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1 Introduction
Consider the linear finite-dimensional system with input delay
X(t) = AX(t) +Bu(t—1), xe RY, ue R, (1)

where we assume that the matrix A is not Hurwitz and the pair (A,B) controllable. An approach to stabilize
the system (1), called the finite spectrum assignment (FSA) approach [14, 31], can be interpreted as follows:
first a prediction of the state variable over one delay interval is generated and then a feedback of the predicted
state is applied, thereby compensating the effect of the time-delay. This results in a closed-loop system with a
finite number of eigenvalues, which can be assigned arbitrarily. Mathematically, with the feedback law

u(t) =KTxp(t,t+1) )
— KT (eMx(t) + [T e”®Bu(t — 8)d6)
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where Xxp(ty,t2) is the prediction of x(t) at t =t,, based on values of x and u for t < t;, the characteristic
equation of the closed-loop system is given by

det (Al —A—BK'") =0. 3)

The elimination of the delay is employed in the so-called process model control techniques [32], as for ex-
ample, the celebrated Smith Predictor [27]. In (1)-(2) it can also be interpreted as the effect of a model
transformation, the Artstein’s model reduction technique [1]. As shown in [14], the finite spectrum assign-
ment approach can be generalized to more general systems, provided a spectral controllability condition is
satisfied.

A difficulty in applying a control law of the form (2) consists of the practical implementation of the
integral term, which needs to be calculated on-line. In this paper we approximate the distributed delay by a
sum of point-wise delays by using a numerical quadrature rule, as suggested in [14], and investigate the effect
of such semi-discretization on the stability of the closed-loop system, emphasizing the effect of an arbitrarily
fine discretization. To state this more precise, first define C([0, 1], CY) as the space of continuous functions
from [0, 1] C R to CY, equipped with the supremum norm. Then consider a sequence of operators {In}>1
from ([0, 1],CY) — C, which are defined by -

n
In(f) = Zthnf(eLn), hj,n (S R, ejyn S [0, T], (4)
J:

for f € C([0, 1],CY) and satisfy the following convergence property:
vf e ([0, 1,C9%), Ve >0, IN € Ns.t. |In(f) — [y F(8)dB| <&, Vn>n. (5)

When the quadrature formulae (4) are used to approximate the integral term in (2), we end up with a sequence
of control-laws
u(t) =KT (e"X(t) + 311 hjne"nBu(t — 6jn)) - Q)

The effect of the discretization on stability has already been studied in the literature. In [29, 6] it was
demonstrated with a scalar example that for some parameter values, the control law (6) may not stabilize the
system (1), for arbitrarily large values of n. In [6, 25] the underlying instability mechanism was investigated
and a necessary stability condition for large values of n was provided, expressed by the asymptotic stability of
the solution semi-group of the functional difference equation

u(t) = KT /OT e"By(t — 0)d6, %

whose spectrum provides information on the position of the high-frequency modes of (1)-(6). However, we
illustrate that this condition is not sufficient for stability. In fact, (in)stability may be sensitive firstly to the
particular integration rule used in (6), more precisely the choice of the abscissa 6, and secondly to arbit-
rarily small relative perturbations of these abscissa. Since small perturbations are inevitable in any practical
application, the latter implies that a stability definition should take the robustness against such perturbations
into account. Therefore, we say:

Definition 1 The system (1)-(2) is robustly stable with respect to an implementation of the control law with the
quadrature rule (4) when there exists a number n € N such that the closed-loop system (1)-(6) is asymptotically



stable for all n > n. Moreover, for each n > n, there exist constants A8 , > 0 such that the control-law
n
u(t) = K7 (e‘“X(t) + Zhj,nKTeA(e"’”Mej’")BU(t —(®jn+ 591,n))>
J:

achieves asymptotic stability for all |88 5| < A8 p.

We will provide a necessary and sufficient condition for the robust stability of the system (1)-(2). This
robust stability condition turns out to be independent of the integration rule used. For simplicity of the nota-
tion we only consider perturbations on the 8; ,, in Definition 1, since we will show that (arbitrarily) small
perturbations on the weights hj » in (6) and small modelling errors on the system parameters A,B, T cannot
affect the asymptotic stability of the closed-loop system.

The fact that the control law (6) may not stabilize the system (1) for arbitrarily large values of n, despite
the asymptotic stability of the ideal closed-loop system (1)-(2), and the sensitivity of stability w.r.t. arbitrarily
small perturbations on the abscissa in (6) are phenomena, which are related to the lack of robustness of
some boundary controlled hyperbolic PDEs, feedback controlled descriptor systems and neutral type systems
against small delays in the control loop, as reported in e.g. [3, 4, 5, 10, 15, 16, 17, 18]. Also in the Smith
predictor control scheme [27], sensitivity of stability w.r.t. infinitesimal modelling errors may occur, see [24]
and the references therein.

The structure of the paper is as follows. After some preliminaries, we describe and illustrate the instability
mechanism which may occur when approximating the integral term in (2). Next we derive necessary and
sufficient conditions for the robust stability of (1)-(2), based on the stability theory of difference equations and
neutral systems, developed in [2, 22]. Finally we take the obtained stability conditions under a closer look.
We briefly discuss some examples and other stabilization approaches. In the conclusions we mention the main
contributions of this paper.

2 Characteristic equation

The characteristic equation of the closed-loop systems (1)-(2) and (1)-(6) takes the form

([ 5" )
which can be transformed to
det ((M ~A)G() — BKTeATe—“) — 0. )
When the control law (2) is implemented exactly, we have G(A) = G« (A), where
Gu(\) 2 1- /O "KTeABe g0 (10)
— 14KT (e(Af“)T— |) (Al —A)1B. (11)

Substituting Equation (11) into (9) leads, after some calculations, to the characteristic Equation (3).
When the discretized control laws (6) are used, we have G(A) = Gn(A), defined by

n
Gn(A) £1— 3 hjaKTe inBe 0, (12)
=1
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and Equation (9)-(12) can be rewritten as
n
A" (1_ Sh ,-,nKTeAGJ-nBe—AGm> +4(\) =0, (13)
=1

where for any o € R, limp e, 0o)=a d(A)/A" = 0. This is also the characteristic equation of the delay
differential equation

d" d T ,AB; d
e X(t) — JZthnK e"I"Bx(t — 8j n) +q(a)x:0. (14)

Equation (9)-(12) is of neutral type. In fact, the approximation of the integral term forms a non-compact
perturbation of the time-integration operator (solution semi-group) associated with the closed-loop system,
which introduces an essential spectrum. As illustrated in [9, 2], precisely such an essential spectrum may
cause a sensitivity of stability w.r.t. arbitrarily small modifications of the characteristic equation?, such as
perturbations on parameters. It corresponds to sequences of roots of (9)-(12) whose moduli tend to infinity,
yet whose real parts have a finite limit.

Since the essential spectrum of the solution semi-group of (14) coincides with the essential spectrum of
the solution semi-group of the functional difference equation

n
X(t) = Y hjnKTe*Bx(t —8;n), (15)
=1

see e.g. [8], we are led to the study of the robust stability of (15), or equivalently, of the behavior of the roots
of its characteristic equation
Gn(A) =0. (16)

Here, the robust stability of the difference equation is defined in an analogous way as in Definition 1, i.e. the
stability of (15) should be robust against small perturbations on the parameters 6 .

In the rest of the paper we focus on the robust stability of the difference equation because in the proof of
the main theorem, Theorem 3, we will show that for large n, the robust (in)stability of the closed-loop system
(1)-(2) is completely determined by the robust stability of Equation (15). Notice the well known fact that the
asymptotic stability of (15) is a necessary condition for the asymptotic stability of (14), see [8, 12], hence, we
strengthen in some sense this result for the particular problem considered in this paper.

3 Instability mechanism

The difference equation (15) and, as a consequence, the system (1)-(6) may be unstable for arbitrarily large
values of n. This is not in conflict with the stability of (1)-(2) and can intuitively be explained with the
occurrence of unstable eigenvalues with a large modulus. When the approximation becomes better, some
eigenvalues tend to the eigenvalues of the limit case, while the other have to move off to infinity. When some
eigenvalues do so without leaving the right half plane, instability is persisted. This is now illustrated with an
example. We also comment on the connection between the asymptotic stability of the difference equation (15)
for large n, which is a necessary condition for the asymptotic stability of (14), and the asymptotic stability of
Equation (7), expressed by the position of the roots of its characteristic equation

Gw(A) =0. 17)

2in compact subsets of the complex plane



Thereby, we show that the stability of (7)-(17) is generally not sufficient for the stability of (15)-(16) and thus
of (1)-(6) when n is sufficiently large.

Remark 2 Equation (17) can be re-arranged as
det ()\I — (A+BKT) + BKTeATe—“) /det(Al —A) =0,
and, hence, its solutions can be calculated by computing the eigenvalues of the DDE
X = (A+BKT)x—BKTe"x(t — 1), (18)

which is possible using e.g. the software package DDE-Biftool [7], and removing the eigenvalues of A. Since
this equation is of retarded type, its solution semi-group has no essential spectrum, which explains why the
ideal closed-loop system (1)-(2) has only a finite number of eigenvalues.

Consider the system
X(t) =x(t) +u(t—1), (19)
and the control laws (2)-(6), where the controller gain satisfies K = —3/2 and the parameters of the integration
rule are given by '
Bin="11 hia=1 j=1...n (20)
Note that this integration rule satisfies (5). In Figure 1 we plot the roots of (16) for n = 40 and the roots
of (17), illustrating the correspondence between the rightmost roots. However, in Figure 2 (above) we plot
the roots of (16) for n = 40 on a different scale. This reveals the fact that, due to the approximation of the
integral, the spectrum has become periodic w.r.t. shifts in the imaginary parts of the eigenvalues and, hence,
the corresponding solution semi-group has got an essential spectrum. Precisely the (introduced) eigenvalues
with a large imaginary part are also approximate eigenvalues of the closed-loop system (1)-(6). In Figure 2
(below) the roots of (16) are shown for n = 60 also. By increasing n, the rightmost roots of the limit case (17)
are better approximated and meanwhile the periodicity in the shifts of the imaginary parts increases (more
precisely, it equals 2rmi). This implies that the eigenvalues, introduced by the approximation, move off to
infinity.

The fact that large qualitative changes of stability properties for arbitrarily small perturbations are caused
by the introduction or the behavior of an essential spectrum [22] and the analysis with the above example could
indicate that the stability of the difference equation (15) might be determined by the real part of the rightmost
solution of (17), i.e. the eigenvalues of Equation (7), for any integration rule, as suggested in [6, 25]. However,
such a conclusion is false and the stability of (7)-(17) is thus not sufficient for the stability of (1)-(6). Indeed,
when in the example the integration rule is modified to

=, jeven .
ej,n:{ j24/5 J. hj,n:%, j=1...n (21)

which also satisfies the convergence property (5), the roots of (16) for n = 40 and n = 60 are shown in Figure 3
and we have instability. Although the rightmost roots of (17) are well approximated also, their real parts do no
longer determine the stability of the corresponding difference equation (15). In the next section we will derive
a necessary and sufficient condition for the robust stability of (1)-(6) (following Definition 1), which turns
out to be independent of the type of integration rule used. For our scalar example (19) with K = —3/2, this
condition is not satisfied. Although the first integration rule (20) leads to a stable essential spectrum, stability
can always be destroyed by infinitesimal perturbations of the abscissa, as mathematically proven in the next
Section.
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Figure 1: Roots of (17), indicated by circles, and roots of (16) for n = 40, corresponding to the system (19)-
(20). The roots of (17) are calculated with the software package DDE-Biftool [7], after transformation to (18).
The roots of (16) are calculated based on the observation that this equation is a polynomial in exp(—1/n).

4 Conditionsfor robust stability
In order to check the (robust) stability of the difference equation (15), we have to analyze the set
Zy={0(A): Gn(A) =0},

whose properties are described in [2, 22] and now briefly rehearsed. The difference equation (15) can be
interpreted as an equation with n different delays 8;, j = 1...n. The stability is influenced by the rational
dependency structure of these delays. To express this structure, assume that the n delays 6 , depend onm <n
rationally independent delays® (r,...,rm), i.e. there exist integer numbers yjx, j=1...n, k=1...m, such
that

m
Bin=> Vikle J=1...n.
K=1
Then the closure of the set Z,, satisfies Z, = ZM(©y), where O = (81, ,6nn) and

ZNOp) = {aeR: IP;...¢m € [0, 21) such that

1— 301 hj KT eAlinBe~0Bing = 2itaVicbk = 0} . (22)

3The delays (ri,...,rm) arerationally independent when S, ar =0, ay € Z impliesr, = 0, Yk = 1...m. For instance two
delays arerationally independent when their ratio is an irrational number.
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Figure 2: (Above) Roots of (16) for n = 40. A detail of this plot is shown in Figure 1. (Below) Roots of (16)
for both n = 40, indicated with ’+’ and n = 60, indicated with "x’. The system under investigation is (19)-(20).
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and n = 60 (below). Unlike the situation displayed in Figure 2, stability for large n is no longer determined by
the roots of Equation (17).



This result follows from substituting A = a + i3 in the characteristic equation of (15) and the observation that
with a suitable choice of (3, (Bry,...,Brm) mod 21tis arbitrarily close to any given (¢1,...,¢m) by Kronecker’s
Theorem [11, Theorem 444]. Note that for given m, the dependency structure of the delays and, as a con-
sequence, the set Zj1" also depend on the particular values of the integers y; x, but for reasons of simplicity we
suppress this explicit dependence in the notation.

The set (22) always consists of a finite number of intervals. When m = 1, the n delays are fully dependent
or commensurate. Then the spectrum of (15) is periodic w.r.t. shifts in the imaginary parts of the eigenvalues
and the set Z(©,) consists of a finite number of points, as illustrated with the examples in the previous
section. For m > 1, the spectrum is quasi-periodic w.r.t. changes in the imaginary parts. When m = n, the
delays are fully independent. Furthermore, we have for all m,

Z7'(©n) C Z(©n). (23)

Since arbitrarily small perturbations of the n delays 6; , may change their rational dependency structure, they
may affect stability, as follows from (22). This paradox is explained by the lower semi-continuity of the map
©On — Zn(On) w.r.t. the Hausdorff metric and concerns the behavior of the eigenvalues with a large imaginary
part. For more details we refer to [2, 22].

We seek conditions for which the difference equation (15) is robustly stable. Because the n delays 6 ,, can
always be perturbed to fully independent delays by applying arbitrarily small changes, and the relation (23),
robust stability is determined by the maximal value amax(n) of Z}(©,), defined by the equation

n
1— 5 hjq|KTeAinBle=ama(WBin — o (24)
j:l

which converges* to oy, the solution of
T
1 —/ IKTe*Bje Mde = 0, (25)
0

as n — oo. Hence, the robust (in)stability of the difference equation (15) for large n is determined by the
condition ay < 0 (ap > 0). Rewriting this condition and taking into account the relation between the spectrum
of (15) and the spectrum of (14), or equivalently, the spectrum of the closed loop system (1)-(6) we obtain the
main result:

Theorem 3 Consider the system (1)-(2) where A+ BKT is Hurwitz. Let
T
S :/ IKTe”9B|de.
0

If S < 1, then the system (1)-(2) is robustly stable according to Definition 1.
If S > 1, then the system (1)-(2) is not robustly stable.

Proof. When S > 1, the difference Equation (15), is not robustly stable for large values of n. This implies
the lack of robust stability of (14) and of (1)-(2), as follows from the arguments spelled out before. The case
where S < 1 deserves further attention. Here, note that the difference equation (15) only provides information
on the essential spectrum of the solution semi-group of (14), while the latter also has a point spectrum.

4To see this, note that the left hand side of (24), resp. of (25) isastrictly increasing function of oimax, resp. oim.



When S < 1, we have ay < 0. Take a number € satisfying oy < € < 0 and such that A+ BKT has no
eigenvalues in the half plane C¢ £ {A € C: 0O(\) > €}. Equation (13) can be rewritten as

Ga(A) = —a()/A". (26)

Because S < 1 it is easy to prove that, for large n, |Gn(A)| can be uniformly bounded from below over Cg
by a strictly positive constant, independent of n. Furthermore, such a bound can be chosen which is robust
against small perturbations® on the parameters 6; .. On the other hand, the right-hand side of (26) tends
to zero for large |A|. This implies the existence of numbers M,n > 0 such that all the solutions of (26),
i.e. the eigenvalues of the closed-loop system (1)-(6), in C¢ satisfy |A| < M when n > n, also when small
perturbations are taken into account. Define the compact set § = {\ € C¢ : |A| < M}. Since on S, the function
det (Al — A)Gn(A) — BKTe e "AT) uniformly converges to the function det (Al — A)G(A) — BKTe/Te ) =
det(Al — A—BKT) as n — oo, we can apply [22, Theorem A.1], which states that the two functions have the
same number of zeros in § when n is sufficiently large. Because S is compact, small perturbations cannot
change this result. Therefore, the characteristic equation of the system (1)-(6) has no solutions in § for large
n and, as a consequence, in Cg, and is (robustly) asymptotically stable. m

Remark 4 The robust stability condition of Theorem 3 is independent of the type of quadrature rule used,
only the convergence property (5) is assumed.

Remark 5 For S =1 we can conclude on the existence of sequences of characteristic roots of (1)-(6) which
approach the imaginary axis. However, the way of approaching the imaginary axis (from the left/from the
right/oscillatory) may also depend on other system parameters than those of the difference equation (15),
which only describes the limit case.

Remark 6 So far we have only considered small perturbations on the abscissa 8 in (6). From expression
(22) it follows that arbitrarily small perturbations of the weights h; ,, cannot affect asymptotic (in)stability.
The structure of Equation (8) reveals that stability is also robust against small modelling errors on the system
parameters A,B and T.

Example 7 The system (19) with K = —3/2 is not robustly stable, since S=3/2(e—1) > 1 and ay ~ 1.8749.
In Figure 3 this value of ay is indicated with the dashed line. For both the integration rules (20) and (21)
the ’delays’ in (15) are commensurate and the set Z,, consists of a finite number of points, as illustrated with
Figures 2 and 3. For the rule (20) the delays have as greatest common divisor 1/n, while this is 1/(5n) for
(21). Therefore, the delays are *more independent’ in the second case and this intuitively explains why the set
Z,, contains more points and better approximates the interval (with right end-point o), which would have
been obtained when the delays were perturbed to fully independent delays.

5 Robust stabilization

In order to design a robustly stable FSA controller for the system (1), the following synthesis problem needs
to be solved:

Problem 8 Find a feedback gain K such that
A+BKT is Hurwitz (27)

SPrecisely thisis the point where the stability condition of Equation (7) fails.
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and
T
S= / |KTe”®B|dB < 1. (28)
0

We now comment on some theoretical properties, provide examples and briefly discuss some alternative
approaches.

5.1 Properties

Instrumental to the feasibility study of Problem 8 is the following technical result:

Lemma 9 Assume that A has eigenvalues in the closed right-half plane. Then for any (fixed) value of K, the
system (1)-(2) is not robustly stable for large values of the time-delay.

Proof. Define A\py = argmax{O(A) : A € a(A)}. Forany A € Ct with O(A) > O(Am), we have

Jo|KTe”®BldB > [°|KTe”®B|.|e~%|d6
> | [ KTe”%Be 20de| . (29)
> |[KT(A —A)~1B|

The last expression can be interpreted as the transfer function of the system (KT, A, B). When A+4BKT is Hur-
witz, the pair (KT,A) is detectable and the unstable poles of A appear in this transfer function. Consequently,
by letting A — An, the right-hand side of Equation (29) becomes arbitrarily large. Hence [, |KTeA®B|dO = oo
and the robust stability condition of Theorem 3 is violated for large T. m

The next theorem concerns the solvability of Problem 8.

Theorem 10 When A has all its eigenvalues in the closed left half plane, robust stability can be achieved for
any value of the time-delay with a control law of the form (2). When A has eigenvalues in the open right half
plane, then robust stabilization is not possible for large values of the delay.

Proof. When A has its eigenvalues in the closed-left half plane, there always exists a sequence {Kn}nZl
with K, — 0 as n — oo such that A+ BK! is Hurwitz, which is a standard result in the low gain theory of
ordinary differential equations [28, 13]. Because K, — 0, also the condition (28) can be satisfied for any delay
value.

The proof of the second part is by contradiction. Therefore, assume that the statement is false, i.e.

3 {Tn}n>1, {Kn}nzl Wlth Iimng)oo Tn = 0 SUCh that

A+ BK[is Hurwitz and [3" |KTe®B|d6 < 1. (30)

This always leads to a contradiction.

Case 1: the sequence {Kp},-; is bounded.

Assume that this sequence is converging with limit K (in the other case one can always construct a converging
subsequence). For K = 0 we have a contradiction between the Hurwitz stability of A+ BK, for large n and the
instability of A. When K # 0, there exist numbers T, n such that

T
/ IKTe*B|d6 > 2
0

11



(by the arguments used in the proof of Lemma 9) and

T
‘/ IKTe"®B| — |KTe®B|dB| < 1, Vn>n.
0

Hence, we have for large n:
Tn T T 1
/ \K,IeAGBmez/ |K,IeASB|de:/ |KTeA95|de+/ KT e8| — [KTe*B|d8 > 1,
0 0 0 0

which contradicts the assumption.
Case 2: the sequence {Kn}; is unbounded.

Assume without loosing generality that the sequence {Fn},»; = {—Hﬁn”} . is converging with limit F. Then
el n n>
the second statement of (30) can be written as

Tnh 1
Fle”Bldo <« —.
J, B0 < e

Since F, — F and ||Ky|| — oo, we have
/ IFTe”9B|d6 = 0, (31)
0

and, as a consequence,
g(t) 2FTe"B =0, Vvt >0.

This implies g(0+) =0, ¢/(0+) =0,---,g"1(0+) = 0, which can be written as
FT[BABA®B...A" 'B] =0.

From the controllability of (A,B) it follows that F = 0 and we have again a contradiction since ||F|| =1. m
The following theorem provides information on the structure of the solutions of (27)-(28).

Theorem 11 Assume that Problem 8 is feasible. Then the set of robustly stabilizing feedback gains is bounded.

Proof. The proof is by contradiction. Therefore, assume that there is a sequence ||Kp|[n>1 With ||Kp|| — oo
as n — oo, which satisfies the conditions of Problem 8, including

T
/ IKTe”®B|dO < 1. (32)
0

Assume that the sequence {Fn},~; = {HE—”H} _, hasalimit F. The inequality (32) can be written as 5 |FTe®B|de <
- n n

1/||Kn]|. Since ||Kyq|| — e and F, — F, it follows that [ |FTe”®B|d8 = 0. Hence, we have FTeAB =0, Vt €
[0, ], which implies FTeB =0, Vt € [0, »). As shown in the proof of the previous theorem, this leads to a
contradiction. m

Remark 12 The stabilizability properties of Theorems 10 and 11 are comparable to those in the case of static
state feedback discussed in [23, 21, 20, 19], where a controller of the form

u(t) = KTx(t) (33)
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is used. This results in the closed-loop system
X = Ax+BKTx(t —1). (34)

Now there are infinitely many closed-loop eigenvalues, which have to be controlled with a finite number of
controller parameters. This introduces the limitations on the stabilizability. For more details we refer to [19].

Note that, at first sight, we compare the theoretical stabilizability properties of (33) with the robust stabil-
izability properties of (2) (for an exact implementation there are no limitations). However, this comparison is
justified because Equation (34) is of retarded type and, hence, its stability is robust against small perturbations
of the parameters [8], i.e. the theoretical stability conditions are equal to the robust stability conditions.

5.2 Examples
As a first example consider the (robust) stabilizability of the scalar system
X =ax+bu(t —1),

with a control law of the form (2), i.e. u = kxp(t,t +1). Then the stabilizability conditions (27)-(28) are

expressed by
a+bk <0,
{ el <14 ﬁ

In order to maximize the values of a and t for which these conditions are satisfied, we can let |k| — |a/b|+.
This leads to the stabilizability condition

e <2 — at < 0.69315,

while for a simple state feedback controller, u(t) = kx(t), the stabilizability condition is given by at < 1, see
[23].
As a second example we investigate the robust stabilizability of the system (1)-(2), where

SN

and K = [ky ko] as a function of the delay t. The stabilizability conditions (27) and (28) are given respectively

by
ky, < -2,
{ ko> 1/2 ki —5/4, (35)
and .
/ |(e95in(8/2))ky -+ (% cos(8/2))ka| 6 < 1. (36)
0
Observe that conditions (35) imply that ky and k, are both negative. Then for T < 11, condition (36) reduces
to

—kl/or(eesin(e/Z))de—kZ/OT(eecos(e/Z))dG <1

Performing the integrals gives the delay dependent linear restriction

.1 1 1 1
—kq (e‘(4sm 5T 2cos ET) + 2) —kz (e‘(4cos ST+ 2sin ET) — 4> < 5. (37)
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Figure 4: Stability regions using the distributed control law (2), for different values of the time delay.

Hence, the region where robust stability of the closed-loop system is insured can be described by the linear
restrictions (35), which are the stabilizability conditions for the system without delay (and those when the in-
tegral in control law (2) is performed exactly), and the linear restriction (36), which is associated to robustness
requirements and depends on the value of the delay. The above is illustrated in Figure 4. One observes that
the robustness issue drastically reduces the scope of finite spectrum assignment control laws.

For comparison purposes, the stabilizability of the above system with the simple linear controller (33) is
studied. The closed-loop quasipolynomial is

1
A 2h — ke M 4 g +koe M — E|<1e—“.

A D-subdivision analysis leads to the stability-instability boundaries for A = 0 and A = jow, respectively de-
scribed by

5 1
—+k—=ky =0
4+ 2= 5K
and
ki — (54+40?) sin(wt)+(—3w—4w?) cos(wr)
1= 2w
ko — (5—40?) sin(wt) —8wcos(wr)
2= 4w

As depicted in Figure 5 these boundaries define regions of stability that also depend on the delay.

In the case of the distributed control law, the linear restrictions (35),(37) intersect when T = 0.383, hence,
for larger delays the robust stability region is empty. For static state feedback, according to the results de-
veloped in [21], the maximal delay value for stabilizability is T = 0.62. In the two above examples the stabil-
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Figure 5: Stability regions using the static state feedback law (33), for different values of the time delay.

izability result for a simple (delayed) state feedback is less conservative than the one for a (robust) distributed
delay control law.

5.3 Alternative approaches

The main advantage of the control-law (2) lies in the fact that all the closed-loop eigenvalues can be assigned
arbitrarily. Disadvantages are the difficulty in implementing the control law (the integral should be calculated
on-line) and the limitations concerning the robust stability of the closed-loop system. We mention possible
alternatives or modifications.

1. Using the static state feedback controller (33), the robust stabilizability properties are comparable. They
may even be better, as illustrated in Subsection 5.2. Furthermore, such a controller is very simple, easy
to implement, and a numerical tool is available to calculate the feedback gain [23].

2. As explained before, the instability mechanism is a high frequency mechanism. Actually instability is
caused by the throughput at infinity of past inputs in Equation (6). One could remove this problem with
a low-pass filter and use e.g. a control law of the form

v(t) = —fv+ KT (eMx(t) + 37y hjne?®iaBu(t — 8;n)),

u(t) = v(t). (38)

It is easy to show that in any complex half plane, O(A) > r, r € R, there are only a finite number of
closed-loop eigenvalues. Asn, f — oo, only d eigenvalues stay in this half plane and converge to the ei-

genvalues of A+BKT. These eigenvalues are not sensitive w.r.t. arbitrarily small parameter perturbation
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and (38) is robustly stabilizing. Here we should remark that we have only investigated the robustness in
an asymptotic sense in this paper, i.e. for arbitrarily small perturbations and a large number of discret-
ization points.

3. When the input u is kept piecewise constant in time-intervals of length A, as proposed in [30], the system
(1) is completely equivalent with a discrete system. When A=1/p, p € N, this discrete system has the
form

A
X(k+1) = Agx(k) + Bau(k— p), Aq=e™, Byq= / eAO-9Bgs. (39)
0

For small A this system has a large ’tail’, which can be compensated with a prediction, analogously to
the continuous time case: with the control law

uk) =KJxp(k,k+p)

— K] (APX(K)+ 3P AT Bau(k 1)), (40)

the characteristic equation of the closed-loop system is given by det (zI — (Ag+BgK] )) = 0. Because
the system (39)-(40) is fully discrete, the maximal possible frequency is given by 1/(2A) (the Nyquist-
Shannon criterion) and, therefore, sensitivity of stability w.r.t. arbitrarily small perturbations of the
parameters of (40) is not possible.

Note that the control-law (40) can be considered as a discretization of the continuous control law (2), us-
ing a particular quadrature rule. However, in [30] it is illustrated that one cannot use any quadrature rule
satisfying (5) in the discretization and obtain stability for sufficiently small values of A. For instance,
applying Simpson’s rule may lead to instability for small values of A. The instability mechanism is
related to the one in the continuous time case, where approximations lead to eigenvalues with arbitrarily
large frequencies. In the discrete time-case, unstable modes may occur with the maximal frequency®
1/(24), which tends to infinity as A — 0.

6 Themultipleinput case

So far we have only considered singe input systems. By using the same arguments as spelled out in Section
4 it is easy to show that in the multiple input case robust (in)stability is determined by the condition ay < 0
(am > 0), where

T .
om = argmax a, subjectto: det (I—/ KTeAeBe‘“ee"g(e)d9> = 0. (41)
0

aeR
g: [0, =0, 2m)
Notice that the function g may be discontinuous, also in the optimum. For instance, in the scalar case the
optimal value is given by
m, KTe"B <0.
The condition (41) is hard to check. However, a sufficient condition for robust stability is given by

0, KTe*®B >0,
9(6) = { 2

T
/ IKTe"®B]|d6 < 1.
0

6Such amode corresponds to a negative real eigenvalue of the fully discretized system.
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7 Conclusions

We have analysed the stability of finite spectrum assignment based controllers, when the distributed delay in
the control law is approximated with a sum of point-wise delays. In our opinion the main contributions are:

1. Unlike the existing literature on this topic, we have provided necessary and sufficient conditions for the
stability of the approximation. These conditions are stronger than the necessary conditions, proposed in
a recent paper [25]. Since the instability mechanism is related to the behavior of the essential spectrum
of the solution semi-group of neutral functional differential equations, stability may be sensitive to the
type of integration rule used and to infinitesimal perturbations on parameters and therefore, stability
needs to be defined in a robust sense (cf. Definition 1). We have derived properties of the obtained sta-
bility conditions, emphasizing the relation with these of static state feedback controllers, and illustrated
them with some examples.

2. Using eigenvalue plots we have graphically illustrated the instability mechanism and the necessity of
taking small perturbations into account in the stability analysis.

3. The robustness analysis of this paper can be considered as a practical application of the stability theory
of difference equations and neutral type systems, developed in [2, 22] and the reference therein.
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