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Abstract

We consideaproblemthatarisedn thefield of frequeny domainsys-
tem identification. If a discrete-timesystemhasan input-outputrelation
Y (z) = G(2)U(z), with transferfunction G, thenthe problemis to find
arationalapproximationG,, for G. The datagiven are measurementsf
input and outputspectrain the frequeny pointszi: {U(zx),Y (21) },
togethemwith someweight. Theapproximatiorcriterionis to minimizethe
weighteddiscreteleastsquaresiorm of the vectorobtainedby evaluating
G — G, inthe measuremergoints.

If the polesof the systemare fixed, then the problemreducesto a
linearleastsquaregproblemin two possibleways: by multiplying outthe
denominatorandhidethesean theweight,which leadsto the construction
of orthogonalvectorpolynomials,or the problemcanbe solved directly
usingan orthogonalbasisof rationalfunctions. The orthogonalityof the
basisis importantbecauséf the transferfunction Gnis representeavith
respecto a non-orthogonabasis,thenthis leastsquaregproblemcanbe
very ill conditioned.Evenif anorthogonabasisis used,but with respect
to thewronginnerproduct(e.g.,the Lebesgueneasuren the unit circle)
numericalinstability canbefatalin practice.

We shawv thatboth approachefeadto aninverseeigervalueproblem,
which formsthecommonframework in which fastandnumericallystable
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Abstract

We consider a problem that arises in the field of frequency domain system identification. If
a discrete-time system has an input-output relation Y (z) = G(2)U(z), with transfer func-
tion GG, then the problem is to find a rational approximation Gy, for G. The data given are
measurements of input and output spectra in the frequency points zg: {U(2), Y(zk)},]c\[:1
together with some weight. The approximation criterion is to minimize the weighted dis-
crete least squares norm of the vector obtained by evaluating G — G, in the measurement
points.

If the poles of the system are fixed, then the problem reduces to a linear least squares
problem in two possible ways: by multiplying out the denominators and hide these in the
weight, which leads to the construction of orthogonal vector polynomials, or the problem
can be solved directly using an orthogonal basis of rational functions. The orthogonality
of the basis is important because if the transfer function G is represented with respect
to a non-orthogonal basis, then this least squares problem can be very ill conditioned.
Even if an orthogonal basis is used, but with respect to the wrong inner product (e.g., the
Lebesgue measure on the unit circle) numerical instability can be fatal in practice.

We show that both approaches lead to an inverse eigenvalue problem, which forms the
common framework in which fast and numerically stable algorithms can be designed for
the computation of the orthonormal basis.
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1 Introduction

This paper wants to illustrate how two approaches to discrete least squares rational
approximation can be placed in a unifying framework. It has been proposed in the
literature to solve the rational approximation problem, which is obviously nonlinear,
by choosing the nonlinear parameters, i.e., by fixing the denominator, and solving
the remaining linear problem for the linear parameters. In this survey, we shall con-
sider two techniques that are used to solve the linear problem in an efficient and
numerically stable way. The idea is to represent the solution of the linear problem
with respect to an appropriate orthogonal basis, much like in the classical Forsythe
algorithm [16] for discrete least squares polynomial approximation. During the itera-
tion for the nonlinear parameters, one has to generate this basis dynamically. In the
first case, the basis will consist of vector polynomials that have to be orthogonal with
respect to a weight that depends upon the choice of the nonlinear parameters. In
the second case, the basis consists of rational functions taken from a space that will
depend upon the choice of the denominator and which are orthogonal with respect
to an arbitrary weight. We shall illustrate that there is some common framework in
which both approaches can be formulated.

The overall nonlinear problem is not the main concern of this paper. In the identific-
ation literature, there are first of all several cost functions that could be minimized.
Covariance matrices and cross-covariance matrices of different noise sources will play
a role, several norm functions may be considered etc. This has all been described in
the literature and we do not want to enter these problems and stick to the discrete
least squares type of problem. Even the simplest nonlinear least squares problem
in itself is a difficult problem because the objective function can have several local
minima, and it will be impossible to guarantee a global minimum with simple optim-
ization techniques. Much more complicated techniques exist for identification [3,2]
that will guarantee to give optimal solutions for more difficult problems. Unfortu-
nately, they are often computationally quite expensive, while for certain classes of
problems, the techniques we propose may give rather good results.

Let us start with a motivating application. Consider a linear system
y(t) = G(2)u(t) + v(t),

with input u(t) and output y(¢), while v(¢) is some noise with expected value equal
to zero. In many cases it can be considered to be white noise pushed through some
modelling filter. The notation z stands for the shift operator: zu(t) = u(t + 1).
The variable t refers to time which may be in a continuous or a discrete set. In
discrete time G(z) = Y_,¢z 9(7)z~", while in continuous time G(z) = [, g 9(7)2~"dr,
which leads in both cases to the well known convolution relation in the time domain
y = g *x u + v. This setting is standard. See [23,31] for a thorough treatment of the
identification problem.

Let us denote by F'(z) the continuous or discrete Fourier transform of f(¢), where



z € R in the first case and z € T = {z € C : |z| = 1} in the second case. If F' is
rational, it is defined in the whole complex plane C. If it should represent a transfer
function, then stability requires that all its poles are inside the open unit disk for
the discrete time case, or in the strictly upper half plane for the continuous time
case. Furthermore, let us assume that by ||F'||,, we denote the discrete least squares
norm ||F||2, = Y (wiF(2;))® (wiF(2;)), then, under appropriate assumptions, the
problem in its simplest form is the following. Given some frequency information
G(zk), or equivalently U(z) and Y(z), where {z;} is a set of points either in R or
on T, find a rational approximation G(z) such that |G — G|, is minimized. The
weights wy can e.g. depend on the accuracy of the measurements. If for example
the measurement noise is uncorrelated and if g, is the variance of the measurement
G(z), then we could take wy = 1/0. Note that if Y = GU + V, then minimizing
|Y — Y]luv would be another valid criterion. However, this is equivalent to the
previous one because ||Y — Y|y = [|[(G — G)U|luwv = |G = G|lws if w? = wlU(z).

2 First approach: Vector orthogonal polynomials
In a first method, the problem is linearized by multiplying out the denominators.

Let G = B /A where for consistency with the systems theory literature, we assume
that A(z) and B(z) are polynomials in the variable z~*. Hence

N

16 = Gl =3 |(¥ () ACet) = UGB Jun| = et
N Alz) 2 o
= wk[Y(zk), — U(Zk)] =P"W"WP

N
=> " |[WiP(z) ] = || Pl
k=0

P(2) = [A(2), B(2)]", Wi =wilY (z), —U(z)]
P=[P(x)",...,Pzx)"]", W =diagW,,...,W,).

Of course, the minimum has to be taken with a degree constraint. For example if
the approximant should have a prefixed order n, then P should be of strict degree
n, the degree of the vector polynomial P being max{deg(A), deg(B)}. Thus we have
to minimize ||P||w, that is the norm of the vector polynomial P with respect to
a discrete 2 x 2 matrix valued weight represented by the block diagonal matrix
WHW. The minimum is given by a vector polynomial from P2%!\ P2*}  orthogonal
to P2*}. That is a vector polynomial of strict degree n that is orthogonal to all

vector polynomials of lower degree where orthogonality is with respect to the inner



product

N

fs@)w = flae)" Wi Wig(2e), f.ge P (2.1)

k=0

Note that this is a genuine positive definite inner product as long as n < N/2
and that the Y (z;),U(zx) in the weight vector W}, are not the result of a rational
function of degree n or less. Obviously ||f||%, = (f, f)w- The reader should keep
in mind that there are two independent vector polynomials in P2%! orthogonal to

2%l We shall order them such that the first one has a leading coefficient of the
form [a 0]7 with a > 0 and the second one has a leading coefficient of the form [c d]T
with d > 0. With this convention, the ith orthogonal vector polynomial (OVP) ¢;
will have degree [%J, 1=20,1,....It is therefore more convenient to consider pairs of
OVPs with the same degree and denote by ¢; = [¢9;|P2;+1] the 2 x 2 orthogonal block
polynomial (OBP) of degree 7 which contains the two OVPs of degree i as its two
columns. If the OVPs are orthonormal, then the OBP are orthonormal in the sense
that (¢1, ;) = d;;I> where the inner product is as in (2.1) where we allow f and ¢
to be elements from P2*2. They are uniquely defined because their leading coefficient
is an upper triangular matrix in C?*? with positive diagonal elements. There may
be an exception for the last OVP if N is even, but if we assume for simplicity that N
is odd, we find that the optimal polynomial P = Y"1 ; p;9; with ¥; € C**! is given
by ¢n?, for some 0 # 9, € C**! that minimizes ||P||%, = ||entnlll = [|9n|>. Any
normalisation with 0 # 4, will do because P contains numerator and denominator
of the approximant and is therefore only defined up to a constant multiple. The
construction of these OVPs can be done by a fast and numerically stable procedure.

The theory and computational aspects as well as the use of discrete rational ap-
proximation on the unit circle and the real line has been reported on in several
papers to which we refer for further details [34-36,6]. For an application in system
identification see [7]. We just summarize the main results for further reference.

The procedure can be formulated as an inverse eigenvalue problem.

Theorem 2.1 [6] Let w be the (N + 1) x 2 matriz whose kth row is Wy, k =
0,1,...,N, and let wy be the (N + 1) X 2 matriz whose first 2 x 2 block is an
upper triangular Cholesky factor of wHw with positive diagonal elements and that
has zeros everywhere else, and finally let Z be the diagonal matriz diag(zo, - .- , 2n)-
Then there exists a unique unitary matriz Q such that

I
Q" [w|z™"] = [w1[H]
Q

with [w1|H] a matriz whose lower triangular part is zero and which has positive
elements on its main diagonal. Denote by ® the 2(N + 1) X (N + 1) matriz [¢;(zx)],
1=0,...,N, k=0,...,N, where ¢; 1s the ith orthogonal vector polynomial then
Q=Wo.



If z, € R, k=0,...,N then H is Hermitian, hence pentadiagonal.

If 2z, €T, k=0,...,N then H is unitary.

Remark 2.2 Several remarks are in place here.

(1)

Note that this is an inverse eigenvalue problem. Z~! are the eigenvalues of the
matrix H and the columns of Q¥ are the eigenvectors. The first two elements
of the eigenvectors are fixed by the condition Qw; = w. The problem is to find
the matrix H and the eigenvectors.

The unitary similarity transformations can be computed in a recursive way. L.e.,
we can add the data (W, z;) for k = 2,3, ... and recursively update the matrix
H. Because this matrix has a well defined structure (Hermitian or unitary), the
overall algorithm will require only O(N?) operations.

In general, the degree n of the approximant will be much smaller than N, the
number of measurements. In that case, we only need to compute the first 2n
columns of H, in which case the complexity reduces to O(nN) operations.
The matrix H is the key result because it contains the recurrence relation for
the OVPs. It is most convenient to formulate this in terms of the OBP ¢; when
we also think of the matrix H as consisting of 2 X 2 blocks. Because the OBP
had upper triangular leading coefficients with positive diagonal elements, also
the subdiagonal blocks of H have this property. The top block of wy is ¢y *. The
subsequent ¢; can then recursively be computed using the block upper Hessen-
berg matrix H. In the continuous time case (z; € R), H is a block tridiagonal
Jacobi matrix, for the OBP. In the discrete time case (z; € T), H is a block
upper Hessenberg matrix that for computational efficiency should be stored in
factored form. Each factor contains block Schur parameters for the OBP. The
recursion is a generalization of the Szego recurrence for polynomials orthogonal
on T. Note that there is no need to explicitly compute the vector polynomial
that solves the identification problem. Evaluation through the recurrence rela-
tion implicitly or explicitly stored in H requires only O(n) operations for every
point in which we want it evaluated.

In the identification problems, the measurements may be real, but for the dis-
crete time case, the points z; are complex. However, using G(e™*) = G(ew),
we can rearrange the complex pair diag(e™*, e™™*) in the matrix Z by unitary
similarity transformation as a real 2 x 2 block with real entries. Hence, updating
the associated weights W correspondingly, the computations can be performed
using only real arithmetic.

The algorithm is easily generalized for the case where the vector polynomials
have size p X 1 where p can be larger than 2. Moreover, it is possible to assign
different maximum degrees for each of the components of the optimal solution
that we are looking for. This generalization to p > 2 is important for the MIMO
case. The idea to solve the MIMO case with these techniques is that the matrix
numerator and denominator of the polynomial matrix fraction description of
the approximant are stored column by column in a long vector. For a system



with p inputs and ¢ outputs, this results in vector polynomials of length (p+q)q
or (p + q)p depending on whether a left or a right matrix fraction description
is considered. Then the more general algorithm is applicable. This means that
the technique will only be of interest for moderately small p and g. See [30].

To summarize this approach we reconsider the original nonlinear rational approx-
imation problem. First some estimate for the denominator A is chosen. This fixes
the weight W and a solution can be computed in a numerically stable and efficient
way. The approximant itself is not computed explicitly, but it is stored in the form
of a recurrence relation that allows to compute its value for any z very efficiently.
With the new value of A, a new weight is defined and the process is repeated. In
each iteration step, the weight is changed and the basis in which the solution is rep-
resented is optimal (condition number 1) and is recomputed on the fly. However, it
is well known that this Sanathanan-Koerner type of iteration [9] does not guarantee
convergence to a minimum. So it is hoped that it will converge to something that
is close enough to the true minimum and that, with the last basis fixed, and with
the ultimate solution as a starting point, a true maximum likelihood optimization
algorithm can be applied to find the true minimum of the nonlinear problem. If the
starting point is close enough to the true solution, then the weights will only change
a bit and the loss of orthogonality will only be moderate. Note however, that there
is no guarantee that this will work and give a global minimum that is hoped for.
However, for moderately complicated problems, it may give quite good results in an
efficient way. If it does not work out that way, more involved techniques are needed
[3,2].

3 Second approach: orthogonal rational functions

In a second approach, the approximant G is represented with respect to an or-
thogonal basis of rational functions. Suppose again that we have some estimate of
the denominator in the sense that we know all the poles of the approximant, say
a1, ... ,0,. Then the approximant should belong to the space

_ Pa(2)
ﬁ"_{HLdl—aM@

:anPn}a

where P, is the space of polynomials in 1/z of degree at most n. For stability, the ay
should be in |z| < 1 for the discrete time case and in Im(z) > 0 for the continuous
time case.

Assume this space is spanned by a set of rational basis functions {¢ }7_, so that we
can write

éw=§@ma

with the parameter vector @ = [fy, ... ,6,]7 to be chosen in an optimal way.



For numerical (and many other theoretical [28]) reasons, one should choose the basis
functions ¢ to be orthogonal. However, when considering the numerical problem,
recalling that we have to minimize the least squares error ||E||,, for some weight w
where F =G — C;', the orthogonality we need is with respect to the inner product

(f,9) = I;[wkf(zk)]H[wkg(zk)], (3.1)

since then ||E||%, = (E, E),,.

We shall discuss the matter of constructing an orthonormal basis in subsequent
sections, but whatever the choice of the ¢, is, and whatever computational method
is used, the idea of the nonlinear rational approximation problem is to solve the
overdetermined system ®0 = G in a weighted least squares sense, where ® is the
(N +1) x (n + 1) matrix with entries ¢;(2,), ¥ = 0,...,N, l = 0,...,n and
G = [G(%),...,G(zy)]". This solution is @ = ¥ITWG with ¥ = W&, W =
diag(w, ... ,wy) and ¥’ denotes the Moore-Penrose inverse. Since ® depends on
the choice of the poles o, we get a residual vector E = G — ®0 that will depend
on c. Solving the nonlinear least squares problem ming, RZ“R where R = WE =
(I - T WG will give a solution. It should be noted however that the problem is
not convex, so that there is a real danger that a numerical algorithm will be trapped
in a local minimum. Moreover, optimization should be done such that the oy are
restricted to the open unit disk. In cases where the poles should be real or complex
conjugate, it is worthwhile to write (z — a)(z — @) = 2% + bz + ¢ with b,¢ € R and
solve the nonlinear routine with respect to the parameters (b, c) instead of (o, @).

So it remains to design a numerically stable and efficient algorithm to solve the linear
subproblem of each iteration step by constructing the ¢, as a set of appropriate
Orthogonal Rational Functions (ORFs).

3.1 Takenaka-Malmquist basis

The idea of representing the transfer function GG as a linear combination of ORFs
with prescribed poles is quite old, and it has received much attention in the identi-
fication literature lately [1,10,11,13,19,21,22,26-29,32,38,41,42].

However, these papers almost always restrict the discussion to rational functions
that are orthogonal with respect to a uniform continuous (Lebesgue) weight, mostly
for discrete time systems. One of the reasons is probably that an explicit expression
for these basis functions exists. Indeed, it is well known that the system {¢;}?_, with

b =1, ¢~5@(2) = 7'1_|ai|B (2), Bi(z) = ﬁ M =1,2

i—1 = , 1 g Ly (32)
1—a;/z 1—aj/z

J=1



is an orthonormal system for the inner product (f, g) = % [T fe™)g(e™)dw. Tt is
the so-called Takenaka-Malmquist basis [33,24]. It generalizes the Laguerre, Kautz
and Hambo bases [20,18,12,11,27]. Another nice thing about these bases is that it can
be rather directly generalized to MIMO systems if only a finite number of different
poles is selected that are cyclically repeated. Indeed one can construct a system of
ORFs for the Lebesgue measure on T starting from any rational inner function H
(that is a matrix valued rational function satisfying [H(z)|” H(z) = I for z € T and
which has all its poles in the open unit disk). Taking a balanced minimal realization
(that is writing H(z) = C(2I — A) 'B + D, such that the size of A is minimal and

such that is unitary) immediately gives an orthonormal basis.
CD

Theorem 3.1 [11,12] Let H be a scalar inner function and (A, B, C, D) its minimal
balanced realization, then the elements of the vectors Vi(z) = (21 — A)"'B[H(2)]¥,
k = 0,1,... form an orthonormal set of rational functions whose poles are the
eigenvalues of A and hence the poles of H that are cyclically repeated.

Given a vector of ORFs in the form, V(z) = (21 — A)™'B, a vector of ORF's with
additional poles of an inner function with minimal balanced state space realization
(A", B',C", D') is obtained in the form V(z) = (21 — A)~'B where
- A0 . B
A , B
B'C|A B'D

Suppose we use this basis for finding the best discrete least squares approximant,
then we have to solve the overdetermined system W®@ = WG in (unweighted)
least squares sense where W = diag(wy, ... ,wn), G = [G(%),... ,G(zy)]T and &
is the (N 4 1) x (n + 1) matrix with elements ¢;(z), k =0,... ,N, 1 =0,... ,n,
and 0 = [f, ... ,0,]", giving the optimal solution G = ¥7, ¢;6;. Since the ORFs
qgi are not orthogonal with respect to the discrete inner product, it may not come
as a surprise that the condition number of the matrix W@ can be very large.

Example 3.2 [38] We consider the Takanaka-Malmquist basis with poles .9 + .3i
and .7 £ .27 repeated 5 times as in [38], the condition number of ¥ = W& for
N =200, and n = 20 is O(10'7).

However, this need not be a disaster. A condition number that big means that
when computations are done in IEEE standard double precision, the columns of ¥
are linearly dependent. The true least squares solution @ and its computed value
0 may differ considerably, but this does not mean that }; (;5101 and 7, qglél will be
much different. For example, when solving the system in Matlab with the backslash
operator, it will put the él that corresponds to the linearly dependent column equal
to zero, and the approximation of G does not suffer from the ill conditioning. O



3.2  General orthogonal ORFs for a discrete measure

Although the previous basis may be used to solve the problem, it is also possible
to construct an orthonormal basis of rational functions that is custom designed for
the problem at hand, i.e., orthogonality with respect to the inner product (3.1).
This will yield a Jacobian matrix with condition number 1, and will thus avoid any
numerical instabilities. It is in general not possible to give an explicit expression for
these ORFs, but the computational effort is comparable.

The theory of ORF's with prescribed poles orthogonal on T and R with respect to
a general positive measure is described in [4]. The poles were located in |z| > 1 for
the circle and in Im(z) < 0 for the line, but switching the poles to be in |z| < 1 or
Im(z) > 0 is but a trivial exercise. See [39] for the discrete time case.

We intend however to give the explicit relation with the approach by OVPs that
was summarized above. This will show that, at least in the scalar case, the present
approach is conceptually simpler.

The idea is again that we assume that an estimate of the denominator is given. More
precisely, suppose we know the poles of the approximant. Whereas in Section 2,
we multiplied out the denominator (and absorbed it in the weight), to obtain a
linear problem for a vector polynomial, this may be considered as an unnecessary
complication. If the denominator is given, then the problem is linear as it is, and it
can be solved with linear algebra techniques. To work with an orthonormal basis,
we need to generalize the theory of orthogonal polynomials (on R or on T) in one
way or another. For the OVPs we needed a vector/matrix generalization. For the
ORF case, we need a generalization from polynomials to rational functions. Both
are generalizations in the sense that a scalar polynomial is a 1 x 1 polynomial and it
is also a rational function with all poles at the origin (if we work, as we do here, with
polynomials in the variable z7!). As we mentioned before, the theory of ORFs has
been developed elsewhere, but we want to emphasize the specific relation with the
OVP approach, and we shall therefore develop this view explicitly. The symmetric
case was considered in [37] from a different point of view, but as far as we know, the
relation has not been published explicitely yet.

We start with the following lemma.
Lemma 3.3 Suppose ¢i(2) = pp(2)/m(2) with mp(2) = [1%, (2 — i), (pr(2) is a
polynomial in z of degree at most k) and assume py(ag—1) #0 fork =1,2,...  k+1.
Then, setting oy = 0,

or(z) € span{(z — a;)pi(2) :i=0,... ,k+ 1}.

Thus there exist numbers n;j such that

br(2) = (2 — ag)do(2)nok + -+ - + (2 — Qpy1) Dot 1 (2) Mg 1,



Moreover niy1; #0,1=1,... k.

PROOF. We give only a sketch in the case that all the oy are mutually different.
We have to prove that there exist some numbers 7;,, 2 = 0,... ,k 4+ 1 such that

or(2) = 542 — ;) pi(2)mig. If we multiply this relation by 7, this becomes

Pe(2) = Pomok (2)Nok + P1(2) Tk (2)Me + - - + Pr(2) ok (2) Mok + Prot1 (2) Mot 1,15
(3.3)

where 7;.;(2) = [I]_;(z — ;). To show that these numbers exist, we note first that
pr(z) is the unique polynomial in the set of polynomials of degree at most k + 1
that has highest degree coefficient equal to zero and that takes the values pi(;) =
lim, ,q,[¢r(2)7(2)] in the points «; for ¢ = 0,1,...,k. Thus if we can find the
numbers 7,4, ¢ = 0,...,k + 1 such that the polynomial in the right hand side of
(3.3) has this property, it has to be equal to pg(2).

Replacing in (3.3) z by a; for i = 0,1, ...,k gives

Pre() = Piv1 () Tiv1a () Miv 1,6 + Dita(6)Titon(06)Nigop + - - -

Add to this an equation expressing the fact that the coefficient of z¥*! in the right
hand side has to be zero, which is of the form 0 = Kooy + - .. + Kk417Mk+1,5 Where
pi(2) = K;2°+0(2""1). Then we get a triangular system of k+2 linear equations whose
diagonal elements are kg and p; 1 (a;)mir1.k(0;), 4 = 0,1, ..., k which are all nonzero
by our assumption. So there exists a (unique) set of coefficients 7o, - .. , k11, that
solves the system.

In the case of coinciding poles «;, a similar derivation can be made, where we
evaluate pg(o), pi(a;), pi(a;), etc., taking as many derivatives as the multiplicity
of «; requires. This leads to the same conclusion.

The last coeflicient 7511, can not be zero, because then pg(ag) = pPrr1()Mk+1.k
would be zero, implying that in ¢ the factor (z — ay) can be canceled in numerator
and denominator which would mean that ¢, € L£;_1, which is impossible. O

If the ORF system satisfies px(ag 1) # 0 for £ = 1,... , N we shall say that it is
reqular. We assume from now on that the system is regular.

The choice g = 0 is not necessary. Any other choice for g such that p;(ap) # 0
will do.
Also the orthogonality is not used. Any set of rational functions ¢; € L; \ L;_1,
1 = 1,...,k with ¢g # 0 satisfying the regularity condition will give the same
result.

10



Thus we may write

O(z) = @(2) (2 = AJH+[0 -+ 0 Nng1n(2 = ng1)bnsa ()] (3-4)

where

Moo *** TMo,n—1 To,n

@ = ) s s ¥nly n— n
(z) = [po, 1 bn] and H— | Mo 771,' 17}1',

A = diag(ag, ay, . .. ,0p),

Tnin—1 Mnyn ]

The ORF's will be uniquely defined if we impose that the subdiagonal elements 71
are all positive (recall they are nonzero by Lemma 3.3).

Since the discrete measure has only N +1 mass points, the Gram-Schmidt procedure
would find ||¢ny1]|lw = 0. This does not mean that ¢x,1 = 0. It only means that

dn+1(z,) = 0 for £k = 0,1,...,N. So we can choose an arbitrary ayy; and set
On41(2) = T1o(z — 2;) /TN (2).
Therefore, we may write down the relation (3.4) for n = N and letting z = 21,... , zx

to get ® = (ZP — PA)H where Z = diag(zo, 21, . - . , zn) and D is the square matrix
of size N 4+ 1 whose (k,1) element is ¢;(z).

Defining W = diag(wy, ... ,wy) and Q = W®, we get
Q= (ZQ - QA)H. (3.5)

Lemma 3.4 The upper Hessenberg matriz H is invertible.

PROOF. We know that Q is a unitary matrix because the orthogonality of the ¢;
implies Q7 Q = ®*WH W& = I. Therefore |det(Q)| = 1.

Because Q = (ZQ — QA)H, and thus det(Q) = det(ZQ — QA) det(H) # 0, H will
be an invertible matrix. a

The inverse of an irreducible Hessenberg matrix, i.e., whose subdiagonal elements
are nonzero, has been studied in the literature and is known to be a semiseparable
matrix [17] (see also the proof in the appendix). That is a matrix whose lower
triangular part is the lower triangular part of a rank one matrix. For the discussion
of semiseparable matrices, it is convenient to introduce some Matlab-like notation:
tril(M, k) denotes the matrix that is the same as the matrix M on and below the kth
diagonal (kK > 0 is above the main diagonal and & < 0 is below the main diagonal.
All its other elements are zero. tril(M) = tril(M, 0). Similarly triu(M, k) refers to
the elements up and above the kth diagonal. Then M being semiseparable means
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that there exist vectors u and v such that tril(M) = tril(uv¥). The remaining part
triu(M, 1) has in general no specific structure.

Thus there exists a semiseparable matrix S = H™', and the relation (3.5), after
multiplication with Qf can be rewritten to arrive at

S+A=Q"ZQ. (3.6)

To completely define this inverse eigenvalue problem (the z; are the eigenvalues of
the semiseparable-plus-diagonal matrix S + A), we need an extra condition. This
can be found as follows.

Lemma 3.5 With the notation introduced before and with w = [wg, wy, ... ,wy]’
we have

J

QHW =wy, wp=][|w],0,... ,O]T.

PROOF. Because (1,1) = ||[w]|?> = ¢, (note that we may consider ¢, to be the
element 7y _1, so that in harmony with 71, > 0, we choose ¢y > 0 too), and
because (¢x, 1),, = drohy ', We have

Q'w = ®IWIWI,1,... 1" = [¢51,0,...,0],

which gives the result. O

Note that this relation prescribes the first column of Q, which are the first compon-
ents of the eigenvectors that are stored as the columns of Q.

So we finally arrive at the complete inverse eigenvalue problem.

Theorem 3.6 Let w be the vector whose kth element is wy, k = 0,1,...,N, and
let wyi be the vector whose first element is ||w|| followed by N zeros, let A =
diag(ay, ... ,an) (g =0), and finally let Z = diag(zo, - .. ,2n). Define the unitary
matriz Q such that

- 1
Q" [w|Z] = [w1|S+ A].
Q
with S a semiseparable matriz. Denote by ® the square matriz [¢;(zx)], k =0,... , N,
1=20,...,N, where ¢; is the ith orthonormal rational function, then Q = W .

If z, R, k=0,...,N then S+ A is Hermitian.

If 2z, €T, k=0,...,N then S+ A is unitary.

12



PROOF. All the ingredients for the proof were given above. The special properties
for S 4+ A follow immediately from (3.6). O

Corollary 3.7 If all zr € R, then the strictly upper triangular part of the matriz S
has rank 1, i.e., triu(S, 1) = triu(R, 1) with R of rank 1.

Ifall z, € T, and if all o; #0, i =1,... , N, then triu(S,1) = triu(R, 1) with R of
rank 1. If however m of the ag, k = 1,... , N are zero, then triu(S, 1) = triu(R, 1)
with R = diag(Ry, ... ,Ry,) with all R; of rank 1 for i =0,... ,m.

For a proof we refer to the Appendix.
Remark 3.8 The following comments can be made.

(1) Although S + A has a special form that is easily characterized, the Hessen-
berg matrix H = S~! will have a corresponding structure, which is not easily
described. For example, in the case of the real line, H will not be Hermitian,
except when the oy are real (which they can not be for stability reasons). Hence
there will not be a three term recurrence relation in this case. Similarly for the
case of the unit circle. If the oy belong to the boundary (R or T), we do have
a three term recurrence, as given in [4, p. 261] and [5] (modulo a reflection in
the boundary).

(2) Although the lack of a three term recurrence relation says that there is not a
relation of the form e (2 — ag)dr(2) = (Bk + 27k)Pr—1(2) + Okr_2(2), we do
have a Szegb-type recurrence. That is, if we replace ¢_2(2) by (2 — ag )5 _1(2)
in this expression, then these numbers (B, Yk, Ok, €x) do exist. These reciprocal
functions are defined as

k=1, _ &
or_1(2)= (H Z) ¢r-1(2), in the case of R

im1 z— Qo

k—1 1

Pr_1(2) = (H — diz) dr_1(1/2z), in the case of T.

i=1 z — O
See [4, p. 75] where explicit expressions for the (8, Yk, 0k, €x) can be found. We
have

ek(z — ak)qbk(z) = (CkZ + dk)qﬁk,l(z) + ﬁk(z — Ojk)QSZ_l(Z), (37)

where cyz+dy is z—ay, 1 for R and 1—ay 12 for T. The p;, are the generalizations
of the Schur-Szegd parameters, and ey, is a normalizing constant. This recurrence
does allow for a fast O(nN) algorithm to compute the orthogonal functions up
to degree n.

(3) The vector ® of ORF's can also be represented in the form ®7(z) = (21— A) B
like for the Takenaka-Malmquist basis and the A and B can be recursively
updated using the p, parameters when new poles are added, generalizing The-
orem 3.1. See [40].
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(4) The previous result says that both cases (R and T) are similar, but that the
case of the circle is “more general”. We have indeed S = tril(uv”)+triu(rq”, 1)
when o; # 0, for 4 = 1,... , N. In the case of the real line, we have the extra
symmetry that r = v and q = u. In the case of the unit circle, also the r and
q are related to the vectors u and v by the unitarity of S + A, but it is less
explicit. So whereas the updating of the H matrix was quite different for R
and for T (at least in the polynomial case, see [6,35,36]), the update of S + A
is quite similar for both cases. So we shall pursue the idea of working with S
instead of H somewhat further and see how this can lead to a fast algorithm
that is an alternative for the recurrence (3.7).

(5) The polynomials are a special case that is obtained by setting all oy, = 0. In
this case S, and hence also H is Hermitian and thus tridiagonal in the case
of all z; € R, which gives the classical three term recurrence relation. In the
case of all z; € T, then S and thus also H is unitary, which corresponds to the
classical Schur-Szeg6 recurrence relation, which is (3.7) where all o’s are set to
zero.

Also the OVPs that were discussed in Section 2 can be derived and treated
in a similar way. The result would be as in Theorem 2.1 where instead of using
H, the same result is expressed using S = H~!. This S is then the inverse of
a block upper Hessenberg matrix and therefore semiseparable of order 2, i.e.,
such that tril(S) = tril(u; v + uyvil). For a proof of this fact we refer to the
appendix. The result is formally as in Theorem 3.6, but with w and w; having
the meaning as in Theorem 2.1 and A = 0.

(6) The previous generalization to handle block Hessenberg matrices has also an-
other application because like in the case of OVPs, if the poles are real or come
in complex conjugate pairs, and the associated weights are also complex con-
jugate then the computations can be done in real arithmetic if the algorithm
sketched below is generalized to handle a block diagonal matrix A.

To illustrate that fast algorithms can be designed, we give in the appendix an ex-
ample of the computation of S + A in the scalar ORF case. For simplicity we assume
that we are in the case where triu(S, 1) is part of a rank 1 matrix, i.e., we are in the
case of the real line, or we are in the case of the circle, but with all oy, # 0 for & > 1.
Then it is possible to design a fast, i.e., an O(N?) algorithm to compute the whole
matrix S. If we are in the circle case, with some of the a, = 0, £ > 0, then other
algorithms can be designed with an O(N?) complexity, but they are more involved.

An operation count shows that the overall algorithm to compute the (N+1)x (N +1)
matrix S requires O(N?) operations. Of course, if we need only the first n ORFs,
the computation can be reduced to O(nN) complexity.

Although SH =1, this does not hold for the leading submatrices. Denoting by
M,.j.5. the submatrix with elements from rows ¢,... ,j and columns k, ... , [, of the
matrix M, and shortening £ : k to k, we define S;, = So.n.0:n, S = Soinin+1 = Gnt+1Tn,

14



H, = Hy.n.0:n, by = Hoyippin— 1. Then we have
S,H,=1, — Sn[07 .0, 77n—|—1,n]'
If we write down the next to last column in this relation, we get
S,h, =10,...,0,1,0]", (3.8)

from which h,, can be solved in O(n) operations [8,25,15,14]. To compute the ORF's
recursively, we start from ¢y = 1/||w|| and use

¢n—1(z) = (I)n(z)(zIn - An)hm

where ®,, = [¢g,...,¢,] and A, = diag(ag, ... ,qy,), from which we can compute
On(2) if @, 1(2) is known.

4 Numerical example

We consider a set of measurements with z; = exp(iw;), j = 1,...,100 with w; €
[0.0038, 0.7632]. The amplitude and phase of the measurements are given in Figure 1.
The variance of the measurements is also shown. These data are symmetrically
extended. For the poles we take the values ay = 0 and ag,_1 = 0.9 * 2, and ag, =
Qo 1, k=1,2,... ,n wheren=2,3,...,30.

The (N + 1) x (n + 1) matrix ®,,, containing the first n + 1 ORF, evaluated at the
N + 1 datapoints should be orthogonal with respect to the weight w; = 1/0; where
o; is the given variance. Thus ng Q. — I, with Q, = W&, should be zero. By
rounding errors orthogonality may be lost. Therefore we compute the norm of this
difference as a measure for the loss of orthogonality. This has been plotted in the last
figure. In the case that the ORF are computed by the recurrence relation (3.7) it is
shown in dashed line, while for the case where they are computed by the technique
of the semiseparable matrices, it is shown in full line.

Obviously both of the methods are very stable, and approximants up to degree 60
will not run into numerical problems. In fact, for this example, when only the first
6 poles are used, the approximation is already quite good for both methods.

For the Takenaka-Malmquist basis, the error is of the order 10, which is quite
understandable because this basis was not designed to be orthogonal with respect to
the weight that is used here. The condition number of Qgg, that is the matrix W &g,
in which ®g4, contains the first 60 Takenaka-Malmquist basis functions evaluated in
the N + 1 data points, is approximately 10, while for the other bases considered
here, it is 1 + O(10712).

The numerical accuracy (in casu the loss of orthogonality, and the contition number
of Q,,) depends strongly on the position of the poles. Choosing them closer to the
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ampl frequency response fct phase frequency response fct

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7

variance

Loss of orthogonality

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 10 20 30 40 50 60

Fig. 1. The loss of orthogonality: The amplitude and phase of the measured frequency
response function and the corresponding variance of the measurements. As measure for
the loss of orthogonality we compute @,If WHW®,, — 1, for different values of n. The
matrix ® has N rows and n + 1 columns. This is plotted in the last figure for different
values of n. The dashed line is for the ORF computed by the direct recurrence relation
and the full line when they are computed by the technique of the semiseparable matrices.

unit circle will give a faster loss of orthogonality and multiple poles (e.g. cyclic-
ally repeating a finite number of poles) will make loss of orthogonality even more
pronounced.

5 Appendix:

5.1 Proof of Corollary 3.7

We prove the following.

Corollary 5.1 If all z, € R, then the strictly upper triangular part of the matriz S
has rank 1, i.e., triu(S, 1) = triu(R, 1) with R of rank 1.

Ifall 2, € T, and if all o; #0, i =1,..., N, then triu(S, 1) = triu(R, 1) with R of
rank 1. If however m of the ax, k = 1,... ,n are zero, then triu(S,1) = triu(R, 1)
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with R = diag(Ry, ... ,Ry,) with all R; of rank 1 for i =0,... ,m.

PROOF. First consider the case 2z € R. Then, because S + A is Hermitian, we
have triu(S, 1) = tril(S, —1)7 = tril(uv, —1)# = triu(vu?,1).

For the case 2z, € T, we use S = H™! and note that
S+A)=S+A)"'=HI+AH)™"

Because I+ AH is an upper Hessenberg matrix with nonzero subdiagonal elements,
except for those subdiagonal elements corresponding to an «; = 0, its inverse T is
weakly semiseparable, that is, it is of the form R+U with U strictly upper triangular
and R = diag(Ry, ... ,R,,) with all R; of rank 1 (see Theorem 5.2 below). Because
triu(S, 1) = tril((S + A)¥, —1)# we have to find the structure of tril(HT, —1).

For the sake of simplicity, assume there is only one a; = 0, i > 0 (the generalisation
should be obvious). So

To*

T = , T semiseparable, k£ =0,]1.

0 T,

Define H as the upper triangular matrix which is obtained from H by deleting the
first row and adding the row [0,...,0,1] at the bottom. We subdivide the matrix
H in blocks having the same size as the blocks of T. So

:FIO * T() * I:I()T() k —T’
0 H, || 0Ty 0o HT,|

Since the Hy, is upper triangular with nonzero diagonal elements, and T}, = R, + U,
with rank(R}) = 1 and tril(U}) = 0, it follows that H, T, = H;R, + H, U, =
Ry + Uy with rank(Ry) = 1 and tril(Uy) = 0. It remains to note that the nontrivial
part of tril((S + A)#, —1), that is the part without the zero main diagonal, is equal
to tril(V) where V is the matrix obtained by deleting the last row and the last
column of T'. Indeed, T' = HT is the same as HT = (S + A)¥, except that the
first row has been deleted and an extra row is added at the bottom. O

5.2  The inverse of a block upper Hessenberqg matriz
We give a proof of the following general theorem.

Theorem 5.2 Suppose H is an invertible block upper Hessenberg matriz with block
size k and suppose that the subdiagonal blocks are invertible and upper triangular. If
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H-! =S, then the lower triangular part of S is the lower triangular part of a rank

k matriz. In other words if H has size nk, then there exist matrices u and v of size
nk X k such that tril(S) = tril(uvf).

If m of the subdiagonal blocks in H are zero, then tril(S) = tril(R) with R =
diag(Ro, ... ,R;,), where each R; has rank k.

PROOF. Suppose

H, H,
H3 H4

with Hy of size k x k. Note that Hj is upper triangular. Define the upper triangular
matrix

I, H, Hy
H= |0 H, H,
00 I,

The matrices I, are unit matrices of size k. Define

I, K K,
K= H_l =10 K3 K4
0 0 I

Note that also K3 is upper triangular. Since HK = I(nt1)k, we also have

I, K;
I, H, H,
0 K3 - Ink
0 H; H,
0
or
I, 0
[Ik Kl]—i-H | =1,
0 00
so that
-1 Ik 0 K3
HH [Ik Kl] + = L. (5.1)
0 00
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Now define

S: S
s—H1=|>|
Ss S4
with S; of size k£ x k, then from (5.1)
Ik: 0 K3 Sl 0 K3
S=S |:IkK1:|+ - |:Ik 1]+ Eh/-[l'i‘h/-[Q-
0 00 S3 00

Obviously, the matrix M; has rank & because [S# S¥]# has full rank &, and since K3
is upper triangular, it follows that tril(S) = tril(M;), and this proves the theorem
when all the subdiagonal blocks are invertible.

Suppose now that there is only one subdiagonal block equal to zero. Then the H is
reducible, and we may write (note that this subdivision of H is different from the
one we had before)

H()*
0 H,

H =

where Hy and H; are block upper Hessenberg matrices of the form treated in the
first part of this theorem. Thus we can apply the first part of this theorem to each
of the blocks Hy and H;:

SO *

0 S,

S=H"'=

with for i = 0,1, S; = H; ! = R;+ U; where R, is a rank k matrix and Uj is strictly
upper triangular. This proves the theorem if there is only one zero subdiagonal
block. The generalization to the case where there are more subdiagonal blocks equal
to zero is obvious. O

5.8 An algorithm for the computation of S + A

As we have said, we will only look at the case where the strictly upper triangular
part of the semiseparable matrix S is part of a rank 1 matrix. This depended on the
fact that the poles were nonzero.

Recall that the rank 1 condition for the strictly upper triangular part depends on the
fact that there are no poles equal to zero. If a pole is zero, this upper triangular part
will have a zero block and two other blocks of rank 1. Thus the matrix is represented
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with the same amount of information, so that the algorithm has to be adapted, but
it will still have the same complexity.

If the poles are not zero, but become small, the rank 1 condition will be almost
violated, which will lead to numerical rounding errors. The numerically stable variant
does exist, but it is however much more involved in general, so we will describe it
elsewhere.

For a matrix S = tril(uv?) + triu(rq*, 1), the updating goes as follows. Suppose we
have already the matrix S + A of size 3 and we add new data (w3, as, 23):

W3 Z3

[|wal| Uplp + g  Toq1 Toq2

U1y UV + @1 T1Q9

| ’LLQT)O U1 U1V2 + Qg ]
There are 4 vectors involved in the definition of the matrix S: u,v,q,r. At this
stage we have a vector u = [ug, u1, us|”, and similarly for the other vectors. We shall
transform this into a new vector u’' = [uf, u}, ub, us]" and similarly for the other
vectors. This transformation will be done in several substeps. We shall have the
successive transformations that build up u’ from u from top to bottom:

ug ug ug (7

U uy u) u) ub
— — — —

Uy Uy ub ub ub

Uo Uy Uy uf u

and similarly for the other vectors. The first step is to define a unitary matrix

c s
Gip = such that

—SC

Gfg ws _ [|w|
[[wal| 0
Define
ab 23 0
= {{’2 G1,2.
ed 0 UeVp +

This is the principal 2 x 2 matrix in the following matrix which is the result of the
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similarity transformation

I =1 ! =l ! = ! =
UyUy + Tod1 o1 942
11 <14 "= ! I~ Il =
Uiy U T oy Tiq T1q2
—1 —I1 — —
U1, U1, U1V + T1Q2
'U/Q’Dé U/Q/ljil U9V1 U9V9 + Qg
where
vy = —8vg, vy =cvy, 1y = —8ry, T =2¢ro

up = (a— o) /Ty, ui =e/Ty, o4 =d—uivy, § =b/r

The next step is to do a unitary similarity transform on rows and columns 2 and 3
by a unitary matrix

1 1t o — o
G2,3 = t= - " TR
J1+ \t|2 —+t1 ViU — q17
which results in
I 114 ! = =1 ! = i
UV + Qo Toq1 704, T0q2
1 =! 1 —=1I ! = ! =
w1ty (Ul + g 145 142
(5.2)
"= "= n=n ! =
Uo Uy Ugly  Ugly + Qy|  Toq2
! ! b=1/4 =
UV UgUy Ug Vs, UV + Qo
where
n n ! ! /4 = =N
G, 3 = ) 2,3 = y Qg = Q.
? ni.n N = ~1 =N
Uy |T1 Uy [Ty g1 41 q1 45

This type of transformation is repeated for the next pair of rows and columns,
transforming the pairs (2,3),(3,4),...,(n — 1,n). The last step is in general to
rename ul v, + o as u,v] + o, which is obtained by setting u! = u! and v/, =

! 1 =n !
(an — oy + U’nvn)/un
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