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Abstract

It is a well-known fact that while reducing a symmetric matrix
into a similar tridiagonal one, the already tridiagonal matrix in the
partially reduced matrix has as eigenvalues the Lanczos-Ritz values
(see e.g. [Golub G. and Van Loan C.] ). This behavior is also shared
by the reduction algorithm which transforms symmetric matrices
via orthogonal similarity transformations to semiseparable form (see
[Van Barel, Vandebril, Mastronardi]). Moreover also the orthogonal
reduction to Hessenberg form has a similar behavior with respect to
the Arnoldi-Ritz values.

In this paper we investigate the orthogonal similarity transforma-
tions creating this behavior. Two easy conditions are derived, which
provide necessary and sufficient conditions which have to be placed
on the orthogonal similarity transformation, such that the partially
reduced matrices have the desired convergence behavior. The condi-
tions are easy to check as they demand that in every step of the re-
duction algorithm two particular matrices need to have a zero block.

Keywords : inverse of Hessenberg matrices, semiseparable matrices, implicit
@-theorem, Hessenberg-like matrices.
AMS(MOS) Classification : Primary : 65F15, Secondary : 15A18.
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Abstract

It is a well-known fact that while reducing a symmetric matrix into a similar tridiagonal one, the
already tridiagonal matrix in the partially reduced matrix has as eigenvalues the Lanczos-Ritz values (see
e.g. [4]). This behavior is also shared by the reduction algorithm which transforms symmetric matrices
via orthogonal similarity transformations to semiseparable form (see [9]). Moreover also the orthogonal
reduction to Hessenberg form has a similar behavior with respect to the Arnoldi-Ritz values.

In this paper we investigate the orthogonal similarity transformations creating this behavior. Two
easy conditions are derived, which provide necessary and sufficient conditions which have to be placed
on the orthogonal similarity transformation, such that the partially reduced matrices have the desired
convergence behavior. The conditions are easy to check as they demand that in every step of the reduction
algorithm two particular matrices need to have a zero block.

Keywords. Ritz values, Arnoldi-Ritz values, L anczos-Ritz values, similarity transformations.

1 Introduction

It is well-known that while reducing a symmetric matrix into a similar tridiagonal one, the intermediate
tridiagonal matrices contain the Lanczos-Ritz values as eigenvalues. Or for a Hessenberg matrix they
contain the so-called Arnoldi-Ritz values. More information can be found in the following books [1, 2, 4,
6, 7, 8] and the references therein.

The goal of this paper is not to investigate the convergence behavior of the Ritz-values (see e.g. [5] and
the references therein), nor to prove that certain matrices have close connections with the Lanczos(Arnoldi)-
Ritz values (see e.g. [3, 4]). Our goal is to investigate the similarity transformations in general causing this
behavior. To achieve this goal we assume that the performed similarity transformation leads to this special
convergence behavior. This gives two necessary conditions which always have to be satisfied. Based on
these two conditions we prove that similarity transformations inheriting these conditions have the desired
convergence behavior. In this way we derived necessary and sufficient conditions. Using the conditions,
which are straightforward to check, it is an easy exercise proving that the orthogonal similarity trans-
formations of matrices to semiseparable, tridiagonal and/or Hessenberg form share the same convergence
behavior, with respect to the Lanczos(Arnoldi)-Ritz values.

The paper is organized as follows. In Section 2 we introduce briefly the type of similarity transformation
considered, and also the notion of Ritz values and Krylov subspaces is briefly refreshed. The similarity
transformations obeying the desired convergence behavior are investigated in Section 3. This leads to two
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simple, but necessary conditions. In Section 4 we prove that the conditions derived in the previous section
are also sufficient to obtain that the partial reduced matrices have the Lanczos(Arnoldi)-Ritz values. Some
general remarks, and an extra property of the orthogonal matrices are derived in Section 5. The final section
of the paper contains the conclusions.

2 Ritz values and Arnoldi(Lanczos)-Ritz values

We will briefly introduce here the notion of “Ritz values”, related to the orthogonal similarity transforma-
tion. The orthogonal similarity transformations we consider are based on finite induction. In each induction
step a row and a column are added to the desired structure. In this way all the columns and rows are trans-
formed, such that the resulting matrix satisfies the desired structure. Suppose, we have a matrix A© = A,
which is transformed via an initial orthogonal similarity transformation into the matrix A®Y) = QJ A©Qy.
We remark that the transformation Qg is not essential. Quite often the orthogonal matrix Qg is equal to
the identity matrix. E.g., in the reduction to semiseparable or tridiagonal form the matrix Qg equals the
identity matrix I. It is however perfectly possible to perform a first transformation Qg on the matrix A,
This will not affect the reduction algorithms, but it will affect the convergence behavior of the reduction,
as we will show in this subsection. The other orthogonal transformations Q, k > 1, are constructed by the
reduction algorithms. Let us denote the orthogonal transformation to go from A to Ak+1) as Qy, and we
denote with Qg the orthogonal matrix equal to the product QoQs ... Qk. This means that

Al = QrANQ
QA 1. QI QIAQQ: - - Quo1Qk
= Qg:kAQO:K

The matrix A&+D s of the following form:

(5w

where Ry 1 stands for that part of the matrix of dimension (k+1) x (k+ 1) which is already transformed
to the appropriate form, e.g., tridiagonal, semiseparable, Hessenberg, etc. The matrix Ay is of dimension
(n—k—1) x (n—k—1). The x denote arbitrary matrices, they are unimportant in the remaining part of
the exposition. Remark however that the matrices AK) are not necessarily symmetric, as the elements x
may falsely indicate.

Let us partition the matrix Qg as follows:

ao:k c R (k+1)
60:k c RN (n—k=1)_

A(Go;kl@&k) = (60:k|602k) (%) '

The eigenvalues of Ry 1 are called the Ritz values of A with respect to the subspace spanned by the columns

bl
of Qox (see e.g. [2]).
Suppose we have now the Krylov subspace of dimension k with initial vector v:

Qo:k:(ao:k\ao;k> with {

This means,

Ki(AV) = (VAY, ..., ALy),

where (X,y, z) denotes the vector space spanned by the vectors x,y and z If the columns of the matrix (60:k
form an orthonormal basis of the Krylov subspace %1 (A, V), then we say that the eigenvalues of Ry 1 are
called the Arnoldi-Ritz values of A with respect to the initial vector v. If the matrix A is symmetric, one
often calls the Ritz values the Lanczos-Ritz values.



3 Necessary conditions to obtain the Arnoldi(Lanczos)-Ritz values
as eigenvalues in the already reduced block of the matrix

In this section, we investigate the properties of orthogonal similarity transformations, where the eigenvalues

in the already reduced block of the matrix are the Arnoldi-Ritz values, with respect to the starting vector

v, where v/||v|| = £Qpe1. This makes clear that the initial transformation can change the convergence

behavior, as it changes the Krylov subspace and hence also the Ritz values. We remark once more that this

initial transformation does not change the reduction algorithm as the actual algorithm reduces the matrix

1 = Qf AQo to the desired form.
Suppose that our similarity reduction of the matrix into another matrix has the following form after step

K—1(withk=1,2,....n—1):
X
( Iik 5 )ZQg:k—lAQO:k—l-

This means that we start with this matrix at step k of the reduction: with Ry a square matrix of dimension
k, which has as eigenvalues the Arnoldi-Ritz values. Moreover we have the following properties for the
orthogonal matrix Qg.x_1:

1. The columns of 601(,1 form an orthogonal basis for % (A, V).

2. The columns of 60:k—l form an orthogonal basis for the orthogonal complement of X (A, V).

After the next step in the transformation we have that the block Ry, 1 has the Arnoldi-Ritz values as
eigenvalues with respect to %g.1(A, V). This results in two easy conditions, similar to the ones described
above. After step k, in the beginning of step k+ 1 we have:

1. The columns of 60:k form an orthogonal basis for % 1(A,v) = % (Av) + (Akv).

2. The columns of 60:k form an orthogonal basis for the orthogonal complement of Ky 1(A,V).

We have the following equalities:

A = Qux1AWQL 1
= QuxAMYQL,.

This means that the transformation to go from matrix A® to matrix A&*1 can also be written in the
following form:

Q-(l)-ZkQOZkflAu() Q-(l)-kalQOZk = A(k+1) .

Using the fact that Qy denotes the orthogonal matrix to go from matrix A to matrix Ak+1) we get:

QA = QhQok-1

= ( gz‘; ) (60:k—1’60:k—1)

( Q11 ()L )
(Qk)gl (Qk)gz

where the (Qk)1;,(Qk)1a, (Qk)3, and (Q)3, denote a partitioning of the matrix Q. These blocks have
the following dimensions: (Q)1; € Rk (Qy)1, € RKTDX (=K ()] e RKk-Dxkand (Qy)l, €
R(—k=1)x(n=k) 1t can be seen rather easily, by combining the properties of the matrices Qox_1 and Qo
from above, that the block (Qx);, has to be zero. This zero block in the matrix Qy is the first necessary
condition.



To obtain a second condition, we will investigate the structure of an intermediate matrix matrix A
satisfying

AW — QfAk
= QfQ0x 1AQuk-1
= Q}xAQok-1,

which can be rewritten as: .
QoxA¥ = AQo_1. (1)
Rewriting equation (1) gives us:

A<601k‘1|601k—1) = (60:k|60:k) Ak

Because the columns of A60k 1 belong to the Krylov subspace: %g.1(A,V), which is spanned by the

columns of Qo «, We have that A has a zero block of dimension (n—k—1) x kin the lower left corner.
This provides us a second condition.

The two conditions presented here, namely the condition on A and the condition on Qy, are necessary
to have the desired convergence properties in the reduction. In the next section we will prove that they are
also sufficient. We will formulate this as a theorem:

Theorem 1. Suppose, we apply an orthogonal similarity transformation on the matrix A (as described in
Section 2), such that the already reduced part Ry in the matrix has the Arnoldi-Ritz values in each step of
the reduction algorithm. Then we have the following two properties:

e Thematrix Qf, which is the orthogonal matrix to transform A into the matrix A®*+Y = QT AN Q,
has a zero block of dimension (n—k— 1) x k in the lower |eft corner.

e Thematrix A Qk k) has a zero block of dimension (n—k— 1) x k in the lower left corner.

4 Sufficient conditions to obtain the convergence behavior

We prove that the properties from Theorem 1 connected to the matrices Qx and A are sufficient to have
the Arnoldi-Ritz values as eigenvalues in the blocks Ay.

Theorem 2. Suppose, we apply a similarity transformation on the matrix A (as described in Section 2),
such that we have for A© = A:

Qoer =+ and QT A Qy = AW.

Suppose that at step k of the reduction algorithm we have the following two properties:

e the matrix Qf, which is the orthogonal matrix to transform A into the matrix Ak+1) = QT AN Q,
has a zero block of dimension (n—k — 1) x k in the lower Ieft corner;

o the matrix A% = QI A has a zero block of dimension (n—k — 1) x k in the lower left corner.

Then we have that for the matrix AX) partitioned as

W _ (_Re| X
A ‘(x Ak>’

that the matrix Ry of dimension k x k has the Arnoldi-Ritz values with respect to the Krylov space i (A, V).

Proof. We will prove the theorem by induction on k.



Step 1

Step k

The theorem is true for k = 1, because QEAQO contains clearly the Arnoldi-Ritz value in the upper
left 1 x 1 block.

Suppose the theorem is true for AW, A®) ... A1 This means that the columns of Qgx_1 Span
the Krylov subspace Xi(A,V). Then we will prove now that the conditions are sufficient to have that

the columns of 60;k span the Krylov subspace of %.1(A,Vv). We have the following equalities
AW = QfAk

= QEQ0x 1AQuk-1

= Qg:kAQO:k—l-
Therefore,

AQox-1 = QoxA¥
— — — — ~
A(QO:k—l‘ QO:k—l) (Qo;k| QO:k) AL

Hence, we have already that the columns of A6o;k,1 are part of the space spanned by the columns of
60;k. Note that the columns of A(ao;k_l span the same space as A%k (A, V). We have the following
relation: o

A%i(A,v) C Range( Qox)- 0)

With Range(A) we denote the vector space spanned by the columns of the matrix A. Since QE has a
zero block in the lower left position, we have that:

Qox = Qok-1Qk
QukQt = Qok-1-

Hence,

— — — —

( Qokl Qo ) Q= ( Qok-1/Qok-1 ) ~
Using the zero structure of the matrix QI we have:
< <
Range(Qok-1) = Kk(A,v) C Range(Qok).
When we combine this, with equation (2) we get:
Range( Qox) = Kicr1(AV).

This proves the theorem for AK),

5 Some general remarks

When we take a closer look at the matrix equation:

X = QuQok-1

- ( g%t > (60:k71|60:k71>a

we can see that the matrix Qf has the upper right (k+ 1) x (n— k) block of rank less than or equal to 1.
The upper right (k+ 1) x (n—k) block corresponds to the product 63;k60:k—1- The columns of the matrix
‘Gak span the Krylov subspace Ki.1(A,V) = &k(AV) + <Akv> and the columns of 3o;k,1 span the space



orthogonal to %k(A, V), which leads directly to the fact that the product 68:,((_50;;(_1, has rank less than or
equal to 1. The reader can easily verify that the similarity reductions of a symmetric matrix into a similar
tridiagonal or a semiseparable one, and the similarity reduction of a matrix into a similar Hessenberg or a
matrix having the lower triangular part of semiseparable form [9], perfectly fit in this scheme. Moreover
one can derive that the vector v equals es, if of course the initial transformation Qg equals the identity
matrix.

6 Conclusions

In this paper we derived two easy conditions satisfied by orthogonal similarity transformations, such that
the resulting partially reduced matrices have in the already reduced part the Lanczos(Arnoldi)-Ritz values
as eigenvalues. Moreover we proved that these conditions are necessary and sufficient.
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