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Abstract

Sequences of points with a low discrepancy are the basic building
blocks for quasi-Monte Carlo methods. Traditionally these points
are generated in a unit cube.

To develop point sets on a simplex we will transform the low-
discrepancy points for the unit cube to a simplex. An advantage of
this approach is that most of the known results on low discrepancy
sequences can be re-used. After introducing several transformations,
their efficiency as well as their quality will be evaluated. We prove a
Koksma-Hlawka inequality which says that under certain conditions
the order of convergence using the new point set is the same as that
of the original set.
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Abstract

Sequences of points with a low discrepancy are the basic building blocks for quasi-
Monte Carlo methods. Traditionally these points are generated in a unit cube.

To develop point sets on a simplex we will transform the low-discrepancy points for the
unit cube to a simplex. An advantage of this approach is that most of the known results
on low discrepancy sequences can be re-used. After introducing several transformations,
their efficiency as well as their quality will be evaluated. We prove a Koksma-Hlawka
inequality which says that under certain conditions the order of convergence using the
new point set is the same as that of the original set.

1 Introduction

Quasi-Monte Carlo (QMC) methods approximate the integral of a function f over the
unit cube

1= [ rixex
Iy ={x=(21,...,24): 0<2; < 1,i=1,...,s} (1)
by an equal weight cubature rule of the form
1
I[f]= QU =« D_ f(x)
x;€P

where P C I, is a low discrepancy point set with #P = N. Several possibilities for defining
the discrepancy of a point set exist. In this article we choose the star discrepancy.

Definition 1.1 Let T be the set of all rectangles containing the origin o = (0,0,...,0)

T:= {H[O,xi] :x; €]0,1]}

then the star discrepancy is defined as

A(U)
N vol(U)‘

with A(U) the number of points of P inside U.

Using the Variation V(f) of a function f : Iy — R as defined in, e.g., [6], it is known that
the error of the approximation is bounded by the following theorem.
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Theorem 1.1 (Koksma-Hlawka) For f:I; — R a function of bounded variation

1I[f]1- QLA = ' /I S()dx > fxi)| < D*(P) V().

x;€P

For a proof of this almost classical result, we refer to [6]. Consider an integral of the form
1= [ rexjax 2
Ts
where T is a simplex defined as

Ts:={(z1,...,25) ER*:0< 2y <y <+ <zy <1} (3)

From (3) we can deduce that T3 has the points (0,0,0), (0,0,1), (0,1,1) and (1,1,1) as
vertices (see Figure 1).
The integral (2) can also be written as:

I[f}:/Ol/mj.../zi_lf(x)dms...da:l.

We consider a QMC approximation for this integral

m=Q = S )

xi€P
1
= ax 2o
x;EP
where P is a set of N points in T5.
For all possible s-dimensional permutations (z;,,...,z; ) of (x1,...,2,) we define

Si = {(xh...,xs) S Is|xi1 <... < (Eis}.

Each of these simplices is equal to the original simplex T after a rotation. Observe that
these simplices do not overlap (the s-dimensional volume of their intersections is 0) and
their union is equal to the unit cube (see Figure 1).

2 Transformations from cube to simplex

One road that can be traveled to approximate integral (2) with QMC is by transforming
a known point set on the unit cube to the simplex.

In this section, several transformations are introduced and evaluated. We present
them first in 2 dimensions to make them easier to visualize.

2.1 Transformation Drop

A straightforward way to generate a point set on any bounded domain starting with a
point set on the unit cube, is by rotating, translating and scaling the cube such that it
encloses the bounded domain. Now, the new point set can be generated by dropping all
the points from the given set that do not fall inside the domain. The unit cube I already
encompasses the simplex Ts. Thus this ‘transformation’ can be written as follows:

If x €Ty then keep this point.
else drop this point.

This transformation is fast but in higher dimensions a lot of points get lost; only 1 out of
s! points is kept.
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Figure 1: The unit cube I3 divided into 6 simplices S;

2.2 Transformation Sort

A lot of points are lost by transformation Drop. Transformation Sort will recover these.
Observe that it holds for all points x = (x1,...,2s) € I that

xeTl, o r < <.

When we sort the coordinates of a point we obtain a point on the simplex T5.

| T(x1,...,2s) := Sort(z1,...,Ts). |

This is illustrated in Figure 2(a) for 2 dimensions. Sort is a fast continuous transformation,
even for high dimensions. It is described for Monte Carlo methods in, e.g., [5].

2.3 Transformation Mirror

Transformation Mirror also keeps the points falling inside the simplex Ts unchanged. In
2 dimensions, the other points are reflected over the midpoint (1/2,1/2) such that they
too fall inside the simplex (see Figure 2(b)). This results into the following:

If o1 <y, then T(x1,22):= (x1,22)
else  T(z1,22):=(1—z1,1 —x2)

In more dimensions several consecutive reflections are needed. One possibility for 3 di-
mensions is:

ifeg <axp then T(x1,29,23):=(1—2x1,1— 29,1 —x3)
ifxg <xzg then T(x1,29,23):= (21,1 — a2+ 21,1 — 23+ 1)
if xg <y then T(x1,z9,23):= (r3— 1,23 — T2,23)

This transformation is fast, even for high dimensions. But it is discontiuous.
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Figure 2: Transformations Sort and Mirror in 2 dimensions

2.4 Transformation Origami

The transformation described below recursively uses the transformation Sort, beginning
at small subsquares and gradually increasing the size of the squares at which Sort is used
until it is used on the unit cube. A disadvantage is that Origami is no longer continuous
(where Sort is).

The transformation consists of the following steps:

e Choose a base b. Choose a constant m and let M = b™.
e Divide the square into M? squares.
o In each of these squares, use the transformation Sort, resulting in M? triangles.

e Now for N = M/b, M/(b?),...,b,1 divide the square into N2 squares and use trans-
formation Sort.

For two dimensions in base 2, this transformation is due to Ph. Bekaert [1]. In Figure 3 this
case is graphically illustrated. The generalisation of this algorithm to higher dimensions
consists of the following steps:

e Choose a base b. Choose a constant m and let M = b™.
e Divide I into M*® hypercubes.
e In each of these hypercubes, use the transformation Sort, resulting in M *® simplices.

e Now for N = M /b, M/(b?),...,b,1 divide the square into N* hypercubes and use
transformation Sort.

This transformation becomes hard in high dimensions. If the base b is chosen to be a
power of 2, then all calculations can be done in binary arithmetic, which is a practical
advantage.

2.5 Transformation Root

Transformation Root is based on the inverse cumulative distribution function (cdf) and
is given in [4]. Looking at the first dimension, the points are transformed such that the
cdf of the new points in this dimension is the same as the cdf of uniformly distributed
points on the simplex. In the second dimension, the points are then forced to fall inside
the triangle.
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Figure 3: Transformation Origami in 2D with b =2, m =2 and M =4

Suppose the points are uniformly distributed over the triangle 75, then the cdf over
xo is 3. Thus to make sure we obtain the right cdf, the points must be transformed
by T(z1,2z2) = (y1,y2) with y» = /x2, and z; must be transformed such that the
transformed points fall into the triangle. This can be done by setting y; = z1y2 = z1/72.
Consequently, the transformation can be written in 2 dimensions as

| T(w1,22) = (x1/T2, /72). |

This transformation is illustrated in Figure (4(a)). Root is a continuous transformation
but note that it treats both sharp corners of the simplex in an entirely different way. In
more dimensions this transformation needs more and more slow calculations (‘higher order
roots/radicals’) and thus becomes slow. The transformation for s dimensions becomes

with
1

Ys

T(.’L‘h...

Ya -

7$S) = (y1>"'
1/2 1
= xle/ ...ms/s
1/2 1/s
:m2/ .. T
1
= xb/*

\Ys)

2.6 Transformation Shift

In contrast with transformation Root we now describe another continuous transformation
in 2 dimensions that treats both sharp corners in the same way.

Draw a straight line with slope —1 through the point that must be transformed. The
point is moved halfway this line towards the x;- or zs-axis, whichever is closest (see

Figure 4(b)). This results into:
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Figure 4: Transformation Root and Shift in 2D

ifoy >1—x9 then T(z1,22):=(x1 — (1 —122)/2,20+ (1 —x2)/2)
else  T(x1,x2):= (x1 —x1/2,22 + x1/2).

This transformation is as fast as Mirror and Sort. However, we did not find a generalisation
to higher dimensions.

3 Koksma-Hlawka for transformed point sets

In this section we will first prove a Koksma-Hlawka-type inequality on 75 and we will end
this section by calculating the variation of some functions in 2 variables.

3.1 A Koksma-Hlawka inequality on 7T}

When solving the cubature problem with transformed points, we can produce an equival-
ent problem on the unit cube. Let P be the original point set on the unit cube and T'(P)
the transformed point set. Then for a function f on Ts and g = f o T"

Y =g Y e,
x; €T (P) x;€EP

Thus the numerical approximation problem on the simplex is equivalent to the numerical
approximation problem on the cube for the original point set P and function g = f o T.
This leads to a Koksma-Hlawka-type expression for the approximation on the simplex if
the transformation satisfies

| fo0ex =5 [ gxjax (4)
. Y.

Indeed, under that assumption it follows from Theorem 1.1 that

vol(Ty)
IRCESES > s

I
=
)

o
"
|
=
=
2
=

x; €T (P x; €T (P)
- % / g(x)dx—%xze;g(xn) (6)
< woly(T,) D*(P) V(g). (7)
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From (5) to (6) we use the equality (4). We will show in the next section that it holds
for most of the transformation we introduced in Section 2. In (7), D*(P) represents the
star discrepancy of the original point set and V(g) the variation of f o T on the unit
cube. Inequality (7) can be generalized to other transformations (not necessarily to T%)
as follows:

Lemma 3.1 Let T : I, — Q be a transformation from Is to Q and f: Q — R a function
on Q such that the Variation in the sense of Hardy and Krause of g= f o T : I, — R is
bounded and

fx)dx =wvols(Q) [ g(x)dx. (8)
J J

Then it holds that

vols(2)
L1 = QLA = f(x)dx — f(xi)
/Q N x,EZT%P)
< vols(Q) D*(P) V(g).

Consequently, for a low discrepancy point set on I with

i o ((827),

the error of the approzimation using the transformed point set T(P) satisfies

171~ aif < o ().

Remark that it is sufficient that the Jacobian of T' is equal to the constant vol(2) to fulfill
(8). Lemma 3.1 is important as it proves that the order of convergence of a transformed
point set is the same as the original point set. The constant will however depend on the
transformation. Finally one should know that the result of Lemma 3.1 is not applicable
to all transformation we presented in Section 2. It only makes sense if the transformation
is continuous because otherwise the transformed function g is not of bounded variation.

3.2 Proving a property of the transformation

In this section we prove (4) for all transformations proposed in this article, except Drop.

3.2.1 Background
The following Lemma can be found for example in [3].

Lemma 3.2 Let Q be an interval in R®, and T : R® — R® a mapping which is C'-
invertible on a neighborhood of Q. If f : R® — R is an integrable function such that f o T
s also integrable, then

/ f(x)dx = / (f 0 T)(x) |J(T)|dx,
T(Q) Q

where J(T) = dq(;ix) is the Jacobian of T

From this follows immediately the following.
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Figure 5: Squares transformed by Sort

Lemma 3.3 Let T : I, — T, be a C'-invertible transformation on a neighborhood of I,
with |J(T)| = 4. If f : Ty — R is an integrable function such that f o T : I, — R is also
integrable, then

[ sax= G [ 10 D

Observe that for a Cl-invertible transformation 7' which transforms each element of
volume V on to an element of volume ¥

(D) =5 ()

since J(T') is the ratio of the volume of an infinitesimal region to the volume of the
transformed region.

3.2.2 Root and Shift

For Root and Shift (9) can be proven directly by calculating the Jacobian. If T'(x) =
(y1,...,ys) then the Jacobian is

oy1 oy1
Oxy, " Oxs
|J(T)| = . (10)
9ys 0ys
Oxy, " Oxs

Observe that J(T') is a triangular matrix for Root and Shift, therefore (10) is reduced to

Oy1 Oya  Oys

JO)| =|=7—=—==-—=—|

|J(T)] I&rl Dig axsl

It is now easy to verify that the Jacobian for both Root and Shift is equal to % = voly(Ts).

3.2.3 Mirror, Sort and Origami

Mirror, Sort and Origami do not transform equal volumes to equal volumes. To illustrate
this in Figure 5 two rectangles with equal volume are shown with their transformed
counterparts. Furthermore Mirror, Sort and Origami are not invertible since they are not
injections. Therefore we cannot use Lemma 3.3.

However, because Sort : S; — T is a C''-invertible mapping which transforms each
element in S; of volume V onto an element in T of the same volume V (from S; to T,
Sort is a permutation), we know that

| ronee= [ 1

i



Transforming Low-Discrepancy Sequences from a Cube to a Simplex

This can be used to derived the desired result:

| o max - § / (F 0 )0y = g /T TG = s /| b

s

A similar reasoning for Mirror (a reflection is a C''-invertible mapping that preserves
volumes) and Origami leads to the same result for these transformations.

3.3 The Variation of f o T

Reflecting a function g(z, y) over the line x+y = 1 results into a new function g(1—y, 1—z).
This function has the same integral on T as the original function and is just as flat or
steep. The only difference is a change in variables. If g(x,y) varies a lot in x then
g(1 —y,1 —z) will vary in y and vice versa.
Because
cos (2m(10(1 — z) + (1 — y))) = cos (27w (10z + y))),

cos (2m(10z + y))) is the reflection of cos (2w (x + 10y)) over the line z +y = 1.

Table 1: Variation of a Cosinus

’ ‘ cos (2m(10z + y)) ‘ cos (27 (z + 10y)) ‘

Sort 331.32 259.32
Shift 822.26 786.30
Root 841.19 180.10

In Table 1 we present the Variations for these 2 functions in combination with 3
transformations. This shows that the transformation and the ordering of the variables
matter. This ordering also plays a role when an arbitrary hyperrectangle is mapped to
the standard unit cube!

Observe that for the given example, both the highest and the lowest variation are
obtained by transformation Root. This transformation performs well for functions with
a high variation if the variation is mainly in the z-direction, and bad if the variation is
mainly in the y-direction. This is caused by the peculiar way that Root treats both sharp
angles of the triangle T.

4 Some experiments in 2 dimensions

In this section we will present the results of some numerical experiments using the trans-
formations mentioned in Section 2. We restrict our attention to two dimensions. We used
TRITST [2], a subroutine for evaluating the performance of subroutines for automatic

integration over triangles.
1 l1—x
|| s
o Jo

We first have to transform the point sets from T» to the triangle with vertices (0, 0), (0, 1)
and (1,0). The transformation we used for this is (x,y) — (x,1 — y). This is a bijection
with a constant Jacobian equal to one. So this will not influence the order of convergence.
Recall that this is just one of the six possible affine mappings from one triangle to the
other and the choice influences the results if one looks at the details.

The results presented here use the following families:
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Test families Attributes

filz,y) = (Jz — Br] + y)d1 singularity on z-axis
_ S Lif (m = B)?+ (y— B2)? < da - -

fa(z,y) = { 0 otherwise discontinuous

f3(z,y) = exp(—(au |z — B1| + azly — B2])) Cy function

fa(z,y) = cos(2m B + a1z + asgy) oscillatory

Each family is characterised by its attribute and its difficulty parameters. We chose the
following difficulty parameters:

di=-09 do=025 d3=7 dy4=30

The parameters oy and ay are first picked randomly from [0, 1] and then scaled according
to a] +as = dj.

The above tests are normally used for automatic subregion-adaptive routines. Such
routines are of course much more efficient for the given problems than quasi-Monte Carlo
methods. We only use these tests to compare the different transformations introduced in
Section 2.

Figures 6-9 show a loglog plot of the absolute error versus the number of integrand
evaluations. We used 100 sample functions of each family and plotted the average error
for each transformation. The original point set was a Sobol sequence.

As can be seen in Figures 6-9, there is not much difference in performance between the
transformations except for transformation Drop which consistently performs a bit worse
than the others. From this, and other experiments, we conclude that the speed of the
transformations might be a deciding factor in practice. (In two dimensions the speed is
more or less the same for all transformations.)

A problem with Lemma 3.1 is that it is not applicable for all transformations we
considered. The observation that there is no significant difference between them, not
even between a continuous and a discontinuous transformation, lead us to the derivation
of some theory specifically for the simplex.

5 Koksma-Hlawka on a simplex

In this article we focused on the practical results we obtained. They inspired us to derive
some theoretical results on variations and discrepancies defined on a simplex. These are
described in [7]. Here we give a brief overview of the main results.

We defined a variation in the sense of Vitali and in the sense of Hardy and Krause
on T, denoted by Va(f), which together with a very intuitive generalization of the star
discrepancy, denoted by D% (P), leads to a Koksma-Hlawka-type inequality on 7.

Definition 5.1 (Star Discrepancy on T) Let Y be the set of all rectangles containing
the origin o = (0,0,...,0),

S

T := {H[O,mz] rz; €]0, 1]},

i=1

then the star discrepancy on the simplex Ts can be defined as

DAt =y

where A(U) is the number of points falling inside U.

Using this definition and an appropriate definition of the variation Va (f), we obtained
the following result.
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Legend: Drop, Sort, Sort (other ordering), Root, ) , Mirror
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Figure 6: Family 1 in 2D for all transformations
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Figure 7: Family 2 in 2D for all transformations
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Legend: Drop, Sort, Sort (other ordering), Root,
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Figure 8: Family 3 in 2D for all transformations
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Figure 9: Family 4 in 2D for all transformations
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Theorem 5.1 (Koksma-Hlawka on Ts) For every point set P C Ts with #P = N
and every function f :Ts — R with bounded variation on Ty

@l — 10 = |5 5 jx) - [ s00x| < DAPIVA ()

x;€EP

It remains to be investigated what the relation is between D% (T'(P)) and D*(P) when

P is a set of low discrepancy points on the unit cube. That is beyond the scope of this
paper. For more about this, we refer to [7].
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