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A fastmethodfor solvingthetwo-dimensional
Helmholtzequation,with Robbinsboundary

conditions.
o
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Abstract

We presenta fastdirectmethodfor solvingthetwo-dimensionalHelm-
holtzequation:

∂2φ
∂x2 p ∂2φ

∂y2 p λφ q f r x s yt
s
ona rectangulargrid u 0 s a1 vWw u 0 s a2 v with Robbinsboundaryconditionsx

∂φ
∂x y p0φ z{r 0 s yt q α0 r yt
sx
∂φ
∂x y p1φ z r a1 s yt|q α1 r yt
sx
∂φ
∂y y q0φ z r x s 0t q β0 r xt
sx
∂φ
∂y y q1φ z r x s a2 t}q β1 r xt
s

whereλ s p0 s p1 s q0 andq1 areconstants.~
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Becausewecansolve theHelmholtzequation,with Neumannboundary
conditionsin a fastwayusingthediscretecosinetransform,wecansplit the
problemabove into two smallerproblems. Oneof theseproblemscanbe
solved usingthe sametechniquesasin the Neumann-boundarycase. The
second,andthehardestproblemof thetwo, canbesolvedusinglow displa-
cementranktechniques.

When dividing u 0 s a1 v into n1 and u 0 s a2 v into n2 equalparts, the total
complexity of theoverall algorithmis 10n1n2 log n2 p O r n2

1 p n1n2 t , which
givesusa fastalgorithm.

Keywords: Helmholtz, Robbins boundary conditions,displacement
rank, Neumannboundary conditions.

1 The Neumannboundary problem

In thissectionwewill briefly review afastmethodto solvetheHelmholtzequation
with Neumannboundaryconditions.This problemcaneasilybe solvedusinga
fasttransformation.Andasit will beshown, in thenext sectionthisis animportant
propertyin solvingtheRobbinsboundaryproblem,in whichwecantwiceusethe
techniqueswe areaboutto describe. In this point of view asmentionedin the
abstract,the Robbinsboundaryproblemcanbe split into two smallerproblems
of which onecanbesolvedusingtheNeumannboundaryproblem.First we will
describethesolutionto this problem.

We take theHelmholtzequation,

∂2φ
∂x2 � ∂2φ

∂y2 � λφ � f � x � y�3� (1)

with Neumannboundaryconditions:

∂φ
∂y

� x � 0��� β0 � x�3� ∂φ
∂y

� x � a2 ��� β1 � x�3� 0 � x � a1 � (2)

When using the classicalfive points differenceschemefor i � 0 � 1 � �0�)� � n1 and
j � 0 � 1 � �0�)� � n2, weget

ui � j � θ1 � ui � 1 � j � ui � 1 � j � � θ2 � ui � j � 1 � ui � j � 1 ��� � δ fi � j (3)

with

h1 � a1

n1
� h2 � a2

n2
� δ ��� 2

h2
1
� 2

h2
2
� λ � � 1 � θ1 � δ

h2
1

� θ2 � δ
h2

2

(4)
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andwhereui � j is the approximatedvalueof φ � x � y� in the grid point � xi � y j � and
in the sameway we define fi � j as the valueof f � x � y� in the grid point � xi � y j � .
Approximatingtheboundaryconditionswith centraldifferenceswecansubstitute
ui ��� 1 andui � n2 � 1 by

ui ��� 1 � ui � 1 � 2h2β0 � i � ui � n2 � 1 � ui � n2 � 1 � 2h2β1 � i � (5)

with βk � i � βk � xi � . Thisgivesusasystemof equationsMN �N u � b with unknowns
ui � j for i � 0 � 1 � �0�0� � n1 and j � 0 � 1 � �0�0� � n2 where

u � ����� u0

u1
...

un2

������ � u j � ����� u0 � j
u1 � j

...
un1 � j

������ � (6)

andMN �N is thefollowing blockmatrix

MNN � �������
A 2T
T A T

. . . . . . . . .
T A T

2T A

�������� � (7)

whereA andT areof theform: T � � θ2I and

A � ����� 1 � 2h1p0θ1 � 2θ1� θ1 1
...

... ... � θ1� 2θ1 1 � 2h1p1θ1

������ � (8)

with θ1 andθ2 asin (4).
It is awell-known factthatamatrix like

B � �������
a 2t
t a t

. . . . . . .. .
t a t

2t a

��������
3



of sizen � 1 with a andt scalars,canbediagonalizedin thefollowing sense

B � CΛC

with C ��� ci � j � andΛ � diag � λ0 � �0�0� � λn � , where

ci � j � ��� ��
 

2¡ n1¡ 2 � voor j � 0 � i � 0 � �0�0� � n � 
2¡ n cos ¢ i jπ

n £ voor j � 1 � �0�0� � n � 1 � i � 0 � �0�0� � n � 
2¡ n � � 1� i 1¡ 2 � voor j � n � i � 0 � �0�0� � n �

and

λi � a � 2t cos
iπ
n
� i � 0 � �0�)� � n �

To provethis,write thematrixB asaI � tX00 with X00 asin (17),andthenusethe
formula(29). A morecompactform for thematrixC is

C �¥¤ 2
n ¦ ε j cos

i jπ
n § n

i � j ¨ 0
�

with

εk �ª© 1¡ 2 voor k � 0 � n
1 voor k � 1 � 2 � �0�0� � n � 1 � (9)

(Whenweexplicitely wantto denotethesizeof thematrixC wedenoteit asCn� 1.)
ThematrixC is thematrix of oneof theversionsof thediscretecosinetransform
(DCT), [1]. Thismatrix is norsymmetric,norpersymmetricbut satisfies� C � � 1 �
C.

In asimilar wayasin thescalarcaseit canbeshown thatthematrix MNN can
befactorisedin thefollowing way, where « standsfor theKroneckerproduct,

MNN �¬� C « I � Λ � C « I �V� (10)

with Λ ablockdiagonalmatrixwith blocks

Λ j � A � 2T cos
jπ
n2

� j � 0 � �0�0� � n2 � (11)

We now presentthe algorithm for solving the Helmholtz equationwith the
Neumannboundaryconditions.We useanoperatorcalledVecwhich meansthat
wemakea longvectorfrom amatrixby placingall thecolumnsof thematrixone
below theother.
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algorithm 1 SolvingMN �Nu � b where MN �N is the block tridiagonal matrix of
size � n1 � 1��­®� n2 � 1� , givenby(7), with A andT of sizen1 � 1 asin (8). Letb �
vecV withV ¯±°{² n1 � 1³.´ ² n2 � 1³ (andthesamefor z � vecZ, y � vecY, u � vecU).

1. Z � VCn2 � 1

2. for j � 0 � �0�0� � n2:

solvethesystemsof equations¢ A � 2T cos jπ
n2 £ y j � z j for y j

3. U � YCn2 � 1

The transformationsin thefirst andthefinal steparecosinetransformations.
Sucha transformationof lengthn canbedoneusingtheFastFourierTransform
(FFT) in 2 � 5nlogn flops (undersomeweakassumptionsaboutthe sizen of the
matrix [3, 4]), sowe geta complexity of 5n1n2 logn2 � 8n1n2, becauseA andT
aretridiagonal.

2 The Robbins boundary problem

Wearenow readyto deducea fastdirectmethodfor solvingtheHelmholtzequa-
tion

∂2φ
∂x2 � ∂2φ

∂y2 � λφ � f � x � y���
with Robbinsboundaryconditions¢ ∂φ

∂x � p0φ £ � 0 � y� � α0 � y���¢ ∂φ
∂x � p1φ £ � a1 � y�}� α1 � y���¢ ∂φ
∂y � q0φ £ � x � 0� � β0 � x�3�¢ ∂φ
∂y � q1φ £ � x � a2 �µ� β1 � x� � (12)

We placean n1 ­ n2 grid on the rectangle¶ 0 � a1 · ­¸¶ 0 � a2 · anddiscretizethe
Helmholtzequation.The Robbinsboundaryconditionsareapproximatedusing
centraldifferences,

5



1
2h1

� u1 � j � u � 1 � j � � p0u0 � j ¹ α0 � j �
1

2h1
� un1 � 1 � j � un1 � 1 � j � � p1un1 � j ¹ α1 � j �

1
2h2

� ui � 1 � ui ��� 1 � � q0ui � 0 ¹ β0 � i �
1

2h2
� ui � n2 � 1 � ui � n2 � 1 � � q1ui � n2 ¹ β1 � i � (13)

whereh1 � a1 ¡ n1 andh2 � a2 ¡ n2. Whenusingtheclassicalfivepointsdifference
schemefor theHelmholtzequationfor i � 0 � 1 � �0�0� � n1 and j � 0 � 1 � �0�0� � n2, weget

ui � j � θ1 � ui � 1 � j � ui � 1 � j � � θ2 � ui � j � 1 � ui � j � 1 ��� � δ fi � j � (14)

with δ � θ1 andθ2 asin (4).
Usingtheequations(13) to eliminatetheunknown parametersu � 1 � j , un1 � 1 � j ,

ui ��� 1 andui � n2 � 1, wegetthefollowing linearsystemwith unknownsui � j similar to
(6)

MRRu � b � (15)

MRR � �������
A 2T
T A T

. . . . . . . . .
T A T

2T A

�������� � 2h2θ2
�������

q0I
0

...
0 � q1I

�������� � (16)

whereT andA arethesameasin (8). Wecanwrite MRR in thefollowing form:

MRR � I « A � X00 « T � Γ « I �
with

X00 � �������
0 2
1 0 1

... ... .. .
1 0 1

2 0

�������� � Γ � �������
γ0

0
...

0
γ1

�������� � (17)

6



whereγ0 � 2h2θ2q0 andγ1 � � 2h2θ2q1. It is not hard to seethat the problem
abovecanbewrittenas

MRR � MNN � Γ « I �
with

MNN � I « A � X00 « T (18)

which is exactly thematrixof theNeumannproblemasdescribedin theprevious
section.WerearrangetheequationMRRu � b like

u � M � 1
NNb � M � 1

NN
�������

γ0u0

0
...
0

γ1un2

� ������ � (19)

It is obvious from the equationabove that if we canfind the two vectorsu0 �� ui � 0 � n1
i ¨ 0 andun2 �ª� ui � n2 � n1

i ¨ 0, we cansolve theproblemby successively solving
two MNN problems,for which thealgorithmcanbefoundin theprevioussection.

3 Low displacementrank matrices

In this sectionwe will usethetheoryof low displacementrankmatricesto find a
solutionfor u0 andun2 in a fastway. Wewill usethefollowing notationB � M � 1

NN
andz � M � 1

NNb. WhenpartitioningthematricesB andMRR in subblocksthefirst
andthelastequationof (19) in u0 andun2 become:© � I � γ0B0 � 0 � u0 � γ1B0 � n2un2 � z0

γ0Bn2 � 0u0 � � I � γ1Bn2 � n2 � un2 � zn2
� (20)

BecauseBn2 � n2 � B0 � 0 andBn2 � 0 � B0 � n2, (this will becomeclearlateron, look
at formula(24))weonly haveto determinethematricesB0 � B0 � 0 andBn2 � Bn2 � 0
to solve theproblem.

Wecouldfind themimmediatelyby usingthefollowing formula:

MNN �� B0º
Bn2

�� � �� I
0
0

��
7



but this would give us a computationalcost of O �0� n1n2 � 3 � flops, which is too
much.

However, becausethe matricesarehighly structured,block tridiagonal,and
almostblock Toeplitz,we canexpecta low displacementrank, so we cansolve
thesystemof equationswith amuchlowercomplexity.

But first we will review the definition, andsomeimportantpropertiesof S-
matrices.More informationaboutthis topic canbefound in [6]. We will briefly
describethenotationusedin thefollowing definitions:Thesymbol « denotesthe
Kronecker productof matrices[8]. For a � p ­ q� -matrix A �»¶ ai � j · anda � r ­ s� -
matrix B �ª¶ bi � j · the KroneckerproductC � B « A is a � pr ­ qs� -matrix defined
as

C � ��� b1 � 1A ¼)¼0¼ b1 � sA
...

...
br � 1A ¼)¼0¼ br � sA

���� �
It is obviousthatthematrixC hasablockstructurewith r block rowsandsblock
columns.We denotethe � i2 � j2 � th block submatrixof C with Ci2 � j2. The � i1 � j1 � th
elementof Ci2 � j2 is denotedasCi1 � j1;i2 � j2 andequalsai1 � j1 bi2 � j2. Thesenotations
caneasilybeextendedto Kroneckerproductsof 3 or morematrices.

Denoteby Sn � 1 theorthogonalsinetransformof dimensionn � 1:

Sn � 1 �¾½ ¤ 2
n

sin
i jπ
n ¿ n � 1

i � j ¨ 1

� (21)

thenanS-matrix is definedasfollows:

Definition 1 Startingwith the orthogonal matricesS as definedin (21) we as-
sociateto the sequenceof numbers � m1 � m2 � �0�0� � mk � the following sequenceof
orthogonalmatrices

Q ² s³ � Sms « Q ² s� 1³ � s � 2 � �0�0� � k �
with

Q ² 1³ � Sm1 �
Everymatrixof thefollowing form

Sk � Q ² k ³ ΛQ ² k ³ (22)

with Λ an arbitrary diagonal matrix of dimensionm1m2 ¼)¼0¼ mk is called an Sk-
matrix associatedto the sequence� m1 � m2 � �0�)� � mk � , or briefly an Sk-matrix or
S-matrix.

8



Generalizingthedefinitionof anS-matrixweget:

Definition 2 WhenQ1 � Q2 � �0�)� � Qk arenonsingularsquarematricesof dimensions
m1, m2, �0�0� , mk, wedefinethematrices

Q ² s³
recursivelyasfollows:

Q ² s³ � Qs « Q ² s� 1³ � s � 2 � �)�0� � k �
Q ² 1³ � Q1 �

Then,everymatrixof thefollowing form

Sk � Q ² k³ Λ ¢ Q ² k ³ £ � 1 � (23)

where theKronecker-submatricesof Λ satisfy

Λis � js;isÀ 1 � jsÀ 1; Á�Á�Á ;ik � jk � 0 whenis Â� js � Qs Â� Ims ands � 1 � �0�0� � k �
is called a generalized Sk-matrix associatedto the sequenceof matrices � Q1,
Q2 � �0�0� , Qk � or simplya generalizedS-matrix.

As mentionedbeforeandshown in [7] the matrix MN �N canbe factorizedin
thefollowing sense:

MNN �¬� C « I � Λ � C « I �V� (24)

with Λ ablockdiagonalmatrixwith blocks:

Λk � A � 2T cos
kπ
n2

� k � 0 � �)�0� � n2 � (25)

Because� C « I �&² � 1³ �¬� C « I � it is easyto deducethefollowing formula:

n2B0 � 1
2

Λ � 1
0 � 1

2
Λ � 1

n2 � n2 � 1

∑
k̈ 1

Λ � 1
k � n2

∑
k̈ 0Ã�Ã Λ � 1

k � (26)

9



wherethedoubleaccentin thesommationmeansthatwehaveto multiply thefirst
andthelasttermby 1¡ 2. In asimilarwaywecanfind

n2Bn2 � Rn2 � n2

∑
k ¨ 0ÃÄÃ � � 1� kΛ � 1

k � (27)

ThematricesΛk aretridiagonalmatricesandcanbeinvertedeasily. On theother
handthesematricescanbewrittenas

Λk � Mk � E �
with

E � �������
ε0

0
...

0
ε1

�������� �
whereε0 � 2h1p0θ1, ε1 � � 2h1p1θ1 and

Mk �¬� A � E � � 2T cos
kπ
n2

�
which is ageneralizedS-matrixassociatedto C.

To computeΛ ² � 1³
k wewill usethedisplacementoperator∇ Å X00 � X00 Æ � � � ,

∇ Å X00 � X00 Æ � R��� X00R � RX00 � (28)

Unfortunatelywe cannotreconstructthecompletematrix R from the imageof R
underthis displacementoperatorsowe will have to keepsomeextra information
in orderto determinethematrixRuniquely.

Firstwewill startby constructingthegeneratorsof thematricesΛ � 1
k . Remark

thatthematrixX00 is ageneralizedS-matrixassociatedtoC (C is thematrixof the
DCT), which meansthat

X00 � CD � c� C � (29)

with

D � c��� diag � c � � 2diag � 1 � cos
π
n1

� �0�0� � cos
� n1 � 1� π

n1
� � 1 ���

10



Becausethey arebothgeneralizedS-matricesX00 andMk arecommutativeandwe
find

∇ Å X00 �X00 Æ � Λk �Ç� � X00Mk � MkX00� � � X00E � EX00�� X00E � EX00

� �������
0 � 2ε0

ε0 0 0
... ... .. .

0 0 ε1� 2ε1 0

�������� �
It is easily seenthat the displacementrank is 4, and we can constructsimple
generators

∇ Å X00 � X00 Æ � Λk ��� � ε0 � 2e0eT
1 � e1eT

0 � � ε1 � 2en1e
T
n1 � 1 � en1 � 1eT

n1
� �

whereej denotesthe jth unit vectorof lengthn1 � 1. We canrewrite theformula
as

X00Λ � 1
k � Λ � 1

k X00 � � Λ � 1
k � X00Λk � ΛkX00� Λ � 1

k� ε0Λ � 1
k � 2e0eT

1 � e1eT
0 � Λ � 1

k � ε1Λ � 1
k � 2en1e

T
n1 � 1 � en1 � 1eT

n1
� Λ � 1

k � (30)

But in fact it is possibleto find moreconvenientgenerators,usingthefollow-
ing lemma.

Lemma 1 Take R0 to bean arbitrary square matrix of sizen1 � 1 where R0 has
thefollowing structure

R0 � �������
º 2α 0 ¼0¼)¼ 0
α º º ¼0¼)¼ º
0 º º ¼0¼)¼ º
... º º ¼0¼)¼ º
0 º º ¼0¼)¼ º

�������� �
with α an arbitrary numberdifferentfrom0, thenwehavethat

R� 1
0 � 2e0eT

1 � e1eT
0 � R� 1

0 � 1
α
� f0eT

0 � e0gT
0 ���

with f0 � R� 1
0 e0 andg0 � R� T

0 e0.

11



Proof :
Becausewedon’t wantto overloadthenotation,wewrite n whenwemeann1. We

alsodenoteR0, R� 1
0 enK � 2e² n� 1³

0 e² n� 1³
1

T � e² n� 1³
1 e² n� 1³

0

T
in partitionedform

R0 �ÇÈ ζ 2αeÉ nÊ0

T

αeÉ nÊ0 RË Ì�Í RÎ 1
0 ÏÑÐ β cT

d E Ò Í
K Ï È 0 2eÉ nÊ0

TÓ eÉ nÊ0 0 Ì
with ζ Í α Í β ÔÖÕ , c Í d ÔÖÕ n × 1 andRË Í E ÔÖÕ n × n. Accordingto thedefinitionof f0

andg0 weget

f0 ÏÙØ β
d Ú Í g0 ÏÛØ β

c ÚÝÜ (31)

Takingtheproductof RÎ 1
0 Í K andRÎ 1

0 givesus

RÎ 1
0 KRÎ 1

0 Ï Þßà β Ø 2eÉ nÊ0

T
d Ó cTeÉ nÊ0 Ú 2βeÉ nÊ0

T
E Ó cTeÉ nÊ0 cT

2deÉ nÊ0

T
d Ó βEeÉ nÊ0 2deÉ nÊ0

T
E Ó EeÉ nÊ0 cT á�âã Ü (32)

On theotherhand,usingthefactthatRÎ 1
0 R0 Ï Inä 1 we candeducethefollowing

relationships:

cTeÉ nÊ0 Ï 1
α å 1 Ó ζβ æ

EeÉ nÊ0 Ï Ó 1
αζd

deÉ nÊ0

T Ï 1
2α å In Ó ERËBæ Ü

In thesameway, usingthefactthatR0RÎ 1
0 Ï Inä 1 weget

eÉ nÊ0

T
d Ï 1

2α å 1 Ó ζβ æ
eÉ nÊ0

T
E Ï Ó 1

2αζcT

eÉ nÊ0 cT Ï 1
α å In Ó RË E æ Ü

Usingtheseequationsin (32),weget

RÎ 1
0 KRÎ 1

0 ÏÑÐ 0 Ó cT ç α
d ç α 0 Ò Ï 1

α Ø�Ø β
d Ú eÉ nä 1Ê

0

T Ó eÉ nä 1Ê
0 è β cT é ÚÝÜ

12



Accordingto (31) this is whatwehadto prove. ê
In thesamewaywecandeducethatfor amatrixRn1 of theform

Rn1 Ï Þßßßßßà
ë ë ì)ì0ì ë 0
...

...
...ë ì0ì0ì ë ë 0ë ì0ì0ì ë ë α

0 ì0ì0ì 0 2α ë á�âââââã
againwith α anarbitrarynumberdifferentfrom zero,thefollowingequationholds

RÎ 1
n1 å 2en1e

T
n1 Î 1

Ó en1 Î 1eT
n1
æ RÎ 1

n1 Ï 1
α å fn1e

T
n1

Ó en1g
T
n1
æ Í

with fn1 Ï RÎ 1
n1

en1 andgn1 Ï RÎ T
n1

en1.
WhenR Ï Λk we only have to calculatef0 andfn1. Indeed,take thediagonal

matrixD Ï diag í 1 Í 2 Í Ü0Ü)Ü Í 2 Í 1 î , thenits easyto checkthatΛT
k D Ï DΛk, De0 Ï e0

andDen1 Ï en1. Take f0 Ï Λ Î 1
k e0 andfn1 Ï Λ Î 1

k en1, thenwehave:

ΛT
k å Df0 æ Ï DΛkf0 Ï De0 Ï e0 Í

ΛT
k å Dfn1 æ Ï DΛkfn1 Ï Den1 Ï en1 Ü

Now wecancalculateg0 andgn1 usingf0 andfn1:

g0 Ï Df0 Í gn1 Ï Dfn1 Ü
Eventuallywecanrewrite (30)andget

∇ ï X00 ðX00 ñ å Λ Î 1
k æ Ï ε0

θ1
è xkeT

0
Ó e0 å Dxk æ T é�ò ε1

θ1
è ykeT

n1
Ó en1 å Dyk æ T é Í (33)

with

xk Ï Λ Î 1
k e0 (34)

and
yk Ï Λ Î 1

k en1 Ü
Usingtheequations(26)and(27)wefind

X00B0
Ó B0X00 Ï x ä eT

0
Ó e0 å Dx ä æ T ò y ä eT

n1
Ó en1 å Dy ä æ T (35)
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with

x ä Ï Ø Ó 1
n2 Úôó ε0

θ1

n2

∑
kõ 0ö�ö xk ÷ (36)

and

y ä Ï Ø Ó 1
n2 Úôó ε1

θ1

n2

∑
kõ 0öøö yk ÷ Ü

We seenow that the matrix B0 also hasdisplacementrank 4, and we can find
thegeneratorsusingtheformulahereabove. In a completelysimilar way we can
deducethefollowing relationsfor Bn2

∇ ï X00 ð X00 ñ å Bn2 æ Ï x Î eT
0
Ó e0 å Dx Î æ T ò y Î eT

n1
Ó en1 å Dy Î æ T (37)

with

x Î ÏÛØ Ó 1
n2 Úôó ε0

θ1

n2

∑
k õ 0ö�ö å Ó 1æ kxk ÷

and

y Î Ï�Ø Ó 1
n2 Ú¬ó ε1

θ1

n2

∑
kõ 0öÄö å Ó 1æ kyk ÷ Ü

Henceboth B0 andBn2 have a low displacementrank, andwe cancalculate
theirgenerators.

Beforesolvingthespecialcase(20),we takea look at themoregeneralprob-
lem,how we cansolvea systemof equationswith a low í X00 Í X00 î displacement
rank.ThereforewetakeR to beanarbitrarysquarematrixof sizen ò 1, for which

∇ ï X00 ð X00 ñ å Ræ Ï FGT Í
with F andG å n ò 1æúù r-matrices.Wealreadyknow thatwecandiagonalizeX00

by usingacosinetransformation.
Usingthesametechniquesasin [5, 1] wecantakeanotherdisplacementoper-

ator, andtransformR into anotherclassof structuredmatrices.Firstof all wewill
give thedefinitionof ageneralizedCauchymatrix.

Definition 3 Let c Ï å ci æ n1 and d Ï å d j æ n1 be fixedn-tuplesof numbers and A Ïû
ai j ü ni ð j õ 1 a givenmatrix. TheCauchy rankof a matrix is therankr of

∇c ð d å Aæ Ï û å ci
Ó d j æ ai j ü ni ð j õ 1

14



Whenr is smallwith respectto theorderof A, thenA will becalleda generalized
Cauchymatrix. For a classicalCauchymatrix å ci

Ó d j æ ai j Ï 1 for all i and j, and
hastherefore, Cauchy rank1.

Whenwe take R̂ Ï CRC, thenaccordingto (28)and(29)wefind that

∇ ï D É cÊ ðD É cÊ ñ å R̂æ Ï D å cæ R̂ Ó R̂Då cæ Ï F̂ĜT (38)

with F̂ Ï CF andĜ Ï CTG, suchthat R̂ is a generalizedCauchymatrix. Using
thegeneratorswecanalmostcompletelyreconstructthematrix R̂. Only thediag-
onal elementsarelost. So,we still have to find the diagonalof R̂ which canbe
constructedby first calculatingu Ï R̂1 Ï CRC1 with 1 Ïþý 1 ì)ì0ì 1 ÿ T

. Using
this wecanfind thediagonalof R̂ usingthefollowing formula:

di Ï ui
Ó 0 ð n1

∑
j �õ i

f̂T
i ĝ j

ci
Ó c j Í i Ï 0 Í Ü)Ü0Ü Í n1 Ü

We cannow usethe LU-CAUCHY algorithmof BojanczykandHeinig [2], to
constructthe LU factorizationof the matrix R̂ knowing the generatorsand its
diagonalelements.Wecanalsoimplementrow pivoting in this algorithm[5].

In this final paragraph,we will solve the equations(20). The matrix of the
systemof equationsis

B Ï Ø I ò γ0B0 γ1Bn2

γ0Bn2 I ò γ1B0 Ú Ü (39)

Whenwe take a look at the four subblocksof the matrix we know that they all
have a low í X00 Í X00 î -displacementrank. This meansthatthematrix B will have
a low displacementrankaccordingto thefollowing displacementoperator∇ ï X ð X ñ
with X thedirectsumof X00 with itself:

X Ï X00 � X00 ÏÛØ X00 0
0 X00 ÚÝÜ

Accordingto (29)wehave

X00 � X00 Ï å C � C æ å D å cæ � D å cæ0æ å C � C æ Í
sowecanalsotransformB to a generalizedCauchy-likematrix B̂:

B̂ Ï å C � C æ B å C � C æ Í
15



usingthedisplacementoperator

∇ ï D É cÊ�� D É cÊ ðD É cÊ�� D É cÊ ñ å ì æ Ü (40)

Notethat

B̂ Ï Ø I ò γ0B̂0 γ1B̂n2

γ0B̂n2 I ò γ1B̂0 Ú Í
so we can calculatethe generatorsof B̂ using theseof B̂0 Ï CB0C and B̂n2 Ï
CBn2C. By multiplying (35) on both sideswith C, using (29) andthe fact that
CTD Ï DC weobtainthefollowing relationships

∇ ï D É cÊ ðD É cÊ ñ å B̂0 æ Ï x̂ ä å Dê0 æ T Ó ê0 å Dx̂ ä æ T ò ŷ ä å Dên1 æ T Ó ên1 å Dŷ ä æ T (41)

andin thesamewayweget

∇ ï D É cÊ ðD É cÊ ñ å B̂n2 æ Ï x̂ Î å Dê0 æ T Ó ê0 å Dx̂ Î æ T ò ŷ Î å Dên1 æ T Ó ên1 å Dŷ Î æ T Í (42)

with x̂ � Ï Cx � , ŷ � Ï Cy � , êi Ï Cei , for i Ï 0 Í Ü)Ü0Ü n1. We can now write the
displacementof B̂ as

∇ ï D É cÊ�� D É cÊ ðD É cÊ�� D É cÊ ñ å B̂æ ÏÛØ γ0∇ ï D É cÊ ðD É cÊ ñ å B̂0 æ γ1∇ ï D É cÊ ðD É cÊ ñ å B̂n2 æ
γ0∇ ï D É cÊ ðD É cÊ ñ å B̂n2 æ γ1∇ ï D É cÊ ðD É cÊ ñ å B̂0 æ Ú Í

andwecancalculatethegenerators

∇ ï D É cÊ�� D É cÊ ðD É cÊ�� D É cÊ ñ å B̂æÏ γ0 Ø x̂ ä
x̂ Î Ú è å Dê0 æ T 0 é Ó Ø ê0

0 Ú è γ0 å Dx̂ ä æ T γ1 å Dx̂ Î æ T éò γ0 Ø ŷ ä
ŷ Î Ú è å Dên1 æ T 0 é Ó Ø ên1

0 Ú è γ0 å Dŷ ä æ T γ1 å Dŷ Î æ T éò γ1 Ø x̂ Î
x̂ ä Ú è 0 å Dê0 æ T é Ó Ø 0

ê0 Ú è γ0 å Dx̂ Î æ T γ1 å Dx̂ ä æ T éò γ1 Ø ŷ Î
ŷ ä Ú è 0 å Dên1 æ T é Ó Ø 0

ên1 Ú è γ0 å Dŷ Î æ T γ1 å Dŷ ä æ T é Ü
In order to reconstructthe matrix B̂ completely, besidesthe generators,we

alsoneedthe diagonalsof B̂0 and B̂n2. Remarkthat we needto reconstructthe
diagonalsof thefour subblocksof thematrix, to completelyrestoreB̂, thatis why
wehave to adapttheLU-CAUCHY algorithmto this specialsituation.
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To reconstructthediagonald ä of B̂0, wefirst calculateu Ï B̂01, whichwecan
rewrite using(26)as

u ÏÙØ 1
n2 Úôó n2

∑
k õ 0öÄö Λ̂ Î 1

k 1÷ Í
with Λ̂ Î 1

k Ï CΛ Î 1
k C. Remarkthat1 Ï �

2n1 ê0 andwhenwe denotex̂k Ï Cxk we
find using(34) that x̂k Ï Λ̂ Î 1

k ê0, suchthat

u Ï Ø � 2n1

n2 Ú n2

∑
k õ 0ö�ö Λ̂ Î 1

k ê0 Ï Ø � 2n1

n2 Ú n2

∑
k õ 0öÄö x̂k Ü

Becauseof (36)weget

u Ï Ó�� 2n1
θ1

ε0
x̂ ä Ü

In orderto find theith componentof thediagonald ä wehaveto substractfrom ui

thenondiagonalelementsof theith row of B̂0 wich wecanfind usingthegenerat-
orsof B̂0. Sofinally wefind for i Ï 0 Í Ü0Ü0Ü Í n1

dä i Ï Ó�� 2n1
θ1

ε0
x̂ä i

Ó	� 2
n1

0 ð n1

∑
j �õ i ö�ö x̂ä i

Ó x̂ä j
ò å Ó 1æ j ŷä i

Ó å Ó 1æ iŷä j

ci
Ó c j Ü

In acompletelyanalogousmannerwecanfind thediagonald Î of B̂n2

d Î i Ï Ó�� 2n1
θ1

ε0
x̂ Î i

Ó � 2
n1

0 ð n1

∑
j �õ i ö�ö x̂ Î i

Ó x̂Î j
ò å Ó 1æ j ŷ Î i

Ó å Ó 1æ iŷÎ j

ci
Ó c j Ü

That is everythingwe needto deducethealgorithmthatfindstheLU factori-
zationof B̂.

4 The Algorithm

First of all we presentthealgorithmwhich calculatestheLU factorizationof the
matrix B̂ Ï å C � C æ B å C � C æ with B given by (39). This LU-factorizationcan
lateronbeusedto solve (20).

algorithm 2 CalculatingtheLU factorizationof thematrixB givenby (39).
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1. Calculatethegeneratorsof thematricesΛ Î 1
k (cf. formula(33)).

For k Ï 0 Í Ü)Ü0Ü Í n2, calculate

xk Ï Λ Î 1
k e0 Í yk Ï Λ Î 1

k en1 Ü
2. Calculatethegeneratorsfor B0 andBn2 (cf. formula(35)).

Calculate

x ä Ï å Ó 1æ
n2 ó ε0

θ1

n2

∑
kõ 0ö�ö xk ÷ Í x Î Ï å Ó 1æ

n2 ó ε0

θ1

n2

∑
kõ 0ö�ö å Ó 1æ kxk ÷ Í

y ä Ï å Ó 1æ
n2 ó ε1

θ1

n2

∑
kõ 0ö�ö yk ÷ Í y Î Ï å Ó 1æ

n2 ó ε1

θ1

n2

∑
kõ 0ö�ö å Ó 1æ kyk ÷ Ü

3. Transformto thegeneratorsfor B̂0 andB̂n2 (cf. formula(41)and(42)).
Calculate

x̂ ä Ï Cx ä Í x̂ Î Ï Cx Î Í
ŷ ä Ï Cy ä Í ŷ Î Ï Cy Î Í
ê0 Ï Ce0 Í ên1 Ï Cen1 Ü

4. Calculatethediagonald of B̂ andof the å 1 Í 2æ - en å 2 Í 1æ -subblockof B̂ (resp.
dU endL).
Calculatefor i Ï 1 Í Ü0Ü0Ü Í n1:

dä i Ï Ó
� 2n1
θ1

ε0
x̂ä i

Ó � 2
n1

0 ð n1

∑
j �õ i öøö x̂ä i

Ó x̂ä j
ò å Ó 1æ j ŷä i

Ó å Ó 1æ iŷä j

ci
Ó c j Í

d Î i Ï Ó
� 2n1
θ1

ε0
x̂Î i

Ó�� 2
n1

0 ð n1

∑
j �õ i öøö x̂Î i

Ó x̂ Î j
ò å Ó 1æ j ŷÎ i

Ó å Ó 1æ iŷ Î j

ci
Ó c j Í

d Ï �


� 1
1
...
1

������ ò Ø γ0d ä
γ1d ä Ú Í

dL Ï γ0d Î Í dU Ï γ1d Î Í
whereci Ï ci ä n1 ä 1 Ï 2cosiπ

n1
, for i Ï 0 Í 1 Í Ü0Ü0Ü Í n1.
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5. Initialise thegeneratorŝF andĜ of B̂.
With thefollowingnotations

∇ ï D É cÊ�� D É cÊ ðD É cÊ�� D É cÊ ñ å B̂æ Ï F̂ĜT

Ï �


� φT
0

φT
1
...

φT
2n1 ä 1

������ è ψ0 ψ1 Ü0Ü)Ü ψ2n1 ä 1
é

Wehaveto giveF̂ andĜ thefollowingvalues

F̂ Ï¾Ð γ0x̂ ä γ0ŷ ä Ó ê0
Ó ên1 γ1x̂ Î γ1ŷ Î 0 0

γ0x̂ Î γ0ŷ Î 0 0 γ1x̂ ä γ1ŷ ä Ó ê0
Ó ên1 Ò

and

Ĝ Ï|Ð Dê0 Dên1 γ0Dx̂ ä γ0ŷ ä 0 0 γ0Dx̂ Î γ0Dŷ Î
0 0 γ1Dx̂ Î γ1Dŷ Î Dê0 Dên1 γ1Dx̂ ä γ1Dŷ ä ÒCÜ

6. TheLU-CAUCHY algorithmadaptedto this situation(cf. [2])

for k Ï 0 Í 1 Í Ü0Ü)Ü Í 2n1
ò 1, calculate

(a) Calculatecolumnk of L androw k of U from thegenerators.
lkk Ï dk

For j Ï k ò 1 Í k ò 2 Í Ü)Ü0Ü Í 2n1
ò 1,

i. l jk Ï�� dLk if j Ï n1
ò 1 ò k

φT
j ψk

c j Î ck
else

ii. ukj Ï � dUk if j Ï n1
ò 1 ò k

φT
k ψ j

ck Î c j
else

ukk Ï lkk enlkk Ï 1.
For j Ï k ò 1 Í k ò 2 Í Ü)Ü0Ü Í 2n1

ò 1, calculate

l jk Ï l jk
ukk

(b) CalculatetheSchurcomplement.
For j Ï k ò 1 Í k ò 2 Í Ü)Ü0Ü Í 2n1

ò 1, calculate

i. φ j Ï φ j
Ó l jkφk

ii. t Ï uk j
ukk
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iii. ψ j Ï ψ j
Ó tψk

iv. d j Ï d j
Ó l jkukj

v. If k � n1,

dL j Ï dL j
Ó ln1 ä 1ä j ð kukj

dU j Ï dU j
Ó l jkuk ð n1 ä 1ä j

In thesameway asin [5] we canapplyrow pivoting afterstep6(a)i, this will
improve the numericalstability of the algorithm. The complexity of the algo-
rithm presentedhereis O å n1n2 æ ò O å n2

1 æ . Indeed,step1 requiressolving n2
ò 1

tridiagonalsystemsof equationsof sizen1
ò 1, in step2 and4 we have to add

n2
ò 1 vectorsof lengthn1

ò 1 and in the final stepfor every k (from 0 to n1)
72å 2n1

Ó k æ flopshave to beexecuted.Thecomplexity of theotherstepsis of a
lowermagnitude.

Whenwewantto solve (20)weusethefactthat

B Ï å C � C æ B̂ å C � C æ Ü
Sowegetthefollowing algorithmfor thesolutionof theHelmholtzequationwith
Robbinsboundaryconditions.

algorithm 3 (Robbins problem) Thisalgorithmsolvesthesystemof equations

MRRu Ï b

whereMRR is thematrix (16)comingfroma finitedifferenceapproximationof the
Helmholtzequationona rectangulargrid with Robbinsboundaryconditions.

1. Find theLU-factorizationof B̂ with thepreviousalgorithm(Algorithm 2).

2. Calculatez Ï M Î 1
NNb with MNN from (18) by usinga fastdirectmethodfor

theNeumann-Neumannproblem.

3. Calculateu0 andun2.

(a) Calculateẑ0 Ï Cz0 and ẑn2 Ï Czn2 with a fastcosinetransform.

(b) Solvethesystemof equations

B̂ Ð û0

ûn2 Ò Ï Ð ẑ0

ẑn2 Ò
byusingtheLU-factorizationof B̂.
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(c) Calculateu0 Ï Cû0 andun2 Ï Cûn2 with a fastcosinetransform.

4. Calculate

y Ï M Î 1
NN

Þßßßßßà
γ0u0

0
...
0

γn2un2

á âââââã
analogousasin step2.

5. Calculateu Ï y Ó z

Becausewe hadto solve two systemsof equationswith MNN asmatrix the
computationalcomplexity of thealgorithmwill be 10n1n2 logn2

ò O å n2
1
ò n1n2 æ

flops.

5 Numerical Examples

5.1 Timings

We implementedthe algorithm(with pivoting) in Fortran90,using the NAG95-
Fortrancompileron a linux platform. The testsweredoneon a PentiumIII 860
Mhz processor, with 512 MByte of memory. In orderto test its complexity, we
generatedafixedexampleandchangedthevariablesn1 andn2. By usingtheleast
squaresapproximationwe obtainedthefollowing complexity:

0 Ü 6n1n2 log å n2 æ ò 3 Ü 6n2
1
Ó 3 Ü 6n1n2

in (sec/Mflops). It can be seenin figure 1 that this is a good approximation:
the surfaceis generatedusingthe formula above, andthe dotsarethe measured
timings. Making n1 larger, slows down the algorithm more than enlarging the
factorn2. However this is no problem,because,whenn1 is larger thenn2, we
canjust swap the rolesof the variablesx andy in (1). Thenalson1 andn2 are
interchanged.
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Figure1: Timing resultsfor theoverallalgorithm.
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5.2 Stability

First of all, we changedthe parameterλ, to make the systemof equationsvery
ill-conditioned,we did this for parametervaluesn1 Ï 16 andn2 Ï 16. Note that
if we fill in for λ theeigenvaluesof MRR (with λ=0), thenthecorrespondingMRR

matrixbecomesnonsingular. Weapproximatedthelargesteigenvaluein modulus
using the power method,and thenchangedit slightly, to obtainsomedifferent
conditionnumbersfor the matrix MRR. The largesteigenvalueobtainedby the
powermethod:λ Ï 1 Ü 06175777127e ò 02, in thefollowing tablethe∆λ, andthe
differentconditionnumbersareshown:

no ∆λ Condition(MRR) Condition(MNN) Condition(B)
1 6.2500000e-02 1.9730530e+03 1.0973156e+02 9.8528442e+01
2 7.7160499e-04 1.5987623e+05 1.1662279e+02 7.8476879e+03
3 1.1972999e-05 1.0303353e+07 1.1671302e+02 5.0564809e+05
4 1.1800000e-07 1.0494080e+09 1.1671443e+02 5.1500656e+07
5 9.9998942e-10 1.0242767e+11 1.1671445e+02 5.0267124e+09
6 0 1.0270375e+13 1.1671445e+02 5.0399766e+11

It canbe seen,that the badconditioningof MNN is completelyincorporated
in thematrix B. In the following table,it canbeseenthat the lossof significant
numberscancompletelybeexplainedby theill conditioningof thematrix. When
using the notationMRRu Ï b, whereu denotesthe exact solution and x is the
solutioncalculatedby thealgorithm,thentherelative residualnormis calculated
asfollows: � MRRx Ó b � 2 ç � b � 2.

no Relative residualnorm � x � 2 � MRR� 2
1 0.269875541131E-150.137537825554E+022.124455918105E+00
2 0.151802077218E-130.750048621793E+032.125753734878E+00
3 0.775739556738E-120.483388831755E+052.125769724492E+00
4 0.787803224555E-100.492337955471E+072.125769974033E+00
5 0.745524749715E-080.480537415275E+092.125769976496E+00
6 0.938779346662E-060.482384800059E+112.125769976517E+00

In thesecondpartwe first took fixedparameters,for thesystemMRR, except
for λ andtheright-handside fi ð j , theλ’sherearethesameasthoseabove,to have
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an ill conditionedsystem. For every λ we searchedthe right-handsideusinga
fixed solutionue (with � ue � 2 � 500). On theseproblemswe ran the algorithm,
andcalculatedthe relative residualnorm and the relative error norm (which is
calculatedasfollows: � x Ó ue � 2 ç � ue � 2 ), asshown in thenext table:

no Relativeresidualnorm Relativeerrornorm
1 0.247972802994E-150.273041336350E-13
2 0.302336805921E-150.107901396342E-11
3 0.236340232958E-150.163183467236E-09
4 0.308345718370E-150.269762204052E-08
5 0.251476127414E-150.530808215848E-07
6 0.269757268817E-150.707838423187E-04

In thelasttestwedid, we triedsomerandomexamples.Wegeneratedrandom
numbersin Fortranandprintedout the relative residualnorm. We took n1 Ï n2

anddid tenrandomtestsfor eachchoiceof n1 Ï 2k wherek Ï 3 Í 4 Í Ü Ü Í 10. In figure
2 therelative residualnormsareshown.

5.3 The software.

For the readerwho is interestedin testingor evaluatingour software, we im-
plementedthe routinein Fortranaswel asin Matlab1. You candownloadit at:
http://www.cs.kuleuven.ac.be/??????/????????????

References

[1] G. Heinig, A. Bojanczyk. Transformationtechniques for Toeplitz and
Toeplitz-plus-Hankel matrices.I. Transformations.Linear Algebra Appl.,
254(1997),pp.193-226.

[2] G. Heinig, A. Bojanczyk. Transformationtechniques for Toeplitz and
Toeplitz-plus-Hankel matrices.II. Algorithms.Linear Algebra Appl., 278
(1998),pp.11-36.

1Matlabis a registeredtrademarkof TheMathworks,Inc.

24



3 4 5 6 7 8 9 10
10

−15

10
−14

10
−13

10
−12

10
−11

10
−10

10
−9

log2(n1)

lo
g1

0(
E

rr
or

)

The error plot for random number

Figure2: Relative residualnormsfor theoverall algorithm.

25



[3] P.N. Swarztrauber. SymmetricFFTs. Math. Comput.,47 (1986), pp. 323-
346.

[4] C. Van Loan. Computationalframeworks for the Fast Fourier Transform.
SIAM, Philadelphia,1992.

[5] I. Gohberg, T. Kailath,V. Olshevsky. FastGaussianeliminationwith partial
pivotingfor matriceswith displacementstructure. Math.Comput.64(1995),
pp.1557-1576.

[6] L. Mertens.Sk-matricesenhunaanwendingenbij deeindigedifferentieben-
aderingenvandifferentiaalvergelijkingen. PhdThesis,K.U. Leuven,1990.

[7] J.Hendrickx.VeralgemeendeS-matricesenhunaanwendingenbij deeindi-
gedifferentiebenaderingen van differentiaalvergelijkingen en het oplossen
vansymmetrischeband-Toeplitzstelsels.PhdThesis,K.U. Leuven,2000.

[8] A. Graham.Kronecker productsandmatrix calculationswith applications.
JohnWiley, New York, 1981,Chapter2-3.

[9] M. PickeringAnintroductionto FastFourier TransformMethodsfor Partial
DifferentialEquations,with applications.JohnWiley, New York, 1986.

[10] M.N. OzisikHeatConduction.JohnWiley, New York, 1980.

26


