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Abstract
In this paper we present a fast method for solving the follow-
ing bivariate interpolation problem: Given the interpolation points
(wi, &) for i € I and j € J and the corresponding weights ®, ; and
VU, ;. we look for a polynomial vector [ p(x,y), ¢(z,y)] satisfying the
following equation:

p(wi, &) Pij + q(wiy &)W ;=0
for i € I and j € J. We solve the problem by solving smaller
univariate interpolation problems, which we solve with the fast in-

terpolation solver of Van Barel and Bultheel [?]. We rewrite the
polynomials p(x,y) and ¢(z,y) in the following form:

p(r,y) - po(y) +p1(y)x —|—p2(y);p2 + ..
q(r,y) = @) +a@)r+ ey’ +---

By substituting for y the values of £; we get different univariate in-
terpolation problems in x, which we solve with the fast univariate
solver. This gives us a lot of univariate polynomials, which coef-
ficients are polynomials evaluated in the interpolation points &;.
When we have enough values for these coefficients, we can also find
the remaining unknown polynomials in y. The algorithm as presen-
ted here can be extended to multivariate problems, still being fast,
and it is even possible to solve more general problems, with more
unknown polynomials, but these are topics for future research. An
application of this approach is the solving of a block Toeplitz matrix
with circulant blocks, which can therefore be solved in a fast way.

The algorithm is implemented in matlab and results concerning
the accuracy and efficiency are shown.

Keywords : Multivariate interpolation, univariate interpolation, fast solver,
pivoting, bivariate interpolation problem, vector polynomial interpolation, block
Toeplitz circulant block matrix
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Abstract

In this papetwe presentafastmethodfor solvingthefollowing bivariate
interpolationproblem: Given the interpolationpoints (w, ;) for i € | and
j € J andthecorrespondingveights®; ; and¥; j, welook for apolynomial
vector[ p(x,y),q(x,y)] satisfyingthefollowing equation:

p(w,&;)Pij+q(w, &)W ;=0

fori €l andj € J. We solve the problemby solving smallerunivariate
interpolationproblemswhich we solve with thefastinterpolationsolver of
VanBarelandBultheel[13]. We rewrite the polynomialsp(x,y) andq(x,y)

in thefollowing form:

pXY) = Poly)+ pry)X+ pa(y)xe +---
axy) = Goly)+au(y)x+ aa(y)¥® +---

By substitutingfor y the valuesof &; we getdifferentunivariateinterpola-
tion problemsn x, which we solve with thefastunivariatesolver. Thisgives
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usalot of univariatepolynomials,which coeficientsarepolynomialseval-
uatedin theinterpolationpointsé ;. Whenwe have enoughvaluesfor these
coeficients,we canalsofind theremainingunknavn polynomialsin y. The
algorithmaspresentederecanbe extendedto multivariateproblems still
beingfast,andit is evenpossibleto solve moregeneralproblemswith more
unknavn polynomialsbut thesearetopicsfor futureresearchAn applica-
tion of this approachs the solving of a block Toeplitzmatrix with circulant
blocks,which canthereforebe solvedin afastway:.

Thealgorithmis implementedn matlabandresultsconcerningthe ac-
curay andefficiengy areshavn.

Keywords: Multi variate interpolation, univariate interpolation, fast
solwer, pivoting, bivariate interpolation problem, vector polynomial in-
terpolation, block Toeplitz circulant block matrix

1 Intr oduction

Themultivariatepolynomialinterpolationproblemis averyinterestingput notso
simpleproblem.Not sosimple,becauseery usefulpropertiefrom theunivariate
casecannotbe usedanymore, andalsothe growing numberof variablesmakes
the problemmorecomplicatedhanthe univariateone. Already a lot of research
hasbeendoneon this topic. Annie Cuyt performeda lot of researchn the field
of multivariatePace approximationg6, 5, 4], and madea comparisorbetween
differenttypesof multivariatesolversin the Pacé case[3]. Carl De Boor also
performedsomeinterestingesearchn thefield of multivariatepolynomialg[9, 8,
7]. An historicaloverview of the multivariateinterpolationproblemcanbe found
in apaperby SauerandGascd10].

The previouspapemwe presented19] onthis topic, wasa straightforward ex-
tensionof an algorithm of Van Barel and Bultheel[14], for solving univariate
interpolationproblems.Althoughthis algorithmwasslow, it gave a nice alterna-
tive andanothermoint of view comparedo the existing multivariateinterpolation
tools. Whereasour previous paperdealtwith a quite specificinterpolationpro-
blem (eventhoughit could be generalized)the problemwe solve hereis more
generalbut limited to the bivariatecase. More generalin the sensethatit can
easilybe extendedor adaptedo fit otherproblems.

The speedof our algorithmfollows from the factthat we split everythingup
into smaller univariateinterpolationproblemswhich canbe solvedfast(or even
superast). We fix thevalueof y (not symbolicallybut numericallyi.e.,fill in one
of the interpolationpoints)andwe solve all the existing univariateinterpolation
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problemsarisingin x. With all the correspondingoeficientsof the solutionsin
X, we canthensolve the remainingunivariateproblemsin y. The advantageof
this approachs that the multivariateinterpolationproblemis reducedo several
univariateinterpolationproblemswhich canbe solved by an arbitrarysolver for
thesekind of problemsg.g.thefastsolver of VanBarelandBultheel[14].

Thetechniquewe presentierein factresembles lot the onepresentedhn the
papersof Guillaume[11] andChafy [2], but theapproachhey useis a symbolic
approach.They fix thevalueof y, andthensymbolicallysolve the problemin x.
Whatwe do is significantly differentbecausave solve the problemfor specific
valuesof y. We do not work symbolically but numerically This otherapproach
gainsusalot in speed.

Justlike in theunivariatecase pur algorithmcould be a very usefultool, also
for othertopics. For examplein the univariate casewe refer to the papersby
Bultheel, Van Barel, Kravanjaand Heinig: superést Toeplitz solvers[17], fast
Hankel and Loewner matrix solvers[12, 18], connectionswith rationalinterpo-
lation techniqueg15]. All thesepapersarejust a few caseswverethe univariate
interpolationproblemis avery usefulandhelpfultool. We aresurethatour solver
canalsobeadapatedo solve severalproblemswvhich canbetranslatednto bivari-
ateinterpolationproblems,e.g., signal processingproblemsand block Toeplitz
Toeplitz block systems More detailedinformationaboutthe interpolationsolver
we usecanbe found in the book of Van Bareland Bultheel[1]. In chapter7 a
theoreticalframavork aboutinterpolationcanbe found andalsointerestinglinks
to papersandbooksconcerninghis topic.

Our paperis limited to the bivariateproblemfor several reasons First of all
becausef the readability dealingwith morevariables,increaseshe notational
costanddecreasethe understandabilityf the algorithm. The secondreasonis
the possibility to extendthis algorithm. Becausat is a very compactandgene-
ral problem,limited to two variables,andtwo unknavn polynomials,it is easily
extendedo larger scaleproblemswith morevariables.

Our paperis divided in the following sections. In the first sectionwe will
briefly introducethe problemand somenotations. The secondsectionwill deal
with effective problemsolving. An algorithmicdescriptionwill be givenin the
third section,the next sectionshaws the differenttestresultsfor the algorithm,
shawing thatit is efficientandaccurateln thefinal sectionwe explainanapplica-
tion of this algorithm,we transforma block Toeplitzmatrix with circulantblocks
into aninterpolationproblemof the form describedabove, andthereforewe are
ableto solveit in afastandaccuratevay.



2 The interpolation problem

In thisfirst explanatorysectionwe will situatethe problemwe will solve,andwe
will alsointroduceall thenotationsve will usethroughouthispaper Thepolyno-
mialswe considerarebivariatepolynomialsdenotedwith p(x,y) andq(x,y). The
problemwe will solve,is moregenerakthenthe coordinateproblemwe solvedin
[19]. Herewe will searchfor the polynomialsp(x,y) andq(x,y) satisfyingthe
following conditions:

p(o, &) P j+a(w, &)W =0 1)

fori €l andj € J, wherethe wy and§;j denotethe interpolationpoints, the @ ;
andW; j arejust scalarsdependingon i, j. Whenwe assumehat the degreein
x is limited by d; andthe degreein y by dy, we can make more assumptions
aboutthe numberof interpolationpoints and the sizesof ® = [®; j]ic,jej and
W= [V, jlicijes. Firstof all | andJ will respectrely equall,2,...,2d; +1 and
1,2,...,d2+ 1 (thiswill becomeclearin the next section). The matrices® and
W will beof size(2d; + 1) x (d2+ 1) andwe have thatQ = (wy, wy, . .. ,Wpd,+1)
and== (&1,&2,...,&dy+1)-

As mentionedeforewe will rewrite the polynomialsp(x,y) andq(x,y) in the
following form:

p(xY) = Po(y)+ pa(y)X+ P2(y)E+ -+ Pay—1 (Y)X* 1+ pg, (V)X (2)
qxy) = do(y)+0a(y)X-+02(y)x? + -+ + g1 (V)X + 0, (V)X (3)

with all the p;(y) andgq;(y) polynomialsin y of maximaldegreeds.

Countingthe numberof unknovn parametersn the two polynomialsp(x,y)
andq(x,y) (2,3)givesus2(d; +1)(d» + 1), comparedo thenumberof interpola-
tion conditions(2d; + 1)(d2 + 1) we geta differenceof (dz + 1), this meanghat
therearestill (d; + 1) parametersvhich arenot determineddy the interpolation-
conditions.We still haveto addconditionsto getauniquesolutionto our problem.
We will moreclearlysituatethis problemin the next section.

3 Solvingthe bivariate inter polation problem

The speedof our algorithmis determinedoy the speedof the methodto solve
thedifferentunivariateinterpolationproblems.Theseunivariateproblemscanbe
solvedusingthefastalgorithmof Van BarelandBultheel[13] or evenwith their
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superastsolver [14]. In theimplementatiornin this paperwe choosefor the fast
solver becausevenwith this fastsolver, our algorithmwill bevery efficientand
accurateascanbeseenn thesectionwith theresults.

As mentionedbeforewe will consideragrid of interpolationpoints,of dimen-
sions(2d; + 1) « (d2 + 2), with Q denotingtheinterpolationpointscorresponding
to x and= theinterpolationpointscorrespondingo .

It is easilyseenthatfor every differentchoiceof y equalto a certain&y we
get a univariateinterpolationproblemin x. Thisis in fact how we will solve
the problem. For every differentvalue of y equalto a certain§, we solve the
correspondinginivariateinterpolationproblemin x,Vk € {1,... ,d>+ 1} we geta
univariateinterpolationproblemof thefollowing form:

Py, &) Pk +q(wi, &) Wik =0 (4)

with i varyingin therangel, ... ,2d; + 1. Weonly consider(2d; + 1) interpolation
points,but we searchiwo polynomialsof degreed;, we have oneconditionless,
becauseve aresolvingahomogeneoumterpolationproblem, this meanghatthe
solutionwewill find hereis notuniquelydeterminedi.e. when| p(x,&k), (X, &k)]
is a vectorsolutionto the homogeneousterpolationproblem(4) thenalsothe
vector [ak p(X,&k), ak (X, &k)], Vak is a solutionto the homogeneougroblem
(4). This bringsus backto the problemmentionedat the end of the previous
section.

Theseunknovn parametersiy, thereared, + 1 of them,canbe determinedn
severalways. We shallmentionsomeof the possibilities.

e A possiblesolution,is to make the polynomialsmonic in x, becausehis
determineshefactorsoy, andsowe get(d, + 1) extraconditions.

¢ Youcanalsodetermineoneof the polynomialsp;(y) or gi(y), becausehey
arebothof degreed, we gettheextra (d; + 1) conditions.

e Take a new interpolationpoint, lets sayxp, andplacethe following condi-
tionsonthe polynomials:

P(X0,&1)Po.1 + (%0, &1)Wo.1 = by

P(X0, &dy) Po.d, + A(X0, &d,) WPo.ds = by,
P(X0: €dp+1)Po.dp+1 + A(X0, &dp+1)Wo.dpt1 = DBipt1



WhereVi € {1,...,d2+ 1} the valuesb;, ®q;, Wo; canbe chosenfreely
( with the by’s differentfrom 0). This givesus again(dz + 1) conditions
neededor theunicity of the solution.

e You cantake alook at the problemasa sortof Lagrangenterpolation,by
rewriting it as

do+1 tp+1
3 (xeyonraenw) g &)

(In this final formulawe area little inconsistentwith regardto ® and¥,
becausdhey arelinked to the interpolationpoints Q.) This againgives
possibilitiesfor placing(d; + 1) extra conditionson the problem.

e It is evennot alwaysnecessaryo placed; + 1 conditionson the problem,
when onewantsa homeeneoussolutionto the problemd, conditionsis
enough,you canthen defineall the (aq,02,...,04,+1) Up to a constant
factora. This a canthenbe seenasa factor correspondingo the final
solution, i.e., when the final vector solution equals[p(x,y),q(x,y)] then
[ap(x,y),aq(x,y)] is alsoa solutionto the original problem.

Whenhaving theintermediateesults(the solutionsof the problemtowardsx), the
other(dy+ 1) free parametersiave to be determinedthis canbe doneby placing
oneof the conditionsabore on theseparameters.

After having solved d, + 1 interpolationproblems with extra conditions,we
have 2(dy + 1) uniqueunivariate polynomialsin x. Thesepolynomialscorres-
pondingto p(x,&x) andq(x, &) canbewritten in the following form:

[ p(x&) = po(&1)+ pr(&)x+ p2(&1)X2+ - - + Py (§1)x1
p(%,&2) = po(&2) + Pr(E1)x+ P2(&2)X2+ - - + pa, (E2)x%

| P(%&d41) = Po(€cpr1) + PL&epr) X+ + Pay (§apr )X
andthefollowing dz + 1 polynomialsfor g:

([ q(x&) = 0qo(&0) +qu(E0)X+02(&0)X2 + - - + g, (E0)x%
d(x.&) = do(€1)+ &)X+ G(E1)X% + - + Ogy (Eay )X

L A(X,&a,41) - Ao(&dpr1) + 01 (&) X+ - -+ Qoty (g 1) X
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We still have 2(d; + 1) unknovn polynomialsp;(y) andg;(y) to solve, how-
evertheequationsbove give usenoughnformationto determingheseremaining
unknowvn polynomialsin y, becauséor every polynomialp;(y) (aswell asfor the
polynomialsg;(y)) we have the valuesof thesepolynomialscorrespondingo the
interpolatiorpoints= = (£1,Z2,.... ,&g,+1) namely: (pi(%0), Pi(€1). ... , Pi(Edy+1))
(the samefor the polynomialsg;(y)). Again thesefinal problemscan easily be
solvedusingthe sameinterpolationsolver from Van BarelandBultheel[13]. We
have not furtherdiscussedhe unicity of thesolution. Thefirst problemwe solved
wasnot uniquelydeterminedecauseve weresearchingor the solutionof a ho-
mogeneougproblem,when however we placeone of the conditionsmentioned
above on thesesolutions,we canfind a uniquesolutionto thesehomogeneous
interpolationproblem, this meansthat our first partis solved in a uniqueway.
For the secondpart we searchfor polynomialsin y, which at the interpolation
points = attain certainvaluesdeterminedoy the coeficientsof the polynomials
in X, becausehe interpolationpointsare all differentwe getlinearindependent
conditionsandwe geta uniquesolution. This meanghatwe have foundaunique
solutionto our problem.

With this approachwe have solvedthe bivariateinterpolationproblemby us-
ing only univariateinterpolationtechniquesThecompleity of thisalgorithmand
theaccurag aretopicsof section5.

4 The algorithm

In thissectionwe will describehealgorithmin detailusingmatlabstylenotation.
We will briefly repeathe problemandnotationsused.We searcHor thebivariate
polynomialsp(x,y) andq(x,y), satisfyingthefollowing equation:

p(w;, &) i j +a(w;, &)W =0,

forie {1,...,2d;+1} andj € {1,... ,d2+ 1}. Thiscorrespondsvith thedegree
of x limited to d; andthedegreeof y limited to d,.

Definition 1 Letusfirstbriefly review the notationswe will usewhendescribing
thealgorithm

e ThevariablesQ, =, ® and¥ are definedn the samewayasbefore.

e @; andW; denotetheith columnof the matrix ® respectively.



e solpxandsolgx, in thesematriceswewill storetheintermediateunivariate
polynomialsin x, with ead row correspondingo anothervalueofy.

The multivariatepolynomialswill be storedin a matrix, usingthe following
form:

a(xy) = do(y)+au(y)X+0(y)x2+ -+ agy—1 ()X + qg, (y)X™

sothatthefirst columncorrespondso qo(y) the secondcolumnto g;(y) andthe
ith columnto gi(y). The first componentof every column correspondgo the
coeficient of degree0, the secondo the coeficient of degreel andsoon. The
polynomialq(x, y) from abovewill thusbestoredn amatrixin thefollowing way:

A\
e Y

1 x X .. 0xh
Lol ! !
(1 - Joo di0 Y20 --- Gdy0
y — Qo1 Qi1 - Jd;.1
Jo,2 :
\ ye - Jo,d, 1., -+ Odgdp

algorithm 1 (The polvecint procedure) The polvecint procedue solvesa one
dimensionalinterpolation problem of the following form: Consider p(x) and
g(x) asunivariate polynomialsin x, ® and ¥ are vectos filled with scalars and
Q = (wy,wy,...,wn+n+1) COrrespondingo the interpolationpoints. Thenthe
polvecint procedue returnsusthe polynomialsp(x) andq(x) of degreerespecti-
velyn; andny satisfyingthefollowing equation:

p(wi)®i +q(w)W; = 0. (5)

We denotethis procedue asfollows:
procedure [p, q] := polvecint(Q, M, ¥, ny, ny).

This polvecint proceduredoesnot returna uniquesolution, (however uniqueup
to aconstant) For adescriptionof how to dealwith this we referto section3.

We are now readyto describethe main algorithm for solving the bivariate
interpolationproblem.Thealgorithmconsistof threelarge parts.First of all, we
solve interpolationproblemsin x for differentvaluesof &; andthenin the next
two partswe solve the problemstowardsy.
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algorithm 2 (The main algorithm) We start with the first loop to constructthe
univariatepolynomialsin x

# Solvingthe problemtowards x.
fori=1:dr+1
[P, d] := polvecint(Q, ®;, W;, dy, dy);
solpx(i,:) = p;
solgx(i,:) = q;
end
e Determiningtheremaining(dz + 1) unknownparametes.
# Solvingthe problemtowardsy for p.

fori=1:d;+1

[p,q] := polvecint(=, 1, (—1) « solpx(:,i),dz,0);
P(,i)=p,
end
# Solvingthe problemtowardsy for q
fori=1:d;+1

[p,q] := polvecint(Z, 1, (—1) « solgx(:,i),ds,0);
Q(:a I) = p/;
end

RETURN P andQ

endof procedue

In the next sectionit will beshavn thatthealgorithmis efficientandstable.



5 Timings and stability issues

We madean implementatiorof the algorithmin matlabl. For the interpolation
pointswe tried rootsof unity, equalspacedand Chebyshe interpolationpoints.
As canbeseenin thenext figures,rootsof unity give usthemostaccurateesults.

Insteadof usingthe superastversionof the rationalinterpolationsolver we
usedthe O(n?) algorithm, however, even whenwe usethis complexity our al-
gorithmis evenfasterthanO(ny/n), andcanthereforebe consideredo be super
fast. The reasorwhy we preferto usethe O(n?) univariateinterpolationsolver
insteadof the O(nlog?(n)) version,is becaus®(nlog?(n)) ~ a nlog?(n) + O(n)
anda is a quite large constant. Thereforthe O(n?) versionwill in factbe faster
thenthe O(nlog?(n)) versionfor nottoo large valuesof n. To find a uniquesolu-
tion we hadto insertsomemoreconditionson the polynomials,we choseto find
polynomialswhich aremonicwith regardto thevariablex in p(x,y).

Thedataof thetestswe performedvererandomlygenerated,e.,thematrices
® and¥ arerandomlygenerateavithin [0, 1]. For thefirst figuretheinterpolation
pointsaretherootsof unity.

Figurel shonvsusthe 1-normof theresidualgeneratedby thealgorithm.For a
fixed sizealwaysfive problemsof the samedimensionwereconsideredYou can
seethatfor problemsup to thesizeof two million the errorstayswithin therange
of theacceptableTheresidualthatwe calculatechereis anabsoluteesidual and
is the 1-normof the matrix M which consistf the following values:

Mij = (P(w, &})Pi,j +a(, &) Wii)ics e

Whendealingwith otherkinds of interpolationpoints, it is very importantto
chooseagoodrepresentationf the polynomials.Whenusingarepresentatiom
anorthogonabasissatisfyinga threetermsrecurrencethe complexity of the al-
gorithmdoesnot changgonly the constanfactormayincreasea bit (This factor
correspondsvith B in 6)), but the accurag canincreasedramatically We per
formedtestson equalspacednterpolationpoints,with the standardasisandthe
Chebyshe basis,the secondbasisgave a solutionwhich wasmoreaccurateup
to afactor2, i.e., whenthefirst only had4 accurataligits the seconchadabout
8 accuratdligits. This meanghatit is extremelyimportantto take a goodbasis
representatiortp getaccurateesults.

Anotherobvious examplethat statesour assumptionfiereabove, is the fol-
lowing. We considerthe sameinterpolationproblem,which we try to solve now

Imatlabis aregistreredrademarkof the MathworksInc.
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~ Norm-1 residuals against the problem size
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Figurel: Norm-1of theabsoluteresidualfor rootsof unity.

in Chebyshe interpolationpointsgeneratedn theinterval [0, 1]. Figure2 corres-
pondsto thesolutionof this problemwhenusingthestandardasisrepresentation.
Theresidualthatis displayeds againthe absoluteresidual.

As canimmediatelybe seenin the graph,very quick all the significantdigits
arelost, andthe error keepsgrowing, in this case,with this polynomialrepres-
entationthe algorithmdoesnot work at all. In Figure 3 the sameproblemsare
solved, but now, insteadof presentinghe polynomialsin the standardbasiswe
presenthemin the Chebyshe basis,this adaptationn the algorithm, doesnot
increasdahe compleity, but dramaticallyincreaseshe numericalstability, asthe
figureclearlyshaows.

Thesefinal examplesshov oncemorethatit is very importantto choosea
goodbasisrepresentatiofor the polynomials,in orderto getaccurateesults.

We will now briefly deducethe asymptoticcompleity of the algorithmthat
we use(whenusingthe superastrationalinterpolationapproachthe complexity
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Norm-1 residuals for standard basis
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Figure2: Norm-1 for Chebyshe interpolationpoints, andthe standardpolyno-
mial representation.

is of courseevensmaller). We assumehatthe rationalinterpolationsolver is of
orderO(n?). Thefirst stepconsistsof solving (dz + 1) interpolationproblemsof
order(2d; +1). Thenext stepconsistof solving2(d; + 1) interpolationproblems
of order(d; + 1), this givesusascompleity, whenwe take

~ B n’+0(n) (6)

(andwe ngglectthetermO(n)):
B(d2+1) ((2dt +1)?) +2(dy + 1) ((do + 1)?)

B(dz+1)4 ((d+1)%) +4(ch +1) ((d2 +1)?)
43(da+1)(d1+1)(d1+1+dx+1)

VANRVAN
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Norm-1 residuals for chebyshev basis
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Figure3: Norm-1for Chebyshe interpolationpoints,andthe Chebyshe polyno-
mial representation.

The numberof unknavn parametersn the systemwe solve equals2(d; +
1)(d; + 1), whenwe denotethis numberwith n, we clearlyget:

4[3(d2+ l)(d1+ l) (d1+ 1+dy+ l)
= 2nB(d1+1+d2+1)
< O(n?).

This meansgthat our algorithmis fasterthann? andthereforsuperést(while we
have not even usedthe superéstsolver for the intermediateinterpolationprob-
lems).

Whenusingthesuperastsolver we getthefolowing compleity:

O (n(log?(d1+1) +log?(dz +1))) .
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And when we considera specialcasenamelyd; = do thenthe fast univariate
solverleadsto acompleity alittle smallerthanO(ny/n).

The next two figuresare comparisondetweenhe timed speedandthe theo-
retical speedve deduced.You canseein Figure4, which only shawvs theresults
for d; = dy thatthe algorithmis fasterthanO(n,/n). Thereis alsoa comparison
betweenour solver and Gaussiarelimination,you canseethat the crosseer ap-
pearsto be lying around1000, so our algorithmis not only theoreticallyfaster
but evenin practicalapplications,our algorithm performsbetterthan Gaussian
elimination.

12 Comparison of theoretical and measured speed for d1=d2
10 T T T T T T T

T AL |
*  Timings
n*sqrt(n)
10k — - _Gaussian elimination ||

Timings compared with the theoretical speed

lo’ L ol L ol L Py | L Py | L Py | L PR
10" 10 10° 10°* 10° 10° 10’

number of unknowns for d1=d2

Figure4: Timingsfor d; = d, comparedvith O(n,/n) andGaussian-elimination.

The lastfigure makesa comparisorbetweenthe timed resultsand Gaussian
elimination.In thisfigurealsomeasurement®r d; # d, areshown.
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Comparison of theoretical and measured speed for the complete algorithm
10 T T T T T T T

*  Timings
—— Gaussian elimination

Timings compared

10’5 M| M| N N N L
10 10 10 10° 10 10 10
number of unknowns

Figure5: Timingscomparedvith Gaussiarelimination.

6 An application: Solving a block Toeplitz matrix
with circulant blocksin a fast and accurateway

Thisfinal sectiondealswith the block Toeplitzproblemwith circulantblocks.We
will transformthis problem,becausef the block structureinto a bivariateinter-
polationproblem.All the conditionsto solve this bivariateinterpolationproblem
with our specifictechniquewill besatisfiedandthereforewe will beableto solve
this problemin afastandaccuratevay.

Beforestartingthe transformatiorof the BTCB problemwe will introduceall
thenew notationsfor dealingwith this problem.Supposeave have the following
matrix problem,for a certainnaturalnumbems.
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Co Ca1  Cu\ [ R Bo
G G Py B1

Cn, - Co Pn, Bn,
Wherethe C; are circulant matricesof dimensionn; andthe B, and B; are
vectorsof dimensiom; of thefollowing form (with the B; constructedn asimilar
way astheP, )

(i) (i)

¢y Cn c} P
0 0 0
o| W |
ch, o ph

The first stepin transformingthe matrix probleminto an interpolationpro-
blem, is rewriting the block systeminto a matrix-vectorinterpolationproblem.
This is an extensionof the univariatetransformationof a Toeplitz matrix into
an interpolationproblem, seefor examplethe paperof Van Barel, Heinig and
Kravanja[16], which exploits this transformation.

We introducethefollowing polynomialsin X,

ny

Cx) = > CiX
P(x) = _ip.xi
B(x) = i Bix.

It is aneasycalculationto shav thatthe BTCB problemis equivalentto the
following polynomialrepresentation:

ﬁC(x)P(x) = B(x)

Qio denoteshe projectionof the polynomialsbetweenthe degrees0 and n,.
When droppingthe projectionwe have to add two more polynomials,coming
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from the degreedower andhigherthanrespectrely 0 andn,. Call thesepolyno-
mialsA(x) andE(x). Remarkthatalsothe polynomialsA(x) andE(x) arevector
polynomials.This givesusthe next equation:

C(X)P(x) = B(X) +x ™A(x) + x2T1E(x) 7)

Wherethe two new polynomialsA(x) andC(x) areboth of degreen, — 1.

To continuewith our polynomialreductionwe haveto useawell known prop-
erty of circulantmatricespamelythey canbediagonalizedrery cheaplyby means
of FFT’s. However herewe areworking with matrix polynomialswhereall the
matricesarecirculantmatricesthereforeapplyingFFT’s on thesematrix polyno-
mials givesusadiagonalmatrix, wherethe diagonalsarepolynomials:

F*«C(x) «F" =D(x).
As mentionedabove, D(x) denotesa diagonalmatrix wherethe diagonalsare
polynomials.Substitutingthis into Equation(7) reducesour problemto:
D(X) x F x P(x)
= F*B(X)+X F x A(X) + X2 1F « E(x)

Remarknow thatfor q(y) = 3™, Gy’

1 1 1 - 1
1 o o .. W do q(wp)

10)2(»%...(02*::

1 %l (’Jﬁl (Unni qnl q((‘)nl)

Thismeanghatwe caninterprethemultiplicationF «P(x) with P (y) = S o P ¥
as:
iRt
i29P (o)X
FeP() — | =0

inio R (Q),11+1)Xi

Exactlythe samecanbe donefor A(x), E(x) andB(x). We cannow constructhe
multivariatepolynomialP(x,y) in thefollowing way:

P(x,y) = _ip. (WX
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After similar transformationgor the othervectorpolynomials we canrewrite the
mainproblemin thefollowing way:

P(x, wo) B(X, to)
DX P(x,. wy) _ B(x,. wy)
P(x, Gny) B(x, )
A(X, o) E(x, wo)
e Ny A(X,. (,01) np+1 E (X, (,01)
A(X,Gn,) E( G,

Whenwe take a closerlook at this equationwe seethatthe n; + 1 rows can
be transformednto an interpolationproblemof the desiredstructure. However
thereare a few small differences. Insteadof two componenty p,q from the
interpolationproblem)we have herefour componentsamely( P,B,A E). Where
in the previous problemwe could freely chooseour interpolationpointsboth for
x andy, herethe interpolationpointsfor y arealreadyfixed. Thefinal difference
is thatin theinterpolationproblemfrom sectionl the ® and¥ areindependent
from the choiceof the interpolationpoints. Here however the ® andW¥ arebuilt
from D(x),x ™ andx™*! andthereforedependenbn the interpolationpoints.
However noneof thesesmall differenceschangeshe approachexplainedin the
first sections.

The complity of solving this interpolationproblemdoesnot increasepe-
causewe canuseFFT’s. A quick calculationgivesusthe following compleity.
First we have to performn, FFT’s of orderny, this meansO(ninzlog(ng)) op-
erations,next we solve n; problemswith O(ny) interpolationpoints. This gives
us O(nynzlog?(ny)) operationswhenworking with the superéistunivariatein-
terpolationsolver. Thenthe final stepconsistsof constructingP(x,y) out of the
P(x,w)’s, thisis asimpleinterpolationproblemwhichwill costusO(nylog?(ny)).
A summatiorof the operationcostof the differentstepsgivesusa compleity of

O(n1nzlog(ny) + nonglog?(n2) + nilog?(ny)) (8)

Becauséhe sizeof the matrix is ny x np this algorithmis fasterthananalgorithm
with quadraticcompleity andcanthereforebe consideredo be superést.
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7 Further reseach

Thealgorithmfor solvingthe bivariateinterpolationproblemcanbe generalized
andappliedin differentfields. First of all we canextendthis methodto multiva-

riate interpolationtechniques.As canbe seenin the structureof the algorithm,

it canbe parallellized,in a very easyandcheapway. We assumehatit is also

possibleto solve coordinateproblemsasthey arisein algebraicgeometry and

evensearchin thesecoordinateproblems for minimal degreesolutions. We are

performingresearcton applyingthis algorithmto solve certainproblemsn signal

processingAnd we wantto usethis algorithmfor the superéstsolving of block

Toeplitz, Toeplitzblock systems.
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