A Superfast Solver for
Real Symmetric Toeplitz Systems Using
Real Trigonometric Transformations

G. Codevico G. Heinig M. Van Barel

Report TW 386, March 2004

Q@*'??/,, . . . .
' Katholieke Universiteit Leuven

&

& =1 .

i 2 Department of Computer Science

2 | X

% i 5 Celestijnenlaan 200A — B-3001 Heverlee (Belgium)
9 1425 &

KR



A Superfast Solver for
Real Symmetric Toeplitz Systems Using
Real Trigonometric Transformations

G. Codevico G. Heinig M. Van Barel

Report TW 386, March 2004

Department of Computer Science, K.U.Leuven

Abstract

A new superfast O(nlog? n) complexity direct solver for real sym-
metric Toeplitz systems is presented. The algorithm is based on
1. the reduction to symmetric right-hand sides, 2. a polynomial inter-
pretation in terms of Chebyshev polynomials, 3. an inversion formula
involving real trigonometric transformations, and 4. an interpreta-
tion of the equations as a tangential interpolation problem. The
tangential interpolation problem is solved via a divide-and-conquer
strategy and fast DCT.
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SUMMARY

A new superfast O(n log? n) complexity direct solver for real symmetric Toeplitz systems is presented.
The algorithm is based on 1. the reduction to symmetric right-hand sides, 2. a polynomial
interpretation in terms of Chebyshev polynomials, 3. an inversion formula involving real trigonometric
transformations, and 4. an interpretation of the equations as a tangential interpolation problem. The
tangential interpolation problem is solved via a divide-and-conquer strategy and fast DCT. Copyright
(© 2000 John Wiley & Sons, Ltd.

KEY WORDS: symmetric Toeplitz matrix, superfast algorithm, tangential interpolation, cosine and
sine transform

1. INTRODUCTION

In this paper a new fast algorithm for the solution of linear systems of equations
T,x=Db (1)

with a nonsingular real n x n symmetric Toeplitz coefficient matrix 7;, = [a};_; ]f;:lo is

presented that computes the solution with computational complexity O(n log? n). Algorithms
with this complexity can be found in the literature, in [12], [2], [3], [4], [1], [8], [16] and other
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SUPERFAST SOLVER FOR REAL SYMMETRIC TOEPLITZ SYSTEMS 1

papers (see [13]). There are also algorithms with complexity O(nlog®n) (see [14]). All these
algorithms are based on the Fast Fourier Transform. In contrast to this, the new algorithm
is based on real trigonometric transforms. Since the complexity for trigonometric transforms
is essentially less than that one for complex FFT, even less than real FFT (see [15]), the
new algorithm should be, if the implementation details are worked out properly, faster than
previous ones.

For simplicity of presentation we assume throughout the paper that n is even and n = 2m.
The case of odd n is analogous.

The approach in this paper is based on the results from [6]. Let us sketch the main ideas.
We utilize the fact that a symmetric Toeplitz matrix is also centrosymmetric, which means
that J,T,J, = T,. Here J,, denotes the n x n matrix of counteridentity, which has ones on the
antidiagonal and zeros elsewhere. We set u = J,u. Due to centrosymmetry, (1) is equivalent
to two systems, one with a symmetric and one with a skewsymmetric right-hand side. These
systems can be written as m X m systems with a Toeplitz-plus-Hankel coefficient matrix

Ry = laji—j £ a1 )]2h (2)
respectively.

In Section 2 we show that the system with a skewsymmetric right-hand side can be reduced
to two systems with symmetric right-hand sides, so it is sufficient to consider systems with
coefficient matrix R,,. In the sequel, we skip the superscript “+” in R,!.

In Section 3 we show that the matrix R,, has a polynomial interpretation in terms of
Chebyshev polynomials of third kind. For this reason R,, is called Chebyshev-Hankel matriz (of
third kind) or briefly CH-matriz. In Section 4 we recall an inversion formula from [6] and show
how the inverse of R,, can be represented in terms of cosine transforms of two “fundamental
polynomials” and diagonal matrices. In Section 5 we show that the fundamental polynomials
can be found via the solution of a tangential interpolation problem. The translation into an
interpolation problem is different from that in [6]. It uses an idea from [5]. In Section 6 we
explain our algorithm and Section 7 reports about the numerical experiments.

2. REDUCTION TO SYMMETRIC SYSTEMS

Let R? denote the subspace of all symmetric and skewsymmetric vectors in R", respectively.
We introduce the matrices Py = %(In + J,). The linear operators corresponding to these
matrices are orthoprojectors onto R} and P, + P_ = I,. Since the symmetric Toeplitz
matrix maps R’} onto itself, the system (1) splits into the two systems T, x1 = Pyb, where
x = x_ + x4. This leads to the following.

+cy

Proposition 2.1. Suppose that P+b = [ } and y+ is the solution of Ryt = ci. Then

=[]

We show now that it is sufficient to solve systems with symmetric right-hand side. For this
n

the solution of (1) is given by

we use polynomial language. If x = (z;)"_;, then x(t) := > x;#"~1. Let W denote the operator
i=1

Copyright (© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0-0
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2 G. CODEVICO, G. HEINIG, M. VAN BAREL

defined by

(Wx )0 =

W maps R” into R . Since n is even, the map is onto. Let T denote the restriction from 7,
to R%.

x_(t) (x— € RT).

Proposition 2.2. The operators T and T_ are related via
T\ W —-WT_ =2ea’(S—1,)7},
where a = [ay ... a1],e=[1 ... 1] and S is the forward shift.

Proof. Let T_x_ =b_, z(t) = 17 x_(t). Since z € R, we have

Tz0:r+r
"10 z TooTry

for some ry € Rf_‘l and r = aTz. Hence

bo(t) = (t = Dry(t) —r (" = 1),

and )
1 =1
t)=——Db_(t —_—
rot)= b () +r
We conclude
1 ol —1 1 " —1
T,z)(t) = ——=b_(t R A — Y ( .
(T22)(t) = b (0) + 1 —— 71" = b ()
Let x4 = Wx_. Since x4 (t) = x_(¢t) + 2z(t), we have
t+1 t" —1
(Tex ) (6) = (T )(0) + 2 (Tuz)()) = 5 b () +2r -
In matrix language this means
T Wx_ =WIT_x_+2re.
It remains to mention that z = (Z — I,,)"'x_. W
This proposition can be applied to transform 7,x_ = b_ into systems with symmetric

right-hand sides. In fact, let T,,x; = b4 and T,,v; = e. From Proposition 2.2 we conclude
that T (Wx_ — 2rv,) = Wb_ for some constant 7, which implies x_ = W~ (x4 +2rv,).
The constant r can be found by multiplying one row of T}, by x_.

3. POLYNOMIAL INTERPRETATION

CH-matrices can be interpreted as matrices of multiplication operators in bases of Chebyshev
polynomials. We need Chebyshev polynomials of first and third kind (cf. [11]),

cos(k +1/2)6

ti(cosf) = coskd, hy(cosh) = 5/
oS

(keZ).

Copyright (© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0-0
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SUPERFAST SOLVER FOR REAL SYMMETRIC TOEPLITZ SYSTEMS 3

It is important to mention the symmetry properties
t_k(t) =ti(t), and h_p(t) =hr_1(t).
and the relations
2t;(H)he(t) = hipr(t) + he—i(t) = hipr(t) + hip_1(t) 3)

which immediately follow from the corresponding trigonometric identities.

2m—1

Proposition 3.1. Suppose that f(t) =ag+2 > agti(t). Then matrix M, of the operator
k=1

of multiplication x(t) — f(t)x(t), x € R™, with respect to the basis {hy(t)} is given by

3m—2, m—1
My, = [aji—j) + aivj1 120 j=o >

where we set a; =0 for i > 2m.

Proof. In view of (3), we have for j # 0

2m—1
FOhy(t) = aohy(t)+ > ak(byk(t) + by k(t))
k=1
omj—1 j—1 2m—j—2
= aohj(t) + Z ai_jhi(t) + Zaj_ihi(t) + Z ai+j+1hi(t) .
i=j+1 i=0 i=0

It remains to collect the coefficients corresponding to each h;(¢). W

The CH-matrix R,, is given by R, = [I, 0] M,,.
We introduce a notation. If u = (ug)7™,, then u*(¢) will denote the polynomial u*(t) =

m
>~ ughg(t). From Proposition 3.1 we conclude the following.
k=0

Corollary 3.2. The vectory is the solution of the system R,y = c if and only if f(t)y™+(t) =
2m—2

™ (t) + £ (t) for some £ (t) = 30 & higm(?).
k=0

4. INVERSION FORMULA

In this section we present a formula for the inverse of the CH-matrix R,,.
If B=[b;; ]an_:lo is any m x m matrix, then we denote by B (t,s) the bivariate polynomial

m—1

BY(t,s) = Y bijhi(t)hy(s) -

i,5=0
Let R, be a nonsingular CH-matrix as above and u’ and v’ be the solutions of

/ /
R,u =—-a, R,V =ep,

Copyright (© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0-0
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4 G. CODEVICO, G. HEINIG, M. VAN BAREL

where e, denotes the last unit vector in the standard basis of R™ and a = (an—i+@itn+1)ieg
and let the vectors u, v be defined by

(1] - [1]

Theorem 4.1. The inverse of Ry, is given by

_ Luf@®)vh(s) —vi(t)u'(s)

(R (ts) = — . @

The following is proved in [6].

Matrices like on the right-hand side of (4) are called CH-Bezoutian (of the third kind). The
polynomials u™ (¢) and v*(¢) occurring in (4) can also be characterized as solutions of

o -] S =0 ®)

2m—1 2m—1
for some p*(t) = prhy_14k(t), g (t) = qxhy, 145 (t) with normalization
k=0 k=0

e£+1[u V}:[l 0]7 p0:07 (Iozl

The importance of Theorem 4.1 for practical calculation consists in the fact that CH-
Bezoutians can be represented with the help of trigonometric transforms. Here we present
only one of several possibilities. More relations can be deduced from the representations in [9].

Let N > n be a power of 2 and M = N/2. We use the cosine transforms of third and fourth
kind which are defined as multiplication by

. . M—1 . .
Cy = [COSM} o= {COS (20 +1)(2j + D)

2M 4M o

M-1

i,j=0

respectively. For these transforms and their inverses O(M log M) complexity algorithms do
exist (see, for example [15]).
We introduce the numbers

Pj =cosj—7r o :cosi(zj—i_w7T
I oM’ aM -

and the diagonal matrices
A, = diag (p)M5* and A, = diag (O’i)JMZBI .
Then we have for a vector w € R
(WH(p2i41))ilo " = AZ'Caw and (W™ (p2)))j50" = A 'C5w,
and for a m x m matrix B,

[ BT (pais1, p25) |M2b = A;'CiBCsA !

i.j=0 =

Copyright (© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0-0
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Hence formula (4) can be written as
M-1

ASICiRICA = 1 {U(Pziﬂ)v(mﬂ — v(p2it1)ulps;)
2 P2i+1 — P25 i,j=0
or )
Ry =5 C M Ao(Do(W)2De(v) = Do(v)QDe(w))A,C5
where D,(u) = diag (u(pei+1))Mg?, De(u) = diag (u(py))iiy! (similarly for D,(v) and
D.(v)) and
1 M—-1
[
P2i+1 — P25

The matrix €2, in its turn, can be represented with the help of trigonometric transforms. One
of the possibilities is (see [9]))

4,5=0

Q= —A;'CiC5AS Y,

where

A, = diag ((—1)%,-)?1;1 , A, = diag ((—1)ipi)j\i;1
In that way a vector can be multiplied by a CH-Bezoutian with the help of 6 transforms of
length M plus O(M) operations. For preprocessing the data, assuming that u and v are given,

4 transforms of length M are required.

5. INTERPOLATION INTERPRETATION

We translate now equation (5) into an interpolation problem.

Let p; (j=1,...,N) be as in the previous section. It follows from trigonometric identities
that ,
hyik(p) =hn—k-1(p;) = (=1)’hi(p;) (k=0,1,...). (6)
Let p*(¢) and q* (¢) be taken from the solution of (5). We form the vectors

N—-m

N—m
k=0 > S = (QN—m—k + N —m+k+1 )I{):O .

r = (PN-m—k + PN-m+k+1)
Then, in view of (6), the polynomials r(t) satisfy

r(p)) = (=1’P"(pj), s"(p)) = (-1)a"(p;) (j=0,....N—-1).
Hence, taking in (5) the values at p;, the polynomials p*(¢) and q*(¢) can be replaced by

polynomials of degree N —m.
We form the matrix polynomial

_[wre v
o) = W) Tl |- 7)
If we take the highest order coeflicients in each row of ® y (t) we obtain I5. Let us call a matrix
polynomial with this property quasi-monic.

Theorem 5.1. Let ut(t) and v*(t) be the polynomials in Theorem 4.1. Then there exist
r,s € RVN=™%1 gych that ®x(t) defined by (7) is quasi-monic and satisfies the tangential
interpolation conditions

[£(ps) (=1 ]@n(p;) =[0 0] (j=0,....N—1). (8)

Copyright (© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0-0
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6 G. CODEVICO, G. HEINIG, M. VAN BAREL

6. DESCRIPTION OF THE ALGORITHM

We describe now an algorithm that solves (8) with O(N log® N) complexity. We assume, for
simplicity, that n is already a power of 2 and N = n. The idea is to split (8) into 2 subproblems
of half the size. First we find a quasi-monic matrix polynomial ®,,(t) of the same form like
®,,(t) the entries of which are of degree < m and which satisfies the interpolation conditions

Then we compute the residues

(2} 23] =[f(p2j+1) 1] @m(p2it1) (G=0,...,m—1).

After that we find a quasi-monic matrix polynomial ¥,,(¢) the entries of which are of degree
< m and which satisfies the interpolation conditions

[Zjl z?]\I/m(png):[O 0} (j:(L...,m—l).

Using cosine transforms this problem can be reformulated as an interpolation problem at pa;.
Finally we compute

By (1) = By () U (1)

using fast algorithms for the cosine transforms. The splitting is recursively repeated until a
size is reached for which the O(n?) complexity algorithm from [10] is applied.

7. NUMERICAL EXPERIMENTS

We consider double precision symmetric Toeplitz matrices T,, whose entries are real and
random uniformly distributed in [0, 1] with n = 2 for & = 1,...,15. Interpolation problems
of size less than or equal to 27 are solved by our fast-only algorithm and for each value of k
we consider 10 samples.

The right-hand sides b, € R™ of the samples are calculated such that z, = T, 1y, =
[1 --- 1]7. The calculations were done on a Pentium IV running at 2.66GHz having 1GByte of
RAM. Our software is written in C++ making use of the FFTW 3.0 package and the ATLAS
package. It is available at http://www.cs.kuleuven.ac.be/ marc/.

Figure 1 shows the relative norm of the residual using the fast-only and superfast algorithm
without any kind of refinement. For a dimension bigger than 2'2, the relative norm of the
residual becomes of the order 1. For dimensions smaller than 2'2, we can decrease the relative
residual norm by applying some iterative refinement steps at the Toeplitz level, i.e., when
the generators of the inverse of the CH-Bezoutian are computed and so they can be used to
refine the final soulution with fast Bezoutian multiplications requiring O(nlogn) floating point
operations. When using three of these steps, the results are given in Figure 2.

Figure 3 shows the execution time (in seconds) of the solution computed using the fast
interpolation algorithm (symbol +) and the superfast with (symbol ) and without iterative
refinement (symbol o) at the Toeplitz level.

In Figure 1, we have seen that for dimension larger than 2'2 the solution to the interpolation
problem should be computed with a smaller norm of the residual enabling the iterative
refinement at the Toeplitz level to work with success. To derive a solution of the interpolation

Copyright (© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0-0
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10
2 | +: solution computed with the fast interpolation ° B
10 o: solution computed with the superfast interpolation
o
oL o 9 g i
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Figure 1. W versus k = log,n for k =1,...,15.
n
10° T T T T T
+: solution computed with the fast interpolation
5 o: solution computed with the superfast interpolation
10° - *: solution computed with the superfast interpolation €
with 3 iterative refinement at the Toeplitz Level.
o
107+ 8 g 8
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10° F o ES
5 ? @ 1
s o } ]
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Figure 2. H”I_Ti"‘i”lh versus k = log,n for k=1,...,12.
n
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10 T T T

+: solution computed with the fast

0: solution computed with the superfast

*: solution computed with the superfast +
with final iterative refinements.

o 10" | 4
° *
§ + [¢]
£ M
2 " [°]
£ 10° b * . E
-]
+
%
107 é E
. &
®
* 2]
* e
107 &84 —@ | ! L L !
1 6 10 12 14 16

Figure 3. Timings of the fast and the superfast applying iterative refinements at the Toeplitz level.

problem having a smaller residual norm, we followed several strategies. We tried iterative
refinement at intermediate levels of the interpolation problem using inversion formulas for
coupled Vandermonde matrices (see [7]). However, it turned out that these inversion formulas
could not be evaluated in a numerically stable way. Therefore, we developed a slower but
effective refinement technique. In theory, the solution @ (¢) of the interpolation problem has
to satisfy the following equations

[£(ps) (=17 ]@n(p;) =10 0] (j=0,....N~1).

In practice we do not get the zero vector at the right-hand-side but a certain residual vector

[r1, 75.;]. Hence, when we can compute @y (t) satisfying
o) 17 g rag)| Y [ =00 =0 v ) )

with deg ® v (t) < deg ® n(t), we get the solution of the interpolation problem as ® y (¢)+® v (¢).

In practice, the right-hand-side of 9 will also not be the zero vector but it turns out that its
norm is smaller than the norm of [1 ; 79 ;] under weak conditions. The computation of @y (t)
requires again the divide and conquer approach, now for a 4 x 4 polynomial matrix instead of
a 2 x 2 one. This refinement approach can be applied at any level of the interpolation problem.
However, it is clear that it is an expensive refinement procedure. To decide at which point
in the recursive procedure, we had to apply this refinement procedure, we used a heuristic
based on the size of the interpolation problem at that point as well as on the norm of the
corresponding residuals. As is shown in Figure 4, it is an expensive strategy. So, research is
still needed to find a better heuristic and/or an inversion formula that is numerically stable
to apply for coupled Vandermonde matrices based on Chebyshev polynomials. The relative
residual norm before applying iterative refinement at the Toeplitz level is now much better as
is shown in Figure 5.

Copyright (© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0-0
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10° T \ T
+: solution computed with the fast
o: solution computed with the superfast +
x: solution computed with the superfast X
with intermediate iterative refinements. «
10 | x o
* X
x
+ ¥
80" F ¥ E
5 x X
o %
g tTox °
c %
2 § o
s + o E
+ [}
L]
107 § 8 E
®
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Figure 4. Timings of the fast and the superfast applying iterative refinements at each level except at
the Toeplitz one.

10 T T T
+: solution computed with the fast interpolation
0 o: solution computed with the superfast interpolation x x
100 = x: solution computed with the superfast interpolation 1
with intermediate iterative refinements. x x x
x X
102 | e ., X x A
x 8 ¥«
50T 8 ¥ X £
5 § X x X
g, x oz
20 £ 1
8 ? P x
3
2.8 o + +
glo r + + 7
- - g o
-10
10 . 9 2 1
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12
10 q
4 + é Q X
104 é 6 g
3
107 I I I I I I
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Figure 5. Residual of the fast and the superfast applying iterative refinements at each level except at
the Toeplitz one.
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8. CONCLUSIONS

In this paper we developed a superfast algorithm to solve real symmetric Toeplitz systems
using real fast trigonometric transformations. The numerical experiments indicate that our
method is indeed superfast for matrices up to size 2'2 of that specific class. However, for
bigger dimensions an efficient way to refine the solution at intermediate levels when solving
the interpolation problem is still missing.
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