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Abstract
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arbitrary polygonal domains Q C R?. These multiscale bases are weakly stable with respect
to the Lo norm. In this paper we show that these bases form strongly stable Riesz bases for
the Sobolev spaces H*(Q2) with s € (2, 3).
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1 Introduction

Powell-Sabin (PS) splines are functions in the bivariate space of C'* continuous piecewise quadratic
polynomials on a PS-refinement of a general triangulation A. Working with triangles makes it
possible to design surfaces with an arbitary number of edges, which is not possible with the tensor
product B-spline representation that is restricted to rectangular domains. In [19] we developed a
multiresolution setup for Powell-Sabin splines which is based on a triadic subdivision scheme [20].
Moreover the functions that are added from level to level do have one vanishing moment, i.e. their
integral vanishes, so we may refer to the multiscale bases as wavelet bases. In this paper we are
concerned with the stability of these PS-wavelet bases.

Stable multiscale bases were constructed first in [21], based on C° finite elements. They give
rise to Riesz bases for H*(Q), s € (1, %), with  a bounded polygonal domain in R?. For s > %,
C* piecewise polynomials can be used as shown in [7] and [16], where Hermite type finite element
bases are used which give rise to Riesz bases for s € (2, %) In [8] C* bases of Lagrange type are
constructed, which allow to enlarge the range of stability from s € (2, g) to s € (1, g) Since our
basis functions are of Hermite type, we will only be able to prove that they form Riesz bases for
s€(2,2).

The paper is organized as follows. Section 2 is devoted to the idea of multiresolution analysis
in the context of Dahmen et al. [3, 4, 5]. In Sections 3 and 4 we review the relevant aspects
and properties of a multilevel B-spline basis for Powell-Sabin splines. We also introduce quasi-
interpolants that are suitable for constructing a multiresolution analysis as seen in Section 2.
Finally, in Sections 5 and 6, the theory of multiscale decompositions is applied to show that our
multiresolution analysis for Powell-Sabin splines yields stable Riesz bases for H*(£) with s € (2, g)

2 Multiresolution analysis

In this section we briefly review the general idea behind multiresolution analysis and stable bases.
We use a general definition of multiresolution analysis in the context of [3, 4, 5].

Definition 2.1. A multiresolution analysis consists of

1. A Hilbert space H of functions defined on a bounded subset € R? with associated inner
product (-, )3, and norm || - ||3,.



2. A nested sequence of subspaces So C S1 C Sy C ... C H that are dense in H,
o0
Usi =
1=0

3. A collection of uniformly bounded operators

Qi:H— 5
with the properties
Qi = Qy,
QiQir1 = Qi
QH) = 5

for all integers [ > 0.

The spaces S; are spanned by bases ¢; = {¢1.,, : m € I;} which are stable, i.e.,

(2.1)

Z Cm¢l,m

mel;

1
2
HCHZQ(IJ) = <Z Cm2> ~

mel;

H

Here A ~ B means that both quantities can be bounded by some constant multiple of each other,
uniformly with respect to any parameters A and B may depend on. Similarly A < B is to express
that A remains uniformly bounded by a constant multiple of B. We will also refer to the functions
¢1,m as scaling functions.

One is interested in how much an approximation to a given f € H from S; changes when
progressing to the next higher resolution S;y;. Therefore we will look for suitable complement
spaces W) such that

Siri=S10oW,

as well as for stable bases ¥; = {¢1,,, : m € J;} of W) by which one can describe the correction
of a current approximation f; € S; in S;11. With the projectors @Q; given, we can define these
complement spaces as

W, = {S S Sl+1|QlS = 0}.

Hence we get a decomposition of H as the direct sum
H=SoeWodW1eWad---.

We will refer to the complement spaces W; as wavelet spaces and the functions v;,, € W, as
wavelets. For now we will neglect the fact that it is common to require from wavelets that they
have at least one vanishing moment. Thus, any f,, € S,, can be written in single scale representation

fn = Z Cm(z)n,m

mel,

or in multiscale representation
n—1

fn = Z Z dl,mwl,m’

l=—1medJ;

where we have set for simplicity ¥ _; := ¢, J_1 := .
The following definition introduces the concept of weakly and strongly stable multiscale bases
for H.



Definition 2.2. Let H be a Hilbert space with a multiresolution analysis and corresponding
multiscale basis ¥ := |J;°_; ¥;. The multiscale basis % is said to form a weakly stable basis for
H if for each n > 0

1
n—1 n—1 2
2
E § dl,m "Z]l,m ~ § § ‘dl,m | B
I=—1meJ; H l=—1meJ;

where the constants of equivalence have at most polynomial growth in n. If the constants of
equivalence are independent of n, the basis is said to be strongly stable.

3 Multilevel spaces of C'! piecewise quadratics

Let © be a bounded polygonal domain in R? for which there is a collection A of non-degenerate
triangles such that

L Q=Urea, Ts

2. The intersection of any two different triangles from A is either empty or a common edge or
vertex.

This collection Ay of non-degenerate triangles is called a triangulation of Q. A triangle T; of Ag
is said to be non-conforming if it contains a vertex of another triangle 7; of Ay, different from
its own three vertices. A triangulation Ay is said to be non-conforming if it contains at least
one non-conforming triangle. Otherwise it is said to be conforming. In what follows we will only
consider conforming triangulations.

Note that the boundary 92 of €2 is piecewise linear, and thus is Lipschitz with a constant
Lpq which depends on the size of the angles between the edges of 9€2. Because (2 is a bounded
domain we have that € satisfies the strong local Lipschitz property which implies the uniform cone
property [1].

Suppose we have a conforming triangulation Ag of 2. The Powell-Sabin refinement AF® of
Ag divides each triangle T into six subtriangles with a common vertex. It can be constructed as
follows (see Figure 1):

Figure 1: A PS refinement Al of A,.

1. Choose an interior point Z;;;, for each triangle T'(V;, V;, Vi) with vertices V;, V;, Vi, so that if
two triangles T'(V;, V;, Vi) and T'(V;, V;, Vi) have a common edge V;Vj, the line joining Z;;x,
and Z;; intersects this common edge V;V; at a point R;; between its vertices V; and V;. We
will choose Z,j;, as the incenter of triangle T'(V;, V;, Vi).

2. Join the points Z;;;, to the vertices V;, V; and V.



3. For each edge of T'(V;, V;, Vi)
e which belongs to the boundary 99, join Z;j; to the middle point of the edge.
o which is common to a triangle T'(V;, V;, W), join Z; i to R;;.

We discuss a triadic scheme for refining a given triangulation Ag and its associated PS-
refinement AZ 5 to produce nested sequences

A()CAchQC"' (31)

and

AP c AT cAlSc-.-. (3.2)
Algorithm 3.1. Let AYS be the PS-refinement associated with a triangulation Ag. For each
triangle T in Ao,

1. add a new vertex Viji, such that this new vertex coincides with the interior vertex Z;, of the
PS-refinement AES,

2. insert two new vertices on the edges each at one side of the R;; and connect these vertices
such that they form a hexagon. These new vertices have to be chosen in such a way that the
resulting hexagon contains the interior vertexr Vi,

3. connect the siz new vertices on the edges with the interior vertex Vi,

4. for each of the nine new triangles, a new interior point is determined on the line of the old
PS-refinement AF® that crosses the new triangle.

(a) (b) (c)

Figure 2: Principle of triadic subdivision. We place a new vertex at the position of the interior
point Z;;, and two new vertices on the edges each at one side of the R;;.

The steps of the algorithm are illustrated in Figure 2. It is clear that Algorithm 3.1 splits each
triangle of Ay into nine subtriangles. This process can be repeated as often as desired to produce
the nested sequences in (3.1) and (3.2).

Let V;, & and 7; denote the sets of vertices, edges and triangles in the triangulation A; obtained
after [ steps of Algorithm 3.1 on an initial triangulation Ay. Then the following equations can be
deduced from Algorithm 3.1:

#’Ii = 9 #7;717
#V = V1 +2-#E 1+ H#T,

and from Euler’s formula we get that

#HE =F#V 1 +2-#E 1 +10-#T 1 — 1.



Proposition 3.2. For alll > 0,
#T = 9 -#T,

3 7
#& = 3LV +2-37 & -3 + (59’ - 831> - H#To,
9t 7
#V = 37 2.3 #E -3 1+ (5 — 63l> - #T;.
Proof. This can easily be proved by induction. O

In the following we will require that the nested sequence of triangulations (3.1) is regular, which
means that the minimum angle of any triangle in any A; remains bounded away from zero and
that

37' < min |T| < max |T] <37!, €N, (3.3)
TeN,; Teh;

where |T'| is the diameter of triangle T'. Consequently we also have that
37'< min |T| < max [T] <370 l € Np.
TeAPS TeAPS
For each integer [ > 0 we consider the space 5; of C! continuous piecewise quadratic polynomials
with respect to AlP S the Powell-Sabin splines, which is defined as
S :={s€CY Q) :s|lp € Py forall T € AT}, (3.4)

where P, is the space of all bivariate polynomials of total degree at most 2. It is clear that the
spaces S; are nested, i.e.,

SocS,c---CcScC---. (3.5)
Powell and Sabin [17] showed that the following interpolation problem:
s(V)=f(V), Dus(V)=Dyf(V), Dys(V)=D,fV), VVe, (3.6)

has a unique solution s(z,y) in S;. Hence, the dimension of the space S; equals 3 - #V;.

4 Stable Powell-Sabin B-splines

For ease of notation we drop the sub/super-script [ which denotes the multiscale level and explain
the relevant aspects and properties of Powell-Sabin splines in the single scale setting. Dierckx [12]
presented a normalized B-spline representation for PS-splines on a triangulation A of €2,

#V 3

S(l‘,y) = chijBij(‘rv y) s (mvy) € Q7 (41)

i=1 j=1

where the B-splines form a convex partition of unity on £, i.e.

Bi;(z,y) > 0 for all x,y € Q, (4.2)
#V 3
Z Z Bij(z,y) =1 for all z,y € Q. (4.3)
i=1 j=1

Furthermore these basis functions have local support: B;;(z,y) vanishes outside the so-called
molecule M; of vertex V; € V, which is the union of all triangles T € A containing V;.

The basis functions B;;(z,y) can be obtained as follows: find three linearly independent triplets
(oij, Bij, Vi), § = 1,2, 3, for each vertex V; € V. B;;(z,y) is the unique solution of the interpolation
problem (3.6) with (f(Vi), Daf (Vi) Dyf (Vi) = (6ricuij, OkiBij, Okiyij ), where 0y; is the Kronecker
delta.

The triplets (oij, 8ij,vij), J = 1,2,3, must be determined in such a way that equations (4.2)
and (4.3) are satisfied. To find appropriate triplets («j, Bij,7;), J = 1,2,3, we use the algorithm
from [12].



Algorithm 4.1.

1. For each vertex V; € V, find its PS-triangle points. These are the middle points of the edges
mn ~APS that contain vertex V;, and vertex V; itself. Figure 3 shows the PS-triangle points
L,L,L' and Vy for the vertex Vi in the triangle T(Vy, Va, V).

2. For each vertex V; € V, find a triangle t;(Qi, Qi2, Qiz) which contains all the PS-triangle
points of Vi from all the triangles T in the molecule M; of vertex V;. These triangles t;,
t=1,...,#V, are called PS-triangles and we denote their vertices with Q;;(Xj,Yi;). Figure
3 shows such a PS-triangle t;.

3. Three linearly independent triplets of real numbers (aij, Bij,vi;), 7 = 1,2,3, can be derived
from the PS-triangle t; of a vertex V; as follows:

(i1, uo, ay3) are the barycentric coordinates of V; with respect to t;, (4.4)
Yio =Yz Yis—Yu Yu—-Y
(/81'17 6i276i3) = < ) ) ) ) (45)
e e €
Xig — Xiog X — Xiz Xipp — X
(i1, iz, Vis) = ( > ) ) (4.6)
e e e
where

X Ya 1

e=| Xig Y2 1

Xis Yz 1

Qi3

Figure 3: PS-triangle points and PS-triangle.

Figure 4: B-spline with control triangles.

This allows to define the useful notion of control triangles. First, we define with the notation
introduced above the PS-control points as

Cij (X35, Yij, cij)- (4.7)



For fixed i, they constitute a triangle Ti(Cil, Ci2,Cy3) that is tangent to the surface at (V;, s(V;)),
see Figure 4. The projection of the control triangles T; in the (z,y) plane are the PS-triangles ;.

The following theorem states that the B-spline functions constructed by Algorithm 4.1 form a
stable basis with respect to the Lo, norm.

Theorem 4.2. The B-spline basis is a stable basis for the Lo (Q) norm, i.e,

#V 3
> > ciBij(w,y) ~ lcf|oo-
e Loo(®)
Proof. For the proof we refer to the work of Maes et al. [15]. O

Let us now return to the multiscale setting. For each level [ > 0 we have a corresponding
triangulation A; of Q. With each triangulation A; we have a corresponding B-spline basis {ij}
for the space S;. From Theorem 4.2 we get that

1Bl L) ~ 1. (4.8)

If we combine this result with the local support of the basis functions and the regularity assumption
(3.3) on the triangulation A;, then we can deduce that [19]

1Bl Loy ~ 37"

These properties immediately imply that the bases {SZij}, [ > 0, are uniformly Lo-stable, i.e.,

#Vi 3
> eiBl,y) ~ 37! ¢l (4.9)
i=1 j=1 L2(9)

for arbitrary coefficients c;;, and the constants of equivalence are independent of /. From the
Markov inequality for polynomials in Py (see e.g. [13]), the regularity assumption (3.3), and
equation (4.8) it is not so difficult to prove that

IDEDYBL |1 (o) S 3"FA), 0<a+p<2 (4.10)

From (4.1) and the construction of the B-spline basis we have

s51(Vi) Ci1 ol aly alg
Dysi(V;) | = AL e with  Al=1| 8, By B |, di=1,...,#W.
Dys;(V;) Ci3 Yao Y s

With Definition 2.1 in mind we will now introduce the following quasi-interpolants @Q; : H — 5;
given by
#V 3

Quf =Y > ui (Bl (,y), (4.11)

i=1 j=1

where the uéj are linear functionals of the form

1ty (f) F(Vi)
o (f) | = (AD™ | Daf(Vi)
1t (f) Dy f(V7)

Clearly the operator @, satisfies
Qis; = si, Vs € 5y,

and

Quf(Vi) =f(Vi),  VQf(Vi) =V[f(Vi), i=1....#W.
The following proposition shows that the operators @); are suitable for constructing a multiresolu-
tion analysis.



Proposition 4.3. For each | > 0 we have
QiQuy1 = Q1.
Proof. From the construction of Q; (4.11) we know that
Quaf(V)=f(V),  VQuif(V)=Vf(V), VVeEV.

Then it is also obvious that

QiQui1 f(V) = f(V), VQiQi+1f(V) =Vf(V), VYV eV C Vi,

and
Qif(V) = f(V), VQif(V)=V[f(V), VYV eV CViyr.
From the uniqueness of the interpolation problem (3.6) we conclude that @Q;Q;+1 = Q. |

The operators Q; satisfy the following approximation property.
Proposition 4.4. Letn > 1 > 0, then
Q30 Lo S 32" Isnll o), Sp € Sp.

Proof. Fix (z,y) in a triangle T € AP, From the work in [14] we can extract that

1Q1f (=, 9)] SN fllzee(r) + TN D fll oy + 1Dy fll Lo

If we apply this inequality to s, in combination with the regularity assumption (3.3) and the
Markov inequality for polynomials [13] we find that

1QusnllLe @) S lIsnllLo@ +37 3" Isnlln@) S 3" sl -
If we use Theorem 4.2 and equation (4.9) then we find that
373" sl L o)

3" el Lo

322t ll5nll Lo

1QisnllL. )

IANRZANRIA

O

Until now we did not specify a Hilbert space H. Note that the operator @; is not bounded on
the space Lo(€2). In the next section we will prove that certain Sobolev spaces are suitable for a
multiresolution analysis.

5 Approximation properties
Many applications of multiresolution rely on the approximation properties of the spaces S;. The

main theorem of this section (Theorem 5.7) is build on these approximation properties and it states
the existence of Hilbert spaces H*(Q2) such that

£ W) ~ D37 (@1 = Q=) fllToys  f € HAQ)
=0

We mention that many of the proofs below are inspired by the work in [10, 16, 7, 8].
First we will introduce some appropriate function spaces. By W;n(ﬂ), meN 1 <p< oo, we
mean the usual Sobolev space, i.e. the set of all functions in L,(£2) whose distributional derivatives



of order less than or equal to m are in L,(£2). We can define the following norm for these Banach

spaces
1By = 30 IDEDEAI, -
a+B<m

with « and 3 positive integers. We will also use the semi-norm
P — B £||P
gy = S IDEDLTIL, .
a+pB=m

For the special case p = 2 we will use the notation H™(Q) = W3 (). These spaces H™(Q2) are
Hilbert spaces with inner product

(f, 9 am) = Z <D3D5f,D?D59>L2(Q)-
a+pB<m

We also define spaces W) (Q) for arbitrary real values of s > 0 and 1 < p < oo. These spaces
coincide for integer values of s with the spaces W;*(€2). If s is not an integer, we write s =m +o
where m is an integer and 0 < o < 1. Then W () is a Banach space with respect to the norm

\D“Dﬁfﬁ DEDIF@
1y = 1 Wiy + 3 / / .

a+pB=m U

Again for the special case p = 2 we write H*(Q) = W5 () and the spaces H*(f2) are Hilbert spaces
for arbitrary real values of s > 0 with inner product

(D3 DY (f(@) — f(9)))(Dg Dy (9(a) — g(v) ..
(fs@ s = {f, 9 am (o) + Z / / = U‘2(1+0)y dads.
a+pB=m
Proposition 5.1. The operator Q, is bounded on H*(SY) with s € (2,3].
Proof. We will prove that H*(Q) C C'(Q) where C*(Q) is a Banach space with norm

_ anp
Wllera = o e, e, 1Pz Pl (vl

Then the boundedness of Q; follows from the Uniform Boundedness Principle. We know that €2
satisfies the strong local Lipschitz property and the uniform cone property. The special case s = 3
follows immediately from the Sobolev imbedding theorem (cf. Theorem 5.4 in [1]). Now suppose
that 2 < s < 3. Define ¢ = %, then 2 < ¢ < co. By the direct imbedding theorem for fractional
order Sobolev spaces (cf. Theorem 7.58 in [1]) we have that

H*(Q) = W5(Q) € W2().
The Sobolev imbedding theorem (cf. Theorem 5.4 in [1]) yields that for ¢ > 2
_ 2
2 LA _
W, (Q) Cc C(Q), O</\§1—E—s—27
where the space C1*(Q) is defined as the subspace of C'(Q) consisting of those functions f for
which D, f and D, f satisfy in Q a Hélder condition of exponent A. This yields H*(Q) c C1(Q). O

The following theorem states that the quasi-interpolation operator Q; maps H*(Q2), 2 < s < 3,
into S; such that @Q;f approximates f and its derivatives to optimal order.

Theorem 5.2. For each f € H3(S) we have that
1D2DE(f — QL) S 377 flgae
for all0 < a+ B <3, and for each f € H*(?), 2 < s < 3, we have that
1D2DE(f — Qo) S 3727 fl g2
forall0 <a+p<2.



Proof. The proof of this theorem is based on the well-known Bramble-Hilbert lemma [2]. For a
detailed proof we refer to the work of Maes et al. [14]. d

From Theorem 5.2 it is clear that
Jim 1 f = QufllLo) =0

for all functions f € H*(Q), 2 < s < 3. From this we obtain that such a function f € H*(Q) can
be decomposed as

o0
F=Y o @€s,
1=0

in the sense of Lo. Moreover, we can also use the decomposition

=) (Q—Qi-1)f,
=0

with Q—l = 0.
We introduce the difference operator

AEN@) = ( ’ ) (1 f (e g) + 7). (2y) € R,

and define the r-th order Lo-modulus of smoothness of f € Ly(2) (see e.g. [9])

wr(f,t) = sup [|ALfIl 1, ey (5.1)
|h|<t

where Q(r}_i) = {(z,y) € Q: (z,y) +jh€Q, j = 0,...,7}. The r-th order Ly-modulus of
smoothness has the following properties

wr(fit) < 27| fllLa@)s
lim w,.(f,t) = 0, (5.2)

t—04

we(f+g,t) < w(f,t) +wrg,t).

N

A deeper property of moduli of smoothness is the equivalence with certain K-functionals. Given
f € La(Q) define
K, (f,t):= inf — +t" - . 5.3
(f,t) et {IIf = gllza) + 719l } (5.3)
Given that Q is a bounded polygonal domain in R? one can obtain that

KT(f7 t) Nwr(fv t)' (54)

See [6] for the result and some references.
For a function f € Ly(Q), let

Ei(f) = giggl If = 9llLa)s 1>0

be the error in approximating f by the elements of S;. We will now prove the classical Jackson
and Bernstein inequalities for the space S; of Powell-Sabin splines on a triangulation A;.

Theorem 5.3 (Jackson estimate). For each f € H3(Q), we have the Jackson inequality

Ei(f) Sws(f,37"). (5.5)

10



Proof. From Theorem 5.2 we know that

g — Quallra) < 379l (@) g € H*(Q).
Then

1f = Qullo) = IIf = 9llrae) + 119 — Qudll oo
S NF = gllia@ + 37 9lms @
From the equations (5.3) and (5.4) we get
inf ||f — < -h.
Inf [If = Qugllza@) Sws(f:37)
O

Theorem 5.4 (Bernstein estimate). For each ! > 0, and each r = 1,2, 3, we have for A :=r— %

the Bernstein inequality
. A
wr(g,t) S (min{1,3'3)" lgill o)y 90 € St (5.6)
Proof. Since for t > 37! this inequality reduces to

wr(gi,t) S Nlgill o)

which directly follows from (5.2), we concentrate on ¢t < 37!, From the definition of the operator
Q; (4.11) we can write

#Vi 3
gz, y) = Quar(x,y) = > ki (9) Bl (),
i=1 j=1
and also
#Vi 3
(A%g)(,y) =D > pki(91)(ALBL) (x, ).
i=1 j=1

For any (z,y) € © at most 9 B-splines are nonzero at (z,y), hence

#Vi 3
(Arg) (@, y)P <9 > ki () PI(A Bi) (w,y) . (5.7)
i=1 j=1
We shall give two estimates for |(A%Bﬁj)(x7 y)|. First define l_‘,i-j as the set of all (z,y) such that

(z,y) and (z,y) 4+ rh are in the same triangle T € AFPS and suppBéj NT # 0. Then Bﬁj is
a polynomial on T whose r-th order derivatives can be bounded by the Markov inequality for
polynomials (4.10) and we find that

(ArBL) @yl S G, (o) €T, 653

The second estimate is for the set f‘lu which consists of all (z,y) such that (z,y) and (z,y) + rh
are in different triangles from A% and ij does not vanish identically on both of these triangles.
It is easy to see that B,fj € Wr1(€). Hence Bﬁj has (r — 1)-th order derivatives whose L (2)
norms do not exceed ¢3!~ (4.10). We find that

[(AZBL) (@ y)| S B'R)™, (2y) €T (5.9)

The set I‘éj has measure < (37)2 because the support of ij has measure < (37)2, and a similar

argument shows that flij has measure < |h|37.

11



If we combine the estimates (5.8) and (5.9) with the estimates for the measures of I'}; and f‘lij
we obtain

r pl 2 LE\2r (=12 LEN2(r=1) 79—
/Q(Tﬁ)‘(AgBij)(%y” < @AY+ @AV (RI3

A

‘E|2)\321}\3—21 (510)

where we have used that k| < ¢ < 37
We integrate (5.7) and use (5.10) to find

#Vi 3
IAFIE armyy S D2 D iy (90) PIRI8#2372,

i=1 j=1

VY, 3 _
and because Y7 S0 372l (g1)[2 ~ [|gr]|2 o (4.9) we get

1850117 iy < (A3 9nllZ, -

We now define the scale of auxiliary spaces A3  ({S:}) as follows:

Definition 5.5. A function f € L,(Q) belongs to A5 = A5 ({Si}) for some fixed s > 0,
1 < p,q < oo if there exists a sequence g; € S;, [ =0,1,... such that f = Z;ﬁo gi in the sense of
Ly, and [[{3"(|g:]| (@)}, < 0o. The norm on A3 . is defined as

/]

a3, = inf 13" 911l .0 qu

where the infimum must be taken with respect to all admissible representations > o, g; of f.

In order to work with the abstract A} -spaces in applications, we must relate them to the more

convenient function spaces of Besov—Sobolev type. Let B‘;A’q(ﬂ), s> 0,1 < p,q < oo, denote the

Besov spaces, i.e., the Banach spaces of functions f € Ly(€) with the norm

I£1l5; ) = Ifll @ + I{8%wr(£,37 )}, < oo,

where the choice of the integer r > s is arbitrary. It is well known that

H*(Q) = W5(Q) = B; ,(9), s> 0. (5.11)
The following fact can be extracted from the results in [16].
Proposition 5.6. Suppose the nested spaces {S,} satisfy Jackson estimates (5.5) for all f €
H3(Q), as well as Bernstein estimates (5.6) for v = 3, then

5
A3 5 = B3 ,(9), 0<s< 7
Equation (5.11) and Proposition 5.6 yield

oo
5
2 : 2s 2
Q) ~ inf 3 , 0<s<—. 5.12
£ () WESI=T, o g ||ngL2(Q) 9 ( )

We can now prove the main theorem of this section.

Theorem 5.7. Choose s € (2,5). Then it holds that

£ Wy ~ Y37 (@1 = Q=) fllT )y f € HY(Q). (5.13)
=0
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Proof. First we mention that from Proposition 5.1 it follows that (Q; — Q;—1)f is well defined for
all f€ H*(Q) and s € (2,3).
From (5.12) it is sufficient to prove that

oo oo

inf 3213 . 2 ~ 32ls Ql _Qlfl f 2 .
sy o 28 Nl ~ 323 )
Since (Q1 — Qi—1)f € Sy and Y;°(Q1 — Qi—1)f = f the inequality “<” is trivial and we will
concentrate on the inequality “>”. Let f = >;° g/ with g; € S;. Since the quasi-interpolants Q;
are projectors and the spaces S; are nested, we have (Q; — Q;—1)S, = 0 when n <[ — 1. From
this, Cauchy Schwartz and Proposition 4.4 we have

Z 23213((621 = Q1-1)9n, (Q1 — Qi-1)9n’) 1o ()
n,n’=0 [=0
oo min{n,n'}
_ Z Z 32ls<(Ql — Qlfl)gn» (Ql - Qlfl)gn/>L2(Q)
n,n’'=0 =0
oo min{n,n'}
S Z Z 32[8 (”ngnHLQ(Q) + ||QlflgnHL2(Q)) (Hngn/”LQ(Q) * ||Qlilgnl|‘L2(Q))

n,n’'=0 =0

oo min{n,n'}

S D > 3 g @) gl Lage)-

n,n'=0 =0

The last expression can be rewritten as

>

n,n’=0

min{n,n’}

> 3T g L) B Nl gl o))
1=0
which is equivalent to

Z 3(5—2)(2 min{n,n'}—n—n )(3ns”gnHLZ(Q))(gn’ng"/ HL2(Q))'

n,n’=0

The factor 3(s=2)@min{n.n'}=n-n") Kecomes very small if [n —n’| > 0. In fact, the infinite matrix
[3(s=2)@min{nn'}=n=nT]  y defines a bounded mapping on l. Therefore

Y @m0 |1, ) 3™ g o) S D 37 l9nllZ )
n,n’=0 n=0

Since the splitting f = >, g was arbitrary, we have derived that

oo oo

DD (@ = Qi1)gn, (@1 = Qu1)gn) La(e) S inf Y37 gnll7, 0)-

inf
Sp:f= S f=
GESLf=3, 3 =0 1=0 qESHf=Y i 70

Because f € A3, (Proposition 5.6) we know that the right expression is bounded. Then from
the derivation made above it follows that the left expression is absolutely convergent and we are
allowed to write that

Z Z 32ls<(Ql —Qi-1)gn, (Q — Qlfl)gn'>Lz(Q)

inf
Si:f=
gieSf Zl g n,n’=0 =0

oo

Z Z 32ls<(Ql — Ql,1)9m (Ql - Qlfl)gn’>L2(Q)

=0 n,n'=0

inf
GESI:f=" 31
o0

_ Z 325)1(Q; — Q171)f“%2(9)'

=0
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We conclude that

32ls _ B 2 < inf 32ls 2 .
; Qi — Qu-1) fll7, ) S pesiis ; 9170

O
As a consequence of (5.12) we can show that the nested sequence of spaces S is dense in H*(),
2<s< 5.
Proposition 5.8. The spaces {Si}72, are dense in H*(2), 2 < s < 2.
Proof. Let f € H*(Q) and write f = ), h; with h; € S; in the sense of Ly. It is sufficient to prove
that
lim inf - sy = 0.
Jim o 1 = gl =0

From (5.12) we get that

n
li inf _ 2 . — 1i inf _ 2 s
S ot 1 =gl = JHm nt 1 = 3 el
n
< . o 2
< o I -l 3 all
o0
. 21 2 —
= Cgl,l}f,lgslgg b= gullz, ) = 0-

6 Stable Powell-Sabin wavelets

In [20], Vanraes et al. present a subdivision scheme to compute a representation (4.1) of a PS-spline
on a triadic refinement A; 7 of A;. This subdivision scheme is used as the prediction step in the
Lifting Scheme [18] to create second generation Powell-Sabin wavelets in [19].

It is convenient to write the following in matrix form. To indicate scaling and wavelet functions
we will use the same notation as in Section 2. From (4.9) we know that the bases {3'B};}, 1 > 0,

are uniformly Lo-stable. Therefore we define new basisfunctions ¢, := 3!B, for S; such that

sifz,y) =g and  [lgeif L) ~ lleills-

We can do the same for the complement spaces W; and define 1; as a set of basis functions for
W;. A spline s;41 in S;41 = S, & W, can now be written as

sip1(w,y) = ¢rer + ;.

From the construction in [19] we know the existence of matrices P; and Q; such that

[‘7—’71 ¢l]=¢l+1[Pl QlL

and such that the wavelets 9, (see Figure 5) have one vanishing moment, i.e. they satisfy
(LYim)n, =0,  Vme .

Denote M; = [P; Qu], then we can find a multiscale representation for ¢, ; as

[d’o 1/’0 "f’l"'d’l—l wl]:¢l+1TZa
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Figure 5: The Powell-Sabin wavelet 1 .

T, — Ml 0 Ml,1 0 MO 0
N | 0 I o I/

When doing the wavelet transform there should be no significant loss of accuracy in the data,
or in other words the condition numbers should remain uniformly bounded

1T, (T M = 0(1), - oo (6.1)

From Dahmen [4, 5] we know that the wavelet transform T, is uniformly stable, i.e. (6.1) holds,
if the multiscale basis ¥ = [J;2_, v, is a Riesz basis. A necessary condition is that each basis
1, is a uniformly stable Riesz basis or alternatively that the condition numbers of the one level
transforms M; are uniformly bounded in [, i.e.

ML, (M) 7H = O(1). (6.2)

Equation (6.2) was already proven in [19] and the wavelets 1p; form a Lo-stable Riesz basis for W;.
Evidently the basis ¢; U1, is also a La-stable Riesz basis for ;1. Thus, according to Definition
2.2, the multiscale basis 1) forms a weakly stable basis for La().

As a consequence of the Riesz Representation Theorem, (6.2) is equivalent to the existence of
another Lo-stable Riesz basis ¢, Uy, = {¢1m : m € L1} U{t1m : m € J;} which is biorthogonal to
¢ Uy, ie.

(Blim: Bin)ra@) = Omons m,n € I,
Wl Vin)La@) = Omms  Man € Jy,
(Dloms Vrnd o) = O, mel,nelJ,
(Brm: Vin) o) = O, m € I,n € J;.

The dual scaling functions (}51 span a space S; and the dual wavelet functions 12)l span a space Wj.
Let f € Si41 and f € S;41, then we have the following expansions,

[= Z (f, Btm) Lo () Drim + Z (s tm) Lo ) Vi (6.3)
mel; meJ;

f= Z (s btm) Lo Brom + Z (F 1m) a9y Ptm- (6.4)
mel; meJ;

Proposition 6.1. The dual wavelets 1,~Z)l have three vanishing moments, i.e.
(W,@z,mhz(n) =0, VrePy, 1>0, meJ,
where Po is the space of all bivariate polynomials of total degree at most 2.

Proof. Because m € S we get from (6.3) that ZmeJl (m, 'l;l’m)Lz(Q)wl’m = 0. The wavelet functions
{Y1,m : m € J;} form a basis for W, thus (m, zﬁl,mﬁz(g) =0. O
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The dual basis ¢, U 4, is not unique. We will construct a dual basis such that

diam(supp ér.m) ~ diam(supp ¢pm), (6.5)
diam(supp Ypm) ~ diam(supp Ypm). (6.6)
Consider all the scaling functions ¢, = {¢,m} whose support vanishes not identically on the

molecule le of vertex V; € V;, which is the union of triangles in 7; that contain this vertex V; € V.
By construction we know that there are (at least) 3 scaling functions in the set ¢ ,;: whose support

coincides with the molecule M}. It is also clear that the set (¢ M,f)‘ M! forms a stable basis for
Silar- Define G as the Gram matrix of the functions in ¢y, restricted to the domain M. Thus
after reordering some indices we can write that Gy, 4 = (¢1p, ¢l,q>L2(Mj) with ¢;, and ¢; ; members
of the set ¢le and p,q € {1,..., #(,‘leg}. The matrix G is invertible and we write G;,¢11 =bpg.
Now define gz;l_yq =2, bpg®ipl i, then for an arbitrary function ¢;,, € ¢y,

<¢l,q7¢lr L2(92) prq ¢l,p7¢lr Lz(]\/[") = prq p,r — 5(1 T

thus the set &) Ml = {qgl,q} is biorthogonal with respect to ¢ M! and the supports of the dual
functions ¢, satisfy diam(supp ¢1,) ~ diam(M}). Let ¢pm € ¢ be one of the scaling func-
tions with supp ¢;m = M} and let qglym € (}Miz be its corresponding dual function. Then
we have that <€Z~Slm7¢l n)La(Q) = Om,n for all functions ¢, € d)M%. Moreover we have that
(c;bl m> Plin)L2(Q) = Om,n for all functions ¢, for all n € I;. This way we construct a dual ba-
sis ¢, for ¢, with dlam(supp ¢>l m) ~ diam(supp ¢ ). The construction of a dual basis W, for o,
with d~1am(§upp Yim) ~ diam(supp 1,m) 1s analogous. And of course there will also exist a dual
basis ¢, U, for ¢; U, such that both (6.5) and (6.6) are satisfied.

The following proposition summarizes the key properties of our wavelets and their dual coun-
terparts.

Proposition 6.2. The elements of 1, and {bl all have compact support that scales properly, i.e.

diam(supp Yi.m ) ~ diam(supp 1/~Jl7m) ~ 37 (6.7)

The wavelets are normalized in Lo, i.e.

[1.m| a2y ~ [Pmll La) ~ 1. (6.8)

The wavelets satisfy the following cancellation properties,
Kfbim) o)) S 37 lme) (6.9)
I Pmd o] S 37 flmaq). (6.10)

Proof. (6.7) follows immediately from the construction of 4, and '¢l, and (6.8) is a trivial conse-
quence from the fact that both 1; and ¢l form a Lo-stable Riesz basis for W, respectively W;.
The vanishing moments of 9 ,, and wl,’m imply that

f, Yrm) o) = gg&\(f = ¢ Vm) Ly

< inf I1f = cllra@ Yimllzae),
(f s m) o) = Jnf [(f f =7 m) )]

<

ﬂlg% If =7l L@ [Yemll L)

Standard estimates on local polynomial approximation (see e.g. [10, 11]) yield
inf ||f — 7l r,c) S (diam G)FH | f] e g
TEPk

Together with (6.7) and (6.8) we find (6.9) and (6.10). O
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As a consequence of Theorem 5.7 we can also prove that the basis [J;,{37*!4,_,} is a strongly
stable basis for H*(Q), 2 < s < 5.

Theorem 6.3. The multiscale basis | J;= {37 'p,_ } is a strongly stable basis for H*(Q), 2 < s <

g, in the context of Definition 2.2.

Proof. Since the wavelets 1, form a Lo-stable Riesz basis for W; we find from Theorem 5.7 that

£~ D 320N dthim, )

I=—1 meJ;
e
~ § 32(l+1)s § ‘dl,m|2~
I=—1 meJ;

Hence,

o0 o0
I a3 ey ~ Y D ldiml*.

I=—1meJ; l=—1meJ,
O

Note that a similar proof yields that U;’io{?)(l_s)lBéj : Bl; € W} is a strongly stable basis for
H*(),2<s< 2.
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