m=0,1,2,...,.N—1. (56)

The eigenvalues A of H,, are the roots of the characteristic equation det(H,, — Al) =0
(with I the 2 x 2 unit matrix), i.e.

M- (4N O +1=0.

Using definition (56) and the fact that the complex conjugate 7, = rN~!

readily found that

= I'N_m, it is

Mm ="Tm and Ao =Tm =TNom - (57)

Since these eigenvalues are defined for any r,,, it follows that ji,, = rp;m =0,1,..., N—1,
each with multiplicity 2. Multiplying these eigenvalues by b to obtain u,, (54) proves the
theorem.

A.2 Proof of Lemma 2

For the matrix J in (20), we will prove that the eigenvalues [i of the corresponding matrix J
(53) are the 2N roots of unity fi,, = exp(imm/N); m =0,1,...,2N — 1. Since (54) holds,
this will prove the theorem. In practice, we have to prove that the characteristic equation of
J equals

p(N) =2 —1=0. (58)

By definition, the roots of p(A) = 0 are the eigenvalues ji of J. First, we prove that
p(N=JN —1=0 (59)

holds (where I is now the 2N x 2N unit matrix).
Define the 2 x 2 submatrices «, (3, v and 9§ as

Sl R v R iV R PR B

One can compute the multiplication table 1 for the matrices (60). For the example 2N = 10,
the powers of the compound matrix J (see (61) and compare (1/b)J (20)) are

a f o
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Table 1: Multiplication table for the 2 x 2 matrices a, 3, v and ¢ (60)

-’a 6 v 6
a|l0 o 0 v
610 B 0 9
yla 0 v O
olpB 0 6 O
_ o B - - 5 4 -
Q@ I} 0 ~
JP= | B I o (62)
~ 0 I} Q@
L vy oo ] i oo ]
_ o B - _ N -
Q 16} ) ~
=1 a ) ; J=129¢ o' (63)
~ 0 I} Q
L 7 9o i L B« |
_ o B _ PR
Q@ 0 ) «
Jt = a o ; Jb = o a (64)
« 1) 1) «
L7 9 | | 6« 1
a+9d
a+d
J° = a+d (65)
a4+
a4+

It can be checked that J2N = J'0 = I, which proves (59).
Secondly, we prove that there is no polynomial ¢(A) with degree less than 2N such that

A

q(J) = 0. Define g(\) as
dgN_l)\QNfl + dQN_2>\2N72 +...+ d2)\2 +diA+dy, (66)

with arbitrary coefficients d, ; n = 0,1,...,2N — 1. From the structure of the powers of J

(61)—(65), it follows that ¢(J) = 0 holds if and only if

dpa+don 0 =0 ;5 dpy+don_n=0; (67)
dpd +don—nae=0 ; dn + d2an’Y =0.

Equations (67) hold only when d, = 0; Vn = 1,...,2N — 1. Thus there is no polynomial
like (66) which makes ¢(J) = 0. We conclude that p(\) (58) is the sole monic polynomial of
degree 2N which is annihilated by J. As a consequence of the Cayley-Hamilton theorem, we

can then state that (58) is indeed the characteristic equation of J.
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A.3 Numerical Verification of Conjecture 3

We will verify Conjecture 3 numerically, without giving a formal proof for the derivation of
the characteristic equation. We have to show that the eigenvalues i of J (53) for J (21) are
the 2N — 2 roots of unity, complemented with two extra eigenvalues fig = 1, or equivalently,
that these i values are the roots of the following equation

p(N) = -1\ 1) =0. (68)

If (68) is the characteristic equation of J , the Cayley-Hamilton theorem states that J satisfies
the same equation, i.e.

p(f)=(J =D —1)=0. (69)

Note that eigenvalue [ig = 1 can be found directly in both the second and last row of matrix
J=1J /b (21). When dropping both the second and last rows and columns, the resulting
(2N — 2) x (2N — 2) matrix should satisfy (A2V~=2 — 1) = 0. This (and (69)) can be verified
numerically for arbitrary N using e.g. MATLAB(). The numerically computed eigenvalues [
satisfy (68). Using (54), the eigenvalues p of J are found.

B Discrete Evolution Equations for the Moments

In Sect. 4.1, we derived the continuous evolution equations for p, ¢ and £ using a second order
Taylor series expansion of (13). In Sect. 4.2, we discretized these equations using standard
central differences in order to obtain the elements in the corresponding Jacobian matrix. Here,
we describe a discrete alternative derived directly from the LBM. The key element is writing
the moments after propagation g(x;,t + At) as a function of the moments before collisions
o(xzj—,t). Away from the boundaries in lattice sites z;, j = 2,..., N — 1, the momentum
after one LBM time step At can be written as

¢(1‘j,t + At) = fl({L‘j, t+ At) — f_l({Bj, t+ At) (70)
= (g0~ Palaand) ()
= (1 =w)(filzj1,t) = foa(zjp, 1) + % (p(xj-1,1) = p(zjt1,t))

L (F(oaga,10) ~ Flplazar, 1) (72)
= O g, 1) + plazar, ) + (1 — ) (Elas11) ~ Eag1,1)
Lol art) — plaga, ) + S Flpla 1) — Flplagn, ) . (79

Equation (70) is just the definition of momentum after propagation. Propagation of distribu-
tions to the neighboring sites according to their velocity direction leads to (71). As in Sect. 2,
[ denotes the value of the post-collision (or pre-propagation) distribution with velocity c;.
By imposing BGK collisions and reactions as in (1), (72) is obtained. Rewriting (72) as a
function of the pre-collision moments using f = M ~!g (8), we obtain (73).
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The same type of derivation can be done for the energy after one time step, leading to

oyt + A1) = 5 (falay,t + A1)+ fa(a, 14 A) (74)
= SR 1,0+ (s, 0) (75)
= O a0+ Faagn )+ Solasa,0) + ol 1)
+ 2 (ol 1,0) + Flplagon, 1) (76)
= T oy 1,0) — oz, 0) + L5 ey, 0) + €z, 1)
oy, t) + plagia, )+ o (Flplega,t) + Flp(eg, ) . (70

Using relations (26), it can be seen that (73) and (77) precisely make up the Jacobian matrix
(25). Writing (73) and (77) respectively as

Oyt + A) = (1) (8a300) + 500a01,1) = 20(a3,0) + 9(e;-1.0)

- T(f(xj-‘rlvt) —&(xj-1,t)) — ?(P(ﬂﬂjﬂ,t) — p(zj-1,1))
= B2 B (playan, 1)) ~ Flolay 1)) (78)
et + A1) =~ ofa1,0) — ol 1,1)

+(1-w) (f(fﬂj’t) + %(f(ijrlvt) — 28(zj;,t) + §($j1,t))>

+ Sl t) + 2 (ol t) = 2p(ws, ) + plajo1, 1)
+ 2 (o, 1) + 2 Fp(agi0,0) — 2P (0o, 1) + Flplag 1)), (79

we obtain the discretization by central differences of (16) and (17). The discrete version of
the evolution equation for p (15) can be obtained in the same way.
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