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1 Introduction

The problem we consider is the numerical calculation of the integral of a
function f over the unit cube:

I= f(u)du. (1)
[0,1)*

For not so small values of s, this problem is often tackled by a Monte Carlo
method. An approximation of the integral is obtained from the values of the
function at random points x; that lie in [0, 1)
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I= f(xi). (2)

This estimator I of I is unbiased if the x; are independent samples of the
uniform distribution over [0, 1)°. Its variance is

V) = = ([, 000 = 1) = & ([ (reoprax )

which leads to the well-known probabilistic error bound of O(N ~/2) for square
integrable functions f.

Quasi-Monte Carlo methods provide an alternative to the Monte Carlo meth-
ods by using deterministic point sets instead of random ones. These so-called
quasi-random point sets are specially ‘crafted’ to fill the s-dimensional unit
cube in a more uniform way. When using estimator (2) for a function f with
bounded variation Vg (f) in the sense of Hardy and Krause, a classical error
bound is given by the Koksma-Hlawka inequality [7):

I —I| < Vg (f)Dy(x1,...,xn). (3)

Here D3 (x1,...,xy) represents the star-discrepancy of the point set. This
will be considered in more detail in the following section.

The above inequality suggests that sequences for which the discrepancy is
lower than that of a random sequence are likely to give better integration
results than plain Monte Carlo.

In the next section, we explain the concept of discrepancy and we show how
it can be calculated. Section 3 then introduces the Halton sequence as one
particular type of quasi-random point sequence. Scrambling, as a technique
to increase the properties of the Halton sequence, will be explained in sec-
tion 4. We also give an overview of existing scrambling techniques, compare
their effectiveness and introduce a new type of scrambling. Conclusions are
formulated in section 5.

2 Discrepancy

Let P be a point set {xi,...,xy} C [0,1)°. For an arbitrary subset B of
[0,1)%, define A(B; P) as the function that counts the number of points from
P that fall inside B and put

A(B; P)

R(B,P): _/\8(3)7



where A, is the s-dimensional Lebesgue measure. A general notion of discrep-
ancy is then given by

Dy(B; P) = sup |R(B; P)|. (4)

BeB

Depending on the family B of subsets of [0, 1)*, several types of discrepancies
can be considered. In this text we will use Dy, Dy, T and T defined below.

Definition 1
The L star discrepancy Dy (P) = Dn(J*; P), where J* is the family of all
subintervals of [0,1)* of the form TT;_,[0, u;).

Definition 2
The L, (extreme) discrepancy Dy (P) = Dn(T; P), where J is the family of
all subintervals of [0,1)% of the form TI;_,[u;, v;).

Unfortunately, both these discrepancies are hard to calculate and even trying
to compute bounds for them requires a lot of work [12,9]. A more practical
type of discrepancy appears if the L-norm in (4) is replaced by the Lo-norm:

2

Tn(B; P) = [/[O’l)s R(B; P)* du]

Again, depending on the family B, we can define several types of discrepancy.

Definition 3
The Lo star discrepancy Tx(P) = Tn(J*; P), where J* is the family of all
subintervals of [0,1)* of the form TT;_[0, w;).

Definition 4
The Ly (extreme) discrepancy Tn(P) = Ty (J; P), where J is the family of
all subintervals of [0,1)° of the form TT;_,[us, v;).

Denoting by x,(f) the i-th component of the point xj, Warnock [15] showed
that

1 N N s 21 s N s
TP = 35 32 30 TL (1 - maxtef?,at)) - ZH(l—xk s
k=1m=1i=1 k=11i=1
()
He also proposed a way to calculate T\ (P), starting from 7% _,(P).

Following the same approach as Warnock, Morokoff and Caflish [6] show that
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In the same paper, they also give the root-mean-square (rms) expectation for
Txn and Ty, as

(Ty(P)") = ((27° = 37%)/N)'/2, (7)
(Tw(P)?) = (67(1 —27°)/N)"/2. (8)

We will use formulas (5) and (6) to compare the quality of different low-
discrepancy sequences. The reader should be aware that the computation of
T%(P) and Tn(P) for a set of N points in s dimensions requires O(sN?)
operations. Furthermore, both formulas are ill-conditioned [16].

3 The Halton sequence

One of the best known low-discrepancy sequences, used by many practitioners,
is the Halton sequence. Let b > 2 be an integer, then any integer n > 0 can
be written in the form

The radical inverse function ¢,(n) for base b is defined by

do dy d;
¢b(n):?+ﬁ+"'+bj—j_l. (10)
The van der Corput sequence in base b is defined as the one-dimensional point
set {¢p(n)}o° .. Halton [3] extends this definition to the s-dimensional sequence
{x;}, defining

X, = (Gp, (n), .., Dy, (1)), n=20,1,...

The integers by, ...,b, are greater than one and pairwise prime. Most of the
time, they are chosen as the first s primes.

One of the advantages of the Halton sequence is its ease of implementation.
Depending on the practical efficiency and accuracy needed, a practitioner can
choose from a variety of existing implementations, e.g. [4,5,11].

A disadvantage of the Halton sequence can easily be seen from figures 1 and
2 which show 100 points of a 20-dimensional Halton sequence, projected onto
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different coordinate planes. The projection onto the plane belonging to dimen-
sions 1 and 2 (primes 2 and 3) is much more uniform than the one belonging to
dimensions 19 and 20 (primes 67 and 71). Halton sequences are indeed known
to have more correlation between points generated from higher primes. This
may deteriorate the performance dramatically in applications.
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The Lo-star discrepancy of the first 1000 points of the Halton sequence is
shown in figure 3. The smooth curve represents the expected root-mean-square
discrepancy for a random sequence (7). The upper line is the Halton sequence
starting at index ng.ry = 0 and thus including the origin, while the lower line
represents the Halton sequence starting at ng..« = 1. The figure clearly illus-
trates the influence of the origin on the star discrepancy. Excluding the origin
gives better results. We have also plotted the extreme discrepancy in figure 4.
Again here, the smooth curve represents the root-mean-square discrepancy for
a random sequence. We can see that the extreme discrepancy seems not really
influenced by the origin as both curves almost fall on top of each other. There-
fore, some authors state that it might also be good to consider the extreme
discrepancy instead of the star discrepancy when comparing sequences.
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In our further comparisons concerning the discrepancy of point sets, we ex-
cluded the origin.

4 Scrambling the Halton sequence

The correlation between points of the Halton sequence can be broken by scram-
bling the digits of the sequence in a way that preserves the low-discrepancy
properties. This was first formally described by Braaten and Weller [1], who
defined the scrambled radical inverse function Sp(n) in analogy with (10) as:

Sy(n) = 7rb(bdo) n Wbégl) T sz(ff) )

Here m, is a permutation on the digits (0,1,...,b — 1) which holds 0 fixed.
Their scrambled Halton sequence is then given by

X0 = (Sp (1), Sp.(n)),  n=0,1,... (12)

Figures 5 and 6 show how the permutations break up the correlation between
the coordinates of the Halton sequence. The first figure shows the unscrambled

projection of dimension 7 and 8 of an 8-dimensional Halton sequence, while
the second figure shows the scrambled version.

In the next subsections, we give a historical overview of the different scram-
blings that have been proposed in the literature. We also present a new choice

for the permutations which gives good results compared to the others and is
far more easier to generate.



4.1 Warnock’s folded radical inverse

Warnock [15] used the folded radical inverse function

(dg+0)modb+(d1+1)modb+”'+(dj+j)modb

w(n) = b b2 pitl

instead of (10) to define a scrambled version of the Halton sequence. For
example 13(11) = 0.2100123 = 551/702 where the overlined part represents
an infinitely repeated sequence of digits. His version of the Halton sequence,
which we will denote by ‘WA 1-sequence’, then becomes

Xn:(wbl(n)w"vwbs(n))’ n=01,...

4.2 The permutations of Braaten and Weller

Braaten and Weller [1] used algorithm 1 to define the m, from (11). They
tabulated their permutations up to the first 16 primes. Figure 6 was obtained
using these permutations. We call the resulting sequence ‘BW-sequence’. In
[1], the discrepancy plots for 8, 12 and 16-dimensional sequences demonstrate
that the BW-sequence has a lower star-discrepancy than the Halton sequence
for the first 1000 points. The higher the dimension, the better the effect of the
BW-sequence seems to be. Braaten and Weller did not show however what
happens beyond these 1000 points.

Figure 7 shows the discrepancy for 10000 points in 8, 12 and 16 dimensions.
For 8 dimensions, we see that the discrepancy is indeed lower for about the
first 5000 points. From then on, both discrepancies are comparable. For 12 and
16 dimensions, the BW-sequence performs better, but the difference between
the discrepancies decreases with the number of points.

From figure 7 and similar experiments, we learn that the advantage of the
BW-sequence increases with the dimension. For dimensions lower than about
8 its Lo-star discrepancy is quite comparable to that of the Halton sequence.

Algorithm 1 Permutation search of Braaten and Weller
7Tb(0) =0
ChoiceSet = {1,...,b— 1}
fori=1tob—1do
choose m,(7) from ChoiceSet so that it minimizes the one-dimensional
discrepancy Ty ({’”’T(l), ce ’”’T(’)} .
ChoiceSet := ChoiceSet\{m, (i)}
end for
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Furthermore, the larger N, the more the discrepancy of the BW-sequence
approaches the discrepancy of the Halton sequence.

As Braaten and Weller have only published their permutations up to the first
16 primes, it is not really known how well their scrambled sequence behaves for
dimensions over 16. Therefore, we have implemented the algorithm of Braaten
and Weller in Matlab in order to compute permutations for dimensions higher
than 16. The first 16 permutations found by our implementation are listed in
table 1.

The differences between our table and the one in [1] are underlined and can be
explained by the fact that sometimes in algorithm 1, a tie arises between the
discrepancies of {7”’151), ce ”"b(i)} for the choice of (7). If such a tie arises, we
just picked the smallest m,(7) that was left in ChoiseSet. Another reason for the
differences comes from the note below the table of permutations in [1] which
reminds the reader to the fact that for each permutation, one can generate
another permutation with the same minimal discrepancy by replacing each

nonzero integer n by p —n. We did not underline this last kind of differences




Table 1
Permutations found by our own implementation of Braaten and Weller’s algorithm

mo | (01)

021)

02413)

035162 4)
058210361947)

ms3 | (0610284121951137)

3 | (
(
(
(
(
m7 | (08133115161107144 122156 9)
(
(
(
(

5
7

11

09143176111157124 188216 105 13)
011174207132229155181 1410216 16 3198 12)
0142251892722011257163241319628101231512264 178 21)

19
23
29

31

718)

0168264221329219112462014281179301023521153271225

a7 | (01828 623113432514318203611627102213324291773519226

1230924 1533 5 21)

ma1 | (02031 726123832334141729540102413518289 3315214371330

83919 25232 11 22 36 6 27 16)

73 | (0213273813253351728104152330153711933112642818294 39

14 22 34 6 24 12 40 2 31 20 16 36 9 27)

ma7 | (023 35841 14273441831 11 3752539 16 21 33 1 46 12 29 19 42 7 28 10 36

22443 17 32 13 38 2 26 45 15 30 6 34 20 40 9 24)

753 | (026 40 9 33 16 49 4 36 21 45 12 29 6 51 23 38 14 43 1 30 19 47 10 34 24 42 3 27

521518 39 746 22 32 5 48 13 35 25 8 44 31 17 50 2 37 20 28 11 41)

in our table.

Figures 8a, 8b and 8c show how a sequence with our permutations has a
similar performance as the BW-sequence. In figures 8d and 8e, we see that
the sequence with permutations as being generated by our implementation of
algorithm 1 remains better than the original Halton sequence, but the discrep-
ancy is still worse than the rms discrepancy for a random sequence (7). The
curve with lowest discrepancy comes from a new permutation choice and will
be explained in section 4.6.

Finally, note that the technique of Braaten and Weller requires a large com-
putational effort for determining the permutations because of the calculation
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of many one-dimensional discrepancies. A simple calculation shows that in
order to calculate the permutation for prime b, the number of maxima (max),
multiplications (M) and additions (A) to compute is

bik([(b—k)ﬂmax+[(b—k)+4]M+ [(b—k)?+4(b— k) — 1] A).

k=2
4.3  Faure’s algorithm for constructing the permutations

In a search for good permutations for the one-dimensional Van der Cor-
put sequence, Faure [2] proposed algorithm 2 to create the permutations
7. Although his paper only mentions the one-dimensional case, practition-
ers are also experiencing good results in using his permutations to scramble
the Halton sequence [8,10]. Using Faure’s algorithm, one can easily find the
permutations from table 2. In this paper, we denote this type of scrambling
‘FAU-scrambling’ and call the scrambled Halton sequence obtained with it
‘FAU-sequence’.

Algorithm 2 Faure’s algorithm to determine 7,
b=2
Ty = (0, 1)
repeat
b=b+1
if b is even then
Ty = (ZW%, 2my + 1)

else
= Tp-1
_ b1
k= 2

add 1 to each element of n which is > k
m, = 1 with k added in the middle
end if

until all necessary permutations are found

4.4 Warnock’s PhiCf sequence

More recently, Warnock [16] combined the initial behaviour of the Weyl se-
quence [17] with the asymptotic behaviour of the Halton sequence to construct
what he called the PhiCf sequence. He replaces each d; in (9) with S(b)d; mod b
to obtain a new kind of radical inverse function

~ (S(b)dg) mod b~ (S(b)dy) mod b (S(b)d;) mod b
() = PR modd | GO Mol | B mod?

11



Table 2
Permutations by Faure

o | (01)

w3 | (01 2)

m | (021 3)

ms | (0321 4)

76 | (024135)
mr | (0253146)
7 | (04261537)

where S(b) is defined to be a number such that S(b)/b is close to the fractional
part of v/b. The details are given in algorithm 3.

Algorithm 3 Warnock’s algorithm to determine S(b)
Xy = [b{v/b}] (where {z} denotes the fractional part of x)
X = [b{v/0}]

b = /dy,dy,ds, ..., dy/ (continued fraction expansion of XU)
XU

= Je1,€3,€3,. .., €,/ (continued fraction expansion of %)
Choose S(b) as elther Xy or Xy, according to:

(1) The smaller sum of partial quotients

(2) The smallest largest partial quotient

(3) The nearest to the fractional part of v/

4.5 Tuffin’s permutations

Tuffin [13] introduced four new multi-dimensional algorithms (MCL, MCT,
MCL* and MCT*) to determine permutations for scrambling the Halton se-
quence. We refer to [13,14] for the details of these algorithms. Because they
require a lot of computing time and because [14] only lists the first 16 per-
mutations for MCL and MCL*, we will only compare with these two in this

paper.

4.6 A new and easy permutation

Consider the permutations for the prime bases from table 3, which we will
call reverse permutations for the Halton sequence. The generation of these
permutations is by far the most simple one among all algorithms mentioned
in this paper. Strangely enough, to our knowledge nothing has been published

12
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about it in the context of scrambling the Halton sequence. Figure 9 shows
that in 16 dimensions, the discrepancy of a scrambled Halton sequence with
reverse permutations is lower than almost all mentioned Halton scramblings.
Only the discrepancy of the sequence that uses permutations obtained with
MCL is comparable. Furthermore, the discrepancy of the WA 1-sequence seems
to behave quite bad compared to the others and even to the root-mean-square
discrepancy of a random sequence.

In 32 dimensions, figure 10 shows how the sequence with our reverse per-
mutations has a lower star-discrepancy than the WA1 and FAU-sequences for
about the first 3000 points. For more points, the discrepancy is comparable.
We obtained similar results in other dimensions, but only show the ones for
the 16 and 32 dimensional case because these were best for visualization.

Table 3
Our reverse permutations

m | (01)
w3 | (021)
ms | (04321)

m | (0b—1b—2...1)

13
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The 32 and 64-dimensional data in figure 8 also shows how the discrepancy
of a sequence with reverse permutations remains below the expected pseudor-
andom curve, while a sequence generated by our implementation of Braaten
and Weller’s algorithm does not.

The initial discrepancy behaviour of a sequence with reverse permutations
might look strange at first sight, but when we consider only the initial point
(1/2,2/3,4/5,...,b — 1/b), we see that of all possible first scrambled Halton
points, this point is the closest to (1,1,1,...,1). This means that for this
initial point, the first two terms in formula (5) will be the smallest when
reverse permutations are being used and 77 will thus be close to 37*/2, which
can be observed in figures 9 and 10.

An additional advantage of our scrambling, is that it also has a lower or
comparable extreme discrepancy than all other sequences considered here.
Figure 11 shows this. Also note that the BW-sequence appears to have the
highest extreme discrepancy of all sequences considered.

5 Conclusions

We emphasized that the higher the dimension gets, the better the performance
of the BW-sequence is compared to a standard unscrambled Halton sequence.
The advantage of permuting the digits does seem to decrease with increasing

14
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N. In addition, for higher dimensions — say about 32 and more — the Lo
star discrepancy of a scrambled sequence with permutations generated by a
straightforward implementation of algorithm 1 is higher than the expected
discrepancy of a random sequence.

Good new permutations for scrambling the Halton sequence are the main
result in this paper. These permutations are by far the most easiest to generate
and, compared to all earlier known methods, they perform equally well or even
better in terms of Ly star and extreme discrepancy.
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