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A superfast method for solving
Toeplitz linear least squares problems*

Marc Van Barel’ Georg Heinigt Peter Kravanja®

Abstract

In this paper we develop a superfast algorithm to solve the linear least squares problem
for a Toeplitz matrix. The original problem is first transformed into solving a linear
2 x 2 block system where each block is a Toeplitz matrix. These Toeplitz blocks are
extended into circulant blocks introducing new unknowns. Finally the block circulant
linear system is transformed into an interpolation problem where a vector polynomial is
sought satisfying certain tangential interpolation conditions for the roots of unity and
having a specific degree for each of his components. This interpolation problem can be
solved in a superfast way by a divide and conquer strategy. The effectiveness of the
approach is demonstrated by several numerical examples.

keywords: least squares problem, Toeplitz matrices, structured matrices, superfast al-
gorithm, block circulant matrices, vector polynomial interpolation, divide and conquer strategy

1 Introduction

Let T' = [ti—;] € C™*" be an m x n Toeplitz matrix with m > n and full column rank n, and
let b € C™. We consider the least squares problem: given T" and b, determine the (unique)
vector x € C" such that ||Tz — b|| is minimal. Here || - | denotes the (Euclidian) 2-norm.
Standard algorithms for solving linear least squares problems require O(mn?) flops. The
arithmetic complexity can be reduced by taking into account the Toeplitz structure. Al-
gorithms that require only O(mn) flops are called fast. One of the first fast algorithms was
introduced by Sweet in his PhD thesis [18]. Other approaches include those by Bojanczyk,
Brent and de Hoog [1], Chun, Kailath and Lev-Ari [3], Qiao [17], Cybenko [4, 5], Sweet [19]
and many others. None of these algorithms has yet been shown to be numerically stable. For
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several of them examples exist indicating that the approach is actually unstable in certain
cases.

Recently, Gu [9] has developed fast algorithms for solving Toeplitz as well as Toeplitz-plus-
Hankel linear least squares problems. His algorithm is based on the fact that a Toeplitz or
Toeplitz-plus-Hankel matrix can be transformed into a Cauchy-like matrix with the help of the
discrete Fourier transformation or a trigonometric transformation. Cauchy-like matrices have
the advantage, compared to Toeplitz matrices, that permutations of rows and columns do not
destroy the structure, so pivoting strategies are possible in order to stabilize the algorithm.
This idea was first mentioned in [10] and further developed in [7, 6, 8, 11, 12, 13, 14, 15, 20]
and other papers.

In Gu’s paper [9] the Toeplitz least squares problem is transformed into the inversion
problem for two Cauchy-like matrices. Numerical experiments indicate that Gu’s approach
is not only efficient but also numerically stable for many examples, even for ill-conditioned
problems.

The transformation of Toeplitz into Cauchy-like has the disadvantage that there seems
to be no freedom in the choice of the transformation length. Differently, such a freedom
does exist if the matrix is transformed into a Vandermonde-like matrix, which means, in the
language of matrix functions, into a tangential interpolation problem. This approach was
proposed in [11], [16] and [23]. In the latter paper a superfast Toeplitz solver was proposed.
The main aim of the present paper is to apply some modification of the idea in [23].

Our approach can be briefly described as follows. First we reduce in Section 2 the least
squares problem for 7" to the problem of the solution of a linear system with a Toeplitz block
coefficient matrix R with T as one of its blocks. This system is somehow related the normal
system THTxz = THb where TH denotes the complex conjugate transpose of the matrix 7.
In Section 3 the system for R will be extended to a circulant block system. This system
will be transformed using the Discrete Fourier Transform into a Vandermonde block system.
The latter one will be interpreted, in Section 4, as a homogeneous tangential interpolation
problem, so that in Section 5 standard solution procedures for this kind of problems (see
[2, Chapter 7]) can be applied. The inclusion of a divide-and-conquer principle as in [23]
speeds up the algorithm from O(mn) complexity to complexity O ((m + n)log®(m + n)). We
refrain from presenting the algorithm in all its details as these are given in [23]. The selection
of “difficult points” guarantees a certain degree of stability in the process, and iterative
refinement improves the result. The numerical issues will be discussed in Section 6.

2 Extension approach

We explain in this section the familiar extension approach for solving least squares problems.
Let A be any m X n matrix with m > n and full column rank n. It is well-known that the
solution z of the least squares problem to minimize the norm ||r|| of the residual r =b — Az
can be characterized by the condition A”r = 0. Introducing the (m + n) x (m + n) matrix

I, A
we [ 3]

the least squares problem is equivalent to the linear system

(2] T3]
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We describe the relation between A and R more completely. Note that the solution of the
least squares problem can be written in the form x = (A% A)~1AHp.

Lemma 2.1 If A has full column rank, then R is nonsingular and

= [ Aoy }

where P denotes the orthoprojection onto the kernel of AM.

Proof. Let [ ; } be a solution of the linear system

o z]=[a]

Then r + Az = b, which implies A? Az = A”b — a. Since A has full column rank, A7 A is
nonsingular and we obtain

x= (AT A)TTAT) — (AP A)la = ATb— (AT A)La. (1)

Furthermore,

r=(In — AANb + A(A%A)~la = Pb+ (A Ha. (2)
The relations (1) and (2) provide the formula for R~ =

Corollary 2.1 The solution of the least squares problem to mininimize || Ax—b|| is the second
block component x of the solution of the system

i[2]- (4]

For the least squares problem we will always have a right-hand side with a zero second
block component. But we will need the system for a general right-hand side if we want to
apply iterative refinement. Let us explain this.

Let us assume that an approximate solution

]

is at our disposal, with corresponding residuals Aa and Ab:
Ab | b | Im A
Aa |7 |0 A0 '

Iterative refinement of (4) is based on the following fact: if Ar and Az are such that
I, A Ar | | Ab (5)
AH Az | | Aa |’

o]l

ST}

then



Theoretically, it is therefore possible to move from [ T I ]T to [ roT ]T in a single step. In

numerical calculations (5) will only be solved approximately, of course, and hence the process

will have to be repeated. The linear systems (3) and (5) differ only in their right-hand sides.
Thus, to cover also iterative refinement, we will henceforth consider the linear system

pl_| B
dHEH ©
where initially a =0, B=band p=1r, £ = z.

Another way to do iterative refinement is to use a formula for the inverse of R, as it was
done in [23] for the solution of Toeplitz systems. This will be dicussed in a forthcoming paper.

3 Transformation into a block circulant system

Henceforth we consider Toeplitz matrices. It is clear that any m x n Toeplitz matrix

k=0,1,...n—1

S=1[ s ]j=0,1,...,m71

can be extended at its top with a matrix S such that the extended M x n matrix

o-[4]

is just the left M x n submatrix of an M x M circulant. Here M is any integer satisfying
M>m+n—1. If M = m+n—1, then we have to choose S as the (n — 1) x n Toeplitz
matrix o1 )

= :=0,1,...,n—

Si= s_ntiej-k ]j:O,l,...,n—Q
where s_,,_r = Syp_k—1 for £k =0,1,...,n — 1. It might be convenient to choose M larger
than m 4+ n — 1 in order to make sure that the Discrete Fourier Transform of the columns
of C' can be computed efficiently.

We extend the Toeplitz matrices T and TH into the circulant matrices

|: ; :| c (CMXn and |: TI;I :| c CJ\/IXm

respectively, where T € CM=m)xn anq T e CM=m)xm  Define
o:=TpeCM™ and ¢:=T¢eCM™,

With these definitions and notations we can extend (6) into the following homogeneous linear
system of equations:

0 0 0 T —Iyem ’1’ 0
I, —8 0 T 0 o
T 0 —Iy., O 0 17 1o
TH _q 0 0 0 L g J 0



This system can be written in block form as

Ciy Cy 0 O35 C4
Cs Cs C7r 0 O

Note that the matrices C', ..., C7 all have row size M and correspond to the first columns of
circulant matrices.

NS

A M x M circulant matrix C' can be factorized as
cC=F ﬁA]—" M

where A is a M x M diagonal matrix containing the eigenvalues of C' and Fj; denotes the
M x M Discrete Fourier Transform matrix

Far = [ wg\l/; }
3,k=0,1,....M—1

where wyy := e~ 27/M and i denotes the imaginary unit. Similarly, if C' is of size M x ¢, where
q < M, then C' can be factorized as

C=FoANFar,

where A is again a M x M diagonal matrix and Fjr,, denotes the M x ¢ submatrix of Far
containing the first ¢ columns of Fjs. It follows that

[fM 0 }[Cl Co 0 Cs 04]

0 Fur Cs Co C; O 0
_ { MFrum AoFua 0 A3Fnrn MaFrnvi—m }
AsFum NeFma ArFum—n 0 0

where A; =: diag ( )\gj), ... ,)\g\j} ) is a M x M diagonal matrix for j =1,...,7.

4 Interpolation interpretation

Let us now translate the homogeneous linear system into polynomial language. The Discrete
Fourier Transform matrix F3; can be interpreted as the Vandermonde matrix based on the
nodes zj := wﬁ;l, k=1,..., M. Multiplying a vector with (leading columns of) Fj; hence
corresponds to evaluating a polynomial at the Mth roots of unity z1,..., z.

Let p=: [ py }Z:OI and define the polynomial p(z) as

[y

p(z) =) prz"
k=0
The polynomials o(z), £(z) and {(z) are defined in a similar way.

The previous considerations now enable us to reformulate the original Toeplitz linear least
squares problem as the following equivalent interpolation problem: determine the polynomials



£(2), ¢(z), p(z) and o(z), where deg&(z) <n—1, deg((z) < M —m —1, degp(z) <m—1
and dego(z) < M —n — 1, such that

A plzr) + A7 1+ AP () + A ¢ () = 0

and
A p() £ 2O 1 13D 0 (20) = 0
for k = 1,...,M. 1In other words, determine the vector polynomial p(z) € C[z]>*! of
(component-wise) degree
m
1
degp(z) < | M —n
n
M—m
such that
G, 10 _
G e =] 0] et @)
where
Fy = [ AL AD g AB W }
and

Geo= [ AP AP A 0 0]
fork=1,..., M.

5 A superfast algorithm for solving polynomial interpolation
problems

In this section we will show how the interpolation problem (7) can be solved in a superfast
way. Our algorithm is of divide and conquer type and involves “stabilizing” techniques to
enhance the computational accuracy. To obtain the algorithm, we rely on the theoretical
framework of basis matrices and 7-degree. We therefore start by recalling these concepts,
adapting the definitions to our specific case.

Let S be the set of all the column vector polynomials p(z) € C[z]°*! that satisfy the
interpolation conditions (7). If p(z) € C[z]°*! is an arbitrary vector polynomial, then the
left-hand side of (7) is called the residual with respect to p(z) at the interpolation point z.

The set S forms a submodule of the C[z]-module C[z]°*!. A basis for S always consists
of exactly five elements [21, Theorem 3.1]. Let {Bj(z), B2(z),...,Bs(z)} be a basis for S.
Then every element p(z) € S can be written in a unique way as p(z) = S.°_, a;(z) B;(z) with
ai(z) € Clz], i = 1,2,...,5. The matrix polynomial B(z) := [Bi(z) Ba(z) --- Bs(z)] €
C[2]>*5 is called a basis matriz. Basis matrices can be characterized as follows.

Theorem 5.1 A matriz polynomial C(z) = [C1(z) Ca(z) --- Cs(2)] € C[2]°*® is a basis
matrix if and only if Ci(z) € S fori=1,2,...,5 and degdet C(z) = 2M.



Proof. This follows immediately from [21, Theorem 4.1]. O

Within the submodule S we want to be able to consider solutions p(z) that satisfy ad-
ditional conditions concerning their degree-structure. To describe the degree-structure of a
vector polynomial, we use the concept of 7-degree [21]. Let 7 € Z°. The 7-degree of a vector
polynomial p(z) = [p1(2) p2(z) --- ps(2)]! € C[z]>*! is defined as a generalization of the
classical degree:

T-degw(z) := max{degp;(z) — 7 }

with 7-deg 0 := —oo. The T-highest degree coefficient of a vector polynomial

[p1(2) p2(2) -+~ ps(2)]"

with 7-degree ¢ is defined as the vector [wi wo --- ws]|! with w; the coefficient of 20t
in p;(z). A set of vector polynomials in C[z]>*! is called 7-reduced if the 7-highest degree
coefficients are linearly independent. Every basis of S can be transformed into a 7-reduced
one. For details, we refer to [21]. Once we have a basis in 7-reduced form, the elements of S
can be parametrized as follows.

Theorem 5.2 Let { B1(z), Ba(2),...,Bs(z) } be a T-reduced basis for S. Define 6; = -
deg B;(z) fori=1,2,...,5. Then every element p(z) € S having T-degree < § can be written
m o unique way as

5
p(z) = Y ai(2)Bi(2)
i=1
with a;(z) € Clz], deg ai(z) < — ¢;.
Proof. See Van Barel and Bultheel [21, Theorem 3.2]. O

We will solve the interpolation problem (7) by constructing a 5 x 5 basis matrix Bpg(z)
such that

[CF;,:]BFG(ZI@)—[S}, k—1,.... M.

The matrix polynomial Brg(z) is 7-reduced with 7 = (m,1, M — n,n, M — m). Then this
basis matrix will have just one column having 7-degree equal to —1. By normalizing the
second component of this vector polynomial to one, we derive the solution of the interpolation
problem (7).

How to compute a 7-reduced basis matrix? The following theorem immediately leads to
a (recursive) divide and conquer approach (and hence, a superfast algorithm). The theorem
shows how basis matrices can be coupled in case the degree-structure is important.

The idea behind the theorem is to split up a “big” interpolation problem of size K into
two “smaller” problems of size k and K — k, respectively. Given a 7-reduced basis matrix
for the problem of size k, the theorem shows how the interpolation data for the remaining
problem of size K — k needs to be modified, such that the 7-reduced basis matrix for the
problem of (full) size K is obtained simply by multiplying (which can be done via FFT as the
product involves polynomial matrices) the 7-reduced basis matrix for the problem of size x
and the 7-reduced basis matrix for the problem of size K — k. How the theorem then leads
to a divide and conquer algorithm is self-evident.



Theorem 5.3 Suppose K is a positive integer. Let o1,...,0x € C be mutually distinct and
let 1,...,¢x € CO*L. Suppose that ¢, #[ 0 0 --- 0L fork=1,...,K. Let 1 <k < K.
Let T € Z°. Suppose that B.(z) € C[2]>*° is a Tx-reduced basis matriz with basis vectors
having T -degree 6; for i =1,2,...,5, corresponding to the interpolation data

{(ok, k) : k=1,....5}

Let Ty i := —[01,02,...,05]. Let Bu_x(z) € C[z]>*® be a 74— k-reduced basis matriz cor-
responding to the interpolation data

{(0p, B¥(op)p) : k=k+1,...,K}.

Then Bg(z) := By (2)Bx—Kk(2) is a Tg-reduced basis matrix corresponding to the interpolation
data

{(op,8) : k=1,...,K}.
Proof. See Van Barel and Bultheel [22, Theorem 3]. 0

In [23], we developed a superfast algorithm based on this theorem for vector polynomials
having two instead of five components. To enhance the numerical stability pivoting is used and
if it turns out that updating the basis matrix to satisfy an additional interpolation condition
would lead to an ill-conditioned subproblem, these interpolation conditions are skipped and
only handled at the very end of the algorithm. The corresponding interpolation points are
called “difficult points”. For further details we refer the reader to [23]. Note that in [23] the
basis matrix is of size 2 x 2 whereas in the present paper it is of size 5 x 5.

To obtain Bpg(z) we proceed as follows. First we apply our superfast interpolation
algorithm to the data (z, Fy), k = 1,..., M, to obtain a 5 x 5 basis matrix Bp(z) and a
(possibly empty) set of difficult points z;, j € Dp. Next, we apply this algorithm to the data
(21, Gk Br(z1)), k =1,..., M, to obtain a 5 x 5 basis matrix Br_,pg(z) and another (again
possibly empty) set of difficult points z;, j € Dp_rg. We get By := Br(z)Br—ra(z) via
FFT and by applying the fast interpolation algorithm to Bf(z) we add the difficult points
zj, J € Drp U Dp_ g to obtain Brg(z).

The presence of zeros in F}, can be exploited to obtain the 5 x 5 basis matrix Bpg(z) as
the product of the basis matrices Bp(z) and Bp_ pg(z) where Bp(z) can be derived from a
4 x 4 basis matrix. If we handle first the interpolation conditions connected to Gy and then
those corresponding to Fj we can compute the final 5 x 5 basis matrix as the product of
Bg(z) and Bg—ra(z) where Bg(z) can be obtained from a basis matrix of size 3 x 3.

6 Numerical examples

We have implemented our algorithm in Matlab (version 5.3.0.10183 (R11) on LNX86). In the
following numerical experiments the computations have been performed in double precision
arithmetic with unit roundoff u ~ 1.11 x 10716,
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Figure 1: Computational complexity (NEW versus QR)

6.1 Computational complexity

Let us start by comparing the computational complexity of our approach (algorithm NEW)
with that of the algorithm based on the QR factorization (algorithm QR), the classical al-
gorithm for solving general dense linear least squares problems. We consider Toeplitz matrices
whose entries are chosen uniformly at random in the interval (0,1). The number of interpola-
tion points M = 2¥ for k = 5,...,14. We choose m = M/2 and n = M /4. Figure 1 plots the
number of flops required by NEW and by QR, respectively. It follows that NEW is indeed
superfast (as long as the number of difficult points is small compared to the total number M
of interpolation points).

6.2 Accuracy

To investigate the accuracy obtained by NEW we consider the following three types of Toeplitz
matrices:

1. The number of interpolation points M = 2F for k = 5,...,14. We choose m = M/2
and n = M /4. The entries of T' are chosen uniformly at random in the interval (0,1).
Figure 2 plots the 2-condition number of a sample of five such Toeplitz matrices for the
cases k = 5,6, ...,11. These Toeplitz matrices appear to be generically well-conditioned.

2. We consider ill-conditioned circulant Toeplitz matrices. Such matrices are rather easy
to generate. The parameters M, m and n take the same values as for matrices of type 1.
The 2-condition number of these matrices is O(107). The extended matrix that appears
in Equation (3) is even more ill-conditioned: its 2-condition number is O(10'?).

3. The prolate matrix (see [24]) of size 64 x 32 whose entries are determined by w := 0.44,
tg := 2w and t; := W for k # 0. The number of interpolation points M is
equal to 128. This matrix is well-conditioned: its 2-condition number is ~ 3.10%. The

2-condition number of the extended matrix is ~ 2.10°.
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We consider two types of right-hand side vectors:

1. The entries of b are computed such that b = Tx where the entries of x are chosen
uniformly at random in (0, 1). In this case we obtain small residuals Aa and Ab.

2. The entries of b are generated uniformly at random in (0, 1). This choice generally leads
to large residuals Aa and Ab.
6.2.1 Matrices of type 1

In Figures 3 and 4 we plot the relative norm of the residual

ILaa 2]l

for right-hand sides of type 1 (small residuals) and type 2 (large residuals), respectively.

In Figure 5 we plot ||Aal for the case of right-hand sides of type 1.

The different lines in Figures 3-7 correspond to the different stages of iterative refinement
applied to the normal equations (3), as explained at the end of Section 2.

ST

6.2.2 Matrices of type 2

In Figures 6 and 7 we plot the relative norm of the residual and ||Aal|, respectively, for
right-hand sides of type 1 (small residuals).

For a given Toeplitz matrix of type 2, the results are in general better for right-hand sides
of type 2 than for right-hand sides of type 1.

6.2.3 The prolate matrix

In this case the algorithm NEW leads to unacceptable results. We proceed by putting some
relative noise on the elements of the matrix: we replace t;, by t(14+710~*) where 7 is chosen

10
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uniformly at random in the interval (0,1). The calculations are performed on the perturbed
matrix. The residuals Aa and Ab are calculated from the original matrix, though. After j
steps of iterative refinement, we obtain the following results:

7 Conclusion

J | IAb|/Z]  [[Aall/lI7]l
0| 3.10°° 5.1076
1] 7108 2.10°7
21 3.107° 1.1079
31 11071 9.10~12
4 910712 2.10~13

The previous numerical experiments show that for several large-size Toeplitz linear least
squares problems the algorithm NEW leads to an accurate approximation of the solution.
Moreover, the algorithm is generically superfast. However, it still needs to be investigated
why our approach does not lead to acceptable results in case of the prolate matrix, unless its

elements are perturbed.
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