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Abstract

We consider the integration of one-dimensional highly oscillatory functions. Based on
analytic continuation, rapidly converging quadrature rules are derived for a fairly general
class of oscillatory integrals with an analytic integrand. The accuracy of the quadrature
increases both for the case of a fixed number of points and increasing frequency, and for
the case of an increasing number of points and fixed frequency. These results are then
used to obtain quadrature rules for more general oscillatory integrals, i.e., for functions
that exhibit some smoothness but that are not analytic.

The approach described in this paper is related to the Steepest Descent method, but it
does not employ asymptotic expansions. It can be used for small or moderate frequencies
as well as for very high frequencies. The approach is compared with the oscillatory
integration techniques recently developed by Iserles and Ngrsett.

1 Introduction

Consider the oscillatory integral

I:= /bf(a:)ei“’g(‘”) dz (1)

with w > 0 and with f(z) and g(x) smooth functions. Integrals of this form abound in
mathematical models and computational algorithms for oscillatory phenomena in science and
engineering. Recently, much progress has been made in numerical quadrature techniques
for (1). Methods have been devised that compute an accurate approximation to the value of
the integral with low computational complexity and with a number of operations that actually
decreases as w increases to infinity [12, 13, 14, 15, 16, 17, 18]. This is in contrast to most
classical integration approaches, based on polynomial interpolation, that rapidly deteriorate
in the presence of strong oscillations. In order to appreciate the inner workings of these
methods, one should understand the asymptotic behaviour of the oscillatory integral (1) for
large values of the frequency parameter w.

*This technical report was accepted for publication in STAM J. Num. Anal., january 2006.



The value of I at large frequencies depends on the behaviour of the smooth functions f and
g near the endpoints a and b, and near the so-called stationary points. The latter are the
solutions to the equation ¢’(x) = 0 on [a,b]; they represent points in which the integrand
locally does not oscillate. An intuitive justification of this property may be that, away from
the endpoints and the stationary points, the oscillations of the integrand increasingly cancel
out. Mathematically, the property is reflected in the asymptotic expansion of I. We say that
a stationary point & has order r if ¢g@)(¢) =0, j =1,...,r, but gD (£) # 0, i.e., the first r
derivatives of the oscillator vanish. Assuming one stationary point £ of order r in the interval
[a, b], the asymptotic expansion of (1) has the form

I~) G @)
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where the coefficients a; depend only on a finite number of function values and derivatives
of f and g at the critical points a, b and £ [20]. The coefficients are in general not easily
obtained, although the leading order coefficient ag is given by the method of stationary phase.
Still, the mere existence of the asymptotic expansion reveals a lot of information about I.
For example, an immediate consequence is that |I| = O(w =/ ("+1),

A first efficient method is to simply truncate the asymptotic expansion (2) after a finite
number of terms. By construction, the truncation error decays as a power of 1/w. This
asymptotic method was described by Iserles and Ngrsett in [15]. The problem of the unknown
coeflicients in the presence of stationary points is solved by constructing a uniform asymptotic
expansion, based on factoring out the moment pg = ff ¢9(@) dgz, or similar higher order
moments. The coefficients in this expansion can be computed explicitly, if the moments
themselves are known a priori. A disadvantage of such an approach is that the error of
an asymptotic expansion is essentially uncontrollable, since asymptotic expansions tend to
diverge. This is especially true for smaller frequencies.

A different approach, proposed also in [15], is to extend Filon’s method for oscillatory integrals
(see [9, 5]) by considering Hermite interpolation of f. The result is a quadrature rule for I with
a classical form, involving function values and derivatives of f. The error of this approach is
controllable and may be very small. A disadvantage is that the weights of the rule are given
by oscillatory integrals themselves, and they can not always be explicitly computed. We will
revisit Filon-type methods in §6.

An entirely different approach was proposed by Levin in [17]. If the indefinite integral of the
integrand is written as F(x)e™9®)  then we immediately have I = F(b)e™9() — F(q)ei9(a),
It was observed in [17] that F(x) is a smooth function, in the absence of stationary points.
Moreover, it satisfies the non-oscillatory differential equation

Fl(z) +iwg(z) = f(2). 3)

This system can be solved for F(z) by collocation. The method was generalized in [8, 7]
to more general oscillatory functions that satisfy a linear ordinary differential equation, for
example Bessel functions. The accuracy of the methods improves with w if the boundary
points are included in the collocation. Recently, it was shown in [18] that collocating also the
derivatives of f in the endpoints can arbitrarily increase the order of accuracy as a function of
1/w. In some cases, the order can also be increased by adding internal points. This Levin-type
method allows an accurate evaluation of the integral, without the need for moments. The
accuracy is increased simply by solving the differential equation more accurately.



For the particular case of an oscillating factor of the form cos(wz) or sin(wz), specialized
quadrature rules using first order derivatives were developed in [16]. An exponentially fitting
quadrature rule with n points has an error of order w™". The weights depend on w and

converge to zero.

The approach taken in this paper achieves a similar high convergence rate as a function of w.
We will show that it solves some of the problems of the other methods, and introduces some
peculiarities of its own, thus adding to the spectrum of available approaches that appear to
complement each other. For example, we present a case that exhibits a significantly faster
convergence rate for increasing w. The method we describe for approximating (1) depends
on two simple observations. First, the oscillatory function e®9(*) decays exponentially fast
for a complex g(x) along a path with a growing imaginary part. Second, the oscillatory
function e9(®) does not oscillate for complex g(z) along a path with fixed real part. These
observations are exploited numerically in combination with a corollary to Cauchy’s Theorem,
i.e., the value of a line integral of an analytic function along a path between two points
in the complex plane does not depend on the exact path taken (see, e.g., [11]). The same
observations also provide the foundation for the Steepest Descent method [1, 2]. In that
method, an asymptotic expansion of the form (2) is developed for I. The method was used
already by Cauchy and Riemann, and developed further by Debye [6]. Methods in the complex
plane have been considered for oscillatory integrals several times since, in specific applications
or for Laplace transforms (see, e.g., [21, 4, 3]). We will present a rather general implementation
of the steepest descent method, that is also valid for small values of w. We prove convergence
estimates of the numerical scheme as a function of the frequency, and we extend the method
to functions f and g that are not analytic. The implementation can be entirely numerical;
hence we shall refer to the method as the numerical steepest descent method.

We start this paper in Section 2 with some practical and motivating examples that illustrate
most of the theory described later. In Section 3 we describe and analyze the idealized setting
that gives the best possible convergence. It is shown that a suitable n-point quadrature
rule in that setting leads to a convergence of O(w™2"~1). This setting comes with the most
restrictions, but still covers many important applications. The first requirement is that the
functions f and ¢ in (1) are analytic in an (infinitely) large region of the complex plane
containing the integration interval [a, b]. Further, it is assumed that there are no stationary
points in [a,b], and that the equation g(z) = ¢ should be “easily solvable”. This rather
vague description will be made more precise further on. We then proceed by relaxing the
requirements one by one, until a more generally applicable method is obtained. This increase
in generality will, at times, come with a loss in convergence rate. In Section 4 we will allow
stationary points. We relax the “easy-solvability” requirement in Section 5. We drop the
requirements that f and g should be analytic in Sections 6 and 7 respectively. Some final
remarks conclude the paper in Section 8.

2 Some motivating examples

Consider the following integral, which frequently appears in Fourier analysis applications,

/a b F(z)e™? da. (4)
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Figure 1: Illustration of the integration paths for g(z) = x and g(x) = 2.

This integral has the form of (1) with g(z) = x. An overview of solution techniques for large
values of w is given in [12]. In that case, the integrand is highly oscillatory along the real axis.
An important observation is that the function e®* decays rapidly for complex values of = with
a positive imaginary part, since e%% = ¢~ “S%¢iwRz  The speed of the decay actually grows as
the frequency parameter w increases. Additionally, the function e®? does not oscillate if the
real part of the argument x remains fixed.

Based on these observations integral (4) can be reformulated in such a way that the difficulty
- the highly oscillatory nature - is removed. To that end, the integration on interval [a, ] is
replaced by a path in the complex plane as illustrated in the left panel of Figure 1. The first,
vertical part of the path is of the form z = hy(p) := a + ip for p € [0, P]. The second part is
horizontal and connects the points hq(P) := a+iP to the point hy(P) := b+ iP. Finally, the
third part connects hy(P) to b with the vertical path z = hy(p) for p € [0, P]. Now assume
that f is analytic, and that f itself does not grow exponentially large in the complex plane.
Letting P go to infinity, and using paths parameterized by h,(p) and hy(p), for p € [0,00),
we can write (4) as

b ) ) 00 ) [e's)
/f(x)ewmdmzem / fla+ ip)e P dp — ¢ / F(b+ ip)eP dp. 5)
a 0 0

The integral along the path that connects the endpoints of h,(P) and hy(P) vanishes for
P = oo and can therefore be discarded. Both integrals in the right hand side of (5) are well
behaved. They can be evaluated efficiently by standard numerical integration techniques,
e.g., by Gauss-Laguerre integration [5]. It can be expected from (5) that the accuracy of any
numerical integration scheme will increase with increasing w, thanks to the faster decay of
the integrand. This expectation will be confirmed both theoretically and numerically in the
subsequent sections. One also sees that, asymptotically, the behaviour of f around = a and
x = b completely determines the value of (4).



Next, we consider the function g(z) = 2 and the corresponding integral

1
/_ e do (6)

Again, we can remove the integration difficulty by a careful selection of an integration path
in the complex plane. The path is drawn in the right panel of Figure 1. The following
notation is used for the parameterization: hy;(p) = (—1)7v/22 + ip. Integrating along any
such path for p € [0,00) leads to an integrand with the desired decay properties, since
eiwhai(p)? = ¢iwa®e=wP  One can see that, for general g, a similar result is obtained if the
path satisfies g(hy(p)) = g(x) + ip. This path can be found by using the inverse of g, if it
exists, i.e., hy(p) = g '(g(z) + ip). Returning to the example function g(x) = 2% however,
we note that the inverse of y = g(x) is multivalued: we have = —,/y corresponding to the
restriction g1 := g[[_; ], and = \/y corresponding to g := g|o 1. The paths leaving —1 and
arriving at 1 are uniquely determined by the requirement that h,;(0) = x. Hence,

h-11(p) =—+/1+ip and hi2(p) =+/1+ip.

Contrary to the first example, the integral along the path that connects the limiting endpoints
of h_11(p) and hy2(p) cannot be discarded. Since h_11(p) and hq2(p) have opposite signs,
any connecting path should cross the real axis. Additionally we require the connecting path to
be such that the integrand along the path is non-oscillatory. The solution is to pass explicitly
through the point x = 0, via two new paths

hoi(p) = —+/ip and  ho2(p) = \/ip.

The point x = 0 is such that the paths corresponding to the two inverses coincide at = = 0.
We can now rewrite (6) as

1 [e'e) o0
/ f(@)es di = / F(hora(p))ePh ¢ 1 (p) dp — / F(ho1(p))e=Phl 1 (p) dp
-1 0 0
4 /0 F(hoa(p))ePhy 5(p) dp — /0 F(ha.2(p))ePH, 5(p) dp.

These four integrals are well behaved, although the derivatives hg ; (p) and hg »(p) introduce
a weak singularity of the form 1/,/p, for p — 0. The integrands do not oscillate, and their
decay is exponentially fast.

Note that £ = 0 is a stationary point because ¢'(£§) = 0. More general stationary points,
where also higher order derivatives of g vanish, are handled in a similar way. Consider, e.g.,
g(z) = 2® and its inverse g~!(y) = ¥y. The cubic root has three branches in the complex
plane, and the optimal path h.(p) = ¢~ !(g(x) + ip) at the point x is found by taking the
branch corresponding to the inverse of g that is valid at x, i.e., for which h,(0) = z. At £ =0,
we have that ¢'(£) = ¢”(§) = 0 and the three branches coincide. For this example, integral (1)
can again be decomposed into 4 contributions, each of which corresponds to a non-oscillating
integral. The integration path is drawn in Figure 2.



Figure 2: Illustration of the integration path for g(z) = 3.

3 The ideal case: analytic integrand and no stationary points

3.1 An approximate decomposition of the oscillatory integral

The ideal setting for our approach has three conditions: both f and g are analytic functions,
there are no stationary points in the integration interval [a, b] (i.e., ¢’(x) # 0), and the equation
g(x) = z is easily solvable, preferably by analytical means. None of these conditions is crucial
in order to obtain a convergent quadrature method, as we will relax all conditions later on.
But, the ideal case leads to the highest convergence rate among all cases described, and is most
suited to demonstrate our approach: the problem of evaluating (1) can be transformed into the
problem of integrating two integrals on [0, c0) with a smooth integrand that does not oscillate,
and that decays exponentially fast. This will be proved in this section in Theorem 3.3. First,
we give a basic lemma for the approximation of an integral with an integrand that becomes
small in some region S of the complex plane.

Lemma 3.1. Assume u is analytic in a simply connected complex region D C C with [a,b] C
D, and there ezists a bounded and connected region S C D such that |u(z)| <€, Vz € S. If
the shortest distance between any two points p and q of S along a curve that lies in S can be
bounded from above by a constant M > 0, then there exists a function F(zx), x € [a,b], such
that the integral of u can be approximated by

/r u(z)dz = F(a) — F(x) (7)

Flz) = / u(z) dz (8)
I,
with Ty any path in D that starts at x and ends in S.

Proof. Let T'; be a curve in D from z to an arbitrary point in S, denoted by ¢(z), and 'y, a
curve in D from a to g(a) € S. Choose k as the shortest path in S that connects ¢(a) and
q(x). Since w is analytic in D, the integration path between a and z may be chosen as the
concatenation of I'y, k and —I';.. The integral can be written as

/Hu(z) dz

/ax u(z)dz = F(a) + Lu(z) dz — F(z), with < Me.

6



This proves the result. O

Note that F' is not completely determined by the conditions of this Lemma. In particular,
the endpoint ¢(z) of I'; may be an arbitrary function of x.

If g is analytic, then the oscillating function €*9(*) in the integrand of (1) is also analytic as
a function of z. This function is small in absolute value if
—log(e)

e99@)| < e = @) < ¢ = Fg(z) > —=2,
w

Hence, if the inverse of g exists, we can find a suitable region S that is required for Lemma 3.1
with points given by g~!(c + id), for d > do := %g(e). Note that, in general, the inverse
of an analytic function may be multi-valued. Each single-valued branch of the inverse has
branch points that are located at the points & where ¢'(§) = 0, and it is discontinuous across
branch cuts that extend from one branch point to another, or from a branch point to infinity.
By explicitly excluding the presence of branch points locally, a single-valued branch of the
inverse can be found that is analytic in a neighbourhood of [a,b]. We can then characterize
the error of the decomposition given in Lemma 3.1 for the particular case of integral (1) as a
function of w.

Theorem 3.2. Assume [ and g are analytic in a bounded and open complex neighbourhood
D of [a,b], and assume ¢'(z) # 0, z € D. Then there exists an approzimation of the form (7)
for (1), with an error that has order O(e=“%) as a function of w, for a real constant dy > 0.

Proof. Define S := {z : Sg(z) > do} N D with dyp > 0. A positive constant dy can always be
found such that S is non-empty because g is analytic. In order to prove this, consider a point
x € [a,b]. Since g is analytic at z, the equation g(z) = g(z) + idy always has a solution z for
sufficiently small dy > 0 [11]. Additionally, dy can be chosen small enough such that z € D,
because D contains an open neighbourhood of z. The necessary geometrical conditions on S
required by Lemma 3.1 follow from the continuity properties of g. We have

Vo e S |f(2)e9®)| < | fa)|e .

Since S is finite (because D is bounded), there exists a constant C' > 0 such that |f(z)| < C,
z € S. The result is established by Lemma 3.1 with u(z) = f(2)e®9®) and € = Ce~w%. [

Theorem 3.2 shows that the error in the approximation I ~ F'(a) — F(b) for (1) decays
exponentially fast as the frequency parameter w increases. It only requires that f and g are
analytic in a finite neighbourhood of [a,b]. The function F' is given by an integral along a
curve that originates in z, and leads to a point z such that g(z) has a positive imaginary part.
The result follows from the exponential decay of the integrand, which is the first of the two
observations about the integrand made in the introduction.

3.2 An exact decomposition of the oscillatory integral

Next, we will take the second observation into account: €9 does not oscillate along a path
where g(x) has a fixed real part. This will lead to a particularly useful choice for the path T',
in the definition (8) of F.



Let h;(p) be a parameterization for I';, p € [0, P], then we find a suitable path as the solution
to

g(ha(p)) = g(x) +ip, z € [a,b].

If the inverse of g exists, we have the unique solution h,(p) = g~ '(g(z) +1ip). The path h,(p)
is also called the path of Steepest Descent [1, 2]. This can be understood as follows. Define
k(z,y) := ig(z) = u(z,y) + iv(z,y), with z = = + iy. Then we have e9() = k(@) Tt
can be shown that the path is such that v(z,y) = v(x,y0) is constant, and that the descent
of u(z,y) is maximal. In particular, the direction of steepest descent coincides with —Vu at
each point z = = + 1y.

Using this path in the definition of F', the decomposition for (1) becomes
T .
/ f(2)e9?) dz ~ F(a) — F(x)
a

, P 4 P
= ¢ial® /0 F(ha(p))e™ Pl (p) dp — €9 /0 F(ha (p))e™“P M, (p) dp.

The integrands in the right hand side do not oscillate, and they decay exponentially fast as
the integration parameter p or the frequency parameter w increases.

In the following Theorem, we will consider the limit case P — oo in which the error of the
approximation vanishes. This will require stronger analyticity conditions for both f and g.
Additionally, the function f can no longer be assumed to be bounded. The result of the
theorem will hold if f does not grow faster than polynomially in the complex plane along the
suggested integration path.

Theorem 3.3. Assume that the functions f and g are analytic in a simply connected and
sufficiently (infinitely) large complex region D containing the interval [a,b], and that the
imwverse of g exists on D. If the following conditions hold in D:

dm e N:|f(2)] =O(z|"), and 9)
Juwg €R : g7 1(2)] = O(eol*l),  |z] — oo, (10)

then there exists a function F(x), for x € [a,b], such that
/ f(2)e“9®) dz = F(a) — F(x), Yw > (m + 1)wo, (11)
where F(x) is of the following form,

F(z):= [ f(z)e*9?)dz, (12)
Iy

with Ty a path that starts at x. A parameterization h.(p), p € [0,00), for Ty exists such that
the integrand of (12) is O(e“P).

Proof. In this proof, we will use u(z) to denote the integrand of (1). Using the fact that
lu(2)| = | f(2)e93)| = | f(2)|e=“39(3), and conditions (9) and (10), we can state

c+ide D= |u(g  (c+id)| = O(em0=)9) 4 - . (13)



If w > muwy, then (13) characterizes the exponential decay of the integrand in the complex
plane. We will now choose an integration path from the point a to the region where the
integrand becomes small, and from that region back to the point = € [a,b]. We will show that
the contribution along the line that connects both paths can be discarded. This will establish
the existence of ', and I'; in (12), and the independence of T';, and T,,.

Assume an integration path for I that consists of three connected parts, parameterized as
hq(p) and hg(p) with p € [0, P], and k(p) with p € [a,z]. The parameterizations can be
chosen differentiable and satisfy h,(0) = a, hy(0) = z, he(P) = k(a) and h,(P) = k(z). We
have

x P T P
/ u(z) dz = /0 u(ha(p))H(p) dp + / u(k(p))K' () dp — /0 (haP)H.(p) dp.  (14)

Since the inverse function g~! exists, we can choose the points h,(P) and h,(P) as follows:

ha(P) = g '(g(a) + iP) and h,(P) = g~ *(g(x) + iP). Hence, by (13),

|u(ha(P))| = O(e(mwo—w)P) and |u(hx(P))| _ O(e(mwo—w)P).

We will now show that, as P — oo, the second integral vanishes. Equation (14) is then of the
form (11), with I';, and I'; parameterized by ho(p) and hy(p) respectively, p € [0, c0).

The contribution of the integral along x(p) is bounded by

[ o ) dp| < max ()| o 5] 2~ . (15)

By selecting the path x(p) = ¢~ (g(p) + iP) we have by (13): |u(x(p))| = O(elmwo=w)F),
p € [a,z]. We can write the second factor in the bound (15) as

-1
K(p) = %5~ (glo) + i)

dg
@ (p)-

The derivative of g(p) with respect to p is bounded on [a, b] because g is analytic. The factor
ag—;l(g(p) +iP) is bounded by O(e“°F). Combining the asymptotic behaviour of the factors
n (15), the second term in (14) vanishes for P — oo and for all x € [a,b] if w > (m + 1)wp.

This proves the result. O

Remark 3.4. Note that f and g should be analytic in a simply connected region D that
contains the paths hg, hy and £(p) in order to apply Cauchy’s Theorem. The unique existence
of the inverse of g is a necessary condition: if ¢’(z) = 0 with z € D, then the point z is a
branch point of the inverse function. The path x(p) may cross the branch cut that originates
at z, and Cauchy’s Theorem cannot be applied.

Remark 3.5. Conditions (9) and (10) are sufficient but not necessary. For example, the
limit case also applies when f(z) = e® and g(x) = x. If however f(x) = e~ and g(x) =z,
the integrand always diverges at infinity along the steepest descent path, regardless of the
size of w. In that case, the path should be truncated at a finite distance from the real axis.
The accuracy of the decomposition is then described by Theorem 3.2, i.e., the error decays
exponentially fast.



3.3 Evaluation of F(x) by Gauss-Laguerre quadrature

Next, we consider the evaluation of F(z) as defined by (12). The parameterization of the
path h,(p) is such that it solves the equation

g(haz(p)) = g(z) + ip. (16)

The integrand of (1) along this path is non-oscillatory and exponentially decaying,
F(ha ()50 = (1, ()2,

In the simplest, yet important case g(x) := x the suggested path is given by h,(p) = = + ip.

An efficient approach for infinite integrals with exponentially decaying integrand is Gauss-
Laguerre quadrature [5]. Laguerre polynomials are orthogonal w.r.t. e™* on [0, 00]. A Gauss-
Laguerre rule with n points is exact for polynomials up to degree 2n — 1. The integral F'(x)
with the suggested path can be written as

F(x) = /OOO f(ha(p)) e @R (p) dp

= @) /0 £ (ha(p)) L, (p)eP dp

eiwg(x)

- /0 " f(halafo))L (/e dg

w

with ¢ = wp in the last expression. Applying a Gauss-Laguerre quadrature rule with n points
x; and weights w; yields a quadrature rule

ciwg(x)

F((E) ~ QF[fag7hJ:] =

> wif (ho(wi/w) Wy (xi/w). (17)

i=1
The rule requires the evaluation of f in a complex neighbourhood of .

Theorem 3.6. Assume functions f and g satisfy the conditions of Theorem 3.3. Let I be
approzimated by the quadrature formula

I%Q[fag] = QF[fag7ha]_QF[f7gvhb]’ (18)

where Qp is evaluated by an m-point Gauss-Laguerre quadrature rule as specified in (17).
Then the quadrature error behaves asymptotically as O(w=2""1).

Proof. A formula for the error of the n-point Gauss-Laguerre quadrature rule applied to the
integral [ f(x)e *dx is given by [5]
(n!)?

E= (2n>!f<2"><c>, ¢ €[0,00).

Using this formula, one can derive an expression for the error E := F(a) — QF[f, g, ha):
nh)? d**(f (ha(a/w))ha(a/w))
2n)! dg?

nh)? d*"(f(ha(q))hi(a))
2n)! dg>"

ewg(a)

w 9=¢
etwg(a)

- w2n+1

(19)

—~] o~ o~ —~

q=C/w

10



with ¢ € C. The error behaves asymptotically as O(w™2""1). The absolute error for the
approximation to (1) is composed of 2 contributions of the form (19), and, hence, has the
same high order of convergence. O

Remark 3.7. The decomposition I = F(a) — F(b) is of a similar type as the decomposition
of I in [15] based on asymptotic expansions. There, the terms in the expansions are given
by a combination of f, g and their derivatives, evaluated in the points a and b. Yet, the
numerical properties of our approach are different: the convergence rate O(w=2""!) when
using an n-point quadrature rule for both Qr[f, g, he] and Qr[f, g, hp], should be compared
to the rate O(w™""1) when using an n-term asymptotic expansion of I evaluated in a and b.

Table 1: Absolute error of the approximation of I by Qrlf, g, ha] —QF|f, g, hs) with n quadra-
ture points for the functions f(x) = 1/(1+ ) and g(z) = = on [0, 1]. The last row shows the
value of logy(eq0/esp): this value should approximate 2n + 1.

w\n 1 2 3 4 5
10 10E-3 31E-5 19F-6 17E—-7 21E-8
20 12F—-4 11F—-6 23E-8 75E—-10 32F—-11
40 17E -5 39F -8 21F—-10 20F—-12 28FE—14
80 20E—-6 12FEF—-9 17E-12 42E—-15 1.6E—-17
rate 3.1 5.0 6.9 8.9 10.8

Example 3.8. We end this section with a numerical example to illustrate the sharpness of
our convergence result. The absolute error for different values of w and of n is given in Table 1
for the functions g(z) = = and f(z) = 1/(1 + z) on [0,1]. The parameterization for I'; is
given by h,(p) = g(x)+ip. The behaviour as a function of w follows the theory until machine
precision is reached. The relative error scales only slightly worse, since |I| = O(w™1).

One should note that decomposition (11) is exact for all positive values of the parameter
w > (m+1)wp > 0. The conditions from Theorem 3.3 yield the minimal frequency parameter
(m + 1)wg. The method itself is therefore not asymptotic, only the convergence estimate is.
Table 1 shows an absolute error of 2.1F —8 (relative error 1.4E —7) for w = 10 with a number
of quadrature points as small as n = 5. The corresponding integral is not highly oscillatory
at all. In order to achieve the same absolute error with standard Gaussian quadrature on
[0,1], we had to choose a rule with 10 points. Considering the fact that we evaluate both
Qrlf, g, ha) and QF[f, g, hp] with n = 5 points, the amount of work is the same. Thus, even
at relatively low frequencies, our approach is competitive with conventional quadrature on
the real axis. For higher frequencies, obviously, the new approach may be many orders of
magnitude faster.

4 The case of stationary points

4.1 A new decomposition for the oscillatory integral

At a stationary point &, the derivative of g vanishes and the integrand f (:L‘)ei“’g(x) does not
oscillate, at least locally. The contribution of the integrand and its derivatives at £ can
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therefore not be neglected. The Theorems of Section 3 do not apply, because the inverse of g
does not exist uniquely due to the branch point at &.

In order to illustrate the problem, consider the following situation. Assume that the equation
¢'(z) = 0 has one solution £ and £ € [a,b]. Now define the restrictions

[€.6] (20)

of g to the intervals [a,&] and [€, ] respectively. Then, the unique inverse of g on [a,b] does
not exist, but a single-valued branch g; ! can be found that satisfies 97 Ygi1(2)) =z, 2 € [a,€].
This branch is analytic everywhere except at the point &, and along a branch cut that can
be chosen arbitrarily but that always originates at {. Similarly, a single-valued branch gy !
exists that satisfies g5 ' (ga(2)) = z, © € [€,b]. Both branches satisfy g(g; *(2)) = 2, i = 1,2,
in their domain of analyticity. The integrand is small in the region S; with points of the
form g;*(c + id), d > dy, or in the region Sy with points of the form gy '(c + id), d > do.
It is easy to see that S7 and S5 are not connected: applying g on both sides of the equality
g7 (y) = g5 *(2) leads to y = z, which is only possible if z = & ¢ Sy, S5. The path (16) that
solves g(hz(p)) = g(x) + ip, as suggested in Section 3, leads to a path in S; for a, and to a
path in Sy for b.

The solution is therefore to split the integration interval into the two subintervals [a, ] and
[€,b]. This procedure can be repeated for any number of stationary points. The analogues of
Theorems 3.2 and 3.3 can be stated as follows.

g1 :=gllag and go:=g

Theorem 4.1. Assume that the functions f and g are analytic in a bounded and open complex
neighbourhood D of [a,b]. If the equation ¢'(x) = 0 has only one solution & in D and & € (a,b),
then there exist functions Fj(z), j = 1,2, such that

t
/ F(2)e®9) dz = Fy(s) — F1(€) + Fy(&) — Fy(t) + O(e™@%),  dy >0,
for s € [a,&] and t € [€,b], where Fj(x) is of the form
Fj(z) ::/ f(2)e™9) dz (21)
T,

with I'y ; a path that starts at x.

Proof. Define go(x) as in (20). A decomposition for fgt f(z)e™92(®) dz: can be found using the
proof of Theorem 3.2 with two modifications. First, the equation g(z) = g(z) + idyp now has
at least two solutions locally around x = £&. We choose the solution that corresponds to the
single-valued branch g, * of the inverse of g that satisfies g, '(g(z)) = z, x € [¢,b]. The branch
cut can always be chosen such that it does not prevent from applying Cauchy’s Theorem.
Secondly, the set S in the proof is now defined as S := {z : Sg(2) > dpand g5 *(g9(2)) = 2}ND,
i.e., the set is restricted to one connected part of D where the integrand is small, as opposed
to the set of all points where the integrand is small. The latter set would not be connected
in this case. With these modifications, the proof shows the existence of F3 such that

/gt f(z)eiwén(z) dz = FQ(f) — FZ(t) + O(e_WdO).

The same reasoning can be applied in order to find a decomposition on the interval [a, £].
This leads to the result. O

12



The next Theorem is the limit case of Theorem 4.1 where the error vanishes. The notation
97 ! denotes a branch of the multi-valued inverse of ¢ that satisfies 91 Yo1(2)) =z, z € [a,€].
The notation gy s similar.

Theorem 4.2. Assume that the functions f and g are analytic in a simply connected and
sufficiently (infinitely) large complex region D containing the interval [a,b]. Assume further
that the equation ¢'(x) = 0 has only one solution & in D and & € (a,b). Define g1 and g2 as
n (20). If the following conditions hold:

Im e N: |f(2)] = O(|2™),
Jwg € R g7 ' (2)] = O(e*0l¥l) and |g; " (2)| = O(e* ), |2] — o0,

then there exist functions Fj(x), j = 1,2, of the form (21) such that

/t f(2)e"99) dz = Fy(s) = Fi(€) + Fa(€) — Fa(t), Yw > (m+ 1wy, (22)

for s € [a,&] and t € [£,b]. A parameterization he i (p), p € [0,00), for 'y ; exists such that
3] J
the integrand of (21) is O(e™“P).

Theorems 4.1 and 4.2 are easily extended to the case where £ = a (or £ = b), by discarding
the two terms F(a) — F1(&) (or Fa(&) — Fa(b)).

Example 4.3. We consider the function g(x) = (x—1/2)?, with a stationary point at £ = 1/2.
The inverse of g, i.e., g~'(y) = 1/2 £ /¥, is a two-valued function. One branch is valid on
the interval [0, ], the other on [, 1]. The paths suggested by (16) on [0, &] that originate at
the endpoints 0 and & respectively are parameterized by

hoi(p) =1/2—+\/1/d+ip and hei(p) =1/2—+/ip

The paths on [, 1] for the points 1/2 and 1 are parameterized by

hea(p) =1/2+ +/ip and his(p) = 1/2+ /1/4+ip

These paths correspond to the two inverse functions. We have found the decomposition
I = Fi(a) = Fi(§) + F2(§) — Fa(b).

Note that the paths h¢ 1 and hg o that originate in the point £ introduce a numerical problem.
Their derivatives, that appear in the integrand of the line integral, behave like 1/,/p, p — 0
at £ This weak singularity is integrable, but prevents convergence of the Gauss-Laguerre
quadrature rules. We will require a new method to evaluate F}(§).

4.2 The evaluation of F;(z) by generalized Gauss-Laguerre quadrature

The previous example showed a numerical problem for the evaluation of Fj(z) by numerical
quadrature: the integrand of F;(§) along the path suggested by (16) becomes weakly singular
at the stationary point . A similar singularity occurs if higher order derivatives of g(¢) also
vanish. Assume that ¢(*)(¢€) =0, k =1,...,r. The Taylor expansion of g is then

(J} _ S)rJrl

(7“ I 1)| + O((.’E - §)l+2)'

g(x) = g(&) +0+...+ 0+ g" (e
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The path he j(p) solves the equation g(h¢ ;(p)) = g(§) + ip. Its behaviour at p = 0 is

af(r+ 1)'p

heqlp) ~ &+ " g -

(23)

1
The derivative has a singularity of the form prTl*l, p— 0.

Fortunately, these types of singularities can be handled efficiently by generalized Gauss-
Laguerre quadrature. Generalized Laguerre polynomials are orthogonal with respect to the
weight function %™, ae > —1 [5]. Function F};(£) with optimal path h¢ ;(p) is given by

’

F;(¢) :/ fhe;(p el 9(5)“p)h§j(p) dp

uug

_ /'f%]wmmmmm> vdq. (24)

Generalized Gauss-Laguerre quadrature will be used with n points z; and weights w; that
depend on the value of & = 1/(r+1)—1 = —r/(r+1). The function F}(x) is then approximated
by

eiwg(8)

Qrlf,9:he 5] = sz (he.j(i/w)) b j(wi/w) &7 (25)

=1
This expression is similar to (17) but includes the factor z;“ to regularize the singularity.
Theorem 4.4. Assume functions f and g satisfy the conditions of Theorem 4.2. Assume

that g® (&) =0, k =1,...,r and g"TV(&) # 0. Let the function F;(&) be approximated by
the quadrature formula

Fy(€) ~ Q31 9. he ]

with a = —r/(r +1). Then the quadrature error behaves asymptotically as O(w™2n—179),

Proof. The error formula for an n-point generalized Gauss-Laguerre quadrature rule is

nl'(n+a+1)

@) FeI(), 0<¢ < oo (26)

We can repeat the arguments of the proof of Theorem 3.6. An expression for the error
e:= F;(§) — Q%lf, 9, he ;] can be derived by using (26). This leads to

@9 nIl(n 4+ a4 1) dQn(f(hs,j(Q/w))hé,j(Q/W)q_a)

e =

w (2n)! dg?n
q=¢
9O Il (n 4 o+ 1) " (fhej()hg (@) (wg) ™)
- w2ntl (2n)! dg?n
q=C/w
with ¢ € C. Hence, the error is asymptotically of the order O(w=2"~179), O

Remark 4.5. Generalized Gauss-Laguerre quadrature converges rapidly only if the function
v(z) in an integrand of the form v(z)z®e~* has polynomial behaviour. Depending on f, the
function f(h¢ j(p)) may not resemble a polynomial very well, due to the root in (23) for small
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p. An alternative to generalized Gauss-Laguerre quadrature with o = —1/2 is to remove the
singularity by the transformation u = ,/p or p = u?. The same transformation also removes

the square root behaviour of he j(p). The integrand after the transformation decays like e~

In that case, variants of the classical Hermite polynomials that are orthogonal w.r.t. e~ on
the half-range interval [0, 00) can be used, with corresponding Gaussian quadrature rules as
constructed by Gautschi [10]. A similar convergence analysis yields the order O(w™""1)

this case.

in

We can now characterize the approximation of (1) in the presence of several stationary points.

Theorem 4.6. Assume that f and g are analytic in a sufficiently large region D C C, and
that the equation g'(x) = 0 has | solutions & € (a,b). Define r; := (mings1 g®) (&) # 0) — 1
and r := max; r;. If the conditions of Theorem 4.2 are satisfied on each subinterval [&;,&;+1],
and on [a,&] and [&.,b], then (1) can be approzimated by

-1
I~ Q[f? g] ::QF[f?g7 h(l,O] - Q%‘l [fvg7 h£1,0] + Z ( ?T‘Z [f?gv h&,l] - ?T‘iJrl [f7ga h£i+1,i]) (27)
i=1

+ Q%‘l [f7gv hfl,l] - QF[f?gv hb,l]
with a; = —r; /(15 + 1), with a quadrature error of the order O(w=2"—1/+1),

Proof. This follows from a repeated application of the decomposition given by Theorem 4.2,
and from the approximation of each term Fj(x) by Q% [f, g, ha,| as in Theorem 4.4. O

Theorem 4.6 can easily be extended to the case where ¢’'(a) = 0 or ¢’(b) = 0. If, e.g., ¢’(a) = 0,
we can set £; = a and use the general decomposition (27) with the first two terms left out.

Example 4.7. We return to the Example 4.3 of this section in order to illustrate the con-
vergence results. The approximation of (1) for the function g(z) = (z — 1/2)? is given by

I~ Q[f) g] = QF[f797 hO,l] - Q;‘l/z[fa 9, h1/2,1] + Q;‘l/z[fhgv h1/2,2] - QF[f’gv hl,?]' (28)

Theorem 4.6 predicts an error of the order O(w=2"~1/2)

be verified by the results in Table 2.

. The sharpness of this estimate can

4.3 The case of complex stationary points

So far, we have required the stationary point £ € [a,b] to be real. But even for functions
g that are real-valued on the real axis, the equation ¢'(x) = 0 may have complex solutions.
The value of ¢'(z) on [a,b] can become very small, if a complex stationary point ¢ lies close
to the real axis. We may therefore expect that such a point contributes to the value of the
integral (1). Here, we will not pursue the extension of the theory to the case of complex
stationary points in any detail. Instead, we will restrict ourselves to a number of remarks
that address some of the relevant issues.

A first observation is that Theorem 4.1 can still be applied, if the region D is chosen small
enough such that it does not contain £. This means that the contribution of £ to the value of
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Table 2: Absolute error of the approximation of I by Q[f,g] using (generalized) Gauss-
Laguerre quadrature with f(z) = 1/(1 4+ z) and g(z) = (z — 1/2)? on [0,1]. The last row
shows the value of logy(ego/e160): this value should approximate 2n + 1/2.

w\n 1 2 3 4 5
10 |47F—-3 71F—-4 17E—-4 49FE-5 17E-5
20 |78FE—-4 bH6E—-5 T72E—-6 13E—-6 27E-7
40 12E—-4 28E—-6 15E—-7 12E-8 13E-9
80 16E-5 10E—-7 17E—-9 50F—11 21FE-12
160 | 23E—-6 34F -9 16E—-11 13E—-13 1.6FE —15
rate 2.8 4.9 6.8 8.6 10.4

1, if any, decays exponentially fast as w increases. Still, for small values of w, the error may
become prohibitively large if £ lies close to the real axis.

In order to resolve this problem, one must first know which stationary points can contribute
to the error of the approximations of Section 4. In general, the question can be answered by
inspecting the integration paths. A stationary point contributes if it lies in the interior of
the domain bounded by the integration interval on the real axis and the complex integration
path (including the limiting connecting part at infinity). In order to obtain an exact decom-
position, the integration path should be changed to pass through ¢ explicitly. Specifically,
the decomposition should include two additional terms for £ of the form (24).

As a final remark, we note that the integral of the form (24) has a factor ¢9%) with g(¢) =
¢+ id complex. If d > 0 then the contribution decays exponentially as e~“¢. We know from
Theorem 4.1 that the error introduced by discarding complex stationary points should decay
exponentially. Hence, complex stationary points for which d < 0 cannot contribute to the
value of [.

5 The case where the oscillator is not easily invertible

Theorems 3.3 and 4.2 continue to hold for paths different from the one implicitly defined
by (16). The value of F'(a) does not depend on the path taken, and does not even depend
on the limiting endpoint of the path, as long as the imaginary part of g(x) grows infinitely
large. We have merely suggested (16) as it yields a non-oscillatory integrand with exponential
decay, suitable for Gauss-Laguerre quadrature. Other integration techniques may be applied
for other paths with different numerical properties. We will not explore these possibilities in
depth here.

We restrict the discussion to an approach that is useful when the inverse function of ¢ is
known to exist, but when the suggested path is not easily obtained by analytical means.
As w increases, we see from (17) that Qrl[f, g, hs| requires function values in a complex
region around a of diminishing size. Therefore, it is reasonable to assume that approximating
the path defined by (16) locally around x = a is acceptable. Use of the first order Taylor
approximation

9(x) = g(a) + g'(a)(z — a)
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to replace the left hand side of (16) leads to the path

ip
M.
The second order Taylor approximation leads to the path

— /¢ (a)? + 2ipg® (a)
9% (a) '

In the case of stationary points the path can be approximated by using (23),

Py Rl
h{,z(p) - §+ g (r+1) (5)

The general expression for the integral along the approximate path is given by

/ F(ha(p)) stV (p) dp.

Computing F'(a) by Gauss-Laguerre quadrature yields a numerical approximation with an
error given by

ha(p) = a + (29)

ha(p) = a —

1 (n)? @*(f (ha(g/w))e9hal@/ D pl (g w)e?)
(2n)! dg?"

C opq (02 d2(f(ha(q))h,(q)e™ 9 ha(D) ewa)
- (QTL)' dq2n

EF=w

q=¢

q=C/w

The order of convergence is not necessarily O(w=2""1) in this case because the derivative still

depends on w. However, the function e™9(h(2) is a good approximation to e™9(®)e=w4 and
we can expect the quadrature to converge. This will be illustrated further on.

The results can be improved to preserve the original convergence rate of O(w™2""1) at the
cost of a little extra work to determine the optimal path. The optimal path depends only
on g(z) and on the interval [a, b], and can therefore be reused for different functions f. The
extra computations have to be done once for each combination of ¢g(x) and [a, b].

The Taylor approximation of the path can be used to generate suitable starting values for a
Newton-Raphson iteration, applied to find the root x of the equation

g9(x) —g(a) —ip = 0. (30)

For the set of n (fixed) values for p that are required by the quadrature rule, the iteration
yields the points = h,(p) on the path. The values of A/ (p), i.e., ‘(il—i, are found by taking the
derivative of (30) with respect to p,

dz
/ _—= )
g (x) O i.

With the Newton-Raphson method, the points on the optimal path and the derivatives at
these points can be found to high precision. Since the Taylor approximation is already a good
approximation for large w, the required number of iterations is small.
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Example 5.1. We consider the second order Taylor approximation of the path for f(z) =
1/(1 4 ) and g(x) = (> + = + 1)'/3. The absolute error is shown in Table 3. Use of the
Newton-Raphson iteration for the same example yields an error of order O(w=2""1). This is
shown in Table 4. The number of iterations per quadrature point varied between 1 and 4.

Table 3: Absolute error of approximation of F'(a) — F'(b) by Gauss-Laguerre quadrature with
f(z) =1/(1 4 z) and g(x) = (#® + 2+ 1)'/3 on [0, 1] and second order Taylor approximation
of the optimal path. The last row shows the value of log,(e160/€320)-

w\n 1 2 3 4 5
20 14E -2 27E -3 74FE—-4 24E—-4 89FE -5
40 | 25E—-3 26FE—-4 46FE -5 10E-5 25FE—6
80 |38E—-4 18E—-5 17F—-6 20FE-7 29F-38
160 | 5.2E—-5 11F—-6 40E-8 21E-9 15E—-10
320 |6.TE—-6 68E -8 7.7TFE—10 1.6F—11 4.4F —13
rate 3.0 4.0 5.7 7.0 8.4

Table 4: The same example as in Table 3, but using Newton-Raphson iterations to compute
the optimal path. The number of iterations per quadrature point varied between 1 and 4.
The last row shows the value of log,(e320/€g40): this value should approximate 2n + 1.

w\n 1 2 3 4 5
20 11E-2 24E-3 T74E -4 25FE—-4 7H5E -5
40 21F -3 24F -4 44FE-5 10E-5 24FE—6
80 |33E—-4 18E-5 12E—-6 1bHE—-7 23E-38
160 | 45E—-5 61E—-7 18E—-8 87E—-10 6.2E—11
320 | 59E -6 2.1EF -8 18E-10 27E—-12 6.2E—14
640 | 72E—-7 6.7E—-10 15F—-12 63E—15 43E—-17
rate 3.0 5.0 6.9 8.8 10.5

6 Generalization to a non-analytic function f(z)

If f(z) is not analytic in a complex region surrounding [a, b], then the method presented thus
far will not work. If f(z) is piecewise analytic (e.g., piecewise polynomial), the integration can
be split into the integrals corresponding to the analytic parts of f. More generally however,
we need to resort to another approach. For a suitable analytic function f that approximates
f, we can expect the integral

~ b ~ .
I::/ f(@)e™9® dz

to approximate the value of I.

This leads to a Filon-type method that was already mentioned in the introduction. Filon’s
method was extended by Iserles and Ngrsett in [15]. Since the value of I depends on the value
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of f and its derivatives at * = a and x = b, they successfully used Hermite interpolation in
the points a and b, in the stationary points and in a few other regular points in the interval
la,b]. In [15, Theorem 2.3] it was shown that interpolating f/)(x) at a and b, j = 0,...,s—1,
with a polynomial of degree 2s — 1 leads to a quadrature rule with an error of order O(w™5"1).

Since polynomials are analytic, we can also use the Hermite approximation in our approach.
This enables the computation of the weights of the Filon-type quadrature rule for general
oscillators. (Note that the complex approach also enables the computation of the moments in
the asymptotic method of [15]). It does not improve the convergence rate of the method. We
can improve on the Filon-type method however in a different way. Thanks to the decompo-
sition of (1) as I = F'(a) — F(b), it is possible to use different approximations around a and
b, and, hence, to approximate F'(a) and F'(b) independently. Since F'(a) only depends on the
behaviour of f around a, the approximating Hermite polynomial can have much lower degree.
In the theorem below, we show that we can obtain a similar accuracy as in [15, Th.2.3] with
two independently constructed polynomials of degree s — 1 instead of with one polynomial of
degree 2s — 1.

Theorem 6.1. Assume that f is a smooth function, and g is analytic. Let fqo(x) and fy(x)
be the Hermite interpolating polynomials of degree s — 1 that satisfy

fP@) =P and fP0)=P0), k=051
Then the approzimation of (1) by

Fy,(a) = Fy,(b) / fa(ha(p))edtha@)p! () dp — / Fo(hp(p))e @) p! () dp
along the paths ha(p) and hy(p) that satisfy (16) has an error of order O(w=>71).

Proof. First we consider the approximation with the Hermite interpolating polynomial f(z)
of degree 2s — 1 that satisfies f*)(a) = f®)(a) and f®)(b) = f®(b), k =0,...,s — 1. Since
f is analytic, it can be used to approximate (1) as I ~ Fi(a) — F(b). This approximation
has an error of O(w™*~1) by [15, Theorem 2.3]. Now consider the approximation of F #(a) by

Fy,(a). Since f(x) is a polynomial, we can write Fi(a) as

where the p(a) are the moments of the form

etwg(a)

(ha(q/w) = a)* e~y (q/w) dg. (31)

() = [ (halp) ek () dp = [
0 0
Although ¢ goes to infinity, the behaviour for small g/w dominates due to the factor e=? (this

follows from Watson’s Lemma [1]). Since (h4(g/w) — a) ~ w™!, we see that ug(a) ~ w™F"1
For Fy,(a), we have

Fy,(a Z 1 : (32)

The first discarded moment, u4(a), is of order O(w=*~!). The approximation of F #(b) by
Fy, (b) has an error of the same order. This concludes the proof. O
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There are two ways to proceed: either f,(z) can be evaluated explicitly in the quadrature
evaluation of Fy, (a), or the moments (31) can be precomputed with the previous techniques
and used in the summation (32). The result is a quadrature rule for integrals of type (1) for

fixed g, a and b, and using function values and derivatives of f at a and b. Define w; ; = £ ’j,c(!a)
and w; o = —“kk—(!b). Then
s—1 s—1
I~ Qulf) =) wirfP(a) + ) wiafV () (33)
i=0 i=0

is a quadrature rule with an error of order O(w=5"1). For a fixed frequency, this localized
Filon-type method is exact for polynomials up to degree s — 1, while the regular Filon-type
method is exact for polynomials up to degree 2s—1. Hence, the simplified construction comes
at a cost; the order of accuracy as a function of w is the same, but we can expect the coefficient
to be much larger.

We can generalize the result to include stationary points. The same reasoning applies, but
we need to interpolate more derivatives in order to achieve a similar convergence rate. That
rate depends on the smallest value of r for which g(r+1)(§ ) # 0, with £ a stationary point.

Theorem 6.2. Assume that g is analytic and that g (€) =0, k=1,...,r, and gt (€) # 0.
Let f be sufficiently smooth, and let f¢(x) be the Hermite interpolating polynomial of degree
s(r+1) —1 that satisfies

k .
IR = 19, =0, s(r+1) -1
Then the sequence Ff&j(f) converges for increasing values of s to a limit with an error of

order O(w=s=1/(r+1)),

Proof. The proof follows essentially the same lines as the proof of Theorem 6.1, and uses the
moments /i, (&), defined using the path he j,

o0 Liwg(€)
o (€)= / (he s(a/w) — £/, ;(q/w) dg. (34)

w

The derivative of the parameterization h¢ ; in the integrand has an integrable singularity of
the form (q/w)~"/"*+1) at the stationary point &, and leads to a factor w’/("+1). By (23) we
have (he j(q/w) — &) ~ w™ Y0V This makes py, j(§) ~ W™/ TFD=R/+1)=1 = (y(=h=1)/(r+1),
The first discarded moment pu ;(§) in the sum FY, ; of the form (32) has the index k = s(r+1),
which leads to the result. O

Theorem 6.2 only shows that the value Fy, (§ ) converges with a specific rate if more derivatives
of f are interpolated. It does not explicitly state that F'y, () can be used in a decomposition

to approximate (1). The existence of an analytic function f that can be used to approximate
the value of (1) with an arbitrary accuracy, provided f is smooth enough, was proved in [15,
Theorem 3.3] using Hermite interpolation.

Assume there is one stationary point £ € (a,b), and gU"tD(£) # 0. Then we can extend the
definition of quadrature rule (33) to

s—1 s(r+1)—1 s—1
T Qulf) =Y winfPa)+ > wiaf D€+ wisfO), (35)
i=0 i=0 i=0
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with w; 1 = “k)g(!a), w3 = —”kk—(!b) and w; 2 = M This rule has an absolute error of

)

order O(w™*~Y(r+1)) "and a relative error of order O(w™).

Example 6.3. We consider the functions f(z) = 1/(1 + z) and g(z) = (z — 1/3)? on [0, 1].
Since f is analytic, we could use the previous techniques. However, here we will only use the
values of the first few derivatives of f at 0 and 1 and at the stationary point £ = 1/3. The
results are shown in Table 5 for varying degrees of interpolation. The convergence rate is
limited to the convergence rate at the stationary point. According to Theorem 6.2, in order
to obtain an error of order O(w=*~/("+t1)) we need to interpolate up to the derivative of
order m = s(r + 1) — 1. Hence, solving the latter expression for s, we expect a convergence
rate of (m + 2)/(r + 1). The rate is actually higher in the columns with even m, due to the
cancellation of the moments at ¢ with odd index. For a more general function g there is no
exact cancellation, but the difference of the moments at &, i.e., pg1(§) — pg2(§), can have
lower order than predicted by Theorem 6.2. This cancellation does not occur if the stationary
point £ is the endpoint of the integration interval.

Table 5: Absolute error of the approximation of I for f(x) = 1/(1+x) and g(x) = (z —1/3)?
on [0,1]. We approximate f by interpolating m derivatives. The last row shows the value of
log, (e1280/€2560): this value should approximate (m +2)/2 for odd m, and (m+ 3)/2 for even
m.

w\m 0 1 2 3 4
160 |10F—-4 18E—-4 95E—-7 97E—-7 86E-9
320 | 65EF—5 6.5FE—-5 17E—-7 17E—-7 T76FE—-10
640 | 28E -5 23F-5 3.1E-8 30E-8 67E-11
1280 | 8.1F—6 82E—-6 bH4E -9 bH4E -9 bH9FE —12
2560 | 3.2E—-6 29E—-6 95E—-10 9.5E—-10 5.2E—-13
rate 14 1.5 2.5 2.5 3.5

Example 6.4. We make a numerical comparison between the regular Filon-type method, the
localized Filon-type method and the numerical steepest descent method for f(x) = 1/(1+2?)
and g(z) = (z — 1/2)? on [~1,1]. Filon-type methods for this integral suffer from Runge’s
phenomenon: the interpolation error for the function f is large [19]. We choose s = 1, i.e., we
use only function values of f in {—1,1/2,1} and no derivatives. The order of the Filon-type
methods is then O(w™/2). We choose n = 1 in Theorem 4.6. The order of the numerical
steepest descent method is then O(w_5/ 2), using 4 evaluations of f in the complex plane. We
also interpolate two additional derivatives at 1/2 for the Filon-type method: this yields a
quadrature rule with 5 weights, and order O(w~?). The results are illustrated in Figure 3.

7 Generalization to a non-analytic function ¢(z)
If g(z) is piecewise analytic, the integration interval can be split into subintervals where the

function is analytic. Otherwise we can try to approximate g(x) by an analytic function g(x)
on [a,b]. We should take care not to introduce new stationary points, and make sure that we
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Figure 3: A numerical comparison between the regular and localized Filon-type methods, and
the numerical steepest descent method (Example 6.4).

accurately approximate all stationary points of g(z). Alternatively, we can approximate g(x)
locally around the special points, possibly by using different functions for each point. This
will turn out to be easier and will yield the same convergence rate.

When g(x) is smooth, it can be approximated arbitrarily well by an analytic function g(z)
on [a,b]. Hence, there exist analytic § such that the integral

b
. / F(@)e“5®) dg = Fa) — F(b) (36)

is arbitrarily close to the value of I. Such function § may be difficult to find however and, if
found, intractable for numerical purposes. Hermite interpolation in the points ¢ and b is not
a solution in this case, as the resulting polynomial may introduce stationary points that the
original function g did not have. However, owing to decomposition (36), it becomes possible
to do Hermite interpolation in a and b separately by different polynomials.

Theorem 7.1. Assume that f and g are analytic. Let g,(x) be the Hermite interpolating
polynomial of degree s that satisfies

9" (a) =¥ (), k=0,...,s.
Then the approzimation of F(a) by F,,(a) has an error of order O(w=>=1).

Proof. The error e := F(a) — F,,(a) can be written as

e — / f(ha(p))(ei“’g(h“(p)) _ eiwga(ha(p)))hg(p) dp (37)
0

= /OO f(ha(p))e™9atha®)) (iw(d(ha(P)=ga(ha(P)) _ 1)p! (p)dp
0

eiwga((z) 00 B o - "
=— /0 Fhalq/w))e q(ew(g(ha(q/w)) ga(ha(gq/w))) —l)hg(q/w) dg
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The path h,(p) was chosen as the solution of (16) with respect to the approximation g,(z).
Using a Taylor approximation around a, we have

(x —a)st!

GT 1) + O((z — a)**?).

§(@) = ga(w) = (3¥V(a) = gV (a))

-1

Because hq(q/w) —a ~ w™", we have

¢ (9(ha(a/w)=9a(ha(d/9)) _ 1 i (G(ha(q/w)) — ga(ha(q/w))) ~ w™>.
The error e is therefore of order O(w=571). O

The value of I, defined by (36), is completely determined by the derivatives of § at a and
b. If I — I is small, it follows from Theorem 7.1 that § should satisfy §\9)(a) = ¢\ (a) and
g(j)(b) = g(j)(b), j=0,...,s, for some maximal order s that depends on the smoothness of
g. Hence, g need not be explicitly constructed.

At a stationary point &£, more derivatives are needed. The convergence rate depends on the
minimal value of 7 for which g1 () # 0.

Theorem 7.2. Assume that f and § are analytic and that §® (&) = 0, k = 1,...,r, and
GUt(€) # 0. Let ge(x) be the Hermite interpolating polynomial of degree (s +1)(r +1) — 1
that satisfies

g€ =g"™©, k=0 (s+)(r+1)—1
)

Then the approzimation of F;(€) by Fy. (&) has an error of order O(w—s= /1)y,

Proof. The proof follows the same lines as the proof of Theorem 7.1. The difference is that,

similar to the situation in the proof of Theorem 6.2, we have h¢ ;(q/w) — & ~ w0+ and
¢i(q/w) ~ w™/r+1)  This leads to

e (9(he j(q/w))=ge(he (/@) _ 1 ~ 5.

The error estimate for this case is analogous to (37) in the proof of Theorem 7.1. Adding all
contributions, it is of order O(w™1=*+/(r+1)) = O(w =51/ (1)), O

Example 7.3. We illustrate the convergence with two examples. The function g(z) = (z —
1/2)2(x — 2)e” is approximated by a polynomial of degree m in the end points a = 0 and
b = 1, and in the stationary point £ = 1/2. The resulting errors are displayed in Tables 6
and 7. Table 6 shows the error in approximating only F (a). Table 7 shows the error of
the approximation of I. The latter error is dominated by the error made at the stationary
points but follows the theory. As in the last example for a non-analytic function f, the
convergence rate is actually higher for even m, because the difference of the terms at £ in the
decomposition of I can have lower order than predicted by Theorem 7.2. Note that it is not
possible to approximate g(z) by a fixed constant since in that case also ew9a(r) — ¢iwe reduces
to a constant. At a stationary point with r vanishing derivatives, the minimal number of
derivatives to interpolate is r + 1.
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Table 6: Absolute error of the approximation of F(a) by Fy(a) for f(z) = 1/(1 4+ z) and
g(z) = (x —1/2)%(z — 2)6””2 at a = 0. We approximate g by interpolating m derivatives. The
last row shows the value of logy(e400/€s00): this value should approximate m + 1.

w\m 1 2 3 4
100 | 6.1E—-5 T76E—-7 13E-8 19E-10
200 | 1.5E—-5 95H5E—-8 84F—-10 6.1F—12
400 | 38E -6 12FE -8 bH3E-11 19E-13
800 | 96E—-7 1HE—-9 33FE—-12 6.0E—15
rate 2.0 3.0 4.0 5.0

Table 7: Absolute error of the approximation of I by I for f(z) = 1/(1 4 x) and g(z) =
(z — 1/2)%(z — 2)e” on [0,1]. We approximate g by interpolating m derivatives. The last
row shows the value of logy(e400/eso0): this value should approximate m/2 for odd m, and
(m+1)/2 for even m.

w\m 2 3 4
100 |16FE—-4 27E—-4 18E-7
200 | 5.5E -5 98E -6 3.2FE -8
400 | 20FE -5 35E—-6 bH56E -9
800 |69F -6 12E—-6 99F —10
rate 1.5 1.5 2.5

8 Concluding remarks

We have presented an approach to compute highly oscillatory integrals of the form (1). The
method is quite general, and leads to high order convergence when the frequency increases.
The (generalized) Gauss-Laguerre quadrature rules yield the typical Gauss rule convergence
exponent of around 2n, but here as a function of 1/w. This is made possible by transforming
the integrand into a numerically well behaved one, i.e., one that is not oscillatory and that
has exponential decay which becomes faster with increasing w.

The approach by Iserles and Ngrsett has led us to consider the use of Hermite interpolation for
functions f(z) that are not analytic. The resulting polynomial is analytic, and this enables the
use of our rapidly converging complex approach. Owing to our decomposition of the integral
into a sum of a number of functions that each depend only on one point, this approach
could be simplified considerably in our setting. Vice versa, the methods developed in this
paper may be used to compute generalized moments of the form fol p(z)e®9@)dz, with p(x)
a polynomial of low degree. Such moments are assumed to be available in the approach of
Iserles and Ngrsett, but an analytical value may not always be available. The details of the
latter method can be found in [15].
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