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1 Introduction

Let T' = [t;;] be an nxn matrix. We say that 7" is a Toeplitz matrix if t;; = ¢;_;,
ie.,

to by ..ty
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In this paper we consider the problem of solving a linear system Tz = b
where the matrix T € R™*" is a symmetric positive definite (possibly ill-
conditioned) Toeplitz matrix. We do this by computing an approximation of
T—!. The method presented is a variation of the Newton iteration method for
matrices (see, e.g., [22] and a more recent paper [20]). This method generalizes
the scalar Newton method as explained, e.g., in [1], to matrices.

For a general square matrix A, the Newton iteration method starts with an
approximation X for the inverse of A. Using this starting point, we can con-
struct the sequence of matrices Xy, X1, ... as follows

Xk :2Xk—l _Xk—lAXk—b ]{f: 1,2,....

The (left) residual matrix Ry is defined as Ry = I — X A. It is easy to show
that Ryy1 = R2. Hence, if the starting point X is chosen such that the norm of
Ry = I—XyA is less than 1, the sequence of matrices X, X1, X», ... converges
quadratically to A~! when using infinite precision. It is however difficult to
choose a good starting point in an efficient way. Especially when the matrix
A is ill-conditioned and using finite precision arithmetic, this is not a trivial
task. The choice of the starting point is crucial in the initial iteration steps
of the method. The purpose of this paper is to replace the first iteration step
by another one such that the convergence behaviour depends less critically on
the choice of the starting point X,y when using finite precision and when using
the modified Newton iteration.

Let us explain how this modified Newton iteration works. In general, each
Newton iteration step requires O(n?) flops. When we apply the Newton it-
eration to a structured matrix, e.g., a Toeplitz matrix, we can make use of
the structure as follows. Such an n X n structured matrix can be represented
using O(rn) parameters where r is called the displacement rank. If we take
a starting point X, having a similar structure as the matrix A, it turns out
that the number of parameters to represent X;.; is 3 times the number of



parameters needed to represent X,. Hence, after a few iteration steps, the
number of parameters O(3*rn) has become so large that it is not interesting
anymore to take into consideration the structure of the matrices X. That’s
why after each iteration step, we need to compress, i.e., we need to approxim-
ate the matrix Xj,; by a matrix which can be represented again by a limited
number of parameters, say, e.g., O(In) parameters where [ is the maximum
displacement rank we allow for the matrices Xj. Hence, the modified Newton
iteration looks as follows:

Xp1 = 2X; — XpAX, Xp41 = compress(Xii1)-

When the number of parameters stays limited to O(In) during the iteration,
each iteration step can be performed using O(Inlog(n)) flops when the matrix
A is Toeplitz or, more general, Toeplitz-like. However, because the Newton
iteration is not performed exactly, the choice of the starting point is even
more critical to obtain convergence. The techniques for the Newton iteration
method for structured matrices were developed in [16,17,14,13,21]. For a de-
tailed overview of the method applied to structured matrices, we refer the
interested reader to [19], [18, Chapter 6] and the references therein. There is
also an algebraic version of Newton’s iteration, see, e.g., [15,4] and [5, p. 189-
190]. The Newton iteration method can also be used to solve structured least
squares problems, see, e.g., [2].

In Section 2, we will recall the notions of (circulant) displacement rank and e-
displacement rank. Section 3 contains the main result of the paper and explains
an aternative first iteration step leading to a more robust algorithm, i.e., an
algorithm where the choice of the starting point X is less critical. In Section
5, some numerical experiments show the effectiveness of the new approach.
In our implementation, we used the circulant displacement representation. An
important component of this implementation is the norm estimation of the
residual matrix. This is explained in Section 4.

2 Circulant displacement rank and e-displacement rank

We recall here the concept of circulant displacement rank and of e-displacement
rank. Displacement operators and displacement rank, introduced in [12,8,9],
and elaborated in [7,5,10,11], are powerful tools to deal with structured matrices.
Let Z, = [z;] be the n x n lower shift matrix such that z;; =1 for i = j +1
and z;; = 0 elsewhere, and introduce the displacement operator A,(A) =
Z A — AZ, for an n x n matrix A. For the sake of notational simplicity we
write A(A) in place of A, (A) when the dimension of the matrix A is clear
from the context.



Define the displacement rank of A, associated with the displacement oper-
ator A, as drk (4) = rank (A(A)). When the displacement rank £ is small
compared to the dimension of the matrix, we can work with the displacement
A(A) instead of the matrix A beacuse this displacement can be efficiently
represented as

where u;,v;,7 = 1,...,k, are n-dimensional vectors. These vectors are called
the generators of the matrix A with respect to the displacement operator A.
It is easy to check that the displacement rank of a Toeplitz matrix is 2. We
call a matrix Toeplitz-like if its displacement rank is k with & << n where n
is the dimension of the matrix.

Let L(a) be the n x n lower triangular Toeplitz matrix defined by its first
column a. If we know the displacement of A, we can easily retrieve A as
follows

A(A) = zk:uiv? & A= L(Aey) + Xk:L(ui)LT(Z'vi), (2.1)

=1

where e; denotes the first column of the identity matrix. The expression in the
right-hand side of (2.1) is called a displacement representation of A. Equivalent
representations can be given in terms of different displacement operators.

Each Newton iteration step can be performed efficiently using the displacement
representation of the matrices involved. Multiplying a Toeplitz-like matrix and
a vector by means of the previously defined displacement representation of
length k involves 4k + 3 FFTs and 2k + 1 convolutions of length 2n.

It is possible to reduce the lengths of FFTs and convolutions by a factor of
2 by means of a different displacement representation. For completeness, we
summarize here the main results of [3, Section 2]|. This displacement represent-
ation is a representation only in terms of generators, without the knowledge
of the first column of the matrix. This leads to a considerable reduction in the
memory space needed to store a Toeplitz-like matrix. Therefore, we will use
from now on this representation for Toeplitz(-like) matrices, called the circu-
lant displacement representation which is introduced as follows (see also [6]
and the book [5]). Let us define the matrices C™ and C~ as CT = Z + e el

n

C~=Z7—eel, and set CT(x) =X, 2;(CT), C(x) = X0, o (C7) !

n

the (+1)-circulant and (—1)-circulant matrices having x as their first column.



We have that:
C*(x) = Fdiag (y)F",

C~(x) = DFdiag () F? D",
1 1
y=—Flz y=-F'D"g, (2.2)
n 7 n
F = (0000, w = cos(2m/n) + tsin(27/n)
D = diag (1,6,6%,...,0" 1), 0 = cos(m/n) + isin(n/n),
where 4 is the complex number such that 4* = —1. Introduce the (invertible)

circulant displacement operators

AT(A)=CtA- AC™
A (A)=C"A-ACT
such that
AT(A) = —A(A) + ejel A+ Aejel
A~ (A) = —A(A) — eiel A — Aejel.

n

We have the following properties.

Theorem 1 [t holds that

AF(A) = Y uol & A= %Zc+(ui)0—(Jvi),

=1 =1

k 1 k
AT(A) =D uw] & A= -5 > C (u)CH (Jvy),
i=1 =1
A (A = -AAT(A)ATY
AY(AB) = AT(A)B + AAT(B) — 2Ae;e] B,
A~ (AB) = A (A)B + AA™(B) + 2Ae el B,

where J is the permutation matrixz having 1 on the anti-diagonal. In particular,
if AT(A) = 8 wv! and det A # 0, we obtain

k
A_l = ZC_(A_I’U/Z‘)CH—(JA_T’UZ‘).
i=1

| —

PROOF. For the proof see [3, Th. 2.5]. O

The displacement representation given in the above theorem allows one to
compute the product Ax by means of 4k+2 FFTs, 2k convolutions and 2k + 1
scalings of length n. It is also possible to apply the concept of orthogonal
displacement representation (ODR) and the concept of the e-displacement



rank to the representation obtained through the operators AT and A~ as
follows. Due to the non-singularity of AT and A~ the ODR associated with A~
and AT is simply defined by the triple (U, o, V') such that UXV is the SVD of
AT(A) or of A™(A), respectively, where ¥ = diag (01,09, ..., 0x). Consider the
operator trunc(-), defined on the sets of orthogonal displacement generators
in the following way:

trunc. (U, o, V) = (U, &,V),

6=(01,...,00),U=1[ur,....wl,V=[v,.. v]eR> (2.4)
O}, > 01€ 2 0j 4,

We can extend this definition to the set of matrices as A, = trunc.(A). Equa-
tion (2.4) provides a means for computing an e-displacement representation
A, of A whenever an ODR is available. For further details concerning the
e-displacement rank, we refer the interested reader to [3].

3 Another initial iteration step

The displacement representation allows one to compute the product between
a matrix with displacement rank & and a vector in O(knlogn) operations
by means of FFT. The modified Newton iteration described in [3], is based
on the idea of generating sequences of matrices with a displacement rank that
grows exponentially while their e-displacement rank remains bounded but still
guaranteeing the convergence properties of the original algorithm, and at the
same time, dramatically reducing the complexity of the computations.

The difficulty when compressing or cutting is choosing the value of € or the
value of k in (2.4). Several tests have indicated that a brute force heuristic,
restarting the method once divergence was verified, gives the best results.

In this section, we present a new version of the modified Newton iteration,
introducing an initial iteration step which makes the choice of the first matrix
less critical.

3.1 The initial iteration step

The biggest problem using the Newton iteration is connected with the local
convergence of the method. The choice of the first approximation of the in-
verse is critical. A wrong choice leads to divergence. Consider a positive def-
inite Toeplitz matrix 7. Hence, it can be decomposed in its eigenvalue de-
composition UAU . Using this decomposition it is possible to investigate the



behaviour of the Newton iteration by looking at the behaviour of the scalar
Newton iteration method for each eigenvalue separately. In fact:

T=TH=T=UAU" with UfU=1
Xo = UANU =

X1 = 2UNUR —UNURUANURUNUR = U(2A; — AAN)UP.

Note that we have chosen the starting point X, such that it has the same
eigenvectors as T'. A possible choice for X, which can be constructed relatively

easy is X = 7712 with 7 > ||T||2. In this case, the residual matrix Ry is equal
to Ry = I — XoT = UDUT with D = I — 4. Therefore, || Roll = 1 - mi;j?.

Here, \; are the eigenvalues of the original Toeplitz matrix 7, i.e., the diagonal
elements of A. This also shows that || Ryl||s will be very near to 1 if the matrix
T is ill-conditioned. Because we need an overestimation 7 of the 2-norm of
T, once we have this number, we can compute the inverse of T'/n instead of
T. This has the advantage that the eigenvalues of T'/n are within the interval
(0, 1]. In Section 4, an efficient method is given to compute an overestimation
of the 2-norm of a Toeplitz-like matrix based on its circulant displacement
representation.

From (3.1), it follows that Newton’s iteration computes implicitly the inverse
of the eigenvalues by using a scalar Newton method (see Fig. 1). The critical
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point is when an eigenvalue lies in the neighbourhood of 0. When the starting



point Xy has an eigenvalue in the neighbourhood of 0, this starting value for
the implicit scalar Newton iteration can be updated into a negative value due
to round-off errors and/or due to compressing, leading to divergence.

The idea is to modify the iteration such that in the first iteration step the
critical zone is left (see Fig. 2). This is possible moving the iteration function
away from the origin and at the same time keeping a high rate of convergence.
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Figure 2. Shifted Iteration, Newton parabola and bisectrice

3.2 Computation of the coefficients

We want to show now the procedure that we followed to obtain the coefficients
of the new iteration step. First of all we want to move the parabola described
by the new iteration away from the origin and maintaining at the same time a
high rate of convergence. This can be done as follows. Let F(z) = az? +bx +c
and so F'(z) = 2ax + b.



We want:

F(3)=+5 fixed point N
F '(§) =« very small = high convergence speed.
i1 1

F (X) - 2ax th=a One chooses

a small value

= 1074 —b
“ ( ) Substitute the

= 1{F(x a=1 4
e 1)| 2H(107 b)}\—— occurrence of a in F(x)
F(z) = 5/\(10‘4 —b)z® +br +c

1 1 / The fixed point relation
= {F(3) =1}

gives us b

F(z) =[(107* = DA+ A2 + [-2eA + (2 — 107 Y]z +c.
The coefficient ¢ has to be positive, hence:

c 1-10"1
= _ 2
0> x119 EES ey = c<— (3.2)

Normalizing the matrix, one gets:
c<1-107"
If we choose ¢ = 99/100, the final form of the iteration function is:

9999 , 5 99, , 99 19999 99

()= ~10000™ " 100 50" " To000” T 100
Now, to obtain the iteration in matrix form it is enough to re-apply the eigen-
decomposition as in (3.1) but in the inverse direction, obtaining the final
matrix form:

Xit1 = aX;TX;, +bX;T?X; + cX;T +dX; + el

9999 99 99 19999 99 (3.3)
———=——,c=——,0= ——,6 = —.

10000’ 100’ 50’ 10000’ 100

Let us give two examples to show how big the improvement is using the
new initial iteration step, especially in ill-conditioned cases. Fig. 3 shows the
case for “easy” eigenvalues, i.e., for eigenvalues near 1. For the “difficult’
eigenvalues, i.e., the eigenvalues in the neighbourhood of zero, the new initial
iteration step moves the initial value away from zero as can be observed in
Fig. 4. Looking carefully in the origin you can see how many iterations should
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Figure 4. Shifted Iteration, Newton parabola, bisectrice and A
be necessary for the classical Newton iteration to converge (or even diverge).
But applying the new iteration one step is enough to run away from the critical

zone and thereafter iterate with the modified Newton iteration.

Several experiments, as explained in Section 5, demonstrate that with this
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new initial iteration the method is much more robust and the behaviour of
the method in terms of number of iterations as a function of the condition num-
ber is very predictable. This consideration defines a complete scheme which
can be applied also for Toeplitz-like matrices. Just estimating the condition
number it’s possible to have a very good prediction of the number of iter-
ations necessary to compute a good approximation of the generators of the
inverse. Once we have this approximation, we can compute an approximation
of the solution of the linear system by multiplying the right-hand side vector
by the approximation of the inverse using its (circulant) displacement repres-
entation. This can be done in O(knlog(n)) flops when the displacement rank
of the inverse is k.

3.8 The non-symmetric case

In the non-symmetric case, it is not possible to transform the scalar iteration
in a corresponding matrix form due to the fact that the decompositions (i.e.
the SVD) are obviously non-symmetric. It is possible to extend our iteration
to the non-symmetric case, by modifying the starting point of the Newton
iteration, following the next procedure.

Let A be an (ill-conditioned) non-singular Toeplitz matrix, then apply the
new iteration to the following matrix:

AFA

T="1_"_
||AFA]|

The matrix T is Toeplitz-like, symmetric and positive definite. The new initial
iteration step becomes:

Xo = aTAT + bT AT + ¢T A+ dT + el.

Then after applying the following transformation it is possible to continue the
computation with the classical modified Newton iteration:

X; = X A"M.

4 Norm estimation

Before introducing the numerical tests it is crucial to explain how we estimated
the 2-norm of a low-displacement rank matrix. Computing the 2-norm in the
classical way requires a lot of computational effort, so it is necessary to have
an estimation of it. In the Newton method, this estimation becomes crucial

11



due to the necessity of normalization of the matrix in our new iteration. With
the circulant displacement representation it has been possible to define an
efficient and robust 2-norm overestimation:

Theorem 2 Let T be a Toeplitz-like matriz with circulant displacement rank
k, i.e. rank(AT(T)) = k and displacement representation A(T) = ULV
then an upper bound for the 2-norm is:

1 k
7] < 13 o mae [+ mae [F D,
=1

where F' and D are defined in (2.2).

PROOF. The matrix T can be written as 1 >F | C*(u;)C~(Jv;) (see Th. 1).
Hence, from (2.2), we derive that

IT| == ||Z o;Fdiag (y,)F" DFdiag (g,)F" D"||

2 1
1 H
52@ 1E[] || diag (yo) [ |LE(] 1D1] [1£7]

1 & maX\F ug|  max|F¥ DHy;|

IA

IA

n

5 Numerical tests

5.1 Implementation

The kernel of the implementation is the computation of the displacement
representation of the product or the sum of two matrices when each of their
displacement representations is known. We shall give the results only for the
AT operator because they are very similar for the A~ operator. From Th. 1,
we know that

AT(AB) = AT(A)B + AAT(B) — 24e el B.
Hence, we can easily prove the following result.

Proposition 3 Let AT(A) = UsX4VI and AT(B) = UgXgVE be the sin-
gular value decompositions of AT(A) and AT (B), respectively, with drk(A) =

12



ki and drk(B) = ko, then the singular value decomposition of AT(AB) =
UapXasVE can be computed in O(kikonlogn) ops.

PROOF. We know that AT(AB) = AT(A)B + AAT(B) — 24e,e’B so
AT (AB) = UsX4VHEB + AUY VA — 2Ae el B. Hence, it can be rewrit-
ten in matrix form:
S VER
UA AUB Ael] ZB Vé{
—2| | ef’B

AT(AB) =

The multiplication AUg costs O(ki1konlogn) ops and the same for VI B. Ap-
ply now the following steps in order to obtain the thesis:

First: QiR = QR (|U4 AUR Ael]) cost O((ky + ka + 1)*n)
vis|

Second: Q,R, =QR(| V4 | ) cost O((k1 + k2 + 1)?n)
el p

XA
Third: LXasRY =SVD(R,| %, | RY)cost O((k + ks + 1))
-2
Fourth: Uxp= Q;* L;VI, = R x QH; cost O((k1 + k2 + 1)?n)

Total asymptotic cost O(kikonlogn)

Here we have used QR to denote that the () R-factorization is computed. Sim-
ilarly, SVD denotes the computation of the (economical) form of the singular
value decomposition. O

Similarly, we have the following result for the sum.

Proposition 4 Let AT (A) = UsX 4V and AT(B) = UgXgVE with drk(A) =
ki and drk(B) = ks, then the AT(A+ B) = UarpXa+ VA, 5 can be computed
in O(kikanlogn) ops.

We have designed a database of testing matrices defined in the following way:
take a random vector which represents the first column of a symmetric Toep-
litz matrix, approximate the biggest and the smallest eigenvalues, using for
example the Arnoldi method. Then, shift the first element of the vector, and so

13



the diagonal of the matrix, so that the matrix becomes positive-definite, and
parametrize it to have the possibility to obtain an arbitrary condition number.
These matrices were generated using Matlab ! . Then, we have defined a library
based on the ATLAS package?, the FFTW package?®, and the LAPACK
package? . Everything is written in C++ and Object Oriented. We modeled
a Toeplitz-like matrix with an object. Using the two operators described in
Prop. 3 and 4 we designed the new initial iteration step and the modified
Newton iteration.

5.2 Numerical experiments
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Figure 5. The norm of the residual matrix in function of the iteration step without
the new initial iteration step

We want to illustrate here the improvement of the result when using the new
initial iteration step compared to the initial step from the modified Newton
iteration. In Fig. 5 you see the behaviour of the residual norm for a posit-
ive definite random Toeplitz when the modified Newton iteration is applied
without the new initial step. The graph clearly shows that, when the con-
dition number of the matrix grows, the method starts to diverge. When the
new initial step is used, however, the convergence is preserved as is shown in
Figure 6. It is also interesting to observe that all the samples tested with the
same condition numbers, but having a different dimension are computed using

I Matlab is a registered trademark of The MathWorks.
2 url: http://math-atlas.sourceforge.net/

3 wrl: http://www.fftw.org/

4 url: http://www.netlib.org/lapack/
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Figure 6. The norm of the residual matrix in function of the iteration step using
the new initial iteration step

the same number of iteration steps. This allows to make a good prediction of

the number of iteration steps when a good estimate is known for the condition
number of the matrix that you want to invert.

The last point that we want to focus on, is the impact of the new iteration
on the execution time of the whole method. Fig. 7 compares the execution

time of one classical iteration step to the time of the new initial step and one
classical iteration step.

6 Conclusion

In this paper, we have designed an alternative initial iteration step for the
modified Newton method resulting in a method which is less critically de-

pendent on the choice of the starting matrix. We have illustrated the validity
of the adapted method by some numerical experiments.
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