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Abstract

In [8] a new numerical stabilization method for linear time-delay
systems was proposed and applied to the stabilization of linear time-
invariant systems with an input delay using static state feedback. In
this paper we study the limitations of such delayed state feedback
laws. More precisely we completely characterize the class of stabil-
izable plants in the 2D-case. Therefore we make use of numerical
continuation techniques. The use of delayed state feedback in vari-
ous control applications and the effect of its limitations are briefly
discussed.
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1 Introduction

Time-delays between input and output are common phenomena in industrial
processes, engineering systems, economical and biological systems. They are
e.g. introduced by transportation and communication lags, and also arise
when distributed parameter systems are approximated by low-order models
with delay [6, 7]. Time-delays generally have a destabilizing influence in
a control loop and make the design of a satisfactory controller difficult to
achieve. When delays are not taken into account, a severe degradation of
performance and even instability may occur [10].

In [8] a new numerical stabilization method for linear time-delay systems,
called the continuous pole placement method, was proposed, extending the
classical pole placement algorithm for ODE models to a class of delay dif-
ferential equations (DDEs). Unlike methods based on finite spectrum as-
signment (FSA), see [1, 13] and the references therein, this method does
not render the closed loop system finite dimensional but consists of con-
trolling the right most eigenvalues, which are moved to the left half plane in
a quasi-continuous way by applying small changes to the controller paramet-
ers. The continuous pole placement method was illustrated in [8] by means
of the stabilization of the linear controllable system,

= Az + Bu(t —T), AcR"™", BecR"™, (1)

where x € R" is the state, v € R is the input and T € R represents an
input delay. Using a linear static state feedback controller,

uw=K"z KecR"™, (2)
the closed loop system (1)-(2) takes the form
&= Az + BKTz(t —T), (3)

and the continuous pole placement method allows to compute the feedback
gain K.

In [8] some restrictions of delayed state feedback, i.e. the term K7 z(t—T)
in (3), were considered. For instance when the uncontrolled system (1) is
unstable, it is generally not stabilizable with static state feedback for large
delay values. On the other hand it was also indicated that stability, achieved
with delayed state feedback, is robust w.r.t. small parameter changes and
that the continuous pole placement method has stabilizability properties
comparable to FSA methods when small parameter changes and implement-
ation errors of the control law are taken into account. The latter are analysed
for FSA methods in [2, 4].



In this paper we perform a thorough study of the stabilizability of the
system (3) in the 2D-case. More precisely we characterize the class of sys-
tems (1) which are stabilizable with (delayed) state feedback. Therefore we
make use of numerical tools as continuation and bifurcation analysis [11].

Note that equation (3) is of the form

&= Az + Mz(t — T), (4)

where the feedback matrix M = BK” is of rank 1. We will also consider the
case where all components of M can be chosen independently. This allows
to extend the class of stabilizable systems considerably and forms however
no restriction since we will show that when the problem with arbitrary M,
(4), can be solved, it is always possible to construct a stabilizing controller
for (1).

Although the stabilizability of (3)-(4) is a problem on its own, independ-
ent of practical numerical methods for calculating the feedback gain, we
start in this paper from the continuous pole placement method, since its
application reveals some important properties of the systems (3)-(4), which
form the starting point of our stability analysis.

The structure of the paper is as follows. First we illustrate the continuous
pole placement method [8] by means of a numerical example. Then we study
the stability properties of (3)-(4) in the 2D case. Finally we briefly discuss
some applications of delayed state feedback, including an extension of the
classical Smith Predictor [10, 12] to a class of unstable systems.

2 Continuous pole placement method

The zero solution of the DDE (4) is asymptotically stable if all its eigenval-
ues, i.e. the roots of the characteristic equation,

det ()\I _A- Me_’\T) —0, (5)

are in the open left half plane [6]. When the control term M # 0, equation
(5) is transcendental and has infinitely many solutions. A direct general-
ization of the pole placement algorithm is therefore not possible since the
number of controller parameters in (3) and (4) is finite. However the number
of eigenvalues of (4) to the right of any vertical line R(\) = » with » € R
is also finite, while —oo is the only accumulation point for the real parts of
the eigenvalues [6]. In the continuous pole placement method, the controller
parameters are used to control only the rightmost or unstable eigenvalues.



It consists of moving the rightmost eigenvalues of the DDE into the left
half plane or to a desired location by applying small parameter changes and
meanwhile monitoring the other eigenvalues with a large real part. The lat-
ter is possible with an algorithm to compute the rightmost eigenvalues of a
DDE, for instance the algorithm described in [5], which is based on subspace
iteration. Another algorithm, based on the discretisation of the semigroup
operator associated with the DDE, is incorporated in the software package
DDE-BIFTOOL [3].

In Figures 1-2 the continuous pole placement method is illustrated for
the system (3), where

A:“_H,B:[H,T:L (6)

The controller gain K, shown in Figure 2, is continuously adapted in order
to move the rightmost eigenvalues to the left half plane, see Figure 1. For
K = 0, only the two eigenvalues of the open loop system occur. When
K # 0, the number of eigenvalues is infinite. First the real part of only one
eigenvalue is reduced, and from iteration number 100 on we control the two
rightmost eigenvalues and are able to achieve stability. Around iteration
step 215 the method breaks down, thereby reaching the global minimum
of sup R(\), where 3 real eigenvalues coincide. In the next section we will
investigate properties of such extrema in detail.

3 Characterization of stabilizable systems

As illustrated in the previous section and noticed in [8], the closed loop eigen-
values cannot be moved arbitrarily far into the left half plane with delayed
state feedback. Furthermore, when the uncontrolled system is unstable, it
is not always possible to achieve stability. In [8], it was proven that in the
scalar case, i.e. £ = ax+m z(t—T), = € R, we have, inf,,, supR(\) = a—1/T,
hence stabilization is only possible when a1 < 1.

We now illustrate the limitations of delayed state feedback for the two-
dimensional case. Consider therefore equation (4), with 4, M € R?*2, We
treat both cases where M is of rank 1, for instance M = BK” as in (3), and
where the components of M can be chosen independently, and determine the
class of stabilizable plants. For simplicity we first assume that the time-delay
is equal to one. The case where T # 1 will be treated separately.
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Figure 1: Real parts of the rightmost eigenvalues as a function of the itera-
tions of the continuous pole placement algorithm. When no further reduc-
tion of sup R(\) is possible, there are three coinciding rightmost eigenvalues.
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Figure 2: Controller gain, K = [k; k3]’ as a function of the number of
iterations in the continuous pole placement algorithm.



3.1 System representation

In the 2-D case and for T' = 1, system (4) can be transformed into the form

&= [ _(212 _1al ] + [ _Z;‘ _’Zj }x(t— 1). (7)
Furthermore when M = BK7 as in (3), with the pair (A4, B) controllable,
it is always possible to obtain (7) with k3 = k4 = 0, which then reduces to
the so-called control canonical form.

The characteristic equation of (7), which will be the starting point of
our stability analysis, is given by

H(A) =N+ (a1 + ke ™)X + (a2 + ke ™) + kze™, (8)
where _
ki = ki + k4
kz :k2+a1k4—a2k3 . (9)

k3 = kiky — koks

When M is of rank 1, we have k3 = 0, and k; and ky can be assigned
freely be an appropriate choice of k1 and k.

When the control term is of full rank, i.e. k3 # 0, there is a constraint
on the possible values of the control parameters ki, k2, k3 in (8), meaning
that the latter cannot always be considered as free parameters in the sta-
bilizability anlysis. This is the price we have to pay for the elimination of
the redundancy in (7). Eliminating k; and kg from the first two equations
of (9) and substituting in the last one leads to,

k2 4 agk? — a1k? — aikaky + kiky — koks — k3 = 0,
which can be written as,
Az’ +4y> - B =0
where

_ kiai/2—k» _ 7
z = ks + 5, a7y Yy =ks —arks/2 + k1/2, 2
_ 2 Tt 274 (R1a1/2-Fs)
A—ag—a1/4, B—k3+k1/4+m
When A > 0 this equation can only have real solutions if B > 0 (meaning
that for the given ki, ks, k3, corresponding values for ki, ks, k3, ks exist).
Hence the constraint on the control parameters in (8) is given by,
2

ks > — (E%/;} 4+ M) , (10)

4(az — a}/4)



2
a
whenever a; — 4+ > 0.

3.2 Class of stabilizable systems when 7 =1

We want to determine the class of systems which are stabilizable with
delayed state feedback. As follows from the canonical form (7), conditions
on the system can be expressed in function of its parameters a; and as. Note
that A2 +a;A+ay = 0 is the characteristic polynomial of the (uncontrolled)

system.
Define
c(ar,ag) = mA/llnF(M), (11)
where
F(M) = sup {éR()\) . H()) = det (,\I A Me_’\> - 0} .2

Then in the (a1, az)-plane, stabilizable and unstabilizable systems are sep-
arated by curves on which c¢(aj,as) = 0. In the rest of the paper we will
refer to these curves as the stability boundary.

In Figure 3, the stability boundary is depicted. Before discussing its
properties in Subsection 3.4, we first outline its computation.

An exhaustive way would consist of applying the continuous pole place-
ment method, illustrated for the system (3)-(6) in the previous section, for
a large number of values of the plant parameters (a1, as), which are chosen
on a fine grid. The stability boundary then consists of values for which the
method breaks down as the rightmost eigenvalues approach zero. However
a more efficient calculation is possible by taking specific properties of the
optimization problem (11) into account. This is now explained in detail for
the case where M is of rank 1. Similar ideas apply to the case where M is
of full rank.

Note first that the optimization problem (11) is not differentiable. Moreover
it will turn out that, due to coinciding eigenvalues, discontinuities of derivat-
ives of the objective function (12) precisely occur in the minimum and hence
the latter cannot be calculated using the relations % = 0, where m; is a
component of M, since these define smooth extrema. On the other hand,
note that in the example (3)-(6) the minimum is characterized by three co-
inciding rightmost eigenvalues. In the general case we have the following
property, proven in the appendix:

Property 3.1 When the function F(M) with M = BK" in (12) is min-

imal, there are at least three eigenvalues with real part equal to c(ay,az).
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Figure 3: Stability boundary of (4)-(7) for T'= 1 when M is rank 1 (dotted
line) and M is rank 2 (full line). The characteristic equation of the open
loop system is given by A2 4+ a1 A + ay = 0.



As a consequence, the possible configurations of the rightmost eigenvalues
at the global minimum of (12) can be reduced to the four basic situations
shown in Table 1. From our numerical experiments it turned out that only
situations I and IT occur. Although we don’ t have a theoretical proof that
situations I’ and IT” are not possible, we do have an intuitive explanation why
these situations are at least less generic than situations I and II. In Table 1
the mathematical relations, which characterize the position of the rightmost
eigenvalues, are also displayed. In cases I and II, these relations allow a
direct computation of the minimal value ¢ of (12) and the corresponding
control parameters k; and ky when good starting values are available. In
cases I’ and IT’ however, there is an extra parameter and therefore the math-
ematical relations in Table 1 define curves through the point corresponding
to the optimal parameter values. In such situations, a suitable small para-
meter change generically reduces! the value of ¢, meaning that the situation
does not correspond to the global minimum, unless an extra condition is
satisfied (e.g. a turning point). Apparently this extra condition is charac-
terized by w = 0 for case I’, which then reduces to case I, and by wy = w1
for case IT’, which reduces to case II. These extra conditions are in some
sense natural because situation II occurs for instance when the uncontrolled
system 1is highly oscillatory, with w approximating the natural frequency,
whereas situation I occurs when it is highly damped, and in these cases an
extra dominant ’frequency’ in the controlled system is not expected.

Using the information contained in Table 1, the calculation of the stabil-
ity boundary only requires to apply the continuous pole placement method
for plant parameters chosen on a coarse grid. Indeed, suppose that we have
applied the method for the plant parameters (a(f), agz)), 1 = 1,2, leading to
c(a(ll), agl)) > 0 and c(a?), agz)) < 0. Then these two pairs are separated by
the stability boundary. Moreover, when they are close together, information
is provided about the type of the minimum (I or II) to be expected on the
stability boundary in that neighbourhood. This allows to compute points on
the stability boundary directly using the mathematical relations displayed
in Table 2. Since compared to Table 1, at one hand the extra condition ¢ = 0
is required on the stability boundary but on the other hand the parameters
a1 and a9 are freed, these mathematical relations define a branch which can
be numerically continued in an efficient way. Good starting values are ob-

!This is not only the case for the solution of the equations in Table 1 but also for
the eigenvalues of the corresponding DDE, because with an arbitrarily small parameter
change, the other eigenvalues (i.e. which are not rightmost) can not influence the right
spectral upper bound, sup ®(\). This follows from continuity properties of the spectrum
w.r.t. parameter changes. For more details, see the appendix of [8].
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Rightmost eigenvalues

Poss. (multiplicity) Equations Unknowns
H(c)=0
I ¢ (Sf) H(l)(c) =0 ¢, El, E?
H®(c)=0
H(c)=0
® L R(H(c+jw) =0  cw,kik
€I S(H(c+jw)) =0
( R(H(c+jw)) =0
. S (H{c +jw)) = 0 .
IT ctjw (2f) 1 » (H(l)(c—l—]w)) 0 c.w, ki, ko
[ & (H(l)(c—i—]w)) =0
([ R(H(c+jw1)) =0
! Cijwl 3(H(c+]w1)):0 - -
(II) C:I:j(UQ 9 §R(H(C+]u}2)):0 c7w17w2)k17k2
| S (H(c+juwn) = 0

Table 1: According to Property 3.1, four configurations of the rightmost
eigenvalues are possible in the global minimum of (12), when M is of rank
1. However only situation I and IT occur. In the second column the math-
ematical relation, which characterize each configuration, are displayed. H ()
refers to the i-th derivative of H w.r.t. A.

11



tained by the results of the continuous pole placement method for the plant
parameters (a(l),agz)) and the emanating branch coincides at least locally
with the stability boundary.

According to Table 2, the components of the stability boundary are
displayed in Figure 4. The frequency w on branch II approximates the
natural frequency of the open loop system and tends to zero along the branch
when approaching the intersection with branch I.

When the control term is of full rank, there are three control paramet-
ers ki, ko, k3 in (8). The configurations of the rightmost eigenvalues on the
stability boundary are analogous to the previous case but, since there is an
extra control parameter, one extra condition on the right most eigenvalues
needs to be fulfilled, see Table 2. Four cases can be distinguished and ac-
cordingly the stability boundary can be decomposed in four components, see
Figure 4. The presence of an extra control parameter leads to 4 coinciding
real eigenvalues on branch III and 2 coinciding pairs of complex conjugate
eigenvalues and 1 real eigenvalue on branch IV. The calculation of branches
V and VI deserves further attention. Consider therefore Figure 5. Point A
lies on branch II, hence k3 = 0 and its parameters k1, k2, w, a1, as satisfy

(13)

We now free parameter k3, and while keeping ay constant, we continue the
solution of (13) as a function of a;. The turning point B, where a minimum
of a; is reached, defines a point of branch V. In such a bifurcation point,

det (J,;h,—cz,,;s’w(H, H<1>)) =0 (14)

is satisfied [11], where Jp ¢ ¢, (H, H®W) is the Jacobian matrix of (13) as a
function of parameters k1, k9, k3,w. By computing a branch of turning point
in the (aj,as)-plane, i.e. by continuing? the solution of (13)-(14), branch V
is obtained.

Notice that constraint (10) forms a lower bound on k3. When 32.4 <
as < 34.8 and a continuation as in Figure 5 is performed, the constraint on
ks becomes active before the turning point is reached and determines the

2Since (14) is intractable from a numerical point of view, the equivalent system
{ Jr) Fo s, w(H, H(l))X =0

is used in our numerical calculations.
X %X =1

12



RM eig. Unknowns

Branch (multiplicity) Equations (— Analytic solution)
H(O):O al,az,]_ﬂl,]:!jg
I 0 (3f) HY(0)=0
(2)(0) =0 —ay = —2a7 — 2
H(jw) =0 - -
II :i:]w (2f) { H((l)(;w) -0 ai,0a9, kl; k?; w
H(0) = - -
H((l))(o) — ai, az, kl) k27 k3
111 0 9
H( )(0) =
. H(0) =0
IV H(]w) =0 al,ag,ﬁl,l_c%%g,w
tjw 2f) H(l)(]w =0
H(jw) =0
Vv :t]w (Qf) H(l)(]w) =0 al,aQ,El,E2,E3,w
det (Jg, fpsw(H, H)) =0
H(jw)=0
MW (i0) =
VI 4jw (2f) P (jw) =0

2) ay,ag, ki, ka, k3, w

7. T (E1a1/2—7€2)
by = — (’“f/‘* + Her )

Table 2: Positions of the rightmost eigenvalues on the stability boundary in
the 2D case and determining systems. H(®) refers to the i-th derivative of H
w.r.t. A. Situations I and II occur when M is rank 1, situations III, IV, V
and VI when M is rank 2. The corresponding mathematical relations define
branches, of which the stability boundary is composed.

13



50

branch V
40
branch VI
30+ branch Il
branch vV
branch IV
201

branch V

_10 branch 11l

-0+

branch |

-30 I
-5

14

branch vV
10 3

branch IV

branchv
branch Il

branch IV

branch Il

branch 1| branch |

Figure 4: Components of the stability boundary (above) and detail (below).

The different branches refer to Table 2.
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Figure 5: When fixing ay and continuing the solution of (13) from point
A on branch IT as a function of parameter a;, a turning point B occurs.
Branch V is composed of such turning points. In point A we have (a1, a2) =
(—2.223, 30).

33.6 T

3355+ P
P
-
.
3351 =
P
branch V ~ - -
33.45[ : -2

o 3341 : >

33.35 -

33.3p

33.25

33.2 I I I I I I I I I
-2.44 -2435 -243 -2425 -242 -2415 -241 -2405 -24 -2395 -2.39

a

Figure 6: For 32.4 < ag < 34.8, the stability boundary is not formed by
branch V (dashed line), but by branch VI (full line). On branch VI, (10) is

an equality constraint.
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Figure 7: Contour lines of ¢(a,as,T) as a function of the system parameters
ay, ag and T, where M is of rank 1 (above) and of rank 2 (below). These
contour lines correspond to the maximal achievable exponential decay rate of
the solutions of (3) and (4) in the 2D-case. The stability boundary consists
of the contour line ¢ = 0.
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minimal value of a;. In this case the stability boundary is determined by
equations (13) and

(I_Cl(ll/2 - ]_62)2>

ks =— (E%/4+ 4(as — a2/4)

which expresses that constraint (10) is active. This part of the stability
boundary coincides with branch VI, see Figure 6.

3.3 Class of stabilizable system: the general case

We now consider the computation of the stability boundary of (4) when the
delay T # 1. Furthermore we show how contour lines of ¢(a1, as,T'), defined
by

c(ar,a2,T) = m]é’n {sup {%()\) : det ()J —A— Me_)‘T) = 0}} ,
can be calculated. Consider therefore
det (,\I A Me_AT> —0, (15)
the characteristic equation of (4). With the substitution
A=T(\-a/T),
(15) is written as,
det (XI —(TA—al) - TMeae_’_\) —0,

which is the characteristic equation of

*= Az + Mz(t — 1), A=TA—al, M=TMe". (16)

The stability boundary of the system (16), which satisfies the assumptions of
the previous subsections, corresponds to the contour line c(aj, a9, T)T = «
and is expressed in function of the parameters of A. Note that, as follows
from the definition of A, contour lines can be expressed in the normalized
coordinates a;T and asT?, where Ay + a1 A + a3 = 0 is the characteristic
equation of the open loop system. The contour line ¢ = 0 forms the stability
boundary of the original system (4). In Figure 7 contour lines of ¢(ay, az,T)
are shown as a function of the parameters a1,as and T'. These lines corres-
pond to the maximal achievable exponential decay rate of the solutions of

(3) and (4).
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3.4 Discussion

We now summarize some interesting properties of delayed state feedback by
means of Figure 7.

The uncontrolled system is only asymptotically stable when a; > 0 and
as > 0. With delayed state feedback, the class of stabilizable systems is
determined by the stability boundary. This class becomes larger and grows
unbounded in all directions as the delay is reduced. Contrary to the ODE-
case, where the whole spectrum can be controlled with rank 1 feedback,
the class of stabilizable systems is considerably larger with rank 2 feedback
in the time-delay case, a consequence of the infinite-dimensional nature of
DDEs.

Fix the plant parameters (aj,as) and consider its stabilizability prop-
erties as a function of the delay. In Figure 7 a change of the delay T
corresponds to a movement of the normalized plant parameters (G,ds) =
(a1 T, ayT?) on a (half) parabola. When the plant has an eigenvalue in the
open right half plane, i.e. either a; < 0 or ay < 0, this parabola always
intersects the stability boundary, hence when the uncontrolled system is
(exponentially) unstable, it cannot be stabilized for large values of the time-
delay, which is expected from Theorems 1 and 2 in [8]. On the other hand,
when the rightmost eigenvalue of the open loop system lies on the imaginary
axis, stabilization is always possible, whatever the value of the time-delay.
For large T, the corresponding control law has a low-gain character. When
the delay is brought to zero, we have (a1,as) — (0,0) and consequently
' — —¢, with ¢ > 0 constant. Hence for small 7', the maximal achievable
exponential decay rate is proportional to 1/7". It is easy to verify that this
result also holds when the dimension of the plant is larger than two. Note
that as T — 0+, ¢ = —oo, which corresponds to the ODE-case where the
eigenvalues can be assigned arbitrarily.

When T is fixed and as — oo, the stability boundary doesn’t asymp-
totically approach the ag-axis, although the natural frequencies of the cor-
responding uncontrolled systems tend to infinity. For a class of unstable
systems with highly oscillatory behaviour, stabilization with delayed feed-
back is intuitively possible because tuning of the parameter M in (4) allows
to give the feedback signal Me the right phase-shift, thereby compensating
(mod 27) the phase-shift introduced by the delay. But this also implies that
the larger as, the more sensitive is the achieved stability w.r.t. changes in
system parameters and in particular the delay.

18



4 Applications

In this section we outline some applications where problems of the form (3)-
(4) arise, based on [8, 9]. Thereby we explain how the limitations of delayed
state feedback, discussed in the previous section, affect these applications.

With the controller (2), full state feedback is used in (3) to stabilize
the system (1). Assume now that not the state z, but only an output
y = CTx € R, is available for measurement, with (C, A) observable. In that
case, the plant can be equivalently described by the transfer function

Gp(s) = G(s)e™*T, (17)
with G(s) = CT(sI — A)~!B, and any system of the form
i=Ax+ Bu(t—-T)), y=CTz(t-T), T\ +T, =T, (18)

is a realization of (17). In order to apply delayed state feedback, we first
construct an observer for (18),

& =Ai+ Bu(t—T1) + L(CT&(t — Ty) — y), (19)

with L € R™*! the observer gain, and apply the feedback v = K7&(t). With
e = x — & the observer error, we obtain

{ = Az + BKTz(t — T\) — BKTe(t — T})

¢ = Ae+ LCTe(t — T) (20)

Since the system (20) is triangular, the separation principle is valid and the
closed loop eigenvalues consist of the solutions of

det(A\I — A— BKTe 1) = 0,
the controller eigenvalues, and of
det(\] — A — LCTe ) = det(\] — AT — CcLTe 2) =0,

the observer eigenvalues respectively. Hence by solving two problems of the
form (3), with model parameters (A4, B,T;) and (AT, C,Ty), we can try to
achieve stabilization.

In the construction of the realization (18), we are free to distribute the
delay over input and output. This additional degree of freedom can be
used to obtain better performance of plant and observer, and also allows
to extend the class of stabilizable systems with delayed state feedback. In
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the 2D-case, this follows from Figure 7a where, among other things, the
stability boundary is depicted, expressed in the normalized plant parameters
(a1 T, aaT?). When the time-delay T is equally spread over input and output
in (18)-(19), a system with parameters (a1, as) (and open loop poles Aq )
is stabilizable with the observer based controller iff the system (a;/2,as/4)
(with open loop poles Aj 2/2) is stabilizable with full state feedback. Hence
for very unstable systems or for large delay values, the construction of an

observer is beneficial, even if the full state is available for measurement.
Note that when 77 = 0 and Ty = T in (19), y, = CT% is a prediction
of the output of (17) over one delay interval, and can be used as a feedback
signal to any output feedback controller designed for the corresponding un-
delayed system, since the delay is compensated by the prediction. In [9], this
idea is worked out, leading to a modification of the classical Smith Predictor
[10, 12], which is also applicable to the class of unstable systems, charac-
terized by the stabilizability of the observer dynamics (second equation of
(20)), i.e. a problem of the form (3). As shown in the previous sections, bet-
ter stability properties can be obtained when the components of M in (4)
can be chosen independently. The limitations of a rank 1 control term, as in
equation (3), can be avoided by generating y, with a cascade of 2 observers,
as proposed in [9], the first based on a model with an input delay and the
other based on a model with an output delay, and described by,
{ #1 = A#1 + Bu(t — T) + L(C#1 — y), (21)

§32 = Aii‘Q + Bu(t) + M(.’f?z(t - T) — fl), yp = C.’,’I}Q,

see Figure 8. With e; = 21 — z(t — T) and ey = &3 — x, where z is the
state of an output delay representation of (17), the observer dynamics are
governed by

é1 :(A+LC)61, (22)
ég = A€2 + M@z(t - T) - Mel.
The observer eigenvalues now consist of the eigenvalues of
é1 = (A+ LCT)e;, LeR™,
which can be assigned arbitrarily, and of
e9 = Aeg + M62(t - T), M € Rnxn) (23)

where the components of M can be chosen independently.
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u(s) ; y(9)

Gp(s) .
-sT || )
e G(s)
G(s) |
yp 1

Figure 8: Cascade of two observers generating a prediction y, of the output

of (17).
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Proof of Property 3.1

Note first from the linearity of (8) w.r.t. the control parameters that two

eigenvalues can always be placed arbitrarily in the complex plane. When
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we require H(A1) = H(\y) = 0 with A; # Ag, the control parmaters can be
calculated from

)\1 1 El —)\%e’\l - ale)‘l)\l - aze’\l
2 = 2,2 A Ay | (24)
)\2 1 kz —>\26 2 — ae 2)\2 — age€ 2
and when we require H(Xo) = H()(Xg) = 0 (i.e. a double eigenvalue at o),
we have
-1 1 El . 2)\06’\0 + aleAO (25)
)\0 1 Ez - —)\(2)6)‘0 - ale)‘o )\0 — aze)‘o )

Assume now that (12) is minimal for (k™ k") and that there are less
than three eigenvalues with real part equal to c. Denote the two rightmost
eigenvalues by A1, Ag and for any € > 0, calculate from (24) or (25) the
control parameters (ki (€), ko (€)) which result in two eigenvalues at A\; —e and
Ay —e. From the continuity of (24)-(25) we have (ki (€), ka(€)) — (KT, k5") as
€ — 0+. Hence with an arbitrarily small change in the controller parameters
the two rightmost eigenvalues can be moved to the left, while the other
eigenvalues can not become dominant, as follows from the ideas spelled out
in the proof of Theorem 8 of [8]. This contradicts the assumption of a
minimum of (12). O
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