Computing orthogonal rational functions on

the halfline

J. Van Deun A. Bulthedl

Report TW 346, October 2002

Yy

*
&7,
S p &
K %
Q & A
5 %
4 8
g 3
% s

$ §

%1425 8

l\°‘\

Katholieke Universiteit Leuven
Department of Computer Science
Celestijnenlaan 200A — B-3001 Heverlee (Belgium)



Computing orthogonal rational functions on
the halfline

J. Van Deun A. Bulthedl

Report TW 346, October 2002

Departmenbf ComputerScienceK.U.Leuven

Abstract

We derive formulasrelatingthe recurrenceoeficientsfor orthogonal
rationalfunctionson the halfline [0, co] andtheinterval [—1, 1]. With the
aid of theseformulaswe canlimit our attentionto the caseof theinterval
to computefunctionson the halflineaswell.

Keywords : orthogonakationalfunctions
AMS(MOS) Classification: 42C05



Computing orthogonal rational functions on
the halfline

J. Van Deun and A. Bultheel

Department of Computer Science, K.U.Leuven, Belgium

E-mail: {joris.vandeun-adhemar.bultheel }@cs.kuleuven.ac.be

Abstract

We derive formulas relating the recurrence coefficients for ortho-
gonal rational functions on the halfline [0, co] and the interval [—1, 1].
With the aid of these formulas we can limit our attention to the case
of the interval to compute functions on the halfline as well.

1 Introduction

The main purpose of this note is to provide formulas relating orthogonal ra-
tional functions on the halfline [0, oo] to orthogonal rational functions on the
interval [—1, 1]. Then if we can compute the latter functions, we can also eas-
ily obtain the former ones (or, with some obvious modifications, orthogonal
rational functions on any finite interval or halfline).

More specifically, we will deduce formulas that give the recurrence coef-
ficients for orthogonal rational functions on the halfline in terms of the coef-
ficients for functions on the interval. Once the recurrence coefficients are
known, the computation of the functions is straightforward.

2 Preliminaries

The real line is denoted by R and the extended real line by R = R U {co}.



By a measure p we will mean a positive bounded Borel measure whose
support supp(x) C R is an infinite set and normalized such that u(R) = 1.
The inner product in the metric space Lo(p) is then defined as

(f.g) = / fadp. (1)

Next we will introduce the spaces of rational functions with real poles. Let
a sequence A = {1, a,...} C R\ {0} be given such that A Nsupp(p) = 0.
As a consequence we cannot have supp(u) = R. Define factors

z

Znlz) = 1-2z/ay

and basis functions
bo=1, bu(2) =bp 1(2)Zn(2), n=1,2,...
Then the space of rational functions with poles in A is defined as
L, =span{bg,...,b,}.

Let P,, denote the space of polynomials of degree at most n and define

n

n(2) = H(l - z/ay),

k=1

then we may write equivalently

L, = {pn/ﬂ-napn € Pn}

Orthonormalizing the basis {by,. .. ,b,} with respect to u we obtain ortho-
gonal rational functions {¢y, ... , ¢, } where we choose the leading coefficient
Kn in the expansion ¢, (z) = kb, (2)+... to be real. The ¢, will be uniquely
determined once the sign of &, is fixed. We will get back to this later on.
The following lemma from [2] will be useful.

Lemma 2.1. The orthonormal functions ¢, have real coefficients with re-
spect to the basis {by}.



It follows in particular that ¢, (z) is real for real z.

The orthogonal rational function ¢, is called regular if its numerator poly-
nomial satisfies p,(a,—1) # 0. The system {¢,} is regular if ¢,, is regular for
every n. We now mention the most important theorem for the computation
of orthogonal rational functions on the real line, which states that they sat-
isfy a three term recurrence relation, analogous to the one for the polynomial
case. For the proof of the theorem we refer to [2].

Theorem 2.2. Put by convention a_y = oy = 0o. Then forn =1,2,... the
orthonormal rational functions ¢, satisfy the following three term recurrence
relation if and only if ¢, and ¢,_1 are regular:

Zn(2)

Pn(2) = (Enzn(z) + Bnm) Dn1(2)

E, Z,(z2)
En—l Zn—2 (Z)

Pn2(2)-  (2)

The initial conditions are ¢_1(z) =0, ¢o(2) = 1 and the coefficients E,, are
nonzero.

Note that the coefficient Ej is never used and can be arbitrarily chosen.
We take it equal to Ey = 1. If we take the coefficient E,, to be positive, then
the functions ¢, will be uniquely determined. This amounts to fixing the
sign of k.

If we take all poles outside the convex hull of supp(u), then the system
{¢n} will be regular and thus the recurrence relation will hold for every n.
This follows from the fact that in this case the zeros of ¢, are inside the
convex hull of supp(u). Therefore, if supp(u) is connected then {¢,} will be
regular (because of the assumptions we made on the location of the poles).

3 Main result

Suppose we are given a measure p on the halfline [0, oc] and a set of poles
A ={a,qy,...} C (—00,0). With this measure and poles we associate a
set of orthonormal rational functions as explained in the previous section.
Since supp(u) is connected, the recurrence relation holds for every n. We
will denote the recurrence coefficients by { E,, B,}>° ;. According to the con-
ventions from the previous section, we cannot have poles at infinity, because
this is in the support of the measure.



We map the halfline to the interval [—1, 1] using the transformation

_l—x
1+’

7(x) z € [0, o0]. (3)
Note that y = 7(z) implies z = 7(y). Then associate to u and A a measure
fon [—1,1] and a set of poles A = {&1, ds, ...} C R\[—1,1] in the following
way. For every Borel measurable set F C [—1,1] set

p(E) = p({7(y),y € E}) (4)

and for the poles A set

ap, =7(an), n=12,... (5)
From (4) we have ' = |7'|(i' o T), where the prime means derivative (in case
of a measure this is of course the Radon-Nikodym derivative with respect to
the Lebesgue measure). More explicitly this yields

i (y) = 2 , (1 — y)
PO =05y \T+y)

We will need several simple lemmas before we can prove the main the-
orem. Let £, denote the space of rational functions of degree n with poles
in {&1,...,8,} and b,(z) = [[+_, Zx(2) the corresponding basis functions.
Then we have the following lemma. The proof is a matter of straightforward
computation and we omit it.

Lemma 3.1. Put y = 7(z) then we have

Zo(z) = —%(1—@%) [(1_5%)2”(?/)_1]’ n>1

Zn(x) — 1- l/dn ?n(y) n.m> 1

(1) 1—1/a, Zm(y)’ -

0Zn(y) +b = (a _ %a)) Ju(y) + b 22 W)



Next we derive a relation betweeI} the rational functions in £, orthonor-
mal with respect to p and those in £,, orthonormal with respect to ji.

Lemma 3.2. Let {¢,};2, denote the set of orthonormal rational functions
associated with (A, p) and {p,}o°, those associated with (A, fi). Then we
have

ppoT==xp,, n>1

where the sign is determined by the normalization E, > 0 for ¢, and E,>0
for .

Proof. It is clear that ¢, o7 € L,.. Because oy, # 0 for all k£ we have dy # 1
and then it follows from lemma 3.1 that the basis functions b; and b satisfy
the following relation,

o= &7(01), ¢ #0

for some constants {c§k)}. Next expand ¢, in the basis {by, ... b,},

on = dib
k=0

where d\" # 0 because ¢, € L, and ¢, L £,_;. Then with the previous
relation and the fact that b, o 7 o 7 = by, it follows that

¢poT = Zdin)(bk oT)
k=0

n

k
- Y

k=0 §=0
k=0

and di" = d™c™ £ 0. This shows that ¢, o7 € L\ L,_1 and thus
{¢ooT,...,¢, 07} forms a basis for L,,.



Because of orthogonality we have

where 0,,, is the Kronecker symbol. Using the definition of 7 this becomes

This means that ¢, o7 L £,_; and ||pno7|| = 1. But we also have ¢, L Lo
and ||¢,|| = 1 so it follows that ¢, o 7 = v,¢, with |y, = 1. Using lemma
2.1 we then get

opoT ==*tp,

which proves the lemma. O

Using the last two lemmas we can express the recurrence coefficients
{E,, B,} for {¢,} in terms of the recurrence coefficients {E,, B, } for {¢,}.
We will need one more lemma before we can prove our main theorem.

Lemma 3.3. If n =1 then the recurrence coefficients for ¢, satisfy

El > Bl.
Proof. From the recurrence relation (2), taking the inner product with
¢o = 1 on both sides, we obtain,

fZ1 fi(z)

-B, =
[l A du( )
or writing 7, explicitly
z+1 ~
. . i(x)
B, —B, = 1 1— w/al

f 11— m/ald'u’(x) .

Both integrands are positive on [—1, 1] and so is E,. Therefore also E; — B, >
0, proving the lemma. O

We now state and prove our main theorem.
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Theorem 3.4. With the definitions of this section we obtain the following
relations between {E,, B,} and {E,, By} forn > 1,

By = (2B, 6 (E1+ By)] (1_~1 )1 (1_i)1,

Op—1 dn
1\ '] - 1 s E,1—-1/a
B, = —<1—~—) Bn<1—~ )+En—(5n2~—2~7/?1 .
Op Op—1 E1 Bl — E1

Note that the formulas simplify for n > 2 because of the Kronecker symbols.

Proof. First we will prove the theorem for the cases n = 1 and n = 2 and
then for general n > 2. The first two cases are special because by convention
we have a1 = ap = oo but also @ ; = &y = oo which shows that & # 7(ay)
for k = —1,0.

For n = 1 use lemma 3.2 to write (¢; o 7)(z) = cpi(x) where ¢ = £1.
Then write down the recurrence relations for ¢, and ¢;, use the definition
of 7 and equate the coefficients of like powers of z to obtain (recall that

¢0:€00:1)

(1_~i> Ei = o(Bi—Fy),

a;

<1 — Ni) Bl = C(Bl +E1),
aq
Now it follows from |&;| > 1, F; > 0 and lemma 3.3 that ¢ = —1, proving
the theorem for n = 1.
For n = 2 we proceed in the same way. Write down the recurrence relation
for ¢9 o 7, using the fact that we already know that ¢; o7 = —¢; and of
course ¢y o 7 = (pg. Then use the relation

B = 902(%")
¢1(z) Z2 ()

T=0a1

~ E 1 1
2 (0%)] (03]

To find the relation for By use p2(0) = 32g01(0) — Eg/El and ¢1(0) = B,
again comparing the recurrence relations for ¢s o 7 and ¢y and using all the
previous results.

and Fy > 0 to find



The general case n > 2 is the easiest to prove. Write down the recurrence
relation for ¢, and for ¢, o 7 using ¢, o7 = ¢y for k =n,n—1,n — 2 and
¢, = £1 and the formulas from lemma 3.1. Comparing the factors in front of
¢n—1 and @,_o and using E,>0 immediately yields the result, thus proving
the theorem. O

4 Some remarks

If we take all poles o = —1 then transforming to the interval we obtain
the orthogonal polynomials on [—1,1] with respect to fi. For the case of
Legendre polynomials we would have to take u absolutely continuous with
weight p/(x) = (1 + z)~2. See [1] for an application of this special case.

Regarding computational aspects of orthogonal rational functions on a
subset of the real line we refer to [4] and [3]. It is worth mentioning that the
accurate computation of the recurrence coefficients in the case of poles very
close to the boundary of the interval is still problematic (especially for high
degrees).
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