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Abstract

In this paper we will derive a solver for a symmetric strongly
nonsingular higher order generator representable semiseparable plus
band matrix. The solver we will derive is based on the Levinson
algorithm, which is used for solving strongly nonsingular Toeplitz
systems.

In a first part an O(p?n) solver for a semiseparable matrix of
semiseparability rank p is derived, and in a second part we derive an
O(I?n) solver for a band matrix with bandwidth 21+ 1. Both solvers
are constructed in a similar way: firstly a Yule-Walker-like equation
needs to be solved, and secondly this solution is used for solving a
linear equation with an arbitrary right-hand side.

Finally a combination of the above methods is presented to solve
linear systems with semiseparable plus band coefficient matrices.
The overall complexity of this solver is 6(I + p)?n plus lower order
terms.

In a final section numerical experiments are performed. Atten-
tion is paid to the timing and the accuracy of the described methods.
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Abstract

In this paper we will derive a solver for a symmetric strongly nonsingular higher order generator rep-
resentable semiseparable plus band matrix. The solver we will derive is based on the Levinson algorithm,
which is used for solving strongly nonsingular Toeplitz systems.

In a first part an O(p2n) solver for a semiseparable matrix of semiseparability rank p is derived, and
in a second part we derive an O(12n) solver for a band matrix with bandwidth 2| 4 1. Both solvers are
constructed in a similar way: firstly a Yule-Walker-like equation needs to be solved, and secondly this
solution is used for solving a linear equation with an arbitrary right-hand side.

Finally a combination of the above methods is presented to solve linear systems with semiseparable
plus band coefficient matrices. The overall complexity of this solver is 6(1 + p)2n plus lower order terms.

In a final section numerical experiments are performed. Attention is paid to the timing and the
accuracy of the described methods.

Keywords: Yule-Walker, Levinson, higher order generator representable semiseparable matrices, band
matrices, symmetric strongly nonsingular, upper triangular factorisation of the inverse

1 Introduction

Currently there is a growing interest in semiseparable matrices. Attention is paid to different theoretical or
algorithmic descriptions related to these matrices, for example eigenvalue and singular value algorithms [1,
2,3,4,5,6,7,8,9, 10] relations with orthogonal rational functions [11], reduction algorithms related to this
matrices [12, 13, 14], and many more. A more elaborate overview of publications related to semiseparable
matrices can be found in [1, 15].

Also a lot of attention is paid to system solving, where the coefficient matrix is of semiseparable (plus
a diagonal) form. Linear systems of equations of semiseparable (plus diagonal) form arise for example in
the solution of differential and integral equations [16, 17], in oscillation theory [18], statistics [19], and so
on. In the following publications, algorithms are proposed for solving semiseparable systems of equations
[20, 21, 22, 23, 24, 25, 26]. The publications [21, 24] are based on the QR-decomposition for more general
classes of matrices. In the papers [20, 26, 27] several methods based on the QR (or URV )-decomposition
of these matrices are proposed.

In a recent paper [28], we proposed a method based on the Levinson idea for solving strongly non-
singular semiseparable plus diagonal matrices. The presented solver used only 19n — 17 operations. The
method was however only suitable for semiseparable matrices of semiseparability rank 1, i.e. their lower
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triangular part and their upper triangular part are coming from a rank one matrix. Therefore we present a
more general solver in this paper, based on the same idea as in [28]. In fact we will present three solvers in
this paper. A first solver will solve higher order strongly nonsingular semiseparable systems of equations.
If the semiseparability rank of the considered matrix equals p, the solver will have an overall complexity of
6p2n operations plus lower order terms. Secondly we present a solver based on a similar idea for solving
strongly nonsingular band systems of equations. If the bandwidth is 2l + 1, the solver has a complexity
of 612n plus lower order terms. Finally we will combine both of these algorithms and derive a solver for
higher order semiseparable plus band matrices, having as complexity 6(1 4 p)?n plus lower order terms.

The proposed method is based on the Durbin and Levinson algorithm for solving Toeplitz systems
of equations. The Levinson algorithm for Toeplitz matrices is widespread and described for example in
[29, 30, 31]. We will not reconsider the Levinson algorithm for Toeplitz matrices in this paper.

The paper is organised as follows. In the following section we will briefly introduce some notation
related to higher order semiseparable matrices and band matrices. This notation will be used throughout
the remainder of the paper. In Section 3 we will derive the solver for the higher order semiseparable
matrices. This section is split up into 4 parts. A first part constructs a solution method for the Yule-Walker
part of these equations. An implementation of this solution method is given in the second part, combined
with the operation count for this algorithm. In a third part we derive the solver for the overall problem
with an arbitrary right-hand side. An implementation together with the operation count is given in the
fourth part. In Section 4, the solver for the band matrices is derived. This section is split up in a similar
way as Section 3. In Section 5, both methods are combined to tackle the general problem. The relation
between the presented solvers and the upper triangular factorisation of the inverse are shown in Section
6. In a last section, numerical experiments are given. Two types of experiments are performed. In the
first type of experiments we perform timings for the different solvers for various sizes, and varying thereby
also the semiseparability rank and the bandwidth. A second type of experiments checks the accuracy of
the proposed methods. All the proposed methods in this paper are freely available and can be downloaded
from http://www.cs.kuleuven.ac.be/~marc/.

2 Somenotation

As already mentioned in the abstract, the general solver for the semiseparable plus band system is based
on the solvers for band and for semiseparable matrices separately. Before starting the construction of the
Levinson solvers for these systems, we will introduce briefly some notation which will be used throughout
the remainder of the paper.

2.1 Higher order semiseparable matrices

Let us define firstly what is meant with a higher order generator representable semiseparable matrix. Higher
order generator representable matrices are characterised by the fact that the part below (and including) the
diagonal is coming from a certain rank k matrix, the same statement holds for the upper triangular part
including the diagonal. This means in fact that the higher order semiseparable matrix can be written as
the sum of generator representable semiseparable matrices of rank 1. In the remainder of the manuscript,
for simplicity, we will talk about semiseparable matrices, but in fact generator representable semisepa-
rable matrices are discussed. A more elaborate study on the difference between generator representable
semiseparable and semiseparable matrices can be found in [32]. Let us assume the rank of the higher order
semiseparable matrix to be equal to p, this is briefly called the semiseparability rank. For the semiseparable
matrix S of semiseparability rank p and of dimension n x n, we get

S:3;|_—‘y-32—‘y-33—‘y-...—I—Sp7 (1)



where all the matrices S; are semiseparable matrices of rank 1, i.e. they are of the following form: (only
the lower triangular part of the matrices is shown, as we consider symmetric matrices).

U1jVij
U2jVij U2jV2j
Sj=
UnjVij UnjV2j UnjVnj

Let us define the following two matricesU = (y;) andV = (vjj), withi=1,...,nand j=1,...,pand let

us use the following notation

uiq Vi
andV =

Un Vn

U= , (2)

where fori=1,...,nvj = [Vi1,...,Vip] and u; = [Uj1, . .., Ujp] denote the ith row out of U and V respectively.
Using this new notation, one can easily rewrite the matrix S of Equation (1) as

uv]
UVl  Upvy
S:
UpV]  Unvy Unv,

This gives us a similar structure as for the semiseparable matrices of semiseparability rank 1. Similarly as
in the semiseparability rank 1 case we will call the matrices U and V the generator matrices of the higher
order generator representable semiseparable matrix S.

2.2 Band matrices

Even though most of the readers are already familiar with band matrices, we would briefly like to introduce
some notations related to band matrices, which we will use in this paper.

Let us consider a band matrix B with bandwidth 2l + 1, where | > 1. This means that our matrix
B has the following form (only consider the lower triangular part, because the considered matrices are
symmetric):

a1
az1 az2
az i az2 as3
B_ : :
Ar11 A412 Ar1l+1
0 22 42141 A42142
| O 0 ann dnn-1 Adnn |

with all the a; j € R.

This is of course not the most compact representation of the band matrix B, as many of its elements
are zero. Let us introduce the matrix A, which contains as columns the elements on the same super or
sub-diagonal of the matrix B:



[ 0 ce. 0 0 ari
0 ... 0 ax azo

azi1 asp as3

A= 0 :
At+11 A412 . alt11+41
Ai22 A423 e A42142
| Ann-l  Ann-l4+1 .- ann

Let us denote with a; the ith row out of the matrix A, this means:

{ai:[07---70aai,1,---7ai,i] if i<l
a = [aij1,...,a] if P>

The row vectors g; are of length | 4 1.
This is a more compact notation, which we will use throughout the paper, and which is also used in the
effective implementation.

3 A Levinson-like solver for higher order semiseparable matrices

In this section we will solve a higher order semiseparable system of equations based on the Levinson idea.
Firstly we will solve in fact k systems of Yule-Walker-like equations. The solution of this system will
afterwards be used for solving a system with an arbitrary right-hand side.

3.1 A Yule-Walker-like solver for higher order semiseparable matrices

Let us consider a higher order semiseparable matrix S of rank p with generators U and V, as in Equation
(2). The Yule-Walker-like problems we would like to solve are the following ones:

SkYk = —R«, 3)

where Sy denotes the upper left k x k sub-block of the semiseparable matrix S. The right-hand side R is a
k x p matrix of the following form:

Vi

Re=|

Vk
This Yule-Walker-like equation is similar to the one considered in [28]. An important difference however is
the fact that the right-hand side is not a vector anymore but a matrix of dimension k x p. The solution Yy of
the kth order Yule-Walker system is therefore also a k x p matrix and plays an important role in solving the
general problem with an arbitrary right-hand side. Even though we have to solve now in fact p problems,
we will limit the overall complexity to O(p?n).

First we will derive the recursion formulas, which will give us a O(p2n?) method. Afterwards we will
remove the most expensive steps in the recursion, which will reduce the overall complexity by a factor
n. The system is solved, as already mentioned, in a recursive manner. Assume we have the solution of
Equation (3), and we would like to find the solution now of the (k + 1)th system of equations:

Sks1Ykri = —Rkpa
Rewriting the above formula in block form leads to:

[ Sk | Rl ]{ﬂ} = —[&], )

uk+1RI ‘ uk+1v1+l Ok+1 Vk+1




with Zy.1 € R**P and a1 € R*P. Expanding Equation (4), we observe that

Sk Zk+1+ Rk U-IE+1 Oky1 = —Rk 5)
and
Uk+1 Rlzkﬂ + Uk+1VI+1O(k+1 = —Vk+1. (6)

Rewriting Equation (5) towards the matrix Zy 1 gives us

Ziii = —SRi(lp+Uuf,q Oksr)
= Yi(lp+Uksq Okpa), 7
where I, denotes the identity matrix of size p. Substituting the latter equation in Equation (6) leads to:
U1 Ry Yi(lp+ UI+10‘k+1) + Uk+1VI+1O(k+1 = —Vk+1,

from which we can extract oy 1 as:

(—1)(Vis1 + Uk 1R] Vi)
Ui+ 1RY YidUg 1 + Uk 1V, 1)

Ok1 = (

Using now the vector oy, 1 in equation (7), we can compute the matrix Zy. 1.

Based on the formulas for a1 and Zy. 1, we can immediately derive a recursive algorithm, having
complexity O(p?n?). The goal is however to come to an O(p?n) algorithm, so we have to eliminate two
expensive, in terms of operations, steps. Before showing a possible reduction in complexity, we will briefly
prove that the denominator in the formula for a1 is always nonzero. Because our matrix S is assumed to
be stronly nonsingular, we know that all the principal k x k matrices are nonsingular. This means that for
every nonzero vector w: w' Sew £ 0. Taking now w' = [uk1Y,], 1], we can derive the following equality:

.
et 1| S| [ ]
Uk+1RI ‘ Uk+1VI+1 1

T T Tp, (T Ty /T T
= Uks1Yy SkYkUkp1 +UkpaYy ReUgy g + Uk aRg YUy 1 + Uk 1V g

£ 0.

Using the fact that SkYx = —Rk we come to

Ty T T
Ukt 1Ry YkUey 1 + Uk1Vi 1 # 0

which states that the calculation of oy ; is well defined. Let us focus now again on reducing the complexity.

The calculation in each step of the algorithm of the matrix REYK, is too expensive. For each k this is
a multiplication of a p x k matrix with a k x p matrix, which costs p?(2k — 1) operations. Calculating the
inner-product in this way, in every step of the algorithm, leads to an overall complexity of O(p2n?). If we
rewrite the formula, we can reduce this complexity. Using the following relations we come to a recursion
for calculating this inner-product:

T — RT T k1
ReraYker = [Ry,Vigal [ ir }
T T
= RiZit1+ Vi 10kt1

T T T

= RiYk(lp+ Uk 1Qke1) + Vi 10k
T Ty (T T

= RiYk+ (R YiUk 1+ Vi 1) Ok 1

This leads to a recursive calculation of the inner-product. It costs each step in the algorithm p(2p—1) +
p+ p? + p? = 4p?, and hence is independent of k.
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Secondly, the computation of Zx and hence Y is too expensive to compute in each step. It costs at
step k: kp(2p — 1) +O(p?) operations, which leads again to an O(p?n?) algorithm. If we postpone this
computation up to the very end, we can reduce its complexity. The only thing needed to compute the
final solution is the storage of the vectors o in each step of the algorithm. Using the equations Yy, 1 =

[ZT.1,0aF,4]" and Zc;1 = Yi (Ip + u o), we can write the final solution of the Yule-Walker system as:

o1 (lp+ulaz) ... (Ip+ul_jon-1) (Ip+ufan)

Y = an72 (Ip+u-r£71an71 (Ip+ul—an)
an71 (Ip+ Un an)
On

This can be recursively rewritten, starting from the last element. The most expensive step in this calcu-
lation is the computation of the matrix products. Let us define the p x p matrix F as the matrix F =
(Ip+uf o) ... (Ip+ul_jan-1) (Ip+ulan) This means that the matrix F_1 = (I +u"_;0i-1) F. Rewrit-
ing this product as Fi_1 = F +u/ ;(a;_1F), we can obtain a constant complexity of p?+ p(2p — 1) + p? =
4p? — p for computing one row in the solution vector Y (more details can be found in the following sub-
section).

3.2 Thealgorithm

Included is the Matlab® implementation for solving the Yule-Walker system in a way explained in the previ-
ous section. The software is publicly available and can be found on http://www.cs.kuleuven.ac.be/~marc.
After each line of operations, the complexity for that computation in the algorithm is given. Note, that in
the computation of the number of flops, we did not count a sign change as an operation nor did we count
computations involving indices.

The input of the function consists of two matrices U and V, which generate the higher order semisep-
arable matrix S. Both U and V are of dimension n x p, where p stands for the semiseparability rank of

S.
— Yul e-Wal ker solver for higher order sem separable

FUNCTI ON Y=YWSOLVERHSS( U, V)

% ------- PART 1: SOLVE THE SYSTEM - ----------mmmm e oo oo - -
% I nitialisation:n=size, p=sem separability rank
[n, p]=size(U);
% Initialising al pha and the p x p matrix R*Y
al pha(1,:)=-V(1,:)./(U1,:)*V(1,:)"); % FLOPS: 3p-—1
ry=v(1,:) *al pha(1,:); % FLOPS: p?
% The main [oop in which we use al ways the previous solution
for k=2:n

% The product U(k,:)*ry appears twi ce

ury=U(k, :)*ry; % FLOPS: p(2p—1)

% Cal cul ate the denomi nator and al pha
denom nat or=ury*U(k, : )’ +U(k, :)*V(k,:)"; % FLOPS: 4p-—-2
al pha(k, :)=(-1)*(V(Kk, :)+ury)/denom nator; % FLOPS: 2p

% Cal culate the newp x p matrix R *Y for the next |oop
ry=ry+(ry*Uck, :)’ +V(k,:)’)*al pha(k, :); % FLOPS: 4p?
end

% ------- PART 2: CALCULATE THE SOLUTION --------cmmmmmmammmam oo
% Initialisation of y and F

Y(n,:)=al pha(n,:);

F=eye(p);

IMatlab is a registered trademark of the Mathworks inc.
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% Constructing the n x p natrix Y
for i=n-1:-1:1

F= F+ Ui +1,:)" % Y(i+1,:); % FLOPS: 2p2
Y(i,:)=al pha(i,:)*F; % FLOPS: 2p2—p
end

end

This leads to an operation count of 6np?+ 5np — 2n —5p2 — 2p + 1 flops for part 1 in the algorithm,
and 4np? — np — 4p? + p flops for computing the solution. The overal number of operations is hence
10np? +4np — 2n — 9p? — p+ 1 which gives us the desired O(np?) complexity.

3.3 TheLevinson solver for higher order semiseparable matrices

In this section we will solve a system of equations for which the coefficient matrix is a higher order strongly
nonsingular symmetric semiseparable matrix. The solver we will propose here is based on the Levinson
idea for solving Toeplitz systems. The method is recursive and in every step k of the algorithm we need the
solution of the kth order Yule-Walker-like equation from Section 3.1

We would like to find a solution x for the following system of equations Sx = b.

Assume we know the solution of the (k+ 1)th order Yule-Walker system, and assume that we also know
the solution of :

SkXk = di,

where d] = [by, ..., by] and S is again the upper left k x k sub-block of the matrix S. Based on the solutions
of the previous two equations we will now solve Sy, 1 Xk+1 = dk+1.

We start deducing the formulas in a similar way as in Section 3.1. The system we would like to solve
can be rewritten in block form as:

S| RUgs { Wi 1 } _ [ dy } (®)
Uk 1Ry ‘ U1V Hict1 Diy1
We remark that in contrast to the previous section, the right-hand side is now a column vector instead of a

matrix, therefore also xx and Xy, 1 are column vectors.
Expanding the above formula (8) leads to the following two equations

Sk Wicr1 + Mir1 Reug, 1 = di )
and
Uk RE Wi 1 + M1 Uk Vi g = Dica. (10)

Equation (9) can be rewritten towards wy 1, using thereby S;ldk = Xk and S;le =Yk

T
Wi+1 = Xk + Mk+-1 YkUgq-

Substituting the equation for w1 into Equation (10) and rewriting this leads to the following expression
for i1

byi1— Uk+1RIXk
Ui+ 1R YkU 1 + Uk 1V, 1)

The formula for py1 is well defined as the denominator is always different from zero (see Section 3.1).
Using the relations for computing py1 and wy, 1 we can derive an order O(p®n?) method. We will reduce
this complexity to O(p?n). One can compare these results for higher order semiseparable matrices, with the
available results for semiseparable plus diagonal matrices [28], and see that the formulas of both methods
are quite similar.

If we want to come to an order O(p?n) solver we need to adapt two things in the algorithm, namely the
computation of the product Rka, and we have to postpone the computation of the solution vector x up to
the very end.

|Jk+l = (
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The computation of the vector Rlxk can be rewritten in a recursive manner:

Hk+-1
= RIXk+Hk+1 (R-IEYKUI+1+VI+1) .

T T, T Wik+1
Ripixtr = [R 7Vk+1]{ ]

This recursive formula for computing RIXK in each step of the algorithm requires a fixed number of opera-
tions independent of k.

Suppose we postpone the computation of the solution vector x up to the very end, and we store all the
factors o and p. Then we come to the following formula for computing the solution:

Mn-3+0n-3 (Hn-2U} 5+ (Ip+U}_50n-2) (Mn-1U5 1+ (Ip+Ug 10n-1)HaUy))
X= Mn—2+0n-2 (Mn—1U} 1+ (Ip+ Ul 0n_1)pnu;)
Mn-1+ Un—lUnUI
Hn

The computation of the vector above can easily be rewritten in a recursive manner from bottom to top
requiring O(p®n) operations for computing the solution, instead of the O(p2n?) operations needed if it was
incorporated in the first recursion.

Using the recursive calculation of the product Rlxk and postponing the computation of the solution
vector x up to the very end, leads to an order O(p2n) method for solving the system of equations with
a higher order semiseparable coefficient matrix. In the next section an effective implementation of the
method is described, together with the operation count for this method.

3.4 Thealgorithm

The software is publicly available and can be found at the same site as mentioned in Section 3.2. The
input of the function consists of two n x p matrices U and V, which are the generators of the semiseparable
matrix S of semiseparability rank p. The input vector b of length n is the right-hand side. The function
returns as output the solution vector x of the system Sx = b.

Similar as in the previous algorithm the complexity is given after each operation and operations involv-
ing indices and sign changes are not counted.

Levi nson sol ver for higher order sem separable

FUNCTI ON x=LEVSOLVERHSS( U, V, b)

% ------- PART 1: SOLVE THE SYSTEM - ------mmmmmmm e oo

% I nitialisation:n=size, p=sem separability rank

[n, p] =size(V);

% Initialising al pha and mu

denom nator=U(1,:)*V(1,:)"; % FLOPS: 2p-1

al pha(1,:)=-V(1,:)./denom nator; % FLOPS: p

mu(1)=b(1)./denoni nator; % FLOPS: 1

% Initialising the p x p natrix R*Y and the 1 x p vector R *X

ry=V(1,:)’ *al pha; % FLOPS: p?

rx=V(1,:)" *nu(l); % FLOPS: p

% The main [oop in which we use al ways the previous solution

for k=2:n
% Initialising help variables which appear twice in the | oop
ury=U(k, :)*ry; % FLOPS: p(2p—1)
ryu=sry*U(k,:)"; % FLOPS: p(2p—1)

% Cal cul ate al pha and mu
denom nat or=ury*U(k, : )" +U(k, :)*V(k,:)"; % FLOPS: 4p-—2
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mu( k) =(b(k)-U(k,:)*rx)/denom nat or; % FLOPS: 2p+1

al pha(k, :)=(-1)*(V(k, :)+ury)/denom nat or; % FLOPS: 2p
% Update the products R*Y and R *X
rx=rx+mu(Kk) *(ryu+V(k,:)"); % FLOPS: 3p
ry=ry+(ryu+V(k, :)")*al pha(k,:); % FLOPS: 2p?+p
end
% ------- PART 2: CALCULATE THE SOLUTION ---------cmmmmmam oo
% Initialisation of x and auxiliary variable G
x(n)=mu(n);
G=mu(n)*U(n,:)"; % FLOPS: p

% Constructing the solution vector x
for i=n-1:-1:1

x(i)=mu(i)+al pha(i,:)*G % FLOPS: 2p
G=x(i)*U(i,:) +G % FLOPS: 2p
end

end

The overall operation count leads to 6np? -+ 10np —n —5p? — 6p + 1 operations for part 1 of the algorithm
and 4np — 3p operations for constructing the solution. The overal complexity is therefore O(np?), more
precisely the method performs 6np? + 14np —n —5p? — 9p + 1 flops.

4 A Levinson-like solver for band matrices

In this section we will develop a Levinson-like system solver for band matrices. We will derive this solver
in a similar way as for the higher order semiseparable matrices. This means that we will first solve a
Yule-Walker-like system and secondly we will use this solution for solving a band system with an arbitrary
right-hand side.

41 A YuleWalker-like solver for band matrices

Let us denote the leading k x k matrix of B with By. The Yule-Walker-like equations we would like to solve
for this band matrix are the following ones:

BiYk = —Tk

where Ty is a k x | matrix of the following form:

weli]

where I} denotes the identity matrix of size |. If we are in the beginning of the algorithm, we have that
k < 1. In this case we take only the last k lines of I}, this means that:

o] if k<l
I if k=

Tk=
{%} if k>I

This means that also here we have to solve in fact | equations to obtain the solution of the Yule-Walker-like
equation. Firstly we will derive an O(1°n?) method, but afterwards we will reduce this complexity to come
to an O(1n) algorithm.

Note that for this particular Yule-Walker system k first rows of the right-hand side of the equations
changes in every step. This was not the case in the system corresponding to the higher order semiseparable
matrix, in that case the right-hand side was increased in dimension every time by adding one more row.



Let us solve now the (k + 1)th order Yule-Walker-like equation, assuming we have the solution of
the kth order system. The (k4 1)th system By 1Yk+1 = —Tk.1 can be rewritten in block form, using the
representation matrix A, which represents the band matrix B (see Section 2.2):

l Bk | Tka-rk+1 ] [ Zyi1 ]

= —Tkt1,

— T P TE—
a1 Ty ‘ A+1,1+1 Ok+1

where & equals the first | elements of the vector &, so in fact ax = [ax, ax+1]. Writing the right-hand side
in block form does not give us something of the following form: [TkT, x]T. To be able to use the right-hand
side in the recursion formulas we need to use an operator. Let us define the shift operator P as the | x |
matrix of the following form

0 ... 0

1 0 ... 0

P=(0 1 O

o ... 0 1 0
Multiplying a matrix on the right with this operator, will shift all the columns in this matrix one position to
the left, and add a trailing zero column. Using this shift matrix the right-hand side Ti.1 can be written as

B TP
Ter1 = { [0,...,0,1] ]

Therefore we can extract the following two formulas in terms of the previous right-hand side Ty:
B Zk+1+ Tk gy q Okr = — TP
and
Ak+1 T|<Tzk+1 +ak1)410k1 = —1[0,...,0,1]. (11)
Rewriting the first equation towards %1 leads to
Zyy1= —Bk_lTk(P + aTk+10‘k+1) = Yk(P+ 5-Tk+10(k+1)-

Combined with Equation (11) we can determine a1,

[0 ...,0, 1] + 5k+1TkTYkP
3Tk+1TkTYk5Tk+1 +agi1ia1

Okr1=(—1)

Similarly like in Section 3 one can prove non zeroness of the denominator in the equation for oy, 1. The
relations for o, 1 and Zy 1 give us a recursive algorithm of complexity O(I2n2). We will further reduce this
complexity by rewriting the calculation of TkTYk in a recursive manner, and by postponing the calculation
of the solution matrix Y.

Let us derive a recursive formula for the product T, Yy

0
- o] 15
1
0
= PTTVYk(P+ag,10ki1) + O Oy 1-
1

10
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Using this relation we can write the product TkTHYkH in terms of the product of the previous step TkTYk.
The updating of the product in every step takes now a number of operations independent of k.

The last important resources taking computation is the calculation of the vector Zy and hence Yy in
every step. If we store however the vectors oy for every k we can compute this vector in an easy manner,
similarly as for the higher order semiseparable case:

o (P+aay) ... (P+a ;00 1) (P+anan)

Y= -2 (P+3]_10n-1) (P+ & an)
an-1 (P +a7an)
Qn

Constructing the solution matrix Y from bottom to top costs now O(12n) instead of O(12n2). The overall
algorithm has therefore a complexity of O(I%n).

4.2 Thealgorithm

In this section a Matlab implementation of the algorithm for solving the Yule-Walker-like problem for band
matrices is given. The input of the algorithm is the matrix A, which contains in fact the representation of
the band matrix B. The output Y is the solution matrix of the Yule-Walker-like equation. The number of
flops corresponding to a particular equation are given at the end of every line.

Yul e- WAl ker sol ver for band matri ces

FUNCTI ON' Y=YWSOLVERBAND( A)

% ------- PART 1: SOLVE THE SYSTEM - --------ccmmmmmmmm oo oo

% I nitialisation:n=size, 2l +1=bandwi dth

[n,1]=size(A);l=l-1;

%Ilnitialising alpha, | x| matrix T *Y

al pha(1,1)=-1/A(1,1+1);ty(l,l)=al pha(l,1); % FLOPS: 1

% The main [oop in which we use al ways the previous solution

for k=2:n
% Because the inner-product A(k,1:1)* ty appears twice
bt y=A(k, 1: 1) *ty; % FLOPS: 212 —
% Cal cul ate al pha
denom nat or=(bty*B(k, 1:1)" +A(k, 1 +1)); % FLOPS: 31 -1
al pha(k, :)=[-bty(:,2:1),-1]/denom nator; % FLOPS: |

% Cal cul ation of the T"*Y for the next |oop
tyb=ty(2:1,:)*A(k, 1:1)"; % FLOPS: (1—-1)(21-1)
ty(2:1-1,1:1)=[ty(2:1,2:1)+tyb*al pha(k, 1:1-1), tyb*al pha(k,1)];
% FLOPS: 2(1—1)2+1—-1
ty(l,:)=al pha(k,:);
end

% ------- PART 2: CALCULATE THE SOLUTION --------cmmmmmmmiaaaa o
% lnitialisation of Y and F

Y(n,:)=al pha(n,:);

F=eye(l);

% Construction of the n x | matrix Y
for i=n-1:-1:1
F=[AG+1, 1) *Y(i+1,: ) F(L: -1, 0 ) +A(i +1, 2: 1) * Y(i+1,:)]; %FLOPS: 2I1(1—1)+I
Y(i,:)=al pha(i,:)*F; % FLOPS: I(21—-1)
end

end

11



The number of operations for the first part in the algorithm is 6nP — 2nl — 612+ 21 + 1, the number of
operations needed to calculate the solution is 4nl? — 3nl — 412 + 3. The overall complexity is O(I%n), more
precisely 10nI% — 5nl — 1012 4 51 + 1 flops are needed to compute the solution of the Yule-Walker-like
equation for band matrices.

4.3 ThelLevinson solver for band matrices

In this section we will construct a Levinson solver for band matrices. Again this method is based on the
Yule-Walker solution as presented in the previous section. Let us consider the right-hand side b, and use
the same notation as for the Yule-Walker-like solver for band matrices, the system we would like to solve
isBx=Dh.

Assume the solution in step k:

Bixk = di,

where d] = [by,...,by], is known. Moreover also the solution of the (k + 1)th order Yule-Walker-like
equation is known.

We start deducing the formulas in a similar way as in the previous section. The (k4 1)th system can be
written as:

Bri1 Xke1 = kst
Bk | TkaTkH {Wkﬂ} _ [ dy }
AT ‘ Ay 141 Mkt 1 [

Expanding towards the rows, leads to the following two equations:
Bk Wic+1 + Hik+1 TkaTk+1 = d,

A1 TkT W1 4 Mk 1 k1,041 = Diya.
In a straightforward way, we can solve the system towards wy, 1 and substitute this solution in the equation
above. This gives us for px 1 and w1 the following relations:

Wicr1 = X+ Hicr1 Vi1
brr1 — k1T Xk
A 1T Vil |+ aki1+1)

This formula is well defined because the matrix T is strongly nonsingular. This leads to an O(Pn?) method.
But we can again decrease the complexity: the computation of the vector TkT Xk can be rewritten in a
recursive manner:

Hk+1 = (

0

T _ TTT Wict1
T Xkl = P T, [ Ueon }

PTT (% + M1 Yy 1) + O M1
1

Suppose we postpone the computation of the solution vector x up to the very end, and we store all the
factors ay and k. This gives us the following formula for computing the solution:

Hn-3+0n-3 (Un—zq_z + (P + aTn_zan—Z) (Hn—lng_l + gp + a_nT_lan—1> UnETn))
X= Hn—2 +0n-2 (Hn—laTn_l-F (P+¥_1an—l Una_-Tn)
Un—l+an—luna—-Tn
Hn

12
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The computation of the vector above can easily be rewritten to come to a complexity of O(1%n).
In the following section an implementation of the solver for band matrices based on the Levinson idea
is given.

4.4 Thealgorithm

The function below solves a symmetric band system of equations. The input consists of the right-hand side
b and the matrix A representing the band matrix B. The output of the algorithm is the vector x = B~b. The
number of operations in each step is given at the end of the line.

Levi nson sol ver for band matri ces

FUNCTI ON x=LEVSOLVERBAND( A, b)

% ------- PART 1: SOLVE THE SYSTEM - --------mmmmmm e oo
% lnitialisation:n=size, 2l +1=bandwi dth
[n,1]=size(A);I=l-1;

% Initialisation of al pha and nu
mu(1) =b(1)/B(1,1+1);al pha(1,1)=-1/B(1,1+1); % FLOPS: 2

% Initialisation of the matrix T *Y and the vector T *x
ty(l,l)=alpha(1,1);tx(l,1)=mu(1);

% The main [oop in which we use al ways the previous solution

for k=2:n
% Because the products A(k, 1:1)*ty and ty(2:1,:)*A(k,1:1)’ appear twice
bty=A(k, 1: 1) *ty; % FLOPS: 212 —|
tyb=ty(2:1,:)*A(k, 1:1)"; % FLOPS: (1—-1)(21-1)
% Cal cul ate al pha and mu
denom nat or=(bty*A(k, 1: 1)’ +A(k, | +1)); % FLOPS: 3l—-1
al pha(k, :)=[-bty(:,2:1),-1]/denom nator; % FLOPS: |
mu( k) =(b(k)-A(k, 1:1)*tx)/denom nator; % FLOPS: 21+1

% Updating ty and tx

tx=[tx(2:1)+mu(k)*tyb; mu(k)]; % FLOPS: 2(1-1)
ty(1:1-1,1:1)=[ty(2:1,2:1)+tyb*al pha(k, 1:1-1), tyb*al pha(k,1)]; % FLOPS: 2(I-1)2+1-1
ty(l,:)=al pha(k,:);

end

% ------- PART 2: CALCULATE THE SOLUTION -----------cmoommaamn
% Initialisation of x and M

M=zeros(Il,1);

x(n)=nmu(n);

% Constructing of x
for i=n-1:-1:1

ME[ ACi +1, 1) *x(i +1); A(i +1, 2: 1) *x(i +1) +M 1:1-1)]; % FLOPS: 2(1—1)+1
x(i)=mu(i)+al pha(i,:)*M % FLOPS: 2l
end
end

The total number of operations for the first part of the algorithm is 6nP + nl — 612 — | + 2, the number of
operations for calculating the solution vector x is 4nl —n — 4l + 1. This means that the overall complexity
of the algorithm is O(1%n), more precisely 6nl2 ++5nl —n — 61% — 51 4- 3 flops are needed.
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5 A Levinson solver for higher order semiseparable plus band ma-
trices.

In this section the results of the previous two sections will be combined, to come to a system solver where
the coefficient matrix is a higher order semiseparable plus band matrix. Again we first have to derive a so-
lution for the Yule-Walker-like problem and afterwards we will solve the general problem with a Levinson-
like algorithm.

5.1 TheYule-Walker-like problem

As the construction of the solution is always rather similar, we do not go into the details of this construction.
We only give the essential formulas for solving the problem.

Suppose we have a band matrix B of bandwidth 2| + 1 and a semiseparable matrix S of semiseparability
rank p. The Yule-Walker-like problems we would like to solve are the following ones:

(Sk+Bk)Yk = —[Rk, T,

where the matrices Ry and T are respectively of dimension k x p and k x I. The matrices are the same as
the ones used for solving the semiseparable problem and the band problem separately. This means that:

v 0k if k<l
Re=| : and Ty= h 0 it k=1
i {T] it k>

Suppose we know the solution of the kth problem and we would like to solve the (k+ 1)th Yule-Walker-like
equation. Let us introduce some extra notation for simplifying the coming formulas. let Qx = [Rk, Ty] €
R**(14P) and let ¢, = [uk, a] € R (P, Rewriting the (k + 1)th equation in block form leads to:

BkitYkrr = —Quia,
T
Bk | chk+l |: Zk+l :| — _Qk+1 (12)
Ck+1QI ‘ Uk+1VI+1+ak+1,l+l Ok+1

The right-hand side Qy. 1 still needs to be rewritten in block form. Let us define the operatorP as the block
diagonal matrix having as diagonal blocks I, and P, with I, the identity matrix of size p and P the left shift
matrix from the previous section. This leads to the following block splitting for the matrix Q. 1:

S -
k+1 Vi,0,...,0,1] |
In a completely similar way as in the previous sections we can derive now the equations determining ok 1
and Zy.1:
Zi1 = Yi(P+Cri10ks)
—[Vk7 0, ey 1] — Ck+lQ-|£YkP
Cir1Qp YKC 4 + Uk 1V, + ket 141

Olk41

Also the formulas for computing the product Q[ Y in each step of the algorithm, and the computation of
the solution Y at the very end, are done in a similar way as before and hence not included. The algorithm
is however included.

5.2 Thealgorithm

The function below, takes as input the generators U and V of the semiseparable matrix and the generator
matrix A of the band matrix B. The output is the solution matrix Y of the Yule-Walker-like equation
described in the previous section.

14
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Yul e- WAl ker sol ver

FUNCTI ON  Y=YWSOLVERBANDHSS( U, V, A)

VITEEEEE PART 1: SOLVE THE SYSTEM - - --mmmmmmmmeaaaaaaam oo
% I nitialisation:n=size, 2l +1=bandw dt h, p=seni separability rank
[n,1]=size(A);I=I-1;

[n, pl=size(Y;

% Initialisation of alpha and QY
al pha(1,[L:p,p+])=[-V(1,:),-1]./(W(L,:)*V(1,:) +A(1,1+1)); % FLOPS: 3p+1

qy=[V(1,:),zeros(1,1-1),1]" *al pha(1,:); % FLOPS: p(p+1)
% The main [oop in which we use al ways the previous solution
for k=2:n
% Initialisation of help variable c, product c*qy
c=[U(k, ), ACk,1:1)]; cqy=c*qy; % FLOPS: (p+1)(2(p+1)—1)

% Cal cul ate al pha
denoni nat or =cqy*c’ +U(k, : ) *V(k, : )" +A(k, | +1); % FLOPS: (2(p+1)—1)+2p
al pha(k, :)=[-V(k,:)-cqy(1:p),-cqy(p+2:1+p),-1]/denom nator; % FLOPS: |+2p

% Cal cul ation of the new Product Q*Y
gyc=qy([1:p, p+2: 1 +p],:)*c’; % FLOPS: (p+!1—-1)(2(p+!)—1)
gyc(1:p)=qyc(l:p)+V(k,:)"; % FLOPS: p
ay=[ay([1:p, p+2: 1 +p], [1:p, p+2: 1 +p] ) +qyc*al pha(k, 1: I +p-1), qyc*al pha(k, | +p)];

% FLOPS: 2(p+I—1)2+p+I-1
gy=[ ay; al pha(k, :)];

% ------- PART 2: CALCULATE THE SOLUTION ---------ccmmmmaaaaa
% lnitialisation of Y and F

Y(n,:)=al pha(n,:);

F=eye(l +p);

% Construction of Y
for i=n-1:-1:1

F(1l:p,:)=F(l:p,:)+U(i+1,:) *Y(i+1,:); % FLOPS: 2p(l+ p)

F(p+2: 1 +p, 1) =F(p+1: | +p-1,:)+A(i +1, 2: 1) *Y(i+1,:); % FLOPS: 2(1 -1)(1+p)

F(p+1,:)=A(i +1, 1) *Y(i +1, :); % FLOPS: |+p

Y(i,:)=al pha(i,:)*F; % FLOPS: (2(I+p)—1)(I+p)
end

Combining the operations, leads to a total of 6n(p+1)2 —4nl +n—6(p+1)% 44l + p? 4-4p operations for
executing part 1 in the algorithm, and 4n(p +1)% — 2n(p + 1) operations for part 2. The complete method
is of order O((I + p)?n).

5.3 TheLevinson solver for higher order semiseparable plus band matrices

As the computation of the formulas is again a straightforward generalization of the previous sections, we
do not include the complete derivation. Only the relations determining wy,1 and .1 are given. We
want to solve the following system: (B + S)x = h. Suppose we know the solution of the kth order system
(Sk + Bk)xk = di and of the kth order Yule-Walker-like equation (Sk+ Bk)Yk = —Qk. Then we can write

for the following system:
Wi1 dy
S B =
( kit kH)[ Hk+1 ] [ b1 }

the solutions of wy 1 and py, 1 as:

Wkr1 = Xk+HkYkCkr1
.
Dk 1 — Ck1Qy Xk
Cir1Qp YKCH 4 + Uk 1V, + k1141

Hk+1

15
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Similarly like in the previous sections we can write formulas for calculating lek such that this com-
putation is recursively. Moreover also the computation of the solution vector x can be postponed up to the
very end, to reduce the complexity of the algorithm.

54 Thealgorithm

The function below takes as input the generators U and V of the semiseparable matrix S, the matrix A
which represents the band matrix B and the right-hand side b. The output of the method is the solution x of
the linear system (S+B)x =b.

Levi nson sol ver

FUNCTI ON x=LEVSOLVERBANDHSS( U, V, A, b)

%------- PART 1: SOLVE THE SYSTEM - -------------mmmmm oo oo o -

% I nitialisation:n=size, 2l +1=bandw dt h, p=semni separability rank
[n,1]=size(A);Il=I-1;

[n, p]=size(U);

% I nitialisation of alpha and nu

alpha(1,[L:p, pH])=[-V(1,:),-1]./7(CU(L, :)*V(1,:)" +A(1,1+1)); % FLOPS: 3p+1
mu(1)=b(1)/(A(L, 1 +1)+U(1,:)*V(1,:)");

% initialisation of the product Q*Y and Q *x

qy=[V(1,:),zeros(1,1-1),1]" *al pha(1,:); % FLOPS: p(p+1)
agx=[V(1,:),zeros(1,1-1),1]" *nu(1l); % FLOPS: p+1
% the main |oop in which we use always the previous sol ution
for k=2:n
% Initialisation of help variable ¢ and two products
c=[U(k,:), Ak, 1:1)]; cqy=c*qy; % FLOPS: (p+1)(2(p+1)—1)
ayc=qy([1: p, p+2: 1 +p], : ) *c’' % FLOPS: (2(p+1)—1)(p+1—1)
qyc(1l:p)=qyc(l:p)+V(k,:)"; % FLOPS: p
% Cal cul ate al pha and mu
denoni nat or =cqy*c’ +U(k, : ) *V(k, : )" +A(k, | +1); % FLOPS: (2(p+1)—1)+2p
al pha(k, :)=[-V(k, :)-cqy(1:p),-cqy(p+2:1+p),-1]/denom nator; % FLOPS: |+2p
mu( k) =(b(k)-c*qgx)/denom nat or; % FLOPS: 2(p+1)+1

% Cal cul ati on of the new Product Q *x and Q *y
ax=[gx([21: p, p+2: | +p]) +qyc*mu(k); mu(k)]; % FLOPS: 2(l+p—1)
ay=[ay([1:p, p+2: 1 +p], [1:p, p+2: | +p]) +gyc*al pha(k, 1:1 +p-1), qyc*al pha(k, | +p)];
% FLOPS: 2(p+I-1)2+p+I-1
ay=[ay; al pha(k, :)];
end

7 PART 2: CALCULATE THE SOLUTION -----cccmmmmmmoaaacaan
% Initialisation of x
x(n)=mu(n);

% Constructing X
for i=n-1:-1:1

M 1:p, 1) =M 1: p) +U(i +1, 1) " *x(i +1); % FLOPS: 2p

M p+2: | +p, 1) =M p+1: | +p- 1) +A(i +1, 2: 1) " *x(i +1); % FLOPS: 2(1—-1)

M p+1, 1) =A(i +1, 1) *x(i +1); % FLOPS: 1

x(i)=nmu(i)+al pha(i,:)*M % FLOPS: 2(1+p)
end

The first part of the method performs (6(p -+ 17 +4p—1)(n—1)+ p?+5p+ 2 operations, while the second
one performs (n—1)(4(p+1) — 1) operations. The overall complexity is therefore 6n(p+1)2.
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6 An upper triangular factorization of theinverse

The method presented in this paper is closely related to an upper triangular factorization of the inverse of
the matrix on which we applied our solver, this was expectable as also the Levinson algorithm for Toeplitz
matrices has this relation [30]. In this section we will show this relation. As the construction for all three
shown methods is completely similar we will only deduce the formulas for the inverse of the higher order
semiseparable plus band matrix. The other two cases are dealt with in a similar way. We use the same
notation as in the previous section. Let us denote the solution of the kth order Yule-Walker type equation
as
(Sk+Bi)Yk = —Q«.
Bringing the matrix Q to the left-hand side, and multiplying this equation on the right with the vector cLl
gives us:
(Sk+ Bk)YkCL_l + QkC1k—+1 =0.

This equation can be rewritten towards the matrix Sy, 1 + Bk, 1, the above system is similar to:

< Sk + Bk ‘ QkCIJrl > < YkC1k-+1 ) :( 0 >
Ckr1Qp | U2V g +aketis1 1 Ok+1

If we put the successive equations above in an upper triangular matrix we get (we note that the products
YC, 1 are column vectors of dimension k):

1 ch; YzC-3r e Yn,lcl op O 0 ... 0
0 1 x o0 O ... 0
s+g)| 0 0 1 —| ¢ x o 0
0 0 0 1 X X ... X Op

The x denote arbitrary elements in the matrix. Rewriting the equations above, defining the upper triangular
matrix to the right of (S+B) as U and defining the matrix A as the diagonal matrix with on its diagonal the
elements oj, we get the following upper triangular factorization of the inverse of (S +B)

(S+B)t = ualu~

Moreover, in fact we get the representation of the upper triangular factor U, which gives us an easy way to
construct the generators of the inverse of (S+B). More information on this factorization can be found in
[28, 29].

7 Numerical Experiments

In this section two types of numerical experiments are performed. For all the different algorithms proposed
in this paper we performed timing experiments and accuracy experiments.

7.1 Timingsfor the solvers

In a first experiment we considered timings in Matlab. We performed experiments for different sizes
of the matrices: [5.10%,5.10%,5.10%,5.10°]. These experiments were repeated for several values of the
semiseparability rank: for every matrix size, experiments were constructed for ranks 1,2,4,8,16. In Figure
1, the different sizes of the matrices are plotted in a log scale on the x-axis, while the y-axis contains the
cputime in a log scale needed for calculating the solution. The different lines correspond to the different
values of the semiseparability rank.

The second experiment is similar to the previous one. Here we timed the solver for band matrices. The
experiments performed are the same as above, but varying the bandwidths instead of the semiseparability
ranks.

We did not include timing tests for the combined solver, as the behaviour is completely similar.
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, Timings for the semiseparable solver
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Figure 1: Timings for semiseparable matrices with different values of p.

Timings for the band solver
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Figure 2: Timings for band matrices with different bandwidths 21 + 1.

7.2 Accuracy testsfor the solvers

To test the accuracy of the semiseparable solver, experiments were performed for different sizes of matrices,
and also for different semiseparability ranks. The sizes are [5.102,5.10%,5.10%,5.10°] and the different
ranks were equal to [1,2,4,8,16]. We generated a solution vector x and calculated then the right-hand
side b = Bx. For every problem we calculated two different things. When we denote with X the computed
solution, we computed the relative residual |BX — b||/||b|| and we calculated also the relative error ||X —
x||/|[X||. The observations are shown in Figure 3.

To test the accuracy of the band solver we performed similar experiments as for the semiseparable
solver. Instead of changing the semiseparability rank, we changed now the bandwidht. The results are
shown in Figure 4.

Also tests were performed to check the accuracy of the solver for higher order semiseparable plus band
matrices. We performed experiments for p = [1,2,4,8] thereby varying for every p the bandwidth of the
examples | = [1,2,4,8]. For every every choice of p and | experiments were performed of different sizes
[10,10,...,10°%]. The results are depicted in Figure 5.

In the last experiment, we tested some matrices with a principal leading submatrix which is almost
singular. We generated a test matrix of dimension 20. The matrix A is the sum of a higher order genera-
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relative residual

tor representable semiseparable matrix of semiseparability rank 2 and a bandmatrix of bandwidth 2. We
changed the upper left 10 x 10 block of the matrix, by subtracting a diagonal from it. This diagonal was
chosen to be very close to the smallest eigenvalue of this leading 10 x 10 matrix. We varied this diagonal
to obtain different condition numbers for the upper left block. In the following table the results of this ex-
periment are shown. From left to right we see the condition number of the complete matrix, the condition
number of the leading 10 x 10 matrix, the relative error and finally the relative residual. The relative error

relative residual
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Relative residual

— ]

10>

_Flelelative residual of the band solver

10"
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relative error

10
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10
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10
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10*
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Figure 3: Accuracy graphs for the semiseparable solver
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10"
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relative error

Relative error of the band solver

10
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Figure 4: Accuracy graphs for the band solver

and the relative residual are computed similarly as in the other experiments.
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Figure 5: Accuracy graphs for the band solver

10

cond(A)

| cond(A(1:10,1:10)) |

Relative Error

| Relative Residual

9.8826702011e+02
9.8834568681e+02
9.8835355416e+02
9.8835434090e+02
9.8835441958e+02
9.8835442745e+02
9.8835442823e+02
9.8835442831e+02
9.8835442832e+02
0.8835442832e+02

7.2137658055e+06
7.2137666893e+07
7.2137668126e+08
7.2137678326e+09
7.2137522541e+10
7.2134203263e+11
7.2125761709e+12
7.1769836736e+13
7.0936256361e+14
5.4957030404e+15

7.9371451652e-12
1.2899057031e-11
1.3731988886e-09
1.7523244367e-08
4.9245637551e-08
1.0598060169e-06
8.4718778442e-06
1.0353474474e-04
7.6248083160e-04
9.4706661128e-03

1.5876136765e-13
8.1869391232e-13
1.6178975264e-11
1.9521650543e-10
7.5282322736e-10
1.5041387982e-08
1.4160532102e-07
1.3557724944e-06
1.4000530881e-05
1.1029369701e-04

8 Conclusions

20

The accuracy is therefore highly dependent on the condition number of the leading submatrices of A.

In this paper a new method based on the Levinson idea was presented for solving strongly nonsingular
systems of linear equations, where the coefficient matrix is a higher order semiseparable matrix plus a band
matrix. Denoting the semiseparability rank with p and the bandwidth with 21 + 1, the overall complexity
of the presented solver is O((p+1)?n). Numerical experiments have shown that the presented approach is
stable.



Future work will focus on a look-ahead method. In this way, we can also solve problems for which the
matrix has one or more ill-conditioned principal leading submatrices.
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