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A fastsolver for a bivariatepolynomialvector
homogeneousinterpolationproblem.

Raf Vandebril†, Marc VanBarel‡

30thJuly2002

Abstract

In thispaperwepresentafastmethodfor solvingthefollowing bivariate
interpolationproblem: Given the interpolationpoints U ωi V ξ j W for i X I and
j X J andthecorrespondingweightsΦi Y j andΨi Y j , we look for apolynomial
vector Z pU xV yW[V qU xV yWF\ satisfyingthefollowing equation:

pU ωi V ξ j W Φi Y j ] qU ωi V ξ j W Ψi Y j ^ 0

for i X I and j X J. We solve the problemby solving smallerunivariate
interpolationproblems,which we solve with thefastinterpolationsolver of
VanBarelandBultheel[13]. Werewrite thepolynomialspU xV yW andqU xV yW
in thefollowing form:

pU xV yW_^ p0 U yW`] p1 U yW x ] p2 U yW x2 ]�a[a[a
qU xV yW_^ q0 U yWJ] q1 U yW x ] q2 U yW x2 ]�a[a[a

By substitutingfor y thevaluesof ξ j we getdifferentunivariateinterpola-
tion problemsin x, whichwesolvewith thefastunivariatesolver. Thisgivesb
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grant#OT/00/16andby the BelgianProgrammeon InteruniversityPolesof Attraction, initiated
by theBelgianState,PrimeMinister’sOffice for Science,TechnologyandCulture.Thescientific
responsibilityrestswith theauthors
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usa lot of univariatepolynomials,which coefficientsarepolynomialseval-
uatedin theinterpolationpointsξ j . Whenwe have enoughvaluesfor these
coefficients,we canalsofind theremainingunknown polynomialsin y. The
algorithmaspresentedherecanbe extendedto multivariateproblems,still
beingfast,andit is evenpossibleto solvemoregeneralproblems,with more
unknown polynomials,but thesearetopicsfor futureresearch.An applica-
tion of thisapproachis thesolvingof ablock Toeplitzmatrixwith circulant
blocks,whichcanthereforebesolvedin a fastway.

Thealgorithmis implementedin matlabandresultsconcerningtheac-
curacy andefficiency areshown.

Keywords: Multi variate interpolation, univariate interpolation, fast
solver, pivoting, bivariate interpolation problem, vector polynomial in-
terpolation, block Toeplitz circulant block matrix

1 Intr oduction

Themultivariatepolynomialinterpolationproblemis averyinteresting,but notso
simpleproblem.Not sosimple,becauseveryusefulpropertiesfrom theunivariate
casecannotbe usedanymore,andalsothe growing numberof variablesmakes
theproblemmorecomplicatedthantheunivariateone. Alreadya lot of research
hasbeendoneon this topic. Annie Cuyt performeda lot of researchin thefield
of multivariatePad́e approximations[6, 5, 4], andmadea comparisonbetween
different typesof multivariatesolvers in the Pad́e case[3]. Carl De Boor also
performedsomeinterestingresearchin thefield of multivariatepolynomials[9, 8,
7]. An historicaloverview of themultivariateinterpolationproblemcanbefound
in apaperby SauerandGasca[10].

Thepreviouspaperwe presented[19] on this topic,wasastraightforwardex-
tensionof an algorithm of Van Barel and Bultheel [14], for solving univariate
interpolationproblems.Althoughthis algorithmwasslow, it gave a nicealterna-
tiveandanotherpoint of view comparedto theexisting multivariateinterpolation
tools. Whereasour previous paperdealtwith a quite specificinterpolationpro-
blem (even thoughit could be generalized),the problemwe solve hereis more
general,but limited to the bivariatecase.More generalin the sense,that it can
easilybeextendedor adaptedto fit otherproblems.

Thespeedof our algorithmfollows from the fact thatwe split everythingup
into smaller, univariateinterpolationproblems,which canbesolvedfast(or even
superfast).Wefix thevalueof y (not symbolicallybut numerically, i.e.,fill in one
of the interpolationpoints)andwe solve all the existing univariateinterpolation
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problemsarisingin x. With all thecorrespondingcoefficientsof thesolutionsin
x, we canthensolve the remainingunivariateproblemsin y. The advantageof
this approachis that themultivariateinterpolationproblemis reducedto several
univariateinterpolationproblems,which canbesolvedby anarbitrarysolver for
thesekind of problems,e.g.thefastsolverof VanBarelandBultheel[14].

Thetechniquewepresentherein factresemblesa lot theonepresentedin the
papersof Guillaume[11] andChaffy [2], but theapproachthey useis asymbolic
approach.They fix thevalueof y, andthensymbolicallysolve theproblemin x.
What we do is significantlydifferentbecausewe solve the problemfor specific
valuesof y. We do not work symbolically, but numerically. This otherapproach
gainsusa lot in speed.

Justlike in theunivariatecase,our algorithmcouldbea veryusefultool, also
for other topics. For examplein the univariatecasewe refer to the papersby
Bultheel,Van Barel, KravanjaandHeinig: superfastToeplitz solvers [17], fast
Hankel andLoewner matrix solvers[12, 18], connectionswith rational interpo-
lation techniques[15]. All thesepapersarejust a few caseswerethe univariate
interpolationproblemis averyusefulandhelpful tool. Wearesurethatoursolver
canalsobeadapatedto solveseveralproblemswhichcanbetranslatedinto bivari-
ate interpolationproblems,e.g.,signalprocessingproblemsandblock Toeplitz
Toeplitzblock systems.More detailedinformationabouttheinterpolationsolver
we usecanbe found in the book of Van Barel andBultheel [1]. In chapter7 a
theoreticalframework aboutinterpolationcanbefoundandalsointerestinglinks
to papersandbooksconcerningthis topic.

Our paperis limited to thebivariateproblemfor several reasons.First of all
becauseof the readability, dealingwith morevariables,increasesthe notational
costanddecreasesthe understandabilityof the algorithm. The secondreasonis
the possibility to extendthis algorithm. Becauseit is a very compactandgene-
ral problem,limited to two variables,andtwo unknown polynomials,it is easily
extendedto largerscaleproblemswith morevariables.

Our paperis divided in the following sections. In the first sectionwe will
briefly introducethe problemandsomenotations.The secondsectionwill deal
with effective problemsolving. An algorithmicdescriptionwill be given in the
third section,the next sectionshows the different test resultsfor the algorithm,
showing thatit is efficientandaccurate.In thefinal sectionweexplainanapplica-
tion of this algorithm,we transformablock Toeplitzmatrixwith circulantblocks
into an interpolationproblemof the form describedabove, andthereforewe are
ableto solve it in a fastandaccurateway.
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2 The interpolation problem

In thisfirst explanatorysection,wewill situatetheproblemwewill solve,andwe
will alsointroduceall thenotationswewill usethroughoutthispaper. Thepolyno-
mialsweconsiderarebivariatepolynomialsdenotedwith p c xd ye andq c xd ye . The
problemwe will solve, is moregeneralthenthecoordinateproblemwe solvedin
[19]. Herewe will searchfor the polynomialsp c xd ye andq c xd ye satisfyingthe
following conditions:

p c ωi d ξ j e Φi f j g q c ωi d ξ j e Ψi f j h 0 (1)

for i i I and j i J, wherethe ωi andξ j denotethe interpolationpoints,the Φi f j
andΨi f j are just scalarsdependingon i d j. Whenwe assumethat the degreein
x is limited by d1 and the degreein y by d2, we can make more assumptions
aboutthe numberof interpolationpoints and the sizesof Φ hkjΦi f j l i m I f j m J and
Ψ hnjΨi f j l i m I f j m J. First of all I andJ will respectively equal1d 2dFo�o�oJd 2d1 g 1 and
1d 2dFo�o�oJd d2 g 1 (this will becomeclearin thenext section).The matricesΦ and
Ψ will beof size c 2d1 g 1e�pqc d2 g 1e andwe have thatΩ h c ω1 d ω2 dFo�o�oJd ω2d1 r 1 e
andΞ h c ξ1 d ξ2 d�o�o�osd ξd2 r 1 e .

As mentionedbeforewewill rewrite thepolynomialsp c xd ye andq c xd ye in the
following form:

p c xd ye h p0 c ye g p1 c ye x g p2 c ye x2 gutFt�tFg pd1 v 1 c ye xd1 v 1 g pd1 c ye xd1 (2)

q c xd ye h q0 c ye g q1 c ye x g q2 c ye x2 gwt�t�tFg qd1 v 1 c ye xd1 v 1 g qd1 c ye xd1 (3)

with all the pi c ye andqi c ye polynomialsin y of maximaldegreed2.
Countingthe numberof unknown parametersin the two polynomialsp c xd ye

andq c xd ye (2,3)givesus2 c d1 g 1exc d2 g 1e , comparedto thenumberof interpola-
tion conditions c 2d1 g 1eyc d2 g 1e we geta differenceof c d2 g 1e , this meansthat
therearestill c d2 g 1e parameterswhich arenot determinedby theinterpolation-
conditions.Westill haveto addconditionsto getauniquesolutionto ourproblem.
Wewill moreclearlysituatethisproblemin thenext section.

3 Solving the bivariate interpolation problem

The speedof our algorithm is determinedby the speedof the methodto solve
thedifferentunivariateinterpolationproblems.Theseunivariateproblemscanbe
solvedusingthefastalgorithmof VanBarelandBultheel[13] or evenwith their
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superfastsolver [14]. In the implementationin this paperwe choosefor the fast
solver becauseevenwith this fastsolver, our algorithmwill bevery efficient and
accurate,ascanbeseenin thesectionwith theresults.

As mentionedbeforewewill consideragrid of interpolationpoints,of dimen-
sions c 2d1 g 1e{z(c d2 g 2e , with Ω denotingtheinterpolationpointscorresponding
to x andΞ theinterpolationpointscorrespondingto y.

It is easilyseenthat for every differentchoiceof y equalto a certainξk we
get a univariateinterpolationproblemin x. This is in fact how we will solve
the problem. For every different valueof y equalto a certainξk we solve the
correspondingunivariateinterpolationproblemin xd}| k i�~ 1dFo�o�osd d2 g 1� wegeta
univariateinterpolationproblemof thefollowing form:

p c ωi d ξk e Φi f k g q c ωi d ξk e Ψi f k h 0 (4)

with i varyingin therange1d�o�oFoJd 2d1 g 1. Weonly considerc 2d1 g 1e interpolation
points,but we searchtwo polynomialsof degreed1, we have oneconditionless,
becausewearesolvingahomogeneousinterpolationproblem,thismeansthatthe
solutionwewill find hereis notuniquelydetermined,i.e. when j p c xd ξk e�d q c xd ξk e l
is a vectorsolutionto the homogeneousinterpolationproblem(4) thenalsothe
vector j αk p c xd ξk eNd αk q c xd ξk e l , | αk is a solution to the homogeneousproblem
(4). This brings us back to the problemmentionedat the end of the previous
section.

Theseunknown parametersαk, thereared2 g 1 of them,canbedeterminedin
severalways.We shallmentionsomeof thepossibilities.

� A possiblesolution, is to make the polynomialsmonic in x, becausethis
determinesthefactorsαk, andsoweget c d2 g 1e extra conditions.

� Youcanalsodetermineoneof thepolynomialspi c ye or qi c ye , becausethey
arebothof degreed2 wegettheextra c d2 g 1e conditions.

� Take a new interpolationpoint, letssayx0, andplacethe following condi-
tionson thepolynomials:

p c x0 d ξ1 e Φ0f 1 g q c x0 d ξ1 e Ψ0f 1 h b1
...

p c x0 d ξd2 e Φ0f d2 g q c x0 d ξd2 e Ψ0f d2 h bd2

p c x0 d ξd2 r 1 e Φ0f d2 r 1 g q c x0 d ξd2 r 1 e Ψ0f d2 r 1 h bd2 r 1

5



Where | i i�~ 1dFo�o�osd d2 g 1� the valuesbi d Φ0f i d Ψ0f i can be chosenfreely
( with the bi ’s different from 0). This givesus again c d2 g 1e conditions
neededfor theunicity of thesolution.

� You cantake a look at theproblemasa sortof Lagrangeinterpolation,by
rewriting it as

d2 r 1

∑
j � 1

p c xd ξ1 e Φ1 g q c xd ξ1 e Ψ1

d2 r 1

∏
i � 1
i �� j

c y � ξi e

(In this final formula we area little inconsistent,with regardto Φ andΨ,
becausethey are linked to the interpolationpoints Ω.) This againgives
possibilitiesfor placing c d2 g 1e extra conditionson theproblem.

� It is evennot alwaysnecessaryto placed2 g 1 conditionson theproblem,
whenonewantsa homegeneoussolution to the problemd2 conditionsis
enough,you can then defineall the c α1 d α2 d�o�oFosd αd2 r 1e up to a constant
factor α. This α can then be seenas a factor correspondingto the final
solution, i.e., when the final vector solution equals j p c xd yeNd q c xd ye l then
j αp c xd yeNd αq c xd ye l is alsoa solutionto theoriginal problem.

Whenhaving theintermediateresults(thesolutionsof theproblemtowardsx), the
other c d2 g 1e freeparametershave to bedetermined,this canbedoneby placing
oneof theconditionsaboveon theseparameters.

After having solvedd2 g 1 interpolationproblems,with extra conditions,we
have 2 c d2 g 1e uniqueunivariatepolynomialsin x. Thesepolynomialscorres-
pondingto p c xd ξk e andq c xd ξk e canbewritten in thefollowing form:

p c xd ξ1 e h p0 c ξ1 e g p1 c ξ1 e x g p2 c ξ1 e x2 gwt�t�tFg pd1 c ξ1 e xd1

p c xd ξ2 e h p0 c ξ2 e g p1 c ξ1 e x g p2 c ξ2 e x2 gwt�t�tFg pd1 c ξ2 e xd1

...
p c xd ξd2 r 1 e h p0 c ξd2 r 1 e g p1 c ξd2 r 1 e x gwt�t�tFg pd1 c ξd2 r 1 e xd1

andthefollowing d2 g 1 polynomialsfor q:

q c xd ξ0 e h q0 c ξ0e g q1 c ξ0 e x g q2 c ξ0 e x2 gwt�t�tFg qd1 c ξ0 e xd1

q c xd ξ1 e h q0 c ξ1e g q1 c ξ1 e x g q2 c ξ1 e x2 gwt�t�tFg qd1 c ξd1 e xd1

...
q c xd ξd2 r 1 e h q0 c ξd2 r 1 e g q1 c ξd2 r 1 e x gwt�t�tFg qd1 c ξd2 r 1 e xd1

6



We still have 2 c d1 g 1e unknown polynomialspi c ye andqi c ye to solve, how-
evertheequationsabovegiveusenoughinformationto determinetheseremaining
unknown polynomialsin y, becausefor everypolynomialpi c ye (aswell asfor the
polynomialsqi c ye ) we have thevaluesof thesepolynomialscorrespondingto the
interpolationpointsΞ h c ξ1 d ξ2 dFo�o�osd ξd1 r 1 e namely: c pi c ξ0eNd pi c ξ1 eNd�o�oFoJd pi c ξd1 r 1 e�e
(the samefor the polynomialsqi c ye ). Again thesefinal problemscaneasilybe
solvedusingthesameinterpolationsolver from VanBarelandBultheel[13]. We
havenot furtherdiscussedtheunicity of thesolution.Thefirst problemwesolved
wasnot uniquelydeterminedbecausewe weresearchingfor thesolutionof a ho-
mogeneousproblem,whenhowever we placeoneof the conditionsmentioned
above on thesesolutions,we canfind a uniquesolution to thesehomogeneous
interpolationproblem,this meansthat our first part is solved in a uniqueway.
For the secondpart we searchfor polynomialsin y, which at the interpolation
pointsΞ attaincertainvaluesdeterminedby the coefficientsof the polynomials
in x, becausethe interpolationpointsareall differentwe get linear independent
conditionsandwegetauniquesolution.Thismeansthatwehave foundaunique
solutionto our problem.

With this approachwe have solvedthebivariateinterpolationproblemby us-
ing only univariateinterpolationtechniques.Thecomplexity of thisalgorithmand
theaccuracy aretopicsof section5.

4 The algorithm

In thissectionwewill describethealgorithmin detailusingmatlabstylenotation.
Wewill briefly repeattheproblemandnotationsused.Wesearchfor thebivariate
polynomialsp c xd ye andq c xd ye , satisfyingthefollowing equation:

p c ωi d ξ j e Φi f j g q c ωi d ξ j e Ψi f j h 0d
for i i�~ 1d�o�oFoJd 2d1 g 1� and j i�~ 1d�o�o�osd d2 g 1� . Thiscorrespondswith thedegree
of x limited to d1 andthedegreeof y limited to d2.

Definition 1 Let usfirst briefly review thenotationswewill usewhendescribing
thealgorithm

� ThevariablesΩ d Ξ d Φ andΨ aredefinedin thesamewayasbefore.

� Φi andΨi denotetheith columnof thematrix Φ respectivelyΨ.

7



� solpxandsolqx, in thesematriceswewill store theintermediateunivariate
polynomialsin x, with each rowcorrespondingto anothervalueof y.

The multivariatepolynomialswill be storedin a matrix, usingthe following
form:

q c xd ye h q0 c ye g q1 c ye x g q2 c ye x2 gwt�t�tFg qd1 v 1 c ye xd1 v 1 g qd1 c ye xd1

sothat thefirst columncorrespondsto q0 c ye thesecondcolumnto q1 c ye andthe
ith column to qi c ye . The first componentof every column correspondsto the
coefficient of degree0, thesecondto thecoefficient of degree1 andsoon. The
polynomialq c xd ye from abovewill thusbestoredin amatrixin thefollowingway:

1 x x2 t�t�t xd1� � � �
1 �
y �
y2 �
...

yd2 �

q0f 0 q1f 0 q2f 0 t�tFt qd1 f 0
q0f 1 q1f 1 . . . qd1 f 1
q0f 2 . . . . . .

...
...

q0f d2 q1f d2 o�oFo qd1 f d2

algorithm 1 (The polvecint procedure) The polvecint procedure solvesa one
dimensionalinterpolation problem of the following form: Consider p c xe and
q c xe asunivariatepolynomialsin x, Φ andΨ are vectors filled with scalars and
Ω h c ω1 d ω2 d�o�o�oJd ωn1 r n2 r 1 e correspondingto the interpolationpoints. Thenthe
polvecint procedure returnsusthepolynomialsp c xe andq c xe of degreerespecti-
velyn1 andn2 satisfyingthefollowing equation:

p c ωi e Φi g q c ωi e Ψi h 0o (5)

Wedenotethis procedureasfollows:
procedure j p d q l : h polvecint c Ω d Π d Ψ d n1 d n2e .
This polvecint proceduredoesnot returna uniquesolution,(however uniqueup
to aconstant).For adescriptionof how to dealwith this we referto section3.

We are now readyto describethe main algorithm for solving the bivariate
interpolationproblem.Thealgorithmconsistsof threelargeparts.Firstof all, we
solve interpolationproblemsin x for differentvaluesof ξ j andthenin the next
two partswesolve theproblemstowardsy.

8



algorithm 2 (The main algorithm) We start with the first loop to constructthe
univariatepolynomialsin x

# Solvingtheproblemtowardsx.

for i h 1 : d2 g 1

j p d q l : h polvecint c Ω d Φi d Ψi d d1 d d1 e ;
solpxc i d : e h p;

solqxc i d : e h q;

end

� Determiningtheremainingc d2 g 1e unknownparameters.

# Solvingtheproblemtowardsy for p.

for i h 1 : d1 g 1

j p d q l : h polvecint c Ξ d 1d�c[� 1e�z solpxc : d i eNd d2 d 0e ;
P c : d i e h p� ;

end

# Solvingtheproblemtowardsy for q

for i h 1 : d1 g 1

j p d q l : h polvecint c Ξ d 1d�c[� 1e�z solqxc : d i eNd d2 d 0e ;
Q c : d i e h p� ;

end

RETURN P andQ

endof procedure

In thenext sectionit will beshown thatthealgorithmis efficientandstable.
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5 Timings and stability issues

We madean implementationof the algorithmin matlab1. For the interpolation
pointswe tried rootsof unity, equalspacedandChebyshev interpolationpoints.
As canbeseenin thenext figures,rootsof unity giveusthemostaccurateresults.

Insteadof usingthe superfastversionof the rational interpolationsolver we
usedthe O c n2 e algorithm, however, even when we usethis complexity our al-
gorithmis evenfasterthanO c n� ne , andcanthereforebeconsideredto besuper-
fast. The reasonwhy we prefer to usethe O c n2 e univariateinterpolationsolver
insteadof theO c nlog2 c ne�e version,is becauseO c nlog2 c neFe�� α nlog2 c ne g O c ne
andα is a quite large constant.TherefortheO c n2 e versionwill in factbe faster
thentheO c nlog2 c neFe versionfor not too largevaluesof n. To find a uniquesolu-
tion we hadto insertsomemoreconditionson thepolynomials,we choseto find
polynomialswhich aremonicwith regardto thevariablex in p c xd ye .

Thedataof thetestsweperformedwererandomlygenerated,i.e.,thematrices
Φ andΨ arerandomlygeneratedwithin j 0d 1l . For thefirst figuretheinterpolation
pointsaretherootsof unity.

Figure1 showsusthe1-normof theresidualgeneratedby thealgorithm.For a
fixedsizealwaysfive problemsof thesamedimensionwereconsidered.You can
seethatfor problemsup to thesizeof two million theerrorstayswithin therange
of theacceptable.Theresidualthatwecalculatedhereis anabsoluteresidual,and
is the1-normof thematrixM which consistsof thefollowing values:

Mi f j h p c ωi d ξ j e Φi f j g q c ωi d ξ j e Ψi f j i m I f j m J

Whendealingwith otherkindsof interpolationpoints,it is very importantto
choosea goodrepresentationof thepolynomials.Whenusinga representationin
anorthogonalbasissatisfyinga threetermsrecurrence,thecomplexity of theal-
gorithmdoesnot change(only theconstantfactormayincreasea bit (This factor
correspondswith β in 6)), but the accuracy canincreasedramatically. We per-
formedtestson equalspacedinterpolationpoints,with thestandardbasisandthe
Chebyshev basis,the secondbasisgave a solutionwhich wasmoreaccurate,up
to a factor2, i.e., whenthefirst only had4 accuratedigits thesecondhadabout
8 accuratedigits. This meansthat it is extremelyimportantto take a goodbasis
representation,to getaccurateresults.

Anotherobvious examplethat statesour assumptionshereabove, is the fol-
lowing. We considerthesameinterpolationproblem,which we try to solve now

1matlabis a registreredtrademarkof theMathworksInc.
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Figure1: Norm-1of theabsoluteresidualfor rootsof unity.

in Chebyshev interpolationpointsgeneratedin theinterval j 0d 1l . Figure2 corres-
pondsto thesolutionof thisproblemwhenusingthestandardbasisrepresentation.
Theresidualthatis displayedis againtheabsoluteresidual.

As canimmediatelybeseenin thegraph,very quick all thesignificantdigits
are lost, andthe error keepsgrowing, in this case,with this polynomial repres-
entationthe algorithmdoesnot work at all. In Figure3 the sameproblemsare
solved,but now, insteadof presentingthe polynomialsin the standardbasiswe
presentthemin the Chebyshev basis,this adaptationin the algorithm,doesnot
increasethecomplexity, but dramaticallyincreasesthenumericalstability, asthe
figureclearlyshows.

Thesefinal examplesshow oncemore that it is very importantto choosea
goodbasisrepresentationfor thepolynomials,in orderto getaccurateresults.

We will now briefly deducethe asymptoticcomplexity of the algorithmthat
we use(whenusingthesuperfastrationalinterpolationapproach,thecomplexity
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Figure2: Norm-1 for Chebyshev interpolationpoints,andthe standardpolyno-
mial representation.

is of courseevensmaller).We assumethat the rationalinterpolationsolver is of
orderO c n2 e . Thefirst stepconsistsof solving c d2 g 1e interpolationproblemsof
order c 2d1 g 1e . Thenext stepconsistsof solving2 c d1 g 1e interpolationproblems
of order c d2 g 1e , this givesusascomplexity, whenwe take

� β n2 g O c ne (6)

( andweneglectthetermO c ne ):

β c d2 g 1e c 2d1 g 1e 2 g 2 c d1 g 1e c d2 g 1e 2� β c d2 g 1e 4 c d1 g 1e 2 g 4 c d1 g 1e c d2 g 1e 2�
4β c d2 g 1exc d1 g 1e�c d1 g 1 g d2 g 1e
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Figure3: Norm-1for Chebyshev interpolationpoints,andtheChebyshev polyno-
mial representation.

The numberof unknown parametersin the systemwe solve equals2 c d2 g
1eyc d1 g 1e , whenwedenotethis numberwith n, weclearlyget:

4β c d2 g 1eyc d1 g 1e�c d1 g 1 g d2 g 1e
h 2nβ c d1 g 1 g d2 g 1e�

O c n2eNo
This meansthatour algorithmis fasterthann2 andthereforsuperfast(while we
have not even usedthe superfastsolver for the intermediateinterpolationprob-
lems).

Whenusingthesuperfastsolverwegetthefolowing complexity:

O n log2 c d1 g 1e g log2 c d2 g 1e o
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And when we considera specialcasenamelyd1 h d2 then the fast univariate
solver leadsto acomplexity a little smallerthanO c n� ne .

Thenext two figuresarecomparisonsbetweenthetimedspeedandthetheo-
reticalspeedwe deduced.You canseein Figure4, which only shows theresults
for d1 h d2 that thealgorithmis fasterthanO c n� ne . Thereis alsoa comparison
betweenour solver andGaussianelimination,you canseethat thecrossover ap-
pearsto be lying around1000,so our algorithmis not only theoreticallyfaster,
but even in practicalapplications,our algorithmperformsbetterthanGaussian
elimination.
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Figure4: Timingsfor d1 h d2 comparedwith O c n� ne andGaussian-elimination.

The last figure makesa comparisonbetweenthe timed resultsandGaussian
elimination.In this figurealsomeasurementsfor d1 �h d2 areshown.
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Figure5: Timingscomparedwith Gaussianelimination.

6 An application: Solving a block Toeplitz matrix
with circulant blocks in a fast and accurateway

Thisfinal sectiondealswith theblockToeplitzproblemwith circulantblocks.We
will transformthis problem,becauseof theblock structureinto a bivariateinter-
polationproblem.All theconditionsto solve this bivariateinterpolationproblem
with ourspecifictechniquewill besatisfiedandthereforewewill beableto solve
this problemin a fastandaccurateway.

Beforestartingthetransformationof theBTCB problemwewill introduceall
thenew notations,for dealingwith this problem.Supposewe have thefollowing
matrixproblem,for acertainnaturalnumbern2.
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C0 Cv 1 t�t�t Cv n2

C1 C0
...

...
. . .

Cn2 t�tFt C0

P0

P1
...

Pn2

h
B0

B1
...

Bn2

Wherethe Ci are circulant matricesof dimensionn1 and the Pi and Bi are
vectorsof dimensionn1 of thefollowing form (with theBi constructedin asimilar
wayasthePi )

Ci h
c � i �0 c � i �n1 t�tFt c � i �1

c � i �1 c � i �0 c � i �2
...

. . .
...

c � i �n1 tFt�t c � i �0

d Pi h
p � i �0

p � i �1
...

p � i �n1

The first stepin transformingthe matrix probleminto an interpolationpro-
blem, is rewriting the block systeminto a matrix-vector interpolationproblem.
This is an extensionof the univariatetransformationof a Toeplitz matrix into
an interpolationproblem,seefor examplethe paperof Van Barel, Heinig and
Kravanja[16], which exploits this transformation.

We introducethefollowing polynomialsin x,

C c xe h
n2

∑
i � v n2

Cix
i

P c xe h
n2

∑
i � 0

Pix
i

B c xe h
n2

∑
i � 0

Bix
i o

It is an easycalculationto show that the BTCB problemis equivalentto the
following polynomialrepresentation:

n2

∏
x� 0

C c xe P c xe h B c xe
∏n2

x� 0 denotesthe projectionof the polynomialsbetweenthe degrees0 andn2.
When droppingthe projectionwe have to add two more polynomials,coming
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from thedegreeslower andhigherthanrespectively 0 andn2. Call thesepolyno-
mialsA c xe andE c xe . RemarkthatalsothepolynomialsA c xe andE c xe arevector
polynomials.Thisgivesusthenext equation:

C c xe P c xe h B c xe g xv n2A c xe g xn2 r 1E c xe (7)

Wherethetwo new polynomialsA c xe andC c xe arebothof degreen2 � 1.
To continuewith ourpolynomialreduction,wehaveto useawell knownprop-

ertyof circulantmatrices,namelythey canbediagonalizedverycheaplyby means
of FFT’s. However herewe areworking with matrix polynomialswhereall the
matricesarecirculantmatrices,thereforeapplyingFFT’s on thesematrixpolyno-
mialsgivesusadiagonalmatrix,wherethediagonalsarepolynomials:

F z C c xe�z FH h D c xeNo
As mentionedabove, D c xe denotesa diagonalmatrix wherethe diagonalsare
polynomials.Substitutingthis into Equation(7) reducesour problemto:

D c xe�z F z P c xe
h F z B c xe g xv n2F z A c xe g xn2 r 1F z E c xe

Remarknow thatfor q c ye h ∑n1
i � 0qi yi

1 1 1 t�t�t 1
1 ω1 ω2

1 o�o�o ωn1
1

1 ω2 ω2
2 o�o�o ωn1

2
...

. . .
1 ωn1 ω2

n1
o�o�o ωn1

n1

z
q0

q1
...

qn1

h
q c ω0 e
q c ω1 e

...
q c ωn1 e

o

ThismeansthatwecaninterpretthemultiplicationF z P c xe with Pi c ye h ∑n1
k� 0Pi f kyk

as:

F z P c xe h
∑n2

i � 0Pi c ω0 e xi

∑n2
i � 0Pi c ω1 e xi

...
∑n2

i � 0Pi c ωn1 r 1 e xi

Exactlythesamecanbedonefor A c xeNd E c xe andB c xe . We cannow constructthe
multivariatepolynomialP c xd ye in thefollowing way:

P c xd ye h
n2

∑
i � 0

Pi c ye xi o
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After similar transformationsfor theothervectorpolynomials,wecanrewrite the
mainproblemin thefollowing way:

D c xe
P c xd ω0 e
P c xd ω1 e

...
P c xd ωn1 e

h
B c xd ω0 e
B c xd ω1 e

...
B c xd ωn1 e

g xv n2

A c xd ω0 e
A c xd ω1 e

...
A c xd ωn1 e

g xn2 r 1

E c xd ω0 e
E c xd ω1 e

...
E c xd ωn1 e

Whenwe take a closerlook at this equation,we seethat then1 g 1 rows can
be transformedinto an interpolationproblemof the desiredstructure.However
thereare a few small differences. Insteadof two components( pd q from the
interpolationproblem)wehaveherefour componentsnamely( Pd Bd Ad E). Where
in thepreviousproblemwe could freely chooseour interpolationpointsbothfor
x andy, herethe interpolationpointsfor y arealreadyfixed. Thefinal difference
is that in the interpolationproblemfrom section1 the Φ andΨ areindependent
from thechoiceof the interpolationpoints. Herehowever the Φ andΨ arebuilt
from D c xeNd xv n2 andxn2 r 1 and thereforedependenton the interpolationpoints.
However noneof thesesmall differenceschangestheapproach,explainedin the
first sections.

The complexity of solving this interpolationproblemdoesnot increase,be-
causewe canuseFFT’s. A quick calculationgivesus the following complexity.
First we have to performn2 FFT’s of ordern1, this meansO c n1n2log c n1e�e op-
erations,next we solve n1 problemswith O c n2 e interpolationpoints. This gives
us O c n1n2log2 c n1 e�e operations,whenworking with the superfastunivariatein-
terpolationsolver. Thenthe final stepconsistsof constructingP c xd ye out of the
P c xd ωi e ’s,thisis asimpleinterpolationproblemwhichwill costusO c n1log2 c n1 e�e .
A summationof theoperationcostof thedifferentstepsgivesusacomplexity of

O c n1n2log c n1 e g n2n1log2 c n2e g n1log2 c n1 e�e (8)

Becausethesizeof thematrix is n1 z n2 this algorithmis fasterthananalgorithm
with quadraticcomplexity andcanthereforebeconsideredto besuperfast.
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7 Further research

Thealgorithmfor solving thebivariateinterpolationproblemcanbegeneralized
andappliedin differentfields. First of all we canextendthis methodto multiva-
riate interpolationtechniques.As canbe seenin the structureof the algorithm,
it canbe parallellized,in a very easyandcheapway. We assumethat it is also
possibleto solve coordinateproblemsas they arisein algebraicgeometry, and
evensearchin thesecoordinateproblems,for minimal degreesolutions.We are
performingresearchonapplyingthisalgorithmto solvecertainproblemsin signal
processing.And we wantto usethis algorithmfor thesuperfastsolvingof block
Toeplitz,Toeplitzblocksystems.
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