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SUMMARY

A new superfast O(n log2 n) complexity direct solver for real symmetric Toeplitz systems is presented.
The algorithm is based on 1. the reduction to symmetric right-hand sides, 2. a polynomial
interpretation in terms of Chebyshev polynomials, 3. an inversion formula involving real trigonometric
transformations, and 4. an interpretation of the equations as a tangential interpolation problem. The
tangential interpolation problem is solved via a divide-and-conquer strategy and fast DCT. Copyright
c© 2000 John Wiley & Sons, Ltd.
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1. INTRODUCTION

In this paper a new fast algorithm for the solution of linear systems of equations

Tnx = b (1)

with a nonsingular real n × n symmetric Toeplitz coefficient matrix Tn = [ a|i−j| ]
n−1

i,j=0
is

presented that computes the solution with computational complexity O(n log2 n). Algorithms
with this complexity can be found in the literature, in [12], [2], [3], [4], [1], [8], [16] and other

∗Correspondence to: Marc Van Barel, Department of Computer Science, K.U.Leuven, Celestijnenlaan 200A,
B-3001 Leuven (Heverlee), Belgium

Contract/grant sponsor: The research of the first and third author was partially supported by the Research
Council K.U.Leuven, project OT/00/16 (SLAP: Structured Linear Algebra Package), by the Fund for
Scientific Research–Flanders (Belgium), projects G.0078.01 (SMA: Structured Matrices and their Applications),
G.0176.02 (ANCILA: Asymptotic aNalysis of the Convergence behavior of Iterative methods in numerical
Linear Algebra), and G.0455.0 (RHPH: Riemann-Hilbert problems, random matrices and Padé-Hermite
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papers (see [13]). There are also algorithms with complexity O(n log3 n) (see [14]). All these
algorithms are based on the Fast Fourier Transform. In contrast to this, the new algorithm
is based on real trigonometric transforms. Since the complexity for trigonometric transforms
is essentially less than that one for complex FFT, even less than real FFT (see [15]), the
new algorithm should be, if the implementation details are worked out properly, faster than
previous ones.

For simplicity of presentation we assume throughout the paper that n is even and n = 2m.
The case of odd n is analogous.

The approach in this paper is based on the results from [6]. Let us sketch the main ideas.
We utilize the fact that a symmetric Toeplitz matrix is also centrosymmetric, which means
that JnTnJn = Tn. Here Jn denotes the n×n matrix of counteridentity, which has ones on the
antidiagonal and zeros elsewhere. We set û = Jnu. Due to centrosymmetry, (1) is equivalent
to two systems, one with a symmetric and one with a skewsymmetric right-hand side. These
systems can be written as m × m systems with a Toeplitz-plus-Hankel coefficient matrix

R±
m = [ a|i−j| ± ai+j+1 ]m−1

i,j=0
, (2)

respectively.
In Section 2 we show that the system with a skewsymmetric right-hand side can be reduced

to two systems with symmetric right-hand sides, so it is sufficient to consider systems with
coefficient matrix Rm. In the sequel, we skip the superscript “+” in R+

m.
In Section 3 we show that the matrix Rm has a polynomial interpretation in terms of

Chebyshev polynomials of third kind. For this reason Rm is called Chebyshev-Hankel matrix (of
third kind) or briefly CH-matrix. In Section 4 we recall an inversion formula from [6] and show
how the inverse of Rm can be represented in terms of cosine transforms of two “fundamental
polynomials” and diagonal matrices. In Section 5 we show that the fundamental polynomials
can be found via the solution of a tangential interpolation problem. The translation into an
interpolation problem is different from that in [6]. It uses an idea from [5]. In Section 6 we
explain our algorithm and Section 7 reports about the numerical experiments.

2. REDUCTION TO SYMMETRIC SYSTEMS

Let R
n
± denote the subspace of all symmetric and skewsymmetric vectors in R

n, respectively.
We introduce the matrices P± = 1

2
(In ± Jn). The linear operators corresponding to these

matrices are orthoprojectors onto R
n
± and P+ + P− = In. Since the symmetric Toeplitz

matrix maps R
n
± onto itself, the system (1) splits into the two systems Tnx± = P±b, where

x = x− + x+. This leads to the following.

Proposition 2.1. Suppose that P±b =

[
±ĉ±
c±

]
and y± is the solution of R±

my± = c±. Then

the solution of (1) is given by

x =

[
−ŷ−

y−

]
+

[
ŷ+

y+

]
.

We show now that it is sufficient to solve systems with symmetric right-hand side. For this

we use polynomial language. If x = (xi)
n
i=1, then x(t) :=

n∑
i=1

xit
i−1. Let W denote the operator

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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2 G. CODEVICO, G. HEINIG, M. VAN BAREL

defined by

(Wx−)(t) =
t + 1

t − 1
x−(t) (x− ∈ R

n
−).

W maps R
n
− into R

n
+. Since n is even, the map is onto. Let T± denote the restriction from Tn

to R
n
±.

Proposition 2.2. The operators T+ and T− are related via

T+W − WT− = 2e aT (S − In)−1,

where a = [ an . . . a1 ], e = [ 1 . . . 1 ] and S is the forward shift.

Proof. Let T−x− = b−, z(t) = 1

t−1
x−(t). Since z ∈ R

n−1
+ , we have

Tn

[
z 0
0 z

]
=

[
r+ r
r r+

]

for some r+ ∈ R
n−1
+ and r = aT z. Hence

b−(t) = (t − 1)r+(t) − r (tn−1 − 1),

and

r+(t) =
1

t − 1
b−(t) + r

tn−1 − 1

t − 1
.

We conclude

(Tnz)(t) =
1

t − 1
b−(t) + r

tn−1 − 1

t − 1
+ r tn−1 =

1

t − 1
b−(t) + r

tn − 1

t − 1
.

Let x+ = Wx−. Since x+(t) = x−(t) + 2 z(t), we have

(T+x+)(t) = (T−x−)(t) + 2 (Tnz)(t) =
t + 1

t − 1
b−(t) + 2r

tn − 1

t − 1
.

In matrix language this means

T+Wx− = WT−x− + 2r e.

It remains to mention that z = (Z − In)−1x−.

This proposition can be applied to transform Tnx− = b− into systems with symmetric
right-hand sides. In fact, let Tnx+ = b+ and Tnv+ = e. From Proposition 2.2 we conclude
that T+(Wx− − 2r v+) = Wb− for some constant r, which implies x− = W−1(x+ + 2r v+).
The constant r can be found by multiplying one row of Tn by x−.

3. POLYNOMIAL INTERPRETATION

CH-matrices can be interpreted as matrices of multiplication operators in bases of Chebyshev
polynomials. We need Chebyshev polynomials of first and third kind (cf. [11]),

tk(cos θ) = cos kθ, hk(cos θ) =
cos(k + 1/2)θ

cos θ/2
(k ∈ Z) .

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
Prepared using nlaauth.cls



SUPERFAST SOLVER FOR REAL SYMMETRIC TOEPLITZ SYSTEMS 3

It is important to mention the symmetry properties

t−k(t) = tk(t), and h−k(t) = hk−1(t) .

and the relations

2 ti(t)hk(t) = hi+k(t) + hk−i(t) = hi+k(t) + hi−k−1(t) , (3)

which immediately follow from the corresponding trigonometric identities.

Proposition 3.1. Suppose that f(t) = a0 + 2
2m−1∑
k=1

ak tk(t). Then matrix Mm of the operator

of multiplication x(t) → f(t)x(t), x ∈ R
m, with respect to the basis {hk(t)} is given by

Mm = [ a|i−j| + ai+j+1 ]3m−2, m−1

i=0, j=0
,

where we set ai = 0 for i ≥ 2m.

Proof. In view of (3), we have for j 6= 0

f(t)hj(t) = a0hj(t) +
2m−1∑

k=1

ak(hj+k(t) + hj−k(t))

= a0hj(t) +

2m+j−1∑

i=j+1

ai−jhi(t) +

j−1∑

i=0

aj−ihi(t) +

2m−j−2∑

i=0

ai+j+1hi(t) .

It remains to collect the coefficients corresponding to each hi(t).

The CH-matrix Rm is given by Rm = [ Im 0 ] Mm.
We introduce a notation. If u = (uk)m

k=0
, then u+(t) will denote the polynomial u+(t) =

m∑
k=0

ukhk(t). From Proposition 3.1 we conclude the following.

Corollary 3.2. The vector y is the solution of the system Rmy = c if and only if f(t)y+(t) =

c+(t) + ξ+(t) for some ξ+(t) =
2m−2∑
k=0

ξk hk+m(t).

4. INVERSION FORMULA

In this section we present a formula for the inverse of the CH-matrix Rm.
If B = [ bij ]m−1

i,j=0
is any m×m matrix, then we denote by B+(t, s) the bivariate polynomial

B+(t, s) =

m−1∑

i,j=0

bij hi(t)hj(s) .

Let Rm be a nonsingular CH-matrix as above and u′ and v′ be the solutions of

Rmu′ = −a, Rmv′ = em,

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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4 G. CODEVICO, G. HEINIG, M. VAN BAREL

where em denotes the last unit vector in the standard basis of R
m and a = (an−i+ai+n+1)

m−1

i=0
,

and let the vectors u, v be defined by

u =

[
u′

1

]
, v =

[
v′

0

]
.

The following is proved in [6].

Theorem 4.1. The inverse of Rm is given by

(R−1
m )+(t, s) =

1

2

u+(t)v+(s) − v+(t)u+(s)

t − s
. (4)

Matrices like on the right-hand side of (4) are called CH-Bezoutian (of the third kind). The
polynomials u+(t) and v+(t) occurring in (4) can also be characterized as solutions of

[ f(t) −1 ]

[
u+(t) v+(t)
p+(t) q+(t)

]
= 0 (5)

for some p+(t) =
2m−1∑
k=0

pkhm−1+k(t), q+(t) =
2m−1∑
k=0

qkhm−1+k(t) with normalization

eT
m+1 [u v ] = [ 1 0 ], p0 = 0, q0 = 1 .

The importance of Theorem 4.1 for practical calculation consists in the fact that CH-
Bezoutians can be represented with the help of trigonometric transforms. Here we present
only one of several possibilities. More relations can be deduced from the representations in [9].

Let N ≥ n be a power of 2 and M = N/2. We use the cosine transforms of third and fourth
kind which are defined as multiplication by

C3 =

[
cos

(2i + 1)jπ

2M

]M−1

i,j=0

, C4 =

[
cos

(2i + 1)(2j + 1)π

4M

]M−1

i,j=0

,

respectively. For these transforms and their inverses O(M log M) complexity algorithms do
exist (see, for example [15]).

We introduce the numbers

ρj = cos
jπ

2M
, σj = cos

(2j + 1)π

4M
.

and the diagonal matrices

Λρ = diag (ρi)
M−1

i=0
and Λσ = diag (σi)

M−1

j=0
.

Then we have for a vector w ∈ R
M

(w+(ρ2i+1))
M−1

i=0
= Λ−1

σ C4w and (w+(ρ2j))
M−1

j=0
= Λ−1

ρ CT
3 w ,

and for a m × m matrix B,

[B+(ρ2i+1, ρ2j) ]M−1

i,j=0
= Λ−1

σ C4BC3Λ
−1
ρ .

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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Hence formula (4) can be written as

Λ−1
σ C4R

−1
m C3Λ

−1
ρ =

1

2

[
u(ρ2i+1)v(ρ2j) − v(ρ2i+1)u(ρ2j)

ρ2i+1 − ρ2j

]M−1

i,j=0

or

R−1
m =

1

2
C−1
4 Λσ(Do(u)ΩDe(v) − Do(v)ΩDe(u))ΛρC

−1
3 ,

where Do(u) = diag (u(ρ2i+1))
M−1

i=0
, De(u) = diag (u(ρ2i))

M−1

i=0
(similarly for Do(v) and

De(v)) and

Ω =

[
1

ρ2i+1 − ρ2j

]M−1

i,j=0

.

The matrix Ω, in its turn, can be represented with the help of trigonometric transforms. One
of the possibilities is (see [9]))

Ω = −Λ̃−1
σ C4C3Λ̃

−1
ρ ,

where
Λ̃σ = diag

(
(−1)iσi

)M−1

i=0
, Λ̃ρ = diag

(
(−1)iρi

)M−1

i=0
.

In that way a vector can be multiplied by a CH-Bezoutian with the help of 6 transforms of
length M plus O(M) operations. For preprocessing the data, assuming that u and v are given,
4 transforms of length M are required.

5. INTERPOLATION INTERPRETATION

We translate now equation (5) into an interpolation problem.
Let ρj (j = 1, . . . , N) be as in the previous section. It follows from trigonometric identities

that
hN+k(ρj) = hN−k−1(ρj) = (−1)jhk(ρj) (k = 0, 1, . . . ) . (6)

Let p+(t) and q+(t) be taken from the solution of (5). We form the vectors

r = ( pN−m−k + pN−m+k+1 )N−m
k=0

, s = ( qN−m−k + qN−m+k+1 )N−m
k=0

.

Then, in view of (6), the polynomials r+(t) satisfy

r+(ρj) = (−1)jp+(ρj), s+(ρj) = (−1)jq+(ρj) (j = 0, . . . , N − 1) .

Hence, taking in (5) the values at ρj , the polynomials p+(t) and q+(t) can be replaced by
polynomials of degree N − m.

We form the matrix polynomial

ΦN (t) =

[
u+(t) v+(t)
r+(t) s+(t)

]
. (7)

If we take the highest order coefficients in each row of ΦN (t) we obtain I2. Let us call a matrix
polynomial with this property quasi-monic.

Theorem 5.1. Let u+(t) and v+(t) be the polynomials in Theorem 4.1. Then there exist

r, s ∈ R
N−m+1 such that ΦN (t) defined by (7) is quasi-monic and satisfies the tangential

interpolation conditions

[ f(ρj) (−1)j+1 ] ΦN (ρj) = [ 0 0 ] (j = 0, . . . , N − 1) . (8)

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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6. DESCRIPTION OF THE ALGORITHM

We describe now an algorithm that solves (8) with O(N log2 N) complexity. We assume, for
simplicity, that n is already a power of 2 and N = n. The idea is to split (8) into 2 subproblems
of half the size. First we find a quasi-monic matrix polynomial Φm(t) of the same form like
Φn(t) the entries of which are of degree ≤ m and which satisfies the interpolation conditions

[ f(ρ2j) −1 ]Φm(ρ2j) = [ 0 0 ] (j = 0, . . . ,m − 1) .

Then we compute the residues

[ z1
j z2

j ] = [ f(ρ2j+1) 1 ] Φm(ρ2j+1) (j = 0, . . . ,m − 1) .

After that we find a quasi-monic matrix polynomial Ψm(t) the entries of which are of degree
≤ m and which satisfies the interpolation conditions

[ z1
j z2

j ] Ψm(ρ2j+1) = [ 0 0 ] (j = 0, . . . ,m − 1) .

Using cosine transforms this problem can be reformulated as an interpolation problem at ρ2j .
Finally we compute

Φn(t) = Φm(t)Ψm(t)

using fast algorithms for the cosine transforms. The splitting is recursively repeated until a
size is reached for which the O(n2) complexity algorithm from [10] is applied.

7. NUMERICAL EXPERIMENTS

We consider double precision symmetric Toeplitz matrices Tn whose entries are real and
random uniformly distributed in [0, 1] with n = 2k for k = 1, . . . , 15. Interpolation problems
of size less than or equal to 27 are solved by our fast-only algorithm and for each value of k
we consider 10 samples.

The right-hand sides bn ∈ R
n of the samples are calculated such that xn := T−1

n bn =
[1 · · · 1]T . The calculations were done on a Pentium IV running at 2.66GHz having 1GByte of
RAM. Our software is written in C++ making use of the FFTW 3.0 package and the ATLAS
package. It is available at http://www.cs.kuleuven.ac.be/~marc/.

Figure 1 shows the relative norm of the residual using the fast-only and superfast algorithm
without any kind of refinement. For a dimension bigger than 212, the relative norm of the
residual becomes of the order 1. For dimensions smaller than 212, we can decrease the relative
residual norm by applying some iterative refinement steps at the Toeplitz level, i.e., when
the generators of the inverse of the CH-Bezoutian are computed and so they can be used to
refine the final soulution with fast Bezoutian multiplications requiring O(n log n) floating point
operations. When using three of these steps, the results are given in Figure 2.

Figure 3 shows the execution time (in seconds) of the solution computed using the fast
interpolation algorithm (symbol +) and the superfast with (symbol ∗) and without iterative
refinement (symbol ◦) at the Toeplitz level.

In Figure 1, we have seen that for dimension larger than 212 the solution to the interpolation
problem should be computed with a smaller norm of the residual enabling the iterative
refinement at the Toeplitz level to work with success. To derive a solution of the interpolation

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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Figure 3. Timings of the fast and the superfast applying iterative refinements at the Toeplitz level.

problem having a smaller residual norm, we followed several strategies. We tried iterative
refinement at intermediate levels of the interpolation problem using inversion formulas for
coupled Vandermonde matrices (see [7]). However, it turned out that these inversion formulas
could not be evaluated in a numerically stable way. Therefore, we developed a slower but
effective refinement technique. In theory, the solution ΦN (t) of the interpolation problem has
to satisfy the following equations

[ f(ρj) (−1)j+1 ] ΦN (ρj) = [ 0 0 ] (j = 0, . . . , N − 1) .

In practice we do not get the zero vector at the right-hand-side but a certain residual vector
[r1,j r2,j ]. Hence, when we can compute Φ̃N (t) satisfying

[ f(ρj) (−1)j+1 r1,j r2,j ]

[
Φ̃N (ρj)

I2

]
= [ 0 0 ] (j = 0, . . . , N − 1) (9)

with deg Φ̃N (t) < deg ΦN (t), we get the solution of the interpolation problem as ΦN (t)+Φ̃N (t).
In practice, the right-hand-side of 9 will also not be the zero vector but it turns out that its

norm is smaller than the norm of [ r1,j r2,j ] under weak conditions. The computation of Φ̃N (t)
requires again the divide and conquer approach, now for a 4× 4 polynomial matrix instead of
a 2×2 one. This refinement approach can be applied at any level of the interpolation problem.
However, it is clear that it is an expensive refinement procedure. To decide at which point
in the recursive procedure, we had to apply this refinement procedure, we used a heuristic
based on the size of the interpolation problem at that point as well as on the norm of the
corresponding residuals. As is shown in Figure 4, it is an expensive strategy. So, research is
still needed to find a better heuristic and/or an inversion formula that is numerically stable
to apply for coupled Vandermonde matrices based on Chebyshev polynomials. The relative
residual norm before applying iterative refinement at the Toeplitz level is now much better as
is shown in Figure 5.

Copyright c© 2000 John Wiley & Sons, Ltd. Numer. Linear Algebra Appl. 2000; 00:0–0
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Figure 4. Timings of the fast and the superfast applying iterative refinements at each level except at
the Toeplitz one.
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Figure 5. Residual of the fast and the superfast applying iterative refinements at each level except at
the Toeplitz one.
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8. CONCLUSIONS

In this paper we developed a superfast algorithm to solve real symmetric Toeplitz systems
using real fast trigonometric transformations. The numerical experiments indicate that our
method is indeed superfast for matrices up to size 212 of that specific class. However, for
bigger dimensions an efficient way to refine the solution at intermediate levels when solving
the interpolation problem is still missing.
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