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Abstract

We present a fast direct method for solving the two-dimensional
Helmholtz equation: on a rectangular grid [0, a1] x [0, az] with Rob-
bins boundary conditions.

Because we can solve the Helmholtz equation, with Neumann
boundary conditions in a fast way using the discrete cosine trans-
form, we can split the problem above into two smaller problems.
One of these problems can be solved using the same techniques as in
the Neumann-boundary case. The second, and the hardest problem
of the two, can be solved using low displacement rank techniques.

When dividing [0, a4] into n; and [0, as] into ny equal parts, the
total complexity of the overall algorithm is 10 nyns log nz + O(n? +
nins), which gives us a fast algorithm.
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Abstract

We presenia fastdirect methodfor solvingthe two-dimensionaHelm-
holtz equation:

0%p  0%¢
W-l_a_yz-”\(p_ f(xy),

onarectangulagrid [0,a;] x [0, ay] with Robbinsboundaryconditions

gg‘fpomg (0y) = aoy)
%2 o) (ary) = oY),
2 —a0) (x0) = Po(),
F-mo) (xa) = PuX),

where, po, P1, o andg; areconstants.
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Becausave cansolve the Helmholtzequationwith Neumanrboundary
conditionsin afastway usingthediscretecosinetransformwe cansplit the
problemabove into two smallerproblems. One of theseproblemscan be
solved usingthe sametechniquesasin the Neumann-boundargase. The
secondandthe hardesproblemof thetwo, canbe solved usinglow displa-
cementanktechnigues.

Whendividing [0,a;] into n; and [0,ay] into ny equalparts, the total
compleity of the overall algorithmis 10nyn,log ny + O(n% +niny), which
givesusafastalgorithm.

Keywords: Helmholtz, Robbins boundary conditions, displacement
rank, Neumannboundary conditions.

1 The Neumannboundary problem

In thissectionwewill briefly review afastmethodio solvetheHelmholtzequation
with Neumannboundaryconditions. This problemcaneasily be solved usinga
fasttransformationAnd asit will beshown, in thenext sectiorthisis animportant
propertyin solvingthe Robbinsboundaryproblem,in which we cantwice usethe
techniqueswve are aboutto describe. In this point of view as mentionedin the
abstractthe Robbinsboundaryproblemcanbe split into two smallerproblems
of which onecanbe solvedusingthe Neumanrboundaryproblem. First we will
describehesolutionto this problem.

We take the Helmholtzequation,

¢ ¢
with Neumanrboundaryconditions:
0@ 0
i — _r = <x<a.
ay (X7 O) BO(X)7 ay (X7 aZ) Bl(x)7 0 SXsa (2)

When using the classicalfive points differenceschemefor i = 0,1,...,n; and
j=0,1,...,n, we get

Uij — 01(Uit1,j +Ui—1,j) — 02(Uj j+1+ Ui j—1) = —0f; (3)
with

ai az 2 2 -1 0 0
1 n17 2 n2’ (h% + h% ) y Ul h%a 2 h% ( )
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andwhereu; j is the approximatedzalue of @(x,y) in the grid point (x;,y;) and
in the sameway we define f; j asthe value of f(x,y) in the grid point (x;,y;).

Approximatingtheboundaryconditionswith centraldifferencesve cansubstitute
Ui,—1 andui n,+1 by

Ui,—1=U1—2MoBoi, Uiny+1= Uiny—1+ 2Py, (5)

with By ; = Bk(Xi). Thisgivesusasystenof equationdviy n u = b with unknowns
uijfori=0,1,...,npandj=0,1,...,n, where

Uo UO’J'
uz Ui, j
u= , uj = o (6)
un2 unlaj
andMy y is thefollowing block matrix
[ A 2T ]
T A T
MnN = ; (7)
T A T
i 2T A
whereA andT areof theform: T = —06,| and
1+2h1po6; —26
am| B 1 (8)

. -0
—291 1- 2h1 p161

with 6, and6, asin (4).
It is awell-known factthata matrix like




of sizen+ 1 with a andt scalarscanbediagonalizedn thefollowing sense
B=CAC
with C = (ci,j) andA = diag{Ao, ... ,An}, where
V2/n1/2, voor j =0, i=0,.
Gij= MZ/ncos(%‘) voorj=1,...,n—1, i=0,...,n,
V2/n(-1)'1/2, voorj=n, i=0

and .
[ -
)\i:a+2tcosﬁ, i=0,...

To prove this, write the matrix B asal 4t Xgg with Xgg asin (17), andthenusethe
formula(29). A morecompactorm for thematrixC is

2 P n
C= \/j [Ej cosﬂ} ,
n N Jij=o

[ 1/2 voork=0,n
sk_{ 1 voork=1,2,...,n—1 "~ 9)

with

(Whenwe explicitely wantto denotehesizeof thematrixC we denotdt asCp 1.)
Thematrix C is the matrix of oneof the versionsof the discretecosinetransform
(DCT), [1]. This matrixis nor symmetric,nor persymmetridut satisfies(C)_1 =
C.

In asimilarway asin the scalarcaseit canbe shavn thatthe matrix Myn can
befactorisedn thefollowing way, where® standgor the Kronecler product,

Mnn = (CRIA(C®I), (10)

with A ablock diagonalmatrix with blocks

m .
/\j:A+2Tcos:]—, i =0,....n. (11)
2
We now presentthe algorithm for solving the Helmholtz equationwith the
Neumanrboundaryconditions.We usean operatorcalledVecwhich meanghat
we make along vectorfrom amatrix by placingall the columnsof the matrix one

belawn theother



algorithm 1 SolvingMn nu = b whee M n is the block tridiagonal matrix of
size(n1+ 1) x (n2+ 1), givenby (7), with AandT of sizen; + 1 asin (8). Letb =
vedV withV e R(m+Dx(n+1) (gndthe samefor z = vecZ, y = vecY, u = vedJ).

1. Z=VCn1
2. for j=0,...,n:

solvethe systemof equations(A—i— 2T cos#—g) yj = zj fory;
3. U=YCn11

The transformationsn the first andthe final stepare cosinetransformations.
Sucha transformatiorof lengthn canbe doneusingthe FastFourier Transform
(FFT)in 2.5nlogn flops (undersomeweak assumptionsboutthe sizen of the
matrix [3, 4]), sowe geta compleity of 5ninzlogns + 8niny, becaused and T
aretridiagonal.

2 The Robbins boundary problem

We arenow readyto deducea fastdirectmethodfor solvingthe Helmholtzequa-
tion

%p 0%
W"‘a—yz'”\q)— f(xy),

with Robbinsboundaryconditions

3—‘X"—pocp)(0,y) = do(y);
2 pmo)(ay) = ), 12)
2 —a00) (0 = Bo(x),
Do) (xa) = Bi(X).

We placean n; x ny grid on the rectangle[0,a;] x [0,a,] and discretizethe
Helmholtzequation. The Robbinsboundaryconditionsare approximatedising
centraldifferences,



oy (Uz,j —U-1,j) — Polo,| ~ 0o,
2_11 (Un1+1,j - Unl—l,j) — PiUn,,j = Uy j, (13)
2—%,2 (Uj,1 — Ui —1) — CoUi,0 ~ Boj,
ot (Uingr1—Uiny 1) —Cilin,  ~ PBij,

whereh; = a;/n; andhy = az/nz. Whenusingthe classicafive pointsdifference
schemdor theHelmholtzequationfori =0,1,...,ny andj =0,1,...,n2, we get

Ui,j — O1(Uix1j+ Ui—1,j) — O2(Ui j+1+ Ui j—1) = —Ofj j, (14)

with 8,0, and0, asin (4).
Usingthe equationg13) to eliminatethe unknavn parametersi_y j, Un,+1,j,
Ui,—1 andui n,+1, we getthefollowing linearsystemwith unknavnsu; j similarto

(6)

MRrRU = b, (15)

A 2T ol

Mrr= + 2h70; .
T A T 0
2T A | —al |

,  (16)

whereT andA arethesameasin (8). We canwrite Mrrin thefollowing form:
Mrr=I QA+ Xpo® T +T &1,
with

Yo

— O
onN
[EEN
o

Xoo = , = , @7

o

Y1 |



whereyp = 2h202q0 andy; = —2h6,01. It is not hardto seethatthe problem
above canbewritten as

Mrr= MnN+T @1,
with
MaN = @ A+ Xpo®R T (18)

whichis exactly the matrix of the Neumanrproblemasdescribedn the previous
section.We rearrangehe equationMrru = b like

[ YoUo
0

u=Muwb-My| & |- (19)
0
| Vlung i

It is obvious from the equationabove that if we canfind the two vectorsug =
(Ui,0)™y andun, = (Ui n,)™,, We cansolve the problemby successiely solving
two Mnn problemsfor whichthealgorithmcanbefoundin the previoussection.

3 Low displacementrank matrices

In this sectionwe will usethetheoryof low displacementankmatricesto find a
solutionfor ugp anduy, in afastway. Wewill usethefollowing notationB = My,
andz = Mg,{,b. Whenpartitioningthe matricesB andMRgRg in subblockshe first
andthelastequationof (19)in ug andup, become:

(I +YoBo,0) Uo + Y1Bon,Un, = 20
} (20)
YoBn,,0Uo0 + (I +Van2,n2) Un, = Zn,

BecauseBy, n, = Boo andBn, o = Bo p,, (this will becomeclearlateron, look
atformula(24)) we only have to determinehematricesBo = Bg g andBp, = Bp, o
to solve theproblem.

We couldfind themimmediatelyby usingthefollowing formula:

Bo |
MNN * = 0
Bn, 0

7



but this would give us a computationalcost of O((nin,)®) flops, which is too
much.

However, becausdhe matricesare highly structured block tridiagonal,and
almostblock Toeplitz, we canexpecta low displacementank, so we cansolve
the systemof equationswith amuchlower compleity.

But first we will review the definition, and someimportantpropertiesof S
matrices.More informationaboutthis topic canbe foundin [6]. We will briefly
describehe notationusedin thefollowing definitions: The symbol® denoteghe
Kroneder productof matrices[8]. For a (p x g)-matrix A= [a; ;] anda (r x s)-
matrix B = [bj j] the KroneclerproductC = B® A is a (pr x gs)-matrix defined
as
bl,lA cee bl’sA
C= : :
briA oo brsA

It is obviousthatthe matrix C hasa block structurewith r block rows ands block
columns.We denotethe (i, j2)th block submatrixof C with Ci,, j,. The (iy, j1)th
elementof G, j, is denotedasC, j,:i, j, andequalsg;, j, bi, j,. Thesenotations
caneasilybe extendedo Kronecler productsof 3 or morematrices.

Denoteby S,_; theorthogonakinetransformof dimensionn — 1.

n—1
_([2giniim
S-1= (ﬁsm n) ; (21)

i,j=1
thenanS-matrix is definedasfollows:
Definition 1 Startingwith the orthogonal matricesS as definedin (21) we as-

sociateto the sequencef numbes {m, mp, ... ,m¢} the following sequencef
orthogonalmatrices

Q¥ =5,8QE Y, s=2,...,k,
with
QY = sy,
Everymatrix of thefollowing form
Sc=QMAQW (22)

with A an arbitrary diagonal matrix of dimensionmym,---my is called an §-
matrix associatedo the sequencemy,mp,...,m}, or briefly an S-matrix or
S matrix.



Generalizinghedefinitionof an S-matrix we get:

Definition 2 WhenQ1, Qo, ... ,Qx arenonsingularsquae matricesof dimensions
m, My, ..., Mg, wedefinethematrices

Q®
recussivelyasfollows:
Q(s) - QS® Q(s_l)a S= 27 s akv
QY =0Q.

Then,every matrix of the following form

S= QWA (Q¥) @)
wheee the Kronedker-submatrice®of A\ satisfy
AiSij;iS-‘rlajS-i-l;'" ;ikvjk - 0 Whenls ié js’ QS # Irns andS: 17 ey k,

is called a generlized S,-matrix associatedo the sequenceof matrices{Qs,
Q2, ..., Qx} or simplya generlizedS-matrix.

As mentionedbeforeandshown in [7] the matrix My n canbe factorizedin
thefollowing sense:

Mnn = (CRIA(C®I), (24)

with A ablock diagonalmatrix with blocks:

k
/\k:A+2Tcosn—T[, k=0,...,n. (25)
2

BecausdC®1)-Y = (C®]1) it is easyto deducethefollowing formula:
1 np—1 17] n

1
MBo= A + A+ S A= S AL (26)
2 2 kgl kZO



wherethedoubleaccenin thesommatiormeanghatwe have to multiply thefirst
andthelasttermby 1/2. In a similar way we canfind

ny "

MBn, =Ry, = Y (=1)A™ (27)
k=0

Thematrices/\¢ aretridiagonalmatricesandcanbeinvertedeasily Ontheother
handthesematricescanbewritten as

N =M+ E,

with _ i}

€0
0

€1

wheregg = 2h;p61, €1 = —2h;1p16; and

kTt
M= (A—E)+2T cos—,
2

whichis ageneralizeds-matrix associatedo C.
To compute/\l((_l) we will usethedisplacemenoperatoryy,; .1 (),

Oxo0, %00} (R) = XooR— RX%0. (28)

Unfortunatelywe cannotreconstructhe completematrix R from theimageof R
underthis displacemenbperatorsowe will have to keepsomeextrainformation
in orderto determineghe matrix R uniquely

Firstwewill startby constructinghe generatoref thematrices/\;l. Remark
thatthematrix Xgp is ageneralizeds-matrixassociatetb C (C is thematrix of the
DCT), which meanghat

Xo0=CD(c)C, (29)
with

D(c) = diag{c} = 2diag{1, cosnE, e, COS——
1

10



Becausehey arebothgeneralize&-matricesXgg andMy arecommutatve andwe
find

Oxooxoot (M) = (XooMk — MiXoo) + (XooE — EXoo)

= XooE —EXoo ]
0 —2¢
€0 0 0
0 0 €1
-2¢1 O

It is easily seenthat the displacementank is 4, and we can constructsimple
generators

O xe0X00} () = —€0(2e0€] — €16]) — £1(2en, €} _1 — €n,—161,).

whereg denoteghe jth unit vectorof lengthn; + 1. We canrewrite the formula
as

Xool\c = N %00 = =i (XooAk — AwXoo) A (30)
= eo/\ *(2e0e] — e €] )N+ 81/\[1(2%1611,1 — 18 A
Butin factit is possibleto find morecorvenientgeneratorsysingthe follow-
ing lemma.

Lemmal Take Ry to be an arbitrary squae matrix of sizen; + 1 where Ry has
thefollowing structure

[« 20 0O 0]
a * % *
Ry = 0 x % * |
T % *
_O *  * * |

with a an arbitrary numberdifferentfromO0, thenwe havethat
1
Ro*(2e0e] —e19)Ry " = —(foey — €005 ),
with fo = Ry *ep andgo = R, " €.

11



Proof:
Becauseve don't wantto overloadthenotation,we write n whenwe meann;. We

T T
alsodenoteRy, Ry1 enK = 2e/" V™ _ M Del™D T in partitionedform

;
_| ¢ 20€) _1:[[3&]
ol R B |

0 2d"
K=
—eén) 0

with ,a,B € R, ¢,d € R™! andR,,E € R™". Accordingto the definition of fg

andgp we get
n=(5) w=(2) (31)

Takingthe productof Ry %, K andR,* givesus

5 <2eg‘>Td _ CTegn) 286" E - Tt

KRy = | T .
2de)’ d—pEE)”  2del’ E—EecT

(32)

Onthe otherhand,usingthefactthatRglRo = In1.1 we candeducehefollowing
relationships:

ey’ = F(1-2p)
Ee) = —1lzd
deén)T = %('n—ERk)

In the sameway, usingthefactthatRoRgl = In11 We get
) 'd = L1-2p)
d)'E — ke

e'c" = L(,-R.E)

Usingtheseequationsn (32), we get

e[, )3

12
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Accordingto (31) thisis whatwe hadto prove. [ |

In the sameway we candeducehatfor amatrix R,, of theform

% % - % 0]
Ru=1|% --- x % 0
* o+ x % O
|0 - 0 20 « |

againwith a anarbitrarynumbedifferentfrom zero,thefollowing equatiorholds
_ _ 1
Roy (2emel, 1 — en, 160 )Ry = —(fnyf, — em0n,),

with fn, = Ryten, andgn, = Ry Ten,.

WhenR = Ay we only have to calculatefg andfy,,. Indeed take the diagonal
matrixD = diag{1,2,...,2,1}, thenits easyto checkthat/\I D =DAg, Deg= g
andDen, = &y, . Takefg = A, 'ep andfn, = A, ten,, thenwe have:

A (Dfo) = DAfo = Dep = ey,
A (Dfq,) = DAfn, = Den, = én,.
Now we cancalculategg andgp, usingfo andfp,:
Jo= Df07 gnl = Dfnl-
Eventuallywe canrewrite (30) andget

4. € £
{00 %00} (N ) = 9—2 (xke) —eo(Dxi) ") + 9_1 (ykeh, —en,(Dy)T),  (33)

with
Xk = A\, ‘e (34)
and
Yk = /\Ela?l'
Usingtheequationg26) and(27) we find
Xo0Bo — BoXoo = X+€) — €0(DX4) " +y &, —en, (Dyy)" (35)

13



with

_1 g0 ™ "

Xy = <n—2> (9_1kZo Xk) (36)
-1 g1 2 "

Y+ = (n—2> (e_lkgo Yk) .

We seenow that the matrix Bg also hasdisplacementank 4, and we canfind
thegeneratorsisingthe formulahereabove. In a completelysimilar way we can
deducethefollowing relationsfor By,

and

Oxeo X0} (Bre) = X—€) —eo(Dx_)" +y_e&, —en, (Dy_)" (37)
_ (1) (& & ! k
- () (53
—1 81 n2 " k
=== 1 .
y (n2> (%Zo (—1)"yk

Henceboth By andB;,, have a low displacementank, andwe cancalculate
their generators.

Beforesolvingthe specialcase(20), we take alook at the moregeneralprob-
lem, how we cansolve a systemof equationswvith alow {Xpo, Xo0} displacement
rank. Thereforewe take R to beanarbitrarysquaranatrix of sizen+ 1, for which

Oixooxo0} (R) = FG',

with F andG (n+ 1) x r-matrices.We alreadyknow thatwe candiagonalizeXpg
by usinga cosinetransformation.

Usingthesameechniquessin [5, 1] we cantake anotherdisplacemenbper
ator, andtransformR into anotherclassof structurednatrices Firstof all we will
givethedefinitionof ageneralizedCauchymatrix.

with

and

Definition 3 Letc = ()} andd = (d;)] be fixed n-tuplesof numbes and A =
[aij]{:jzl a givenmatrix. TheCaudy rankof a matrixis therankr of

Oca(A) = [(ci — dj)aij]ij=1

14



Whenr is smallwith respecto the order of A, thenA will becalleda genealized
Caudy matrix. For a classicalCaudy matrix (¢; — dj)a;; = 1 for all i and j, and
hastherefore, Caucyrank1l.

Whenwe take R= CRC, thenaccordingto (28) and(29) we find that
Op(e)p(e)} (R) = D()R—RD(c) = FG' (38)

with F = CF andG = CT G, suchthatR is a generalizedCauchymatrix. Using
thegeneratorsve canalmostcompletelyreconstructhe matrix R. Only the diag-
onalelementsarelost. So, we still have to find the diagonalof R which canbe
constructedy first calculatingu = RL=CRC1with 1=[ 1 --- 1 ]T. Using
this we canfind the diagonalof R usingthefollowing formula:

On §Tq.
di=u— '791, i=0,...,n.
] i G —Cj

We cannow usethe LU-CAUCHY algorithmof Bojanczykand Heinig [2], to
constructthe LU factorizationof the matrix R knowing the generatorsand its
diagonalelementsWe canalsoimplementrow pivotingin this algorithm[5].

In this final paragraphwe will solve the equationg20). The matrix of the
systemof equationss

I +YoBo  Y1Bn
B= 2 ; 39
( YoBn, 1+ViBo ) (39)

Whenwe take a look at the four subblocksof the matrix we know thatthey all
have alow {Xoo, Xo0}-displacementank. This meanghatthe matrix B will have
alow displacementankaccordingo thefollowing displacemenbperatorx x3
with X thedirectsumof Xgg with itself:

X = Xo0® Xo0 = ( oo 0 )

0 Xoo
Accordingto (29) we have

Xo0® Xoo = (C&C) (D(c) ©D(c)) (CaC),
sowe canalsotransformB to a generalizedCauchy-lile matrix B:

A

B=(C®C)B(CaC),

15



usingthedisplacemenbperator

Oio(e)ed(e),D(0)eD(e)} (*)- (40)

Notethat . .
B ( I +YoBo  Y1Bn, )
VOan I +leO
S0 we can calculatethe generatorsof B using theseof By = CBoC and E§n2 =

CB,,C. By multiplying (35) on both sideswith C, using (29) andthe fact that
C'D = DC we obtainthefollowing relationships

A
A A

O¢p(e),p(c)} (Bo) = X+ (D&) " —&(DR1)" + 9. (D&y,)" —&, (DY+)"  (41)

andin thesameway we get
O¢p(e),0(0)}(Bry) = X (D&) " —&(DX-)" +9_(D&,)" —&,(Dy-)", (42)

with X4 = CXi,’S/i =Cy4, § =Cg, fori =0,...n;. We cannow write the
displacementf B as

VOD{D(C),D(C)}(ALS’O) VlD{D(C),D(C)}(EAinz)>

O B) =
0©20(©).0(0)50(0)} (B) (yOD{D(c),D(c)}(an) Y10{p(c),0(c)} (Bo)

andwe cancalculatethegenerators

= w5 ) (027 0)= (7 ) (v wo%)T)
+ Vo<§+>((Dérwl)T 0)- (énol) Yo(DY+)T vi(Dy-)T )
+ V1(§+>(0 (Déo)T)—<§O)( )T yi(Dx)T)

o ) (W09 W(D)T ).

In orderto reconstructhe matrix B completely besidesthe generatorsyve
alsoneedthe diagonalsof I§0 and I§n2. Remarkthatwe needto reconstructhe
diagonalof the four subblockof the matrix, to completelyrestoreB, thatis why
we have to adaptthe LU-CAUCHY algorithmto this specialsituation.

16



Toreconstructhediagonald,. of Bo, wefirst calculateu = By, whichwe can

rewrite using(26) as
( ) (ni A; 11)

with A, 1 = CA *C. Remarkthat1 = /2n; & andwhenwe denoteky = Cxy we
find using(34) thatXy = A, *&, suchthat

() 3 e ()5

N, 1A = Xk-
Z) “ n2 k;)
Becausef (36) we get

01,
u=—y/2n —1x+
€0

In orderto find theith componenbf thediagonald; we haveto substracfrom u;
thenondiagonaelementf theith row of Bo wich we canfind usingthegenerat-
orsof By. Sofinally wefindfori=0,...,n

dyi = \/ﬁelA ; ) Vi — (= 1)i)7+i_

In acompletelyanalogousnannemwe canfind thediagonald - of I§n2

,1 =% _1j"_.__li"_.
di=— \/ﬁeb X Xoj+ (=DIyi—( )YJ.

G —Cj

Thatis everythingwe needto deducethe algorithmthatfindsthe LU factori-
zationof B.

4  The Algorithm

Firstof all we presenthe algorithmwhich calculateshe LU factorizationof the
matrix B = (C@C)B(C@C) with B given by (39). This LU-factorizationcan
lateron be usedto solve (20).

algorithm 2 Calculatingthe LU factorizationof the matrix B givenby (39).

17



1. Calculatethegeneratoref the matrices\, 1 (cf. formula(33)).
Fork=0,...,ny, calculate

xc=Nleo,  Yk=Alen.

2. Calculatethegeneratorgor By andB,, (cf. formula(35)).
Calculate

(-1) (g0 2" (-1 (g0 2"
X, =—| = Xk |, Xo=—| = =1k |,
* np \ 61 .go k np \ 61 .go (=1

Yi = % (;—1 5 Yk> ,y-= % (;—1 5 (_l)kYk) :

k=0 k=0

3. Transformto the generatorgor By andBy, (cf. formula(41) and(42)).
Calculate

5\(_|_ = CX_|_, X_ = CX_,
9+ = Cy-l-a y— = Cy—a
é0 = Ce07 é’]l = Caql

4. Calculatethediagonald of B andof the (1, 2)- en(2, 1)-subblockof B (resp.
du endy).
Calculatefori=1,...,n;:

0. 20,n1"A._“.+_]_i“-__1iA-
dyi = —/2m 2%, — /n_l;XJrl Rei+ (DW= (D4
J#I

€o Ci —Cj

I

" . .
0. 2 0Mmig R (=) — (=1
d—i:— /ans_;x—i— | J ( )yl ( )yj

M Ci — Cj
1
1
Yod-+
d=
; * ( yady > ’
1
d. =vYod_, dy =vy1d_,

whee G = Ciyny 11 = 2COS(E, fori =0,1,...,n.
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5. Initialise thegenerator$ andG of B.
With thefollowing notations

/\

O{p(c)eb(c).D(0)eD(e)} (B) =

E&T
T
(P(F%
= LIJO l'lJl .. qJ2n1+1 )

(pan-l—l

We haveto give F and G thefollowing values
,f:[\/ofbr Yoy+ —& —&, vik- yaiy- 0 O }
YoX— Yoy- 0 0 wiXy wiy+ —& —&n
and
é:[Déo Dé, YoDX+ vyoy+ O O  yoDx_ V0D§/—]
0 0 wDX- yiDy- D& D&, yiDX; yiDy. |
6. TheLU-CAUCHY algorithmadaptedo this situation(cf. [2])
fork=0,1,...,2n; 4+ 1, calculate
(a) Calculatecolumnk of L androw k of U from thegenerators.

[ = d
For j=k+1,k+2,...,2n1 +1,

| dy  if j=m+1+k
Lo ljk=1 ol

&6 else
) duk  if j=m+1+k
R A R L1 else

*k—C;j

Ukk = lik enlig = 1.

For j =k+1,k+2,...,2n; + 1, calculate
|jk

Uk

(b) Calculatethe Schurcomplement.

For j =k+1,k+2,...,2n1+1, calculate
- 0 = @ — ljK@x

Ugj
L=
Uk

|jk:
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i, ;= Py —t

iv. dj = dj — ljkUj

v. If k<ny,
Auj = dij = Iny+2 kU
duj = duj — ljktiony-+1+]

In the sameway asin [5] we canapplyrow pivoting after step6(a)i, this will
improve the numericalstability of the algorithm. The compleity of the algo-
rithm presentedhereis O(ninz) +O(n?). Indeed,stepl requiressolving ny + 1
tridiagonalsystemsof equationsof sizen; + 1, in step2 and4 we have to add
n2 + 1 vectorsof lengthn; + 1 andin the final stepfor every k (from O to n;)
72(2n1 — k) flops have to be executed. The compleity of the otherstepsis of a
lower magnitude.

Whenwe wantto solve (20) we usethefactthat

B=(C®C)B(CaC).

Sowe getthefollowing algorithmfor the solutionof the Helmholtzequationwith
Robbinsboundaryconditions.

algorithm 3 (Robbins problem) Thisalgorithmsolvesthe systenof equations
MrrU=D

whee MgrRris thematrix (16) comingfroma finite differenceapproximationof the
Helmholtzequationon a rectangulargrid with Robbinsboundaryconditions.

1. Findthe LU-factorizationof B with the previousalgorithm(Algorithm 2).

2. Calculatez = Mg,{,b with Myn from (18) by usinga fastdirect methodfor
theNeumann-Neumanproblem.

3. Calculateug andup,.

(a) Calculatezg = Czg andz,, = Cz,, with a fastcosinetransform.
(b) Solvethe systenof equations

gl Yo || 2
On, Zny
by usingthe LU-factorizationof B.
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(c) Calculateup = Clg andup, = Clp, with a fastcosinetransform.

4. Calculate

YoUo
0

1
y =M\

B Vnzunz i

analagousasin step2.

5. Calculateu =y —z

Becausewne hadto solve two systemsof equationswith Myn as matrix the
computationatompleity of the algorithmwill be 10n;nylogny, + O(n% +ngny)
flops.

5 Numerical Examples

5.1 Timings

We implementedhe algorithm (with pivoting) in Fortran90,usingthe NAG95-
Fortrancompileron a linux platform. The testsweredoneon a Pentiumlil 860
Mhz processqrwith 512 MByte of memory In orderto testits compleity, we
generate@ fixedexampleandchangedhevariablesn; andn,. By usingtheleast
squareapproximationve obtainedthefollowing compleity:

0.6n1n2 log(nz) +3.6n2 — 3.6n1n,

in (sec/Mflops). It can be seenin figure 1 that this is a good approximation:
the surfaceis generatedisingthe formula above, andthe dotsarethe measured
timings. Making n; larger, slows down the algorithm more than enlaging the

factorny. However this is no problem,becausewhenn; is larger thenny, we

canjust swap the roles of the variablesx andy in (1). Thenalson; andn; are

interchanged.
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LS approximation of the overall algorithm time (logplot).

[ Timings
L] Surface

1500

800 1200

0 0 200 400 600

n2
nl

Figurel: Timing resultsfor the overallalgorithm.
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5.2 Stability

First of all, we changedhe parametei\, to make the systemof equationsvery
ill-conditioned,we did this for parameteraluesn; = 16 andn, = 16. Note that
if wefill in for A the eigervaluesof Mgrg (with A=0), thenthe correspondingVirr
matrix becomesionsingularWe approximatedhelargesteigervaluein modulus
usingthe power method,and then changedt slightly, to obtain somedifferent
conditionnumbersfor the matrix Mrr. The largesteigervalue obtainedby the
power method:A = 1.0617577712&+ 02, in thefollowing tablethe AA, andthe
differentconditionnumbersareshowvn:

>
[=]

JAV\

Condition(MRgR)

ConditionMnn)

Condition)

OO, WNPRE

6.2500000e-07
7.7160499e-04
1.1972999e-05
1.1800000e-07
9.9998942e-1(

0

1.9730530e+03
1.5987623e+05%
1.0303353e+07
1.0494080e+09
1.0242767e+11
1.0270375e+13

1.0973156e+07
1.1662279e+02
1.1671302e+04
1.1671443e+04
1.1671445e+04

1 9.8528442e+01]
) 7.8476879e+03
? 5.0564809e+05
! 5.1500656e+07
1 5.0267124e+09

1.1671445e+02

? 5.0399766e+11]

It canbe seen thatthe bad conditioningof Myy is completelyincorporated

in the matrix B. In the following table,it canbe seenthatthe lossof significant
numberscancompletelybe explainedby theill conditioningof the matrix. When
using the notationMrru = b, whereu denotesthe exact solutionandx is the

solutioncalculatedoy the algorithm,thentherelative residualnormis calculated

asfollows: || Mrrx — b||2/||b]|2.

nO

Relatve residualnorm

[1X[l2

IMRRI|2

OOk, WNPR

0.269875541131E-1
0.151802077218E-1
0.775739556738E-1
0.787803224555E-1
0.745524749715E-0
0.938779346662E-0

50.137537825554E+0
30.750048621793E+0
20.483388831755E+0
00.492337955471E+0
30.480537415275E+0
50.482384800059E+1

22.124455918105E+0(]
32.125753734878E+0(
52.125769724492E+0(
72.125769974033E+0(
92.125769976496E+0(]
12.125769976517E+0(

S e S e S e e =

In the secondpartwe first took fixed parametersfor the systemMgg, except
for A andtheright-handside f; j, theA’s herearethe sameasthoseabove, to have
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anill conditionedsystem. For every A we searchedhe right-handside usinga
fixed solutionue (with ||ug||2 ~ 500). On theseproblemswe ran the algorithm,
and calculatedthe relative residualnorm and the relative error norm (which is
calculatedasfollows: ||x — ug||2/||ue||2), asshavn in the next table:

n° | Relatveresidualnorm Relatve errornorm
0.247972802994E-150.273041336350E-14
0.302336805921E-150.107901396342E-11
0.236340232958E-150.163183467236E-04
0.308345718370E-150.269762204052E-0¢
0.251476127414E-150.530808215848E-0]
0.269757268817E-150.707838423187E-04

A=

&

N

O s WNPE

-

In thelasttestwe did, we tried somerandomexamples We generatedandom
numbersin Fortranand printed out the relative residualnorm. We took n; = ny
anddid tenrandomtestsfor eachchoiceof n; = 2 wherek = 3,4, .., 10. In figure
2 therelative residualnormsareshown.

5.3 The software.

For the readerwho is interestedin testingor evaluatingour software, we im-
plementedhe routinein Fortranaswel asin Matlab'. You candownloadit at:
http://www.cs.kuleuen.ac.be/??????/???7?7?7?7?7?????
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The error plot for random number
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Figure2: Relatve residualnormsfor the overall algorithm.
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