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1. Introduction. The computation of the symmetric rank revealing factoriza-
tion of dense symmetric matrices is an important problem in signal processing, where
accurate computation of the numerical rank, as well as the numerical range and the
numerical null space, is required [3, 7, 1, 2].

A family of algorithms for computing symmetric rank revealing decompositions
has been presented in [3, 7]. The choice of the algorithm depends on the definiteness
of the matrix and the indefinite case seems to be the most difficult to handle.

An algorithm for reducing a symmetric dense matrix into a symmetric semisepar-
able one by an orthogonal similarity transformation has been recently described [12].
Moreover, an efficient implementation of the QR–method for symmetric semisepar-
able matrices has been recently proposed [14]. In this paper, exploiting the properties
of the latter algorithms, we propose an algorithm for computing the rank revealing
decomposition of symmetric matrices.

The paper is organized as follows. In § 2 the definition and properties of a symmet-
ric rank revealing factorization are stated. In § 3, the reduction of a symmetric matrix
into a similar semiseparable one, as proposed in [12], is shortly described. Moreover,
the relationships of the latter algorithm with the Householder tridiagonalization, the
Lanczos algorithm and the QR–method for computing the eigenvalues of a symmet-
ric matrix are exploited. The rank reduction decomposition based on semiseparable
matrices is described in § 4. Numerical tests can be found in § 5, followed by the
conclusions and future work.
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2. Symmetric rank revealing factorization. A rank revealing decomposition
is a decomposition in which information about the numerical rank of the matrix can
be easily extracted. In this context, numerical rank means the number of singular
values of the matrix greater than a certain threshold τ1. In other words, there has
to be a well–determined gap in the singular value distribution at the threshold τ1

[4], [6, sec. 3.1]. Indeed, rank revealing decompositions are also called gap revealing
decompositions [10].

The symmetric rank revealing (SRR) decomposition of a matrix

A = WΛWT =

n∑

i=1

λiwiw
T
i ,

where λi and wi, i = 1, . . . , n are the eigenvalues and the corresponding eigenvectors
of A, respectively, with |λ1| = σ1 ≥ |λ2| = σ2 ≥ · · · |λn| = σn, {σi}

n
i=1 the singular

values of A, is defined in the following way1 [7],

A = WCCWT
C ,

where

C =

(
C11 C12

CT
12 C22

)

,

with C11 ∈ R
k×k, WC an orthogonal matrix, cond(C11) ≈ σ1/σk, ‖C12‖

2
F +‖C22‖

2
F ≈

σ2
k+1 + · · ·σ2

n, with ‖ · ‖F the Frobenius norm.
Of course, if the singular value decomposition (SVD) of A is known, the SRR

decomposition is readily obtained. Unfortunately, the SVD is expensive to compute
if A is quite large. Hence, it is suitable to derive cheaper methods for computing the
SRR decomposition.

We show now that the reduction of a symmetric matrix in semiseparable form,
described in [12], can be used as a preprocessing step of a SRR algorithm. In many
cases this step is sufficient. If not, few steps of the QR–method without shift can be
efficiently applied to the computed symmetric similar semiseparable matrix in order
to reveal the numerical rank.

3. Householder reduction, Lanczos algorithm and Semiseparable re-
duction. In this section, the Householder reduction of A into a symmetric tridiagonal
one and the reduction of A into a symmetric semiseparable one by orthogonal similar-
ity transformations are shortly described (more details can be found, e.g., in [5, 12]).
Moreover, the relationships of the latter reductions with the Lanczos algorithm [5]
are exploited.

Given a vector x ∈ R
l, l ∈ N, we denote by householder the function

[H] = householder(x), such that Hx = αe1,l

where α = ∓‖x‖2 and e1,l denotes the first vector of the canonical basis of R
l, and

H = Il − βwwT is the Householder matrix, with w = x ± ‖x‖2e1,l, β = 1/‖w‖2
2 and

Il is the identity matrix of order l [5].

1This definition is similar to the one used in [8], except that ‖triu(C22)‖2

F
instead of ‖C22‖2

F
is

used in [8].
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Moreover, given a vector y = [y1, y2]
T ∈ R

2, we denote by givens the function

[G] = givens(y), such that Gy = γe1,2,

where γ = ‖y‖2 and G is the orthogonal Givens matrix

G =

(
c s

−s c

)

,

with c = y1/‖y‖2 and s = y2/‖y‖2.

3.1. Householder reduction. The reduction of a symmetric matrix into a sym-
metric tridiagonal one by means of orthogonal similarity transformations can be ac-
complished in n−2 iterations. At each iteration one more row and column are reduced
to the desired tridiagonal structure. The Householder reduction can be summarized
in the following procedure:

Algorithm 1: Householder tridiagonalization
Input: the symmetric matrix A ∈ R

n×n

Output: a similar symmetric tridiagonal matrix T (n−1)

T (1) = A;
for i=1:n-2,

H̃(i) = householder(T (i)(i + 1 : n, i)); H(i) = diag(Ii, H̃
(i));

T (i+1) = H(i)T (i)H(i)T
;

end

Let T̂ (i) = T (i)(1 : i, 1 : i),H(i) = H(i)H(i−1) · · ·H(1), and Ĥ(i) = H(i)(1 : i + 1, :)T .
The submatrices T̂ (i) have already the final tridiagonal structure and T (i) has the
following structure,

T (i) =














T̂ (i)

× · · · ×
× × · · · ×
...

...
. . .

...
× × · · · ×














=
















α1 β1

β1
. . .

. . .

. . .
. . . βi−1

βi−1 αi × · · · ×
× × · · · ×
...

...
. . .

...
× × · · · ×
















.

A remarkable feature of the latter reduction is the equivalence to the Lanczos’
procedure for reducing a symmetric matrix into a similar symmetric tridiagonal one
choosing as initial guess the vector e1,n (see [5, p. 472–473]). Therefore,

span(Ĥ(i)) = span(e1,n, Ae1,n, . . . , Ai−1e1,n, Aie1,n).(3.1)

3.2. Reduction to semiseparable form. An algorithm for reducing a sym-
metric matrix into a similar symmetric semiseparable one, has been presented in [12].
Before considering it, let us introduce the definition of semiseparable matrices (see
[15] for more details).

Definition 3.1. A matrix S is semiseparable if the rank of every submatrix of
the lower triangular part (main diagonal included) is less or equal to one (similar for
the upper part).
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Therefore, a symmetric semiseparable matrix has the following structure,

S = diag(S1, . . . , Sk),

where

Si =











v1u1 v1u2 v1u3 · · · v1uni

v1u2 v2u2 v2u3 · · · v2uni

v1u3 v2u3
. . .

. . .
...

...
...

. . .
. . .

...
v1uni

v2uni
· · · · · · vni

uni











, i = 1, . . . , k,

i.e., the lower triangular part of Si is equal to the lower triangular part of the rank–one
matrix uiv

T
i (symmetrically, the upper triangular part is equal to the upper triangular

part of viu
T
i ), with ui = [u1, . . . , uni

]T and vi = [v1, . . . , vni
]T , i = 1, . . . , k, k ≥ 1.

Without loss of generality, in the sequel we assume k = 1.

Remark 3.1. A comprehensive treatment of semiseparable–like matrices can be
found in [13]. A more stable end efficient representation of semiseparable matrices
from a computational point of view, is considered in section 4.

At the beginning of the ith iteration of the algorithm described in [12], the first
i rows and columns are already in the semiseparable form. At the end of the latter
iteration the first i + 1 rows and columns have the desired semiseparable structure.
The algorithm is summarized as follows.

Algorithm 2: semiseparable reduction

Input: the symmetric matrix A ∈ R
n×n

Output: a similar symmetric semiseparable matrix S
(n−1)
0

S
(1)
0 = A;

for i=1:n-2,

% Step i.1

V̂ (i) = householder(S
(i)
0 (i + 1 : n, i)); V (i) = diag(Ii, Ṽ

(i));

S
(i)
1 = V (i)S

(i)
0 V (i)T

;
% Step i.2

for j=i:-1:1,

k = i − j + 1;

Ĝ
(i)
k = givens(S

(i)
k (j, j), S

(i)
k (j + 1, j)); G

(i)
k = diag(Ij−1, Ĝ

(i)
k , In−j−1);

S
(i)
k+1 = G

(i)
k S

(i)
k G

(i)
k

T

;
end

S
(i+1)
0 = S

(i)
i+1;

end

The graphical description of the 4–th iteration of the latter algorithm for a sym-
metric matrix of order 8, is depicted in Fig. 3.1. The symbol “�” denotes the entries
of the matrix sharing already the semisepararable structure. Moreover, the symbol
“⊗” denotes the entries of the matrix to be annihilated by the considered orthogonal
similarity transformation and the arrows indicate the rows and columns on which the
orthogonal transformation acts.
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↓ ↓ ↓ ↓

→

→

→

→














� � � � � ⊗ ⊗ ⊗

� � � � � ⊗ ⊗ ⊗

� � � � � ⊗ ⊗ ⊗

� � � � � ⊗ ⊗ ⊗

� � � � × × × ×

⊗ ⊗ ⊗ ⊗ × × × ×

⊗ ⊗ ⊗ ⊗ × × × ×

⊗ ⊗ ⊗ ⊗ × × × ×














[S
(4)
0 ,V (4)]
=⇒

↓ ↓

→

→














� � � � ⊗ 0 0 0
� � � � ⊗ 0 0 0
� � � � ⊗ 0 0 0
� � � � � 0 0 0
⊗ ⊗ ⊗ � × × × ×

0 0 0 0 × × × ×

0 0 0 0 × × × ×

0 0 0 0 × × × ×














[S
(4)
1 ,G

(4)
1 ]

=⇒

↓ ↓

→

→














� � � ⊗ 0 0 0 0
� � � ⊗ 0 0 0 0
� � � � 0 0 0 0
⊗ ⊗ � � � � � �

0 0 0 � � � � �

0 0 0 � � × × ×

0 0 0 � � × × ×

0 0 0 � � × × ×














[S
(4)
2 ,G

(4)
2 ]

=⇒

↓ ↓

→

→














� � ⊗ 0 0 0 0 0
� � � 0 0 0 0 0
⊗ � � � � � � �

0 0 � � � � � �

0 0 � � � � � �

0 0 � � � × × ×

0 0 � � � × × ×

0 0 � � � × × ×














[S
(4)
3 ,G

(4)
3 ]

=⇒

↓ ↓

→

→














� � 0 0 0 0 0 0
� � � � � � � �

0 � � � � � � �

0 � � � � � � �

0 � � � � � � �

0 � � � � × × ×

0 � � � � × × ×

0 � � � � × × ×














[S
(4)
4 ,G

(4)
4 ]

=⇒














� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � × × ×

� � � � � × × ×

� � � � � × × ×














Fig. 3.1. Description of the similarity transformations used at the 4–th iteration of the al-
gorithm for reducing a symmetric matrix of order 8 into a semiseparable one. The notation [C, Q],
with C and Q square matrices and Q orthogonal, indicates the orthogonal similarity transformation
QCQT .

Denote by

Q(i) = G
(i)
i G

(i)
i−1 · · ·G

(i)
1 , i = 1, . . . , n − 2.(3.2)

It turns out that the latter matrices have the following structure

Q(i) =

(

Q̂(i)

In−i−1

)

, i = 1, . . . , n − 2,

where Q̂(i) ∈ R
i+1 are upper Hessenberg orthogonal matrices [5]. Due to the semisep-

arable structure of the matrices S
(i)
1 (1 : i + 1, 1 : i + 1), it can be easily checked

that the orthogonal matrices Q̂(i) are the Q factors of the QR–factorizations of the
latter matrices (see Fig. 2). Therefore, at Step i.2 of Algorithm 2, the matrix

S
(i)
i+1(1 : i + 1, 1 : i + 1) = S

(i+1)
0 (1 : i + 1, 1 : i + 1), is computed applying one

iteration of the QR–algorithm without shift [9] to the matrix S
(i)
1 (1 : i + 1, 1 : i + 1)

(see Fig. 3.2). Summarizing, at the ith iteration, after having applied the similarity

Householder transformation S
(i)
1 = V (i)S

(i)
0 V (i)T

, one more row and column is added
to the leading semiseparable submatrix of order i and one step of the QR–algorithm
without shift is applied to the augmented leading submatrix of order i + 1 to reduce
it into a semiseparable one. This makes the entries of the leading submatrix of order
i + 1 outside the main diagonal smaller and smaller and the entries on the main di-
agonal decreasingly ordered in magnitude [16]. The latter behavior is suitable for a
rank revealing decomposition.

Checking the structure of the matrices Q(j) and V (j), j = 1 . . . , n − 2, it turns
out

V (l)Q(m) = Q(m)V (l), m < l ≤ n − 2.

Therefore, the matrices S
(i+1)
0 , i = 1, . . . , n − 2, can be written in the following way.

S
(i+1)
0 =Q(i)V (i)Q(i−1)V (i−1) · · ·Q(1)V (1)AV (1)T

Q(1)T
· · ·V (i−1)T

Q(i−1)T
V (i)T

Q(1)T

=Q(i) · · ·Q(1)V (i) · · ·V (1)AV (1)T
· · ·V (i)T

Q(1)T
· · ·Q(i)T

.
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→

→

→

→














� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � � � � �

� � � � × × × ×

⊗ ⊗ ⊗ ⊗ × × × ×

⊗ ⊗ ⊗ ⊗ × × × ×

⊗ ⊗ ⊗ ⊗ × × × ×














=S
(4)
1

︷ ︸︸ ︷

V
(4)

S
(4)
0 V

(4)T

⇒ →

→














� � � � � 0 0 0
� � � � � 0 0 0
� � � � � 0 0 0
� � � � � 0 0 0
⊗ ⊗ ⊗ ⊗ × × × ×

0 0 0 0 × × × ×

0 0 0 0 × × × ×

0 0 0 0 × × × ×














G
(4)
1 S

(4)
1⇒

→

→














� � � � � 0 0 0
� � � � � 0 0 0
� � � � � 0 0 0
⊗ ⊗ ⊗ × × � � �

0 0 0 0 × � � �

0 0 0 0 × × × ×

0 0 0 0 × × × ×

0 0 0 0 × × × ×














G
(4)
2 G

(4)
1 S

(4)
1⇒

→

→














� � � � � 0 0 0
� � � � � 0 0 0
⊗ ⊗ × × × � � �

0 0 0 × × � � �

0 0 0 0 × � � �

0 0 0 0 × × × ×

0 0 0 0 × × × ×

0 0 0 0 × × × ×














G
(4)
3 G

(4)
2 G

(4)
1 S

(4)
1⇒

→

→














× × × × × 0 0 0
⊗ × × × × � � �

0 0 × × × � � �

0 0 0 × × � � �

0 0 0 0 × � � �

0 0 0 0 × × × ×

0 0 0 0 × × × ×

0 0 0 0 × × × ×














G
(4)
4 G

(4)
3 G

(4)
2 G

(4)
1 S

(4)
1⇒














× × × × × � � �

0 × × × × � � �

0 0 × × × � � �

0 0 0 × × � � �

0 0 0 0 × � � �

0 0 0 0 × × × ×

0 0 0 0 × × × ×

0 0 0 0 × × × ×














Fig. 3.2. Applying the orthogonal transformations only to the left side of the matrix in the Step
i.2 of Algorithm 2, the leading submatrix of order i + 1 becomes upper triangular.

The following relations are straightforward to derive.

H(k) = V (k), k = 1, . . . , n − 2.(3.3)

λ(T (i)(1 : i, 1 : i)) = λ(S
(i)
0 (1 : i, 1 : i)), i = 1, . . . , n − 1,(3.4)

where λ(C) denotes the spectrum of the square matrix C.

By (3.4), the submatrices T̂ (i) and S
(i)
0 (1 : i, 1 : i) generated by the Householder

reduction and by the semiseparable reduction, respectively, share the same eigenval-

ues. Therefore, ‖T̂ (i)‖F = ‖S
(i)
0 (1 : i, 1 : i)‖F . We recall that the eigenvalues of T̂ (i)

are the Ritz values of the Lanczos process applied to A with starting vector e1,n.

Let Q(i) = Q(i)V (i)Q(i−1)V (i−1) · · ·Q(1)V (1) and Q̂(i) = Q(i)(1 : i+1, :)T . Taking
(3.1) and (3.3) into account, it turns out

span(Q̂(i)) = span(e1,n, Ae1,n, . . . , Ai−1e1,n, Aie1,n).

Moreover,

βi = ‖S
(i)
0 (i + 1 : n, 1 : i)‖F = ‖S

(i)
1 (i + 1, 1 : i)‖2, i = 1, . . . , n − 1.(3.5)

4. Symmetric Rank Revealing decomposition via semiseparable reduc-
tion. An efficient implementation of the QR–method without shift for computing
the spectral decomposition of symmetric semiseparable matrices has been recently
proposed in [14]. It requires O(n) flops and O(n) memory per step, with n the order
of the matrix. The proposed rank revealing factorization has the reduction of the
original matrix into a symmetric semiseparable one as preprocessing step, followed by
few steps of the QR–method without shift, if needed.

In this section we describe the so called Givens–vector (G–d) representation for
semiseparable matrices and how useful information for the implementation of a sym-
metric rank–revealing algorithm, based on the reduction into semiseparable matrices,
can be retrieved from the latter representation. The details of the efficient implement-
ation of the QR–method without shift for computing the spectral decomposition of a
symmetric semiseparable matrix can be found in [14].
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For the sake of clarity, let us introduce the following notations.
{

sj:i ≡
∏i

k=j sj , j ≤ i,

sj:i ≡ 1, j > i.

There are different ways of representing a semiseparable matrix. A comprehensive
description of representations of semiseparable matrices can be found in [15]. A useful
representation, from a computational point of view, is the G–d representation.

A symmetric semiseparable matrix S can always be written in the following form,

S =












c1d1 c2s1d1 c3s1:2d1 · · · cn−1s1:n−2d1 sn−1s1:n−2d1

c2s1d1 c2d2 c3s2d2 · · · cn−1s2:n−2d1 sn−1s2:n−2d1

c3s1:2d1 c3s2d2

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

. · · · cn−2dn−2 cn−1sn−2dn−2 sn−1sn−2dn−2

cn−1s1:n−2d1 cn−1s2:n−2d1 · · · cn−1sn−2dn−2 cn−1dn−1 sn−1dn−1

sn−1s1:n−2d1 sn−1s2:n−2d1 · · · sn−1sn−2dn−2 sn−1dn−1 dn












,

where ci and si, i = 1, . . . , n − 1, are suitable Givens coefficients. It turns out
that S can be represented by a vector d = (d1, d2, . . . , dn)T , and a 2× (n− 1) matrix

G =

(
c1 c2 . . . cn−1

s1 s2 . . . sn−1

)

.

In this case, the symmetric semiseparable matrix is said to be represented in G–d
form.

The diagonal entries of a symmetric semiseparable matrix S represented in G–d
form can be easily retrieved. Indeed,

{
S(i, i) = cidi, i = 1, . . . , n − 1,
S(i, i) = di i = n.

(4.1)

Moreover, the following lemma holds.
Lemma 4.1. Let S be a symmetric semiseparable matrix of order n represented

in G–d form. Then

‖S(i + 1 : n, 1 : i)‖W = |si|
√

‖S(i : n, 1 : i − 1)‖2
W + d2

i , i = 1, . . . , n − 1,(4.2)

where ‖ · ‖W can be either the spectral or the Frobenius norm.
Proof. The submatrices S(i + 1 : n, 1 : i) have rank one, i.e.,

S(i + 1 : n, 1 : i) = uiv
T
i ,

with

ui =
(

ci+1 ci+2si+1 ci+3si+1:i+2 · · · cn−1si+1:n−2 sn−1si+1:n−2

)T
,

vi =
(

s1:id1 s2:id2 · · · si−1:idi−1 sidi

)T
.

It turns out that

‖ui‖
2
2 = c2

i+1 + c2
i+2s

2
i+1 + c2

i+3s
2
i+1:i+2 + · · · + c2

n−1s
2
i+1:n−2 + s2

n−1s
2
i+1:n−2

︸ ︷︷ ︸

=s2
i+1:n−2

︸ ︷︷ ︸

=s2
i+1:i+2

︸ ︷︷ ︸

=s2
i+1

︸ ︷︷ ︸

=1
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Therefore ‖S(i + 1 : n, 1 : i)‖2 = ‖vi‖2.
On the other hand,

‖vi‖
2
2 =

i∑

j=1

d2
j

i∏

k=j

s2
j

= d2
i s

2
i + s2

i

i−1∑

j=1

d2
j

i−1∏

k=j

s2
j

= s2
i

(
d2

i + ‖vi−1‖
2
2

)
.

Formulae (4.1) and (4.2) can be computed recursively. If one is interested to
compute them at each step of the reduction of Algorithm 2, the cost is linear with the
size of the already computed semiseparable matrix. Otherwise they can be computed
after a fixed number of steps of the reduction.

With similar arguments, it is possible to show that the diagonal entries of ST S
can be computed with the following recursive procedure (in case the order of the
semiseparable matrix is less than 3, the computation is trivial).
d̂1 = d2

1;

t = s2
1d̂1

d̂2 = c2
2t + d2

2;
t = t + d2

2;
for i = 3 : n − 1,

t = s2
i−1t;

d̂i = c2
i t + d2

i ;
t = t + d2

i ;
if i = n − 1,

d̂n = s2
n−1t + d2

n;
end

end

Therefore, the Frobenius norm of a symmetric semiseparable matrix S, expressed
in G–d form, can be easily retrieved with linear complexity considering the square
root of the sum of the diagonal elements of ST S.

The rank–revealing algorithm based on the reduction into semiseparable matrices,
can now be formulated.

Algorithm 3: Rank–Revealing Semiseparable (RRS) factorization

Input: the symmetric matrix A ∈ R
n×n

τ1 : the threshold for the rank revealing
τ2 : the threshold for interrupting the reduction to semiseparable matrix

Output: the RRS factorization of A
1) compute the Frobenius norm of A

2) compute the sequence of the matrices S
(i)
0 , i = 1, . . . , n − 1, as in Algorithm 2

until ‖A‖F − ‖S
(j+1)
0 (1 : j + 1, 1 : j + 1)‖F < τ2, with 1 ≤ j ≤ n − 1.

3) Define S[0] ≡ S
(j+1)
0 (1 : j + 1, 1 : j + 1).

4) apply few steps, let us say l steps, of the QR–method without shift
to the semiseparable matrix S [0] :
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[Q,R] = qr(S[i]), S[i+1] = RQ, i = 0, 1, . . . , l − 1.
5) compute ‖S[l](k + 1 : j + 1, 1 : k)‖F , k = j, j − 1, . . . , 1,

and S[l](k, k), k = 1, . . . , j + 1, in order ”to deflate” the matrix S [l]

removing the singular values that are below the threshold τ1.

Step 2) of algorithm 3 is the most expensive one. Indeed, the computational
complexity is O(jn2 + j3). Moreover, it requires O(jn) memory to store the involved
Householder vectors and the Givens coefficients. As already said, each iteration of
the QR–method without shift in step 4) requires O(j) computational complexity and
storage. The choice of l depends on the handled matrix. Often l can be chosen very
small compared to the size of the matrix. Step 5) is also computed in O(j) flops. The
choice of threshold τ2 is crucial for the accuracy of the results. In all the examples
of the next section, τ2 = nε‖A‖F , where n is the order of the matrix, ‖ · ‖F is the
Frobenius norm, and ε ∼ 2.2204e-016 is the machine precision. With this choice of
the threshold τ2, the reduction to semiseparable form is entirely performed, for all the
considered examples.

It is well known that the single–vector Lanczos algorithm can compute multiple
eigenvalues of a symmetric matrix, but the multiple eigenvalues do not necessarily
converge consecutively one after another. More precisely, if λmax(A) is a multiple
eigenvalue with maximum modulus of a symmetric matrix A, then usually a copy of
λmax(A) will converge first, followed by several other smaller eigenvalues of A. Then
another copy of λmax(A) will converge followed again by smaller eigenvalues of A,
and so on. The consequence of this convergence behavior is that only fewer copies of
the largest eigenvalues of A are also eigenvalues of T (k). The semiseparable reduction
behaves similarly to the Lanczos reduction to tridiagonal matrices. Therefore, in case
of multiple eigenvalues of A, the symmetric semiseparable matrix computed by the
reduction is block diagonal, with each block having λmax(A) as eigenvalue.

A multi–vector semiseparable reduction can be considered in such cases [11].
The effect of steps 4) and 5) of the latter algorithm is to make the entries on the

main diagonal decreasingly ordered. Therefore, the smallest eigenvalues appear as the
last entries of the main diagonal and the Frobenius norms of the corresponding rows
and columns are very small. If the latter norms and the size of the corresponding
eigenvalues are below the tolerance τ1, the algorithm proceeds removing the rows and
columns from the matrix.

5. Numerical experiments. Some of the matrices used in [3, 7] are considered
to test the proposed rank revealing factorization.

For the matrices considered in the examples, the rank revealing factorizations
are computed correctly, and the numerical ranks are always equal to the desired
ones. The results of the proposed rank revealing factorization based on semiseparable
matrices are compared to the results obtained by using the matlab functions hvsvsd
(semipositive definite case) and hvsvid L (indefinite case) of the matlab toolbox UTV
[1, 2]. The number of steps of the QR–method without shift in the proposed algorithm
is fixed to 10 for all the examples. As in [3, 7], the symmetric semidefinite test matrices
are computed as QΣQT , with Q random orthogonal matrices and Σ diagonal matrices
with the desired singular values. For the indefinite case, the diagonal matrices are
replaced by the product of diagonal matrices of the desired singular values by diagonal
random sign matrices. The experiments were carried out on a PC with matlab 5.3

to compute the number of flops. It can be noticed that the proposed algorithm is the
fastest one. Moreover, it is as accurate as those available in the literature.
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Positive definite case
max max max max average average

n |κ2(Â) − κ2(H11)| |κ2(Â) − κ2(S11)| ‖H12‖F ‖S12‖F #flops(H) #flops(S)

64 6.88e-09 1.00e-08 8.33e-11 2.14e-38 6.0390e+06 2.7410e+06
128 4.49e-09 1.17e-08 1.22e-10 1.66e-37 5.9928e+05 2.4800e+05
256 8.26e-09 3.48e-08 1.24e-10 3.26e-36 3.8894e+06 1.6242e+06

Indefinite case
max max max max average average

n |κ2(Â) − κ2(H11)| |κ2(Â) − κ2(S11)| ‖H12‖F ‖S12‖F #flops(H) #flops(S)

64 4.86e-09 1.07e-08 5.48e-13 3.18e-39 1.1771e+05 2.7478e+04
128 2.99e-09 2.34e-09 2.66e-13 8.15e-38 1.4552e+06 2.4793e+05
256 3.52e-09 3.74e-09 4.53e-13 2.82e-37 1.0641e+07 2.9243e+06

Table 5.1

Results obtained applying the rank revealing algorithms hvsvsd (semipositive definite case),
hvsvid L (indefinite case) and the proposed one to 100 symmetric random matrices with prescribed
singular values, constructed as described in example 5.2.

Example 5.1. The matrices considered in this example are randomly generated
test matrices of size n = 64, 128, 256, (100 matrices for each size), each with n − 4
singular values geometrically distributed between 1 and 10−4, and the remaining 4
singular values given by 10−7, 10−8, 10−9, and 10−10, such that the numerical rank
with respect to the threshold τ1 = 10−5 is k = n − 4.

The results are depicted in table 5.1. The size of the matrices is in first column.
In column 2, the maximum, over 100 matrices, of the difference between κ2(Â), the
condition number of the leading submatrices of order n−k of the symmetric generated
matrices and κ2(H11), the condition number of the leading submatrices of order n− k
of the rank revealing matrices H computed by the function of UTV toolbox [1, 2] is
reported and, in column 3, the maximum, over 100 matrices, of the difference between
κ2(Â) and κ2(S11), the condition number of the leading submatrices of order n− k of
the rank revealing matrices S computed by the proposed algorithm.

In column 4 and 5, the maximum of the Frobenius norm of submatrices H12 =
H(1 : k, k + 1 : n) and S12 = S(1 : k, k + 1 : n), respectively, are depicted. Finally, in
column 6 and 7 the average number of flops, over the 100 matrices, for the algorithms
of UTV toolbox [1, 2] and the proposed algorithm, respectively, can be found.

Example 5.2. The proposed rank revealing factorization is now applied to com-
pute the numerical rank of 4 classes of matrices considered in [3]. The size of the
considered matrices is n = 20 (100 matrices for each class), and the desired numer-
ical rank is k = 15. The singular values are geometrically distributed between σ1 and
σk and also between σk+1 and σn. Moreover σ1 = 1 and σn = 10−10.

The classes of considered matrices are constructed according to table 5.2. The
considered positive definite and indefinite symmetric matrices are constructed as in
the latter example. The results are reported in table 5.3. In the first column, the
class of considered matrices are reported. The legend of column 2 up to 7 is similar
to the corresponding one of table 5.1. For all these matrices, the threshold is τ1 =
(σk + σk+1)/2.

6. Conclusions. In this paper we have presented an algorithm for computing the
rank revealing factorization of symmetric matrices based on an algorithm for reducing
symmetric matrices into semiseparable ones by similarity orthogonal transformations
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Cl. σ1(A) σn(A) σk(S) σk(S)/σk+1(A)
1 1.0 1.0 · 10−10 1.0 · 10−3 2
2 1.0 1.0 · 10−10 1.0 · 10−3 10
3 1.0 1.0 · 10−10 1.0 · 10−6 2
4 1.0 1.0 · 10−10 1.0 · 10−6 10

Table 5.2

Features of the singular values of the classes of matrices considered for the example 2.

Positive definite case
max max max max average average

Cl. |κ2(Â) − κ2(H11)| |κ2(Â) − κ2(S11)| ‖H12‖F ‖S12‖F #flops(H) #flops(S)

1 5.70e-11 7.7875e-11 2.25e-04 1.08e-24 6.6502e+04 2.7737e+04
2 6.65e-11 1.4450e-10 9.45e-06 5.34e-23 6.6962e+04 2.7737e+04
3 6.37e-05 6.7613e-05 2.46e-07 2.34e-18 6.6831e+04 2.7737e+04
4 5.97e-05 5.5703e-05 7.44e-09 2.19e-15 6.6962e+04 2.7737e+04

Indefinite case
max max max max average average

Cl. |κ2(Â) − κ2(H11)| |κ2(Â) − κ2(S11)| ‖H12‖F ‖S12‖F #flops(H) #flops(S)

1 9.37e-11 5.85e-11 7.19e-04 1.08e-25 1.2417e+05 2.7737e+04
2 5.34e-11 5.60e-11 2.28e-07 3.19e-24 1.2443e+05 2.7737e+04
3 1.01e-04 4.51e-05 6.27e-07 6.41e-18 1.2708e+05 2.7737e+04
4 4.90e-05 4.66e-05 3.14e-09 2.56e-16 1.2758e+05 2.7737e+04

Table 5.3

Results obtained applying the rank revealing algorithms hvsvsd (semipositive definite case),
hvsvid L (indefinite case) and the proposed one to 100 symmetric random matrices with prescribed
singular values, constructed as described in example 2.

and on few steps of the QR–method without shift applied to the latter matrices. Some
numerical experiments are reported confirming the reliability of the proposed method.
Further research will consist of extending the proposed rank revealing algorithm for
symmetric and non symmetric sparse and structured matrices.
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