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1. Introduction

Starting with Carathéodory’s paper [8] interpolation problems and particularly Taylor
coefficient problems for classes of holomorphic functions have been studied widely. Pro-
bably, one of the most important classical works on this topic is Schur’s paper [24]. It
contains already an algorithm to check if the given data in a Taylor coefficient problem
correspond to a holomorphic functions in the open unit disk D := {z € C: |z| < 1}
of the complex plane C which is bounded by one in modulus. (In the sequel, we call
a holomorphic function in I which is bounded by one in modulus Schur function and
the notation S stands for the set of all Schur functions.) Some years later, Nevanlinna
presented a generalization of Schur’s algorithm and used this to solve an interpolation
problem for Schur functions where some values of the function are prescribed (see, e.g.,
[20]). Concerning the history it has to be mentioned that Pick was the first considering
such a kind of interpolation problems (see, e.g., [21]). Today, there is an extensive liter-
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ature on several types of such problems for holomorphic functions (see, e.g., the books
[1], [13], [15], [3], [12], [23], [16]).

The present paper is another contribution to this topic and deals with an interpolation
problem for Schur functions including both the Taylor coefficient problem treated by
Schur and the classical interpolation problem studied by Nevanlinna and Pick as special
cases. More precisely, the problem we are going to study is a multiple point interpolation
problem, i.e. a problem where along with the values of the function the values of its
derivatives up to a certain order are prescribed at some points as follows:

(MNP) Given are mutually distinct points z1, 23, ..., 2, € D, numbers I3,ls,...,l, € N,
and some wj; € C, s =0,1,...,0; =1, 5 =1,2,...,n, where n € N := {1,2,3,...}.
(These data are represented by A, see (2.1) below.) Find necessary and sufficient
conditions for the existence of a g € S such that

1
gg“)(zj) =wjs, s=0,1,....0;—1,j=1,2,...,n. (1.1)

Moreover, describe the solution set Sa of all g € S fulfilling (1.1).

Note that the terminology of such interpolation problems is not unified in the literature
(cf., e.g., [22, Section 2.6], [15, Section X.5], [27], and [28]).

We continue here the investigations stated in [7, Section 6]. As a main result there,
[7, Theorem 6.3] gives a description of Sa, if there is more than one Schur function g
fulfilling (1.1), by means of the linear fractional transformation

I (2) 4 b (2)7m (2)R(2)
z) = m , zeD. 1.2
M = T ) T b (Yom) -2

In doing so, 6,, and -, are special rational functions recursively defined via some Schur
parameters corresponding to an algorithm of Schur-Nevanlinna type, 67[;” Jand 77[;" I denote
their adjoint rational functions (according to (3.9)), b,,, is a Blaschke factor, and if the
parameter function h runs through the Schur class & then the function g runs through

the solution set Sa of Problem (MNP). In particular, the functions +,, and d,, occurring

in (1.2) can be constructed from the interpolation data A, but only indirectly. One needs
to determine the corresponding Schur parameters first, and these are not easy to compute
from A by sole utilization of the algorithm of Schur-Nevanlinna type in general.

The main objective of this paper is to show a way out. In fact, we will see that the
theory of orthogonal rational functions on the unit circle T := {u € C: |u| = 1} pointed
out in [6] can be used to detect the required Schur parameters or the rational functions
Ym and &, directly. The details about this can be found in Section 5. Based on this
fact, we obtain in Section 6 a further description of Sa similar to the linear fractional
transformation of (1.2), but with expressions that are given more explicitly in terms of
the underlying data A in the problem. In the sections preceeding those results, we explain
how the theory of orthogonal rational functions on T comes into play starting from the
given data A. In other words, using the generalized Schwarz-Pick matrix P A which can
be computed from the data A given in Problem (MNP), we introduce some spaces of
rational functions in Section 3 and on this basis we bring in orthogonal rational functions
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on T in Section 4. Particularly, in Section 4 we will get that in the non-degenerate case,
ie. if Pa is a positive Hermitian matrix, this generalized Schwarz-Pick matrix (with
wyp := 0 in (1.1)) can be parametrized by some special parameters Ai, Aa,..., Ay € D
which appear in the recurrence relations for the orthogonal rational functions (cf. [11] for
the case of positive Hermitian block Toeplitz matrices). Since the matrix P A is a crucial
tool, we start in Section 2 with some basics on this generalized Schwarz-Pick matrix.

We focus mostly on the situation where Problem (MNP) has infinitely many solutions,
i.e. when the associated matrix P A is positive Hermitian. Starting from those results, we
shall obtain in Section 7 an explicit description of the unique solution for the degenerate
case as well, i.e. if P is a non-negative Hermitian matrix and det P = 0.

Note that there exist other approaches to solve Problem (MNP) (see, e.g., [14], [15],
[27], and [4]). The essential new feature of this paper is that we make substantial use of
the orthogonal rational functions on T which were introduced by Djrbashian [10] (see also
[5, 6] and other papers cited there). The role of the orthogonal rational functions here
is analogous to the role of the orthogonal polynomials in the study of the trigonometric
moment problem or the Taylor coefficient problem for Carathéodory functions. Schur’s
classical algorithm delivers some coefficients (so-called Schur parameters) that turned out
to be exactly the complex conjugates of the coefficients (so-called Szeg6 parameters) that
appeared in the recurrence relations for the orthogonal polynomial as formulated by Szeg6
[25]. This classical result goes back to Geronimus (see [17] and for a matrix extension
[11]). In view of the results presented below, we prove and apply a similar connection
between an algorithm of Schur-Nevanlinna type and orthogonal rational functions on T
(cf. [6, Section 6.4] and [18, Section 6]).

The interplay between interpolation problems of Nevanlinna-Pick type and orthogo-
nal rational functions on T plays already a central role in [6]. In this monograph some
particular solutions of such interpolation problems are obtained and many other related
questions are discussed, but the precise Problem (MNP) is not. We are guided by the
investigations in [18], where a similar problem for Carathéodory functions is solved via
orthogonal rational functions on T. We deal here with Schur functions and moreover
without normalizing the first interpolation point z; to be 0, so we need to rephrase some
known results in detail since some concrete formulas will differ from the corresponding
formulas in [18]. Finally, we should also mention in this context that recently in [2] a
parametrization of the solution set for a rational moment problem based on orthogonal
rational functions with respect to the real line case is exposed.

2. The generalized Schwarz-Pick matrix Pa

In view of Problem (MNP), we assume from now on that the following data are given: an
n € N, mutually different points 21, zo,..., 2, € D, numbers I1,ls,...,l, € N and some
wjs €C,s=0,1,...,0; =1, 5=1,2,...,n. We denote this data set by A, i.e.

A= { (a5 w)is) ) (2.1)

Jj=1

and put additionally



4 A. Bultheel and A. Lasarow

n

m = ZZJ — 1.
j=1

Furthermore, the complex (I; X Ij)-matrices

ij = (p;}et)s:o,l ..... 1j—17 jvk:1a2a'~'an7

t=0,1,...,0—1

are constructed from A, for each s € {0,1,...,l; —1} and each t € {0,1,...,{; — 1}, by
the entries (compare with (2.6) below)

migi’t} (s+t—r)! Z;-_Tﬁs_r
(

— (s— r)Irl(t — )l (1 — z;Z)sHt—r+!

s ¢t min{{h}

st _
DPjr. =

(2.2)
_ Z (h + E — ’I")' Z]}'L_Tah77“ W T
Ceia Lt (= r)lrl(h— )l (1 = 2yttt TR

Therewith, the generalized Schwarz-Pick matriz of size (m + 1) X (m 4 1) is defined by

PA = (ij)?,kzl s

Note that in the case [{ =l = --- = [,, = 1 we obtain the classical Schwarz-Pick matrix
Pa = <71 - wfowko)n
1— 2z G k=1

which plays a crucial role in the original Nevanlinna-Pick interpolation problem for Schur
functions (see, e.g., [21] and [20]). In general, if we define the (I; X I} )-matrices

, g k=1,2...,n,
v=ZEG 5=0,1,...,0;—1
w=zf

t=0,1,...,1p—1

N
Ik St dvsowt 1 — vw

the (I; x I;)-matrices

U)jo 0 0
WJJ = wjl wjo ) J= ]-7 27 2 (2 3)
' 0
Wj;—1 Wil Wjo
and the matrices
Z .= (ij)?,k=1 and W := diag(Wll, W22, . 7Wnn)7 (24)

then a straightforward calculation leads to the relations

ij = ij —WijjkW;;k7 jJﬂ = 1,2,...,71, (25)
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or, equivalently,

Pa=7Z—-WZW"*.

Observe that the generalized Schwarz-Pick matrix P is uniquely determined by the
given data A except for a constant of modulus one as explained in the following.

Remark 2.1. Let the data set A be given as in (2.1), let w;s be a complex number
for each s =0,1,...,l; —1 and each j =1,2,...,n, and let

~ _ ljfl n
A= {(%ljv (Wjs)s=o ) - }
Jj=1
The equality PA = Py is fulfilled if and only if there is a u € T satisfying w;, = uwjs
forall s=0,1,...,l; —landall j =1,2,...,n.

If g is a Schur function fulfilling (1.1) then, in view of (2.2), we have

st _ L 0" 1 - g(v)g(w)
ik slt! Qvsdwt 1—ovw

(2.6)

J
ZL

w=Zg

It is a well-known fact (see, e.g., [6, Theorem 1.2.4]), that the Cayley transform gives a
connection between the Schur class S and the Carathéodory class C, where C is the set of
all functions which map the open unit disk D holomorphically into the closed right half
plane. Consequently, it is not hard to accept that the generalized Schwarz-Pick matrix
of a Schur function can be computed by the appropriate values and derivatives of its
Cayley transform and vice versa. In fact, the relations given in Remark 2.2 below do
hold (cf. (2.5), [12, Lemma 1.1.21 and Lemma 1.3.12]). To give the relations, we define
for a function h holomorphic in D, the following (I; x I;)-matrices similar to (2.3):

h(z;) 0 o 0
“ 1R () h(z;) :
W]j ) J = 1a 2a . 1
0
ﬁh(lj_l)(zj) e %h(l)(zj) h(z;)

1-9Q 1—
Remark 2.2. If Q € C then g := € S, where Q = 9 and
1+Q 14+g

(1 ot 1 — g(v)g(w) )

st ovsowt 1 — vw

v=z;
J

%3 ) s=0,1,..,01;—1
w=zp

J
t=0,1,...,0—1

_ @y-1f 1 0" Q(v) +Q(w)
o 2(1 + Wjj ) (ﬁ ovsowt 1 —ow

o=z >5=011,...,1j1 ((I + W;(;,z))_l)*.

w=Zp t=0,1,...,1—1
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1-0Q
14+Q°

1—
Inversely, if g € S with g(zp)# —1 for some zo €D then Q := ﬁ €C,g= and
g

sl ovsowt 1 — vw

(1 o5+t Qv) + Q(w) )

S 1 91— gw)g(w) 1y
—2(1+W'9) ( o _((1+W,§f§3) ).

sl ovsowt 1 — vw

w=Zp

Here and in the sequel, the identity matrix is denoted as I. Furthermore, we always
write shortly 0 for the zero matrix of appropriate size and if A, B are Hermitian matrices
of the same size then A > B (resp., A > B) means that A — B is a non-negative (resp.,
positive) Hermitian matrix.

Theorem 2.3. The set Sa is non-empty if and only if PA > 0.

A proof of Theorem 2.3 can be found for instance in [26]. Based on Remark 2.2 one can
also derive Theorem 2.3 from a corresponding result for Carathéodory functions (which
is proved, e.g., in [9, Section 2]).

The maximum modulus principle for holomorphic functions proves that if |wgg| = 1
for some k = 1,2,...,n then there exists a solution of Problem (MNP) if and only if
wjp = wgo for each j = 1,2,...,n as well as w;j; = 0 for each s = 1,2,...,l; — 1 and
each 7 = 1,2,...,n, where the constant function with value wygg is the unique solution.
We mostly exclude this trivial case in the further course of this paper and suppose that

wjol #1, §=12.....n. (2.7)

Moreover, we shall use the normalization wyy := 0 in the following sections. The final
remark of this section shows that this restriction is actually without loss of generality.

Remark 2.4. A ¢g: D — C fulfilling g(z1) € D belongs to S if and only if the function

) = 9(z) — g(21)
fe): 1 —g(21)9(z)

belongs to S (cf. [6, Theorem 1.2.3]). In particular, if g € S with ¢g(z1) € D then f(z1) =0
and, in view of (2.6), (2.5), and [12, Lemma 1.1.21], a straightforward calculation yields

1 (1 ot 1 f()f @) )

sit! Jvsowt 1 —vw ‘ vz,

, z€D,

T Iy v ) oot
=* t=0,1,..., 1p—1
o1 91— ()@ oY
= (T-glz)W'9) [ (T=gGowi)™)
( g(z1) JJ) SIH Ovsowt 1 — vw vmss oo, ’lrl( g(z1) kk)
W 4201, —1
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3. Spaces of rational functions associated with the data set A

For a given data set A as in (2.1), we construct in this section a space of rational functions
which are holomorphic in the closed unit disk D U T. In fact, we put

S

s=0,1,...,0;,-1,7=12,...,n, (3.1)

L v
) =gy

and denote the linear span of these rational functions by $a. Moreover, we set
fis(v) :==ejs(v) + ij,s,,ﬂejr(v)7 s=0,1,...,0;, -1, j=1,2,...,n. (3.2)
r=0

In (3.1) and (3.2) the independent variable v is mostly taken from the open unit disk D.

However, such relations for the rational functions belonging to H A can also be considered

outside of D in all points where the functions involved are holomorphic; that is for each
1

11 1 : —
v&{<, %, .., 5=} where we use the convention = := occ.

Remark 3.1. A rational function = belongs to H4 if and only if the representation

p(v)
(1 —z10) (1 —zZw)l2 - - (1 — Zpw)in

z(v) =

is satisfied for some (unique) polynomial p of degree not greater than m. Moreover, for
each j € {1,2,...,n}, the equality (3.2) can also be written in matricial form as

(fjo(U) fin(v) - fj,lj—l(v)) = (ejo(”) ej1(v) - ej,l_,»—l(”)) (I+W;j)' (3.3)

Thus, in the case of (2.7), the linear span of the functions f;, coincides with the linear
span of the functions e;s, s = 0,1,...,l; —1 and j = 1,2,...,n, ie. the system of
functions f107 flly ey fl,l1—17 ...... 7.fn07 fn17 ey fn,ln—l is also a basis of HA-

Henceforth, we assume (2.7) and we normalize the first value by
w1 = 0.

This normalization is always possible by a conformal mapping of the open unit disk D (see
Remark 2.4). Using the entries of the generalized Schwarz-Pick matrix P A introduced in
Section 2, we define an inner product on A by the relations

<fkt,fjs> =l s=0,1,.. -1, t=0,1,... . —1, jk=12....n.  (34)

Suppose for a moment that the data set A belongs to a Schur function g. In view of
(2.7) and the Cayley transform (see Remark 2.2) we find an associated Carathéodory
function 2. Therefore, according to a theorem of F. Riesz and G. Herglotz there exists a
unique Borel measure p on T such that

u+z

w(du), zeD. (3.5)

u—=z

We call p the associated measure of g.
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Lemma 3.2. Let g € Sa and let p be the associated measure of g. Then

(0) = [ V() n(dw), 2y € 9.
T
Proof. An easy calculation shows that

1 u+v utw 2
+ = = — , vy,weD, ueT.
l—ovw\u—v T—w (1 —=va)(1 — wu)

Consequently, for each u € T, we obtain in view of (3.1) the identity

1 o5t 1 (u—l—v ﬂ—|—w>
_|_

2w t
v T A= g1 — gt s
w=zp

sit! ovsowt 1—vw\u—v Tw—w

and hence, if Q stands for the Cayley transform of ¢g as in Remark 2.2, (3.5) implies

1 ot Qv) + Q)

sl dvsowt 1 — vw

= / 72 () ke (u) ()

23
ZK

v=
w=

for each s = 0,1,...,l; —1,t =0,1,...,l; — 1, and j,k = 1,2,...,n. Therefore, from
(3.4), (2.6), Remark 2.2, and (3.3) it follows that
/f]s fkt ( )

for each s = 0,1,...,0; =1, ¢t = 0,1,...,lp — 1, and j,k = 1,2,...,n. By virtue of
Remark 3.1, we can finally conclude the assertion. O

N\ et 10 1 g(v)g(w)
<fkt’fjs> “Pik T G dvowt . 1 — vw

i
Zk

Remark 3.3. Using the arguments in the proof of Lemma 3.2 in a slightly modified
order, one can also verify that conversely if g € S such that the condition g(z1) = 0 is
satisfied and that the associated measure p of g fulfills the equality

p],c—/fjg )i (1) po(du)

for each j,k=1,2,...,n,5s=0,1,...,l; —1,and t =0,1,...,l; — 1 then g € Sa.

Observe that Lemma 3.2 implies the necessity of the condition Pa > 0 for the existence
of a solution g € Sa. Moreover, Lemma 3.2 paves the way to the treatment on orthogonal
rational functions in [6]. The following notes gives a detailed explanation.

Suppose again that a data set A as in (2.1) is given. With the points z1, 22, ..., 2z, in
A we form now a sequence (o), in which z; appears according to its multlphClty l;.
For instance, we can choose ay, := [ with

Br, = zj Zl<k<er, j=1,2,. (3.6)
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The treatment in [18] was restricted to this special choice to simplify matters. However
putting equal points together was not essential in [18], nor is it in this paper. So, in the
following, for an arbitrary permutation 7 of {0, 1,...,m} satisfying 7(0) = 0 we can put

ap = ﬂﬂ.(k), k:(),l,...,m. (37)

Actually, it is tacitly understood that we always take such a sequence (o)}~ , whenever
we fix a data set A. To emphasize that the data of the set A are introduced in a certain
order as characterized by the ordering corresponding to the sequence (c)ir, given by
the permutation 7, we shall denote the data by A, where appropriate. Thus, we associate
with Ay a fixed sequence (o)}, and all the related objects are ordered accordingly.
For example, we renumber the rational functions defined by (3.1) to the sequence (ex)}-
satisfying the following two conditions:

e For each k € {0,1,...,m}, the function ey has a pole (at most) at the point (%

o If0 < ki < kg <m and if ey, = ejs,, €, = €5, for certain s1,s2 € {0,1,...,1; -1}
and some j € {1,2,...,n} then s1 < sa.

In particular, by the special choice oy := 8k, k =0,1,...,m, and (3.6) this means that
j—1
er(v) = ejs(v), k:s—&—ZlT, s=0,1,...,01;, -1, 7=1,2,...,n.
r=1

In general, we have the identity ep(v) = e1g(v) and there is a (uniquely determined)
permutation matrix U of size (m + 1) x (m + 1) fulfilling

(eo(v) e1(v) -+ em(v)) = (e10(v) e11(v) -+ e11,-1(v) -+ €no(v) €ni(v) -+~ eny,-1(v))U.
Similarly, we renumber the rational functions defined by (3.2) to (f)I", such that
(fov) fi(v) -+ fm(v)) = (fro(v) fri(v) -+ fri—1(v) -+ fuo(V) far(v) -~ fap,—1(v))U
and in view of (2.4) we set moreover

W,, := U*WU. (3.8)

Also because of this new enumeration we write P,. := (pjk)g w0, " =0,1,...,m, where

(Jeods) =pier Gk =01,

Furthermore, the notation $;, k = 0,1,...,m, stands for the linear span of all rational
functions fo, f1, ..., frx with inner product given by the corresponding Gram matrix Py.
In particular, we have $),, = Ha and P,,, = U*PAU.

The notation b, stands for the elementary Blaschke factor corresponding to o €D, i.e.

v if g9 =0,
b§0 ('U) = i o — v
[so| 1 —Sov

if S0 # 0.
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For k € {0,1,...,m}, we introduce the Blaschke product (with zeros ag, as, ..., ax)

k
Bi(v) := [] ba, (v)
j=0

and we also use for technical reasons the setting

—1 if o = 0,
M = oL
Xy £ 0.
|au|
We define the adjoint rational function z!¥l of some z € 9y, k =0,1,...,m, as suggested

in [6], i.e. z[* stands for the rational function which is uniquely determined via

1 1
) = =~ Buv)z (=) 3.9
™ (v V)T . .
() = > By()a(= (39)
Some information on further interrelations between the adjoint rational function z!*!
and the underlying rational function z can be found in [6, Section 2.2] for the special
case og = 0. Nevertheless, an analog argumentation implies that for all z,y € $g,

k=0,1,...,m, the properties below are satisfied:
1) zF € 9, (P =2,
1) zFl(ap) =0<= 2 € Hr_1, k#O0.

(IIT) <x,y> = <y[k],x[k]>.

Henceforth, we suppose that the generalized Schwarz-Pick matrix P A is positive Her-
mitian, i.e. PAo > 0. This implies immediately P,, > 0. Subject to this limitation, the
reproducing kernel K for the space (94, (-,-)) is given by

K(v,w) = (fo(v) fi(v) -+ fm(0)) P (fo(w) fi(w) - frm(w))

in analogy to [6, Theorem 2.2.2]. (The inverse P! exists due to P,, > 0.) We set

*

K, (v) := K(v,w).
If m = 0 then by definition (note (3.2), (2.2), ag = 21, and wig = 0), we have

1 — Jayl?
(1 —a_ov)(l — aom)'

K,(v) =

The case m > 1 is considered in the next statement, where the same argumentation as
in [6, Theorem 2.2.3 and Theorem 2.2.4] (see also [18, Proposition 3.1]) based on the
properties (I), (II), and (III) of adjoint rational functions apply to yield a proof. We omit
the details. Recall that $9,, = Ha.
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Proposition 3.4. In the case of m > 1, the following relations are satisfied:

(a) Ky € 9 and <x,Kw> =z(w), =€ Hm.

Poo Por - Pom Jo(w)
1 P1o P11 T Pim Ji(w)

(b) Kww) = qog—| ¢ L
Pmo0  Pmi * Pmm [m(w)

fow)  fi() -+ fm(v) 0

() i (v) = K™ (w).

Poo e Po,m—1 Pom
[m] .
(@) Ky = L2 tam)
et P Pm—-1,0 *° Pm—-1m—-1 Pm—1,m
folv) - fmoa(v)  fim(v)

2 det Pm_1
detP,,

(f) <K([Xm},m> =0« z€ Hp_1.

m

() K (s am) = | £ (cm)]

4. Orthogonal rational functions with respect to $Ha and Pa

The considerations in the present section are directly related with the spaces of rational
functions introduced in Section 3. In fact, we discuss some special systems of rational
functions which are orthogonal with respect to these spaces. Here, in view of Lemma 3.2,
the following definition of orthonormal systems is in line with [6]. A sequence (¢g)7-,
of elements of H is called an orthonormal system corresponding to A, (with wi9=0) if
the two conditions below are satisfied:

(01) ¢i € Hi, k=0,1,...,m.

(02) <<Pja90k>= ik, J,k=0,1,...,m.

In (O2) and in the sequel, the notation ¢, stands for the Kronecker symbol, i.e. 6;, =0
ifj#kandd;,=1if j=k.

Note that the conditions (O1) and (O2) depend not only on A, but also on the ordering
of the ay’s according to (3.6) and (3.7) (which is uniquely determined by the permutation
7). Moreover (cf. [18, Remark 4.1] and [6, Theorem 2.2.4]), the assumption Pa > 0 is
necessary and sufficient for the existence of an orthonormal system corresponding to A
(for any ordering of the ay’s).

As already mentioned above, the statements in [6] (and in [18] as well) are elaborated
for the special case g = 0. In fact, either one has to adapt the proofs presented there to
the slightly modified situation here or one can also use the following connection between
both cases (cf. [6, Corollary 6.2.4]).
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Remark 4.1. For each k € {0,1,...,m}, let p; € H and

— 1 —agv
V) 1= ————=p(v).
Furthermore, let g € Sa, let i be the associated measure of g, and let

(A)._/Laoz (du), AeB
/’l/]. T A|U7a0|2/j/ I I

where B stands for the o-algebra of all Borel subsets of T. Then p; is also a Borel
measure on T and (¢r)j-, is an orthonormal system corresponding to A if and only if

/Tak(u)@;(u) jo(de) = Sy, jk=0,1,....m.

Observe that the assumption P > 0 implies actually that P, > 0, £k = 0,1,...,m.
Hence, for each k € {0,1,...,m}, we may define a kernel K}, similar as K with respect
to the principal submatrix Py and the corresponding rational (k+ 1)-row vector function

(fo fi-- fk) instead of P,, and (fo f1-- fm)7 i.e.
Ki(v,w) == (fo(v) fi(v) -+ fr(@)) P (fo(w) fi(w) - fr(w))",

K (v) == K (v, w).

If the underlying sequence (o)}’ is fixed then the relations (O1) and (O2) above
determine the orthonormal system (o)}, only up to constant factors of modulus one.
In [6] mostly the following orthonormal system (¢ )i, is considered:

or(v) i = ——=—=K v), k=0,1,...,m.
k( ) Kk:(ak:aak) k7ak( )

Then ¢g(v) = —np VIZlool o nd (cf. Proposition 3.4 (d), (e)) we have

1—apv
Poo - Pok—1 Pok

(o) 1 ST :
or(v) = %] ’ ’ : o k=12,...,m.
| £ (o) | Vdet[PreoaPr] | pp_1 0+ pr_1 k-1 Pe-1
fo) -+ from1(v)  fr(v)

For an arbitrary orthonormal system (yg)7r, corresponding to A, there exist numbers
U, U,y - - -, Uy, € T such that

apk:uk¢k7 k:0,17...,m. (41)

In [6, Section 4.1] recurrence relations for the system (¢ )}, were proved. We fix here
the system (p5)7", similar to [18], that is we fix the constants uy, k = 0,1,...,m, in
(4.1) by a special choice, and use corresponding recursions. In fact, we set

V1-laof (4.2)

eo(v) == 1—agu
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and choose ¢y, recursively such that

arg [ (on) | = ang {%wﬁfﬁmm) k=12 m,

In this way, the orthonormal system (py )72, corresponding to Ay is uniquely determined.
We call (¢r)iq the canonical Szegd orthonormal system corresponding to Ar. If m >1
then we define in addition
P p— 7)) B
k= nknkfl[k]—, k—1,2,...,m7 (43)
Pp (k-1)

and call these numbers the Szegd parameters of the orthonormal system (¢g)7, or
simply of the ordered data set A,. Observe that, similar as in [18, Remark 4.4 and
Theorem 4.5] (cf. [7, Theorem 5.4] as well), (4.3) implies A\, € D, k = 1,2,...,m, and
an application of the Christoffel-Darboux formulas for orthogonal rational functions (i.e.
use [6, Theorem 3.1.3]) one can obtain the following recursions.

Theorem 4.2. For each k € {1,2,...,m}, the following recurrence relation holds:
1—|agl? l—ozk_ﬂJ( [k—1]
= ba - A ) . (44
Pr(v) \/(1_ak12)(1_)\k|2) 1—azw e (V)pr—1(v) + EPk—1 (v) (4.4)

Note that Theorem 4.2 provides under the assumptions wig = 0 and Pa > 0 that
the Szegd parameters Ay, k = 1,2,...,m, determine the orthonormal system (p)7",
completely. These considerations imply in connection with Lemma 3.2 and Remark 3.3
the following characterization of the solution set Sa for Problem (MNP). Here, for a
given function g € S we introduce the data set

1, L=\
Aldl {(zj,zj, (;g( () _O> }
! =0 / j1

and Agf] is the previous data set ordered according to (ax)j’ given by (3.6) and (3.7)
in virtue of a permutation = of {0,1,...,m} with 7(0) = 0.

Corollary 4.3. Let A be a data set given as in (2.1) such that wip =0 and Pa > 0.
Furthermore, let (¢);-, be the canonical Szeg6 orthonormal system corresponding to
Ay, let (Ax)7, be the sequence of Szeg8 parameters of the ordered data set A, and let
g € S. The following statements are equivalent:

(i) g € Sa.

(i) g(z1) = 0 and (pr)}~, is an orthonormal system corresponding to Al

(iii) g(z1) =0, Pt > 0, and (Ag)}, is the sequence of Szeg$ parameters of Al
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The sequence of Szeg6 parameters (Ag)}"; of the ordered data set A, can be computed
via (4.3) through the canonical Szegé orthonormal system (py)j", corresponding to A.
Using an analog argumentation as in [6, Theorem 4.1.2], it is not hard to accept that
this sequence of Szegb parameters can be recovered also by

<pk90k71; SDEf__ll]>

Ak = Tk—1 ’ k= 1,2,...,m, (45)
<Qk'§0k—1790k—1>
where
(v) = V— Qp_1 (v) = 1 —ar_1v
Pk = 71_(1_“} y Ok = 71—a_kv .

Note that, based on this formula and Theorem 4.2, the canonical Szegd orthonormal
system (¢r)i-, can be recursively calculated from the given data A, as well.

If arbitrary parameters A, A2,..., A, € D and some sequence (o)}, fulfilling (3.6)
and (3.7) for a permutation 7 of {0,1,...,m} with 7(0) = 0 are given, and we define a
sequence (¢r)jr, of rational functions through (4.2) and the recurrence relations (4.4),
k=1,2,...,m, then in view of a Favard type theorem (see [6, Section 8.1]) and the
Cayley transform (i.e. use Remark 2.2 and Lemma 3.2) there exists a g € S such that
| In particular,
if a data set A with wig =0, Pa > 0, and associated sequence of Szegd parameters
(Ak)pr, corresponding to an ordering (ag)j’, is taken for granted and if the sequence

(V)T is defined by
iy VTTE .

1 —agv

(pr)j, is the canonical Szegd orthonormal system corresponding to AE?

and, for each k € {1,2,...,m}, recursively by

. 1—|ou? 1—agqv [k—1]
pn \/<1—|ak_1|2><1—|xk|2> Ty (@) =5 0), - 0)
then there exists an h € S such that ()7, is the canonical Szegd orthonormal sys-
tem corresponding to A" This sequence ()7t is called the dual canonical Szegd
orthonormal system of the canonical Szegé orthonormal system (yg)7", corresponding
to Ar. Observe that the difference between the equalities in (4.4) and (4.7) consists only
in the different sign in front of the Szeg6 parameters A\, &k =1,2,...,m.

5. Description of Sa in terms of orthogonal rational functions

In this section we present a description of the solution set Sa of Problem (MNP) for
the non-degenerate case in terms of the orthogonal rational functions introduced in the
previous section. Thus, in the following we suppose always a given data set A as in (2.1)
such that the conditions wig = 0 and Pa > 0 are satisfied. Furthermore, we tacitly
assume an ordering of the data defining a sequence (ay )7, fulfilling (3.6) and (3.7) in
virtue of a permutation 7 of {0,1,...,m} with 7(0) = 0. We denote the sequence of
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Szegd parameters of A, by (Ag)iL,, we write ()i, to indicate the canonical Szegd
orthonormal system corresponding to A, and (¢)}", stands for the dual canonical
Szeg6 orthonormal system of (¢)jt,. In fact, we will see that the linear fractional
transformation (1.2) obtained already in [7] leads directly to such a description of Sa,
where the orthogonal rational functions ¢,, and v, are involved.

We recall first the definition of Schur-Nevanlinna pairs of rational functions introduced
in [7, Section 3]. If I:= {0,1,...,m} and if (kg)rer is a sequence of points belonging to
D, then the pair [(vx)rer, (9k)ke1] of sequences of rational functions defined by

1—|Oéo‘2 1 _ 1—|O¢0|2 1
=4/ 0, = 5.1
70(1}) 1 — |K/O|2 1_@701}7 0('1)) Ko 1_ ‘50‘2 1_(}70’0 ( )

and, for k € T\ {0}, recursively by

e \/<1 - a:_:l?ff— B T a0 @)+ 0 6

1—|ag|? 1 —ag v = [k=1]
Sk(v) == (P (0)k ). (53

0 \/(1 TP L= P) T—ary e (@O0, (55)
where 5,[!:1] and *y,[f:ll] are the adjoints of dx_; and y,_1 as explained in (3.9) (adjoint
with respect to the points g, a, ..., ak—1), is called the Schur-Nevanlinna pair of ratio-
nal functions corresponding to (o, Kk ) kel

Lemma 5.1. Let A be a data set given as in (2.1) such that wig = 0 and Pa > 0.
Furthermore, let [(vx)ker, (0k)ke1] be the Schur-Nevanlinna pair of rational functions

corresponding to (o, ki) ke, wherel := {0,1,...,m}, where o := 0, and where k), := \;,
for k=1,2,...,m. For each k € 1,
1 1
(V) = 5 (Pr(v) + ¥r(v))  and  Gx(v) = 3 (r(v) = Pi(v))

(respes or(0) = 1(®) +60(v) and i (v) = 3(v) = 5u(v) ).
Proof. Because of g := 0, (5.1), (4.2), and (4.6), we have

1—Jaol? 1 1—|aol?

1
00 =\ TP T=a50 ~ 1oage 2P T o)

1-— 2 1 1
do(v) = Foy/ T ||:(())|2 g0 0= 5(900(’0) —1ho(v)).

Consequently, for k € {1,2,...,m}, by succinctly setting

. 1 — |ag|? 1 —apqv
r(v) := \/(

and

1—Jopa )1 = [rxf?) 1-a%v
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one can inductively get in view of xy := g, (5.2), (5.3), (4.4), and (4.7) the relation

() = 70) (bass (101 (0) +FROP ()
1

= 1(0) (o (005 (110 + 1 (0) 75 () = 05 10) )

1 _ _
= 570 ((Pars®)rm1(0) + Ml ) + (B (01 (0) = A () )
1
= 5 (o) + ()
and similarly
1
ok(v) = 5(%(”) —Pr(v)).
These equalities imply immediately the others. O

Lemma 5.1 shows a simple connection between the considerations in the previous
section and in [7]. But in [7], the construction of the Schur-Nevanlinna pair of rational
functions [(Yk)ker, (0k)ker]) which leads to the description (1.2) of Sa is based on certain
Schur parameters appearing in the following Schur-Nevanlinna algorithm instead of the
Szegd parameters A\, k=1,2,...,m.

Let a g € S be given and set gg := ¢g. Then, as long as

Sk = gx(a) (5.4)
belongs to D we can define recursively

1 g}g(z) — Sk
o (2) 1 = Skgk(2)’

gr+1(2) == 5 k=0,1,...,m. (5.5)
If g € S such that the Schur-Nevanlinna algorithm can be carried out at least m times
(that is after obtaining g, and s,,) then (s;)}", from (5.4) is called the sequence of
Schur parameters associated with the pair [g, (ag)} )

The connection between Szegd parameters and Schur parameters below is an essential
tool for the following.

Lemma 5.2. Let A be a data set given as in (2.1) such that wig = 0 and Pa > 0.
If g € SA then the Schur-Nevanlinna algorithm can be carried out at least m times for
g and the sequence (si)}", of Schur parameters associated with the pair [g, (o)} ] is
given by sg = 0 and

Sk = —nk_l)\k, k= 1,2,...,m. (56)

Proof. Let g € Sa. From [7, Theorem 2.3] we already know that the Schur-Nevanlinna
algorithm can be carried out at least m times for g (and arbitrary points belonging to D).
In particular, the sequence (si)7", of Schur parameters associated with [g, (a)i ] is
well defined. Now, let [(vk)ker, (0r)ker] be the Schur-Nevanlinna pair of rational functions
corresponding to (g, kg )ker, where I:={0,1,...,m}, where kg := 0, and where x;, := e
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for k=1,2,...,m. Thus, [7, Corollary 3.6] implies that 'ym ( ) # 0 for each z € D and
that the function gg defined by

al(2)
00 =Ty

belongs to S. We show now that the function gy actually belongs to SaA. An application
of [7, Remark 3.9] leads s (o) = 0 and hence

go(21) = go(ag) = 0. (5.7)
From go € S, (5.7), and Remark 2.2 it follows that the function Q¢ given by

) — ol (2)
i (2) + om(z)

belongs to C. Because of Lemma 5.1 and (3.9) we can also write

zeD,

[m](z

Qo(2) :=

z €D,

[m]

m (%

Q()(Z) [m]( ), z € D.
om (2)
Moreover (see (3.5)), there is a Borel measure pg on T such that
. u—+z
Qo(2) =iSmQ(0) + T uo(du) z € D.

T

Similar as in [6, Theorem 4.2.6], one can see that

1 [ 1-lam]? 1
o) = 5 [ e T MO A€,

where A denotes the linear Lebesgue-Borel measure on T. In view of g € S, (5.7), and
Corollary 4.3, to obtain gy € Sa it remains to verify that (¢)}", is an orthonormal
system corresponding to AL?O}. Since, for each z,y € $,,, the inner product of x and
y (similarly defined as in (3.4), but by means of the entries of P A141) is obtained by
integration of y(u)z(u), u € T, with respect to the associated measure o of go (cf.
Lemma 3.2), we have to check that

/wk( Yoi () pio(du) = 6,0, Gk =0,1,....m

This can be done as in [6, Lemma 8.1.3] (which includes an application of Poisson’s
integral formula). Furthermore, by using [7, Corollary 3.6 and Theorem 6.3] we see that
ﬁ[m]( ) # 0 for each z € D and that the function gy defined by

_ (2

go(z) == ~[T]()’ z €D,

Y (%)

belongs to Sa as well, if [(Fx)ker, (0% )xer] is the Schur-Nevanlinna pair of rational func-
tions corresponding to (ay, Kk )gel, where Ko := s and Ky := —spnr—1 for k =1,2,... m.
Finally, from [7, Lemma 6.2] one can conclude so = 0 and (5.6). O
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Now, we are able to prove the main result of this section.

Theorem 5.3. Let A be a data set given as in (2.1) such that wip = 0 and Pa > 0.
Furthermore, let (¢1)j-, be the canonical Szeg6 orthonormal system corresponding to
A and let ()7, be the dual canonical Szegd orthonormal system of (g )i, Then for

each h € S and each z € D the number (goyf] (2) —l—z/J,LT](z)) +ba,, (2) (Pm(2) = hm(2)) h(z)
is not zero and the relation

(9 (2) = Ui (2)) + ban (2) (Pm(2) + Y (2)) (2)
(P9 (2) + U (2)) + bay, () (9m(2) = Ym(2)) B(2)

establishes a bijective correspondence between the set Sa of all Schur functions g fulfilling
(1.1) and the class S of all Schur functions h.

g(z) = , z€D,

Proof. By virtue of Lemma 5.1 and Lemma 5.2, the assertion is an immediate con-
sequence of 7, Equation (6.2) and Theorem 6.3]. O

From the presented connection between Szegd parameters and Schur parameters in
Lemma 5.2 one can also obtain the following statement (cf. [6, Theorem 6.2.5] and [18,
Proposition 7.1]) which completes the considerations at the end of Section 4.

Proposition 5.4. Let A be a data set given as in (2.1) such that wyy = 0 and
Pa > 0.If g € Sa then —g € S, —g(0) =0, Pai-g=Pa > 0, and the dual canonical
Szegd orthonormal system ()i of (¢r)hr for Ay is the canonical Szegé orthonormal
system corresponding to AL

Proof. Because of g € Sx we have g € S, g(0) = 0, and A = Al9l. Hence, it follows
immediately that —g € S and —g(0) = 0 as well as an application of Remark 2.1 yields

Pai-g1 = Pparg = Pa > 0.

Thus, if m = 0 then (vy)}, is apparently the canonical Szegé orthonormal system corre-
sponding to AL‘g]. Now, let m > 1. In view of Lemma 5.2, let (sg)}", be the sequence of
Schur parameters associated with [g, (ax)}"o]. Obviously, (—sk)i, is then the sequence
of Schur parameters associated with [—g, (o)}’ ]. Therefore, from Lemma 5.2 we can
conclude that, if (Ag)j", is the sequence of Szegé parameters of AL?] then (—Ag)pr, is
the sequence of Szegd parameters of AL Because of the recurrence relations (4.4) and
(4.7) the proof is complete. O

6. Description of SA in terms of Pa

Starting from the recurrence formulas (4.4) and (4.7), in the case m > 1 the representa-
tion of the solution set Sa of Problem (MNP) in Theorem 5.3 contains the given data
implicitly by the Szegé parameters (which can be computed via (4.3), (4.5), or (5.6)).
As demonstrated in the following, by using (4.1) one can also express the relations more
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explicitly. Essentially, in this section we derive from Theorem 5.3 a similar description of
Sa for the non-degenerate case, but in terms of P (without assuming wio = 0).

In the present section we suppose always a given data set A as in (2.1) such that
the condition Pa > 0 is satisfied and we assume some ordering in (ay)j", such that it
satisfies (3.6) and (3.7) for a permutation 7 of {0,1,...,m} with 7(0) = 0. Furthermore,
in the case of m =0 let

2(0)im o y) =

and if m > 1 then we set

P P

=[P |- o= 2|

where we use the notation

Poo Pos

P = |, ns=0,1,...,m,
Pro - DPrs

and
en(v) = (eo(v) er(v) - em(v))
with pjr and ee(v), j,k,£=0,1,...,m, as in Section 3. Note that the functions = and y

belong in each case to $),,, whereas (3.9) implies

1

1—agv

w10

, yM @) =—no

[(ml(y) = —
z"™(v) "o 1—ago

in the case of m = 0 and if m > 1 then
A (w0) = [Py @) [0 90) = | Pl Winell(w) |,

where

ehrl(w) = (e (v) e () - eflw)”

m

Lemma 6.1. Let A be a data set given as in (2.1) such that wig = 0 and Pa > 0.
Furthermore, let (¢)j-, be the canonical Szeg6 orthonormal system corresponding to
A, and let (Yr)7", be the dual canonical Szegd orthonormal system of (¢i)io. Then
there is a non-zero complex number ¢ such that

z(v) = C(‘pm(v) + ¢m(v))a y(v) = C(‘ﬂm(v) - ¢m(v))-

Proof. Because of wiy = 0, (4.2), and (4.6) the assertion is obvious if m = 0. Now,
let m > 1. From Theorem 5.3 we already know that the function gy defined by

(z) — il (z)
) + v (z)

go(z) = 1.4 , zeD, (6.1)
2
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belongs to Sa. In view of Proposition 5.4, it follows P 5(-40 =P a and that (¢)}" is the

canonical Szeg6 orthonormal system corresponding to N Hence, by virtue of (4.1),
(3.3), (2.4), and (3.8) there are some non-zero complex numbers d; and dy such that

P(m—l,m)
en(v)(I-Wr) .

_ Pm—1,m) _
om(v) = d en(@)(I+W*)| Ym(v) = dy (6.2)

Since (note property (II) of adjoint rational functions, gg € Sa, and again (3.8))

0 0
T+ W) el (am) = (T+ W) (e[ml (am)> - ((1 + golam)) e’ (am)> ’

0 0
(I-Wy)elm (an,) = (I-W,,) <e[ml (am)> - <(1 - gO(am))eLT](am)> ’

the relations (6.2) and (3.9) imply particularly

_ 0
[m] =d,|P

i (am) = di | P m—1) (1+ golem)) el () |
. _ 0

win ](am) = d2 P(m,m—l) (1 . go(am))em] (am) .

Therefore, from (6.1) one can conclude

i (m) = Yin (com)
i (cm) + Y (cm)
dy (1 + go(am)) Ln (o) det Pry—q — d_2(1 — go(am))ewf] (o) det Py
dl(l + go(am)) Q{L () det Py—1 + d_2(1 - go(am))em@] () det Py

dy (1 go(am)
dl (1+90(o‘m)

)
)
ds (1 go(am))
)
)

go(am) =

1—

1+
di (1+90(04m)

Consequently (cf. Remark 2.2), it follows

dz 1—go(am) _ 1—go(am)
d_l 1+ gO(am) 1+ gO(am)

which supplies d; = d, i.e. d; = ds. Finally, by setting ¢ := ﬁ and using some calcula-
tion rules of determinants we get using (6.2) and d; = ds the equalities

P(m—l,m)

em (V) ((T+ W) + (T — W7,)) c(m(®) + Ym(v)),

P(mfl,m) . 3 ;
em(v)(IT+ W) — (I-Wr)) ’ = c(om(v) = Ym(v)). .
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Theorem 6.2. Let A be a data set given as in (2.1) such that Pa > 0. Then for each
h € S and each z € D the number z™l(2) + b, (2)y(2)h(z) is not zero and the relation

_ y"(2) + ba,, (2)a(2)h(2)
zlml(2) 4 ba,, (2)y(2)h(z)’

9(2) zeD,
establishes a bijective correspondence between the set Sa of all Schur functions g fulfilling
(1.1) and the class S of all Schur functions h.

Proof. In the case of m = 0, the statement is an immediate consequence of (5.1) and
(1.2) (i.e. the description of Sa which is already proved in [7, Theorem 6.3]). Now, let
m > 1. We first remark that one can restrict the proof to the special case of ap = G,
k=0,1,...,m, with 8; as in (3.6). Indeed this can be done, since only some rows and
columns are simultaneously rearranged by the matrices behind the determinant formulas
defining the functions x and y unlike the general case and this is not essential in view
of the linear fractional transformation stated in Theorem 6.2. Because of this particular
choice of (ax)}’,, the relation (3.8) leads to

W,, = W. (6.3)

Furthermore, note that PAo > 0 implicates wiy € D. If w1y = 0 then a combination
of Lemma 6.1 and Theorem 5.3 yields the assertion. Based on this and the fact that
Remark 2.4 and (2.6) imply a correspondence between the data set A and a data set

E = { (Zja lj? ({Djs)lsj:_ol):zl}

with w9 = 0, by a straightforward calculation one can see that for each h € S and each
z € D the condition

w10y (2) + 7" (2) + ba,, (2) (Wi0Z(2) + §(2) ) h(2) # 0 (6.4)

is satisfied and that the relation

- wipF ™ (2) + g™ (2) + b, (2)(2(2) + w10y(2)) h(z) .
90) =TT () + 7 (2) + b, (o) (107 (2) + )Ry S D)

establishes a bijective correspondence between the set Sa of all Schur functions ¢ fulfilling
(1.1) and the class S of all Schur functions h in general, where

iE.(m—l,m)
e (V)W

ﬁ(mfl,m)

Z(v) == e (v)

defined with respect to &w similar as x, y are defined with respect to A,. Moreover, we
get in view of Remark 2.4, (2.6), (2.4), (3.8), and (6.3) at first

(I+wieW,) = (1= wiof?) (I - @1 Win) ™),
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Wi L+ W2, = (1= Jwio] )W (1 = wig W,,) 1)

and thus, by using some elementary calculation rules of determinants, the equalities

P(m—l,m)
€ (U) (I + wlOW;‘n)
(1_|w10‘2)(1_w710Wm—l)ilp(mem)((I_wil()wm)il)*
— |W1o0|")€m (¥ — W10 m)~ :
(1= wiol*)em (v)((T W) ™h)
_ (A= Juwo)™ (1 - meno)x(v)
| det[I — wig Wp,]|? ’

Z(v) + wyoy(v) =

P(n—1,m)
em(v) (@ I+ W5,)
(1= |w1o[*)(X = @Wio Win—1) P (—1,m) (I — W10 W) L)'

(1= |wio]?)em (v)W5, (T — Wio W) 1)

_ (- [wio]*)™ ' (1 = Wigwyo) (v)
[detll — a0 W2

w10Z(v) +y(v) =

where W,,_; stands in this computation for the complex (m x m)-matrix which is
obtained from W,, (and hence from W due to (6.3)) by deleting the last row and
column. Consequently, with a view to (3.9), (6.4), and (6.5) the proof is complete. O

If the point z € D is fixed in the description of Sa by the linear fractional transforma-
tion according to Theorem 6.2 then the set

Ra(z) :={g(z): g € Sa} (6.6)

is a closed disk in D, the boundary of which is sometimes called Weyl circle. Using some
well-known properties of linear fractional transformations (cf. [27, Proposition 2]), it can
easily be shown that the center ¢, and the radius r, of this Weyl circle are given by the
rational functions x and y in terms of the given data as presented in the following.

Corollary 6.3. Under the assumptions of Theorem 6.2, if z € D is fixed then the set
RA(2) defined as in (6.6) can be described by

Balz)={w: |lw—c| <r.},
where the parameters c, and r, are given by

o = Y2 (2) ~ba (2)2(2)ban (Jy(2) _ [ban ()] [2(2)2" () —y )y (2)]
: |2 (2)[2 = ba,, (2)y(2) ]2 b |zl (2)]7 = [ba,, (2)y(2) 2
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Remark 6.4. If we define the functions g, and h,, for each z € D, by

Ge(2) ==z,  he(2) := —Da,, (Z)x[?ig]z()z)’

then the function g, is continuous, satisfies the condition ge(z;) = wjo for j = 1,2,...,n,
and admits the representation

z € D.

go(2) = '™ (2) + ba,, (2)2(2) he (2)
* x[m](z) + ba,, (2)y(2)he(2) 7
However, since the function h, is not holomorphic in I (in particular he ¢ S), in view
of Theorem 6.2 it follows ge & Sa.

Following the geometrical considerations, one can also see that the Weyl circle with
center ¢, and radius r, can be described as an Apollonius circle (cf. [17]).

Corollary 6.5. Under the assumptions of Theorem 6.2, if z € D is fixed then the set
RA(2) defined as in (6.6) can be described by

v—aj,
fale) = o |22 0] < 010,
where
o y[m](z) S x(z) o y(2)
1,z - 1'[m](2)7 2,z - y(z)’ Z . x[m](z) .

Remark 6.6. Clearly, Ra(z;), j = 1,2,...,n, contains only the value wjq. But, if we
consider instead the set

1 .
RA(Z]) :{l'g(l7)(2_]) gesA}7 j:1a2a"'an7
gt

and if we choose just in (3.7) a sequence (aj)}", so that o, = z; then by a straight-
forward calculation (cf. [27, Section 6]) one can see that

RA(z) ={w: Jw=d | <7},

where the parameters of that circle are given by

1

(P o= L,
Czj-_mgo (z), sz—l?!f g (ZJ)W(Z])

and where the rational functions gy and f are defined, for each z € D, by

ml(,
()= Yy 1) = b, ()@~ y(™ ().

We remark finally that, based on the linear fractional transformation stated in The-
orem 5.3, one can express the parameters of the circles Ra(z), z € D, and RA(z;),
7 =1,2,...,n, in terms of the orthogonal rational functions ¢,, and v, introduced in
Section 4 as well (see also [7, Section 6]).
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7. The degenerate case

In this section we consider the case of exactly one solution in Problem (MNP).

Theorem 7.1. If A is a given data set as in (2.1) such that P > 0, then there is
exactly one Schur function g fulfilling (1.1) if and only if det P = 0.

Proof. With a view to Theorem 6.2 it is enough to prove that in the case of det PAo =0
there is exactly one Schur function g fulfilling (1.1). Firstly, we show that Problem (MNP)
has at most one solution g € SA when det Pa = 0. If |wjo| = 1 for some j =1,2,...,n
then the maximum modulus principle for holomorphic functions implies that at most the
constant function with value w;o can belong to Sa. We suppose now (2.7). Furthermore,
due to Remark 2.4 and (2.6) we can assume wyg = 0 without loss of generality. Moreover,
let g € Sa. In particular, the Cayley transform €2 of g according to Remark 2.2 and the
associated measure p of g which is uniquely determined by (3.5) are well defined. Taking
into account det P a = 0, we consider then a non-zero (m+1)-vector xo with the property

PAX() =0
and the corresponding rational function xy defined by
xo(v) = (fm(U) fll(v)"'fl,ll—l('U) fno(U) fnl(v)"'fn,ln—l(v))xo-
By virtue of (3.4) and Lemma 3.2 we get

0 =x5Paxo = <x0,x0> = / lzo(uw)|? pu(du).
T

Therefore, the measure p is concentrated (not exceeding) on the finite set of all (mutually
different) zeros uy,usg, ..., U, € T of the function xg, where this set is independent of
the solution g. Hence, with some non-negative numbers aq, as, ..., @, we have

p(A) = aren, m(A), AcB, (7.1)
r=1

where ¢, » stands for the Dirac measure with unit mass located at u,, r =1,2,...,m’.

Choosing (note Remark 3.1) for each r € {1,2,...,m’} a function z,. € Ha which is one
at u, and zero at the remaining points u;, 0 < j < m' with j # r, it follows that

Qr = <xr7xr> = X;k'PAxra
where the (m + 1)-vector x, is given by the relation

2 (v) = (f10(v) 11 (V) - fr,—1(v) - fao(®) far () -+ frg,—1(0)) %,

so that the coefficients a, in (7.1) are independent of g as well. Thus, Problem (MNP)
has at most one solution. It stays to verify that there exists a Schur function g fulfilling
(1.1). In order to show that we replace the given data A, for each k € N, by

AR = {(ijlj’ (w;]j)?:—ol)n }’

j=1
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where

1 .
W) wot g ifs=0, 0l D1 =12
Wi { w;e if 540, s 10 ,J , 2, .., m.

Since P > 0 and since the constant function

1

hi(u) = 1

u €D,
is a Schur function with P, > 0 for each k € N (use, e.g., [19, Corollary 3.6]), we
have

PA>’€< >0, keN,

and
lim Payw =Pa.
k—oo

From Theorem 6.2 we know that a solution g; of Problem (MNP) concerning the data
set A exists. Consequently, an application of Montel’s theorem yields that there is a
Schur function gg and a subsequence of (gx)ren which converges to go. This function gg
is a solution of Problem (MNP) for A by construction. O

Let A be a given data set as in (2.1) such that
Pao>0 and detPa=0.

An explicit form of the unique solution for that case according to Theorem 7.1 can be
obtained as follows. Denote this solution by gg. If m = 0 then it follows |w1o| = 1, so that
go is obviously the constant function with value wio. Now, let m > 1 and let (ax)}", be
a sequence fulfilling (3.6) and (3.7) for a permutation 7 of {0,1,...,m} with 7(0) =0
and 7(m) = m. (Note that 7(0) = 0 and w(m) = m is chosen to ensure the conditions
ap = z1 and a,, = 2z, only for technical reasons.) We assume at first that

det P, 75 0.

Let the rational functions x and y be given as in Section 6. Due to the determinant
formulas defining z and y, det P,,,_1 # 0, and the Schur factorization, one can also write

Pom
z(v) = det Pp_q [ em(v) — (eo(v) -+ em_l(v))PT_nl_l

Pm—1,m
and

ln—1 Pom
y(v) = det Py, 4 <Zw—nsen,lnls(v)> —(eo(®) -+ em1 (V)W PLL| ,
s=0

Pm—1,m



26 A. Bultheel and A. Lasarow

where W,,,_1 stands again for the complex (m x m)-matrix which is obtained from the
matrix W,,, defined as in (3.8) by deleting the last row and column. In particular, by
using property (II) of adjoint rational functions, we have

alml (am) = elml () det P, 1 # 0

m

so that x[™ is not identically equal to zero. We follow now the argument in the proof of
Theorem 7.1 (part of existence). For each k € N, let xj, and y, be denote the rational
functions defined as in Section 6 but corresponding to the data set A As a special
solution gy in this proof above the function

[m]
z
gr(2) = y’Fm]( ), z €D,
), (2)
can be chosen for each k € N (see Theorem 6.2). Evidently, if k& tends to oo then the func-

tions a:ECm] and y,[cm] converge to yI™ and 2! respectively, uniformly on ID. Consequently,

for the solution gy of Problem (MNP) we get for each z € D the representation
y(z)

go(z) = 7(2) (7.2)

which leads to

W 1 «" (2)
< Z wnseml,,L_l_s(Z)) - (pm() e pm,m—l)P;L_lwm—l :
=0 [m]
emfl(’z)
go(z) = ] . (7.3)
€ (2)
el (2) = (mo -+ P ) PR |
el (2)

because of (3.9) and the formulas for the rational functions z, y presented in this section.
Besides, since det Po = 0 and det P,,,—1 # 0 it follows (see, e.g., [19, Corollary 3.6]) that
go has to be a Blaschke product of degree m, i.e. there are some ¢1,62,...,¢, € D and a
n € T such that

go(2) =1 H b, (z), ze€D.
j=1

Thus, a comparison with (7.2) implies by virtue of (3.9) (cf. [6, Theorem 2.2.1 (3.)]) that
1,52, - - -, Sm are exactly the zeros of y[™ (possible repeated according to its multiplicity),
that %, %, ey gé are exactly the zeros of z[™ (possible repeated according to its

multiplicity as We171), and that there is a u € T such that
uz = ylm, (7.4)

Summing up, we have obtained the following.



A multiple Nevanlinna-Pick problem 27

Proposition 7.2. If PA >0, det PAo =0, and det P,,,_1 # 0 then the unique solution
go of Problem (MNP) subject to Theorem 7.1 is given, for each z € D, by (7.2) or in
other words by (7.3). Moreover, there is a u € T such that gy admits the representation

Pom
em(2) = (eo(2) -+ em—1(2))PLy
Jj(z) . pmfl,m
g0(2) =u , de. go(2)=wu ;
O( ) Cv[m](z) 0( ) egm](z)
e%n](z) - (me te pm,m—l)Pr_nlfl :
ey (2)

for each z € D, where the constant u can be computed from (1.1) or (7.4).

Finally, we consider the case that the additional condition det P,,_1 #0 is not satisfied.
Clearly, if det Py = 0 then gg is the constant function with value wig. Otherwise, if
m’ < m is the smallest positive integer such that det P, = 0 but det P,,»_1 # 0 then
we can look at Problem (MNP) for the corresponding smaller data set A’. According to
Proposition 7.2 the unique solution g(, associated with A’ can be computed. Furthermore,
the solution gg of Problem (MNP) for the data set A is obviously a solution for the smaller
data set A’ as well. It follows that go = g-
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