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Abstract

NURPS are the rational extension of Powell-Sabin splines in
their normalized B-spline representation. The weights associated
with the control points allow to represent (parts of) some particu-
lar quadric surfaces. By choosing coincident control points, special
effects on the surface can be generated.
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Joris Windmolders and Paul Dierckx

Abstract. NURPS are the rational extension of Powell-Sabin splines
in their normalized B-spline representation. The weights associated with
the control points allow to represent (parts of) some particular quadric
surfaces. By choosing coincident control points, special effects on the
surface can be generated.

§1. Preliminary Concepts

Given a simply connected subset Q C R? with polygonal boundary 49,
and a conforming triangulation A of Q having n vertices V; with coordinates
(ui,vi), i =1,...,n, a Powell-Sabin refinement A* which divides each triangle
p € A up into 6 nondegenerate subtriangles can easily be found (see, e.g.,
[8]). A Powell-Sabin (PS) spline is a piecewise quadratic polynomial with
C' continuity on €, and has a quadratic Bézier representation on each PS—
subtriangle 7 € A*:

bt)= > bBi(t), t=(ti,to,ts) €T, ti+ty+iz=1
li]=2

Definition 1. A PS-spline surface has a normalized B—spline representation

n 3
S(U,’U) = ZZC,‘JBZ(U,’U), (U,,’U) € Qv (1)
i=1 j=1
where ¢;j = (cf,j,czj,c;’,j) are the B-spline control points and sz(u,v) are
the normalized B—splines.

The remainder of this section summarizes the relevant properties of this
representation. For details we refer to [3]. The normalized B—splines are
locally nonzero and constitute a convex partition of unity on 2, hence this
representation is affine invariant and has the local control and convex hull
properties. Furthermore, the PS-spline surface is C''-continuous regardless
the choice of the control points. A control triangle Tj(ei1, €12, ¢1,3) can be
associated with each vertex V;, I = 1,...,n which is tangent to the sur-
face at s(V;). The projection of each T; onto the domain plane yields the
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Vi= Qi Q12 Viz Q23

Fig. 1. A domain triangle.

PS—triangles (Q11,Q1,2,Qi1,3), | = 1,...,n, having the B-spline ordinates
Q1,; (U, V1,5), 7 =1,2,3 as its vertices.

Figure 1, left shows a domain triangle with its PS—subdivision and PS—
triangles ;. The Bézier ordinates are denoted s,;, v = 4,5,k,1 = 1,2,3,4;
tim, Uim, (I,m) € {(i,7), (4, k), (k,4)} and v; ;. Given a PS—subdivision, any
PS-triangle t; must contain the PS-points s;;,7 = 1,2,3,4 in order for the
B—splines to constitute a convex partition of unity. In that case, The Bézier
ordinates can be written as unique convex barycentric combinations of the
B—spline ordinates:

Syl = Qyl Qv,l + Bml Qv72 + VYol Qv73
tl,m - (Sl,m S1,2 + €l,m Sm,3
_ @
Uim = Olym St,4 + €Elm Sma
Vijk = Aijk Sia  Mijk 5j4 F Vijk Ska-
The same combinations are valid for the Bézier control points, which can in
turn be found as convex barycentric combinations of the PS—control points.

Definition 2. A Non Uniform Rational Powell-Sabin (NURPS) spline sur-
face has the form

5 .
s(u,v) = Z?zl 23:1 ci,jwz}jBZ (u,v)
b) - 3 n
Dimt g1 Wii B (u,v)

where w; ; > 0 in order for s(u,v) to be defined anywhere on Q.

) (u,v) € Q2 (3)

For the evaluation of this rational extension, calculating the correspond-
ing rational Bézier representation, the geometric interpretation of the weights
and the modelling of planar effects using relatively large weights we refer to
[10].
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Fig. 2. Degenerate control triangles.

§2. Degenerate Control Triangles

In spite of the global C'—continuity of (1), modeling in practice often requires
the representation of C°—continuous effects. Here we show how corners can
be represented by choosing coincident control points.

Let u = (u1,u2,u3) and v = (v1,v2,v3) be the barycentric coordinates
of two distinct domain points with respect to a triangle p. The difference
d =u—v = (dy,ds,ds3) defines a vector (d; +ds+d3 = 0). Be given a rational
Bézier surface on p:

D= wibi B (t)
>jil=2 w; B} (t)

Definition 3. The directional derivative of a surface (4) at b(u) with respect
to d is given by

b(t) t = (t1,ta,13) € T. (4)

Dab(w) = diby, (u) + doby, (u) + dsby, () (5)

where by, (u) is the partial derivative of b(t) with respect to t;,i = 1,2,3,
evaluated at u. Note that these are not tangent vectors to the surface at b(u).

Consider the domain triangles p1, po € A with common boundary Vi V5.
The PS—refinement and PS—triangles are shown in figure 2, left. The Bézier
subtriangles along V; — V5 are shown in figure 2, right. Be given the barycen-
tric coordinates of a direction d and a point u = (u1,0,u3) with respect to
7(b200, b110, b101). The directional derivative of b(u) with respect to d is given
by

Dgb(u) = 2(d; (u1baoo + uzbio1)
+ds(u1b110 + usborr) (6)
+ds3(u1b101 + u3booz))

First, consider the case where one of the control triangles is degenerated, e.g.,
c1,1 = C1,2 = c1,3 = C. It follows from (2) that

Dab(u) = 2u3(diC + dabo1y + dsbory)
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Fig. 3. Degenerate control triangles.

The directional derivate is seen to degenerate to the zero vector at us = 0,
hence the surface has a singulartity at ;. Figure 3, left shows an example.
Next, consider the case where both control triangles at Vi and V5 are
degenerated: €11 =¢€12=¢€1,3 =C and c21 = c22 = c23 = D. We then
have
Dgb(u) = 2ausd, (C — D)

for some a € (0,1). This vector degenerates to the zero vector for us = 0
and d; = 0 and coincides with d, = C-D _ lsewhere. As an a lication, a
! A e ] PP

corner along Vi — V5 in the direction of d, can be represented. Figure 3, right
shows a cube represented as a NURPS surface.

§3. An optimal Conversion

In [10] a general formula is provided for calculating the NURPS representation
of a given quadratic rational Bézier surface on one triangle. Following Dierckx
[3], this representation is not optimal because the PS—triangles are not the
smallest triangles containing the PS—points. The advantage of optimal PS—
triangles is that the control triangles are closer to the surface than in the
nonoptimal case. Suppose we are given a quadratic Bézier control net. We are
free to choose the domain triangle to be equilateral. The optimal PS—triangles
for this case can be found by solving a quadratic programming problem (see,
again, [3]). The results are depicted in figure 1, right. The dots represent the
PS—points, the shaded triangles are optimal PS—triangles. It can be shown
that these are calculated from the Bézier ordinates by

Qi1 =V;
2 1
Qi = gVi,i3+1 + sz (7)

2 1
Qiz = gV(i+1)3+17i + sz

where k3 = k mod 3 and V;; = $(V; + V;). The B-spline control points
can be found from these equations by replacing the Bézier ordinates with the
corresponding control points.
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§4. Quadrics as NURPS

Representing quadrics as rational Bézier patches has been investigated in [1],
[2], [4], [5], [6] and [9]. Here we present a constructive approach to the problem
of representing quadrics as NURPS. The purpose is to derive closed formulae
for the control triangles of (patches on) a cylinder, cone and sphere of given
dimension, which is usefull in CAGD systems. The calculations have been
made using modern computer techniques, such as the symbolic mathematical
manipulation package Maple. We restrict ourselves to investigate the case of
the cylinder, and mention the results for a cone and a sphere only briefly.

4.1. The Cylinder

Using symmetry operations, we brake up the surface into isometrical triangu-
lar parts. Then we calculate the rational Bézier representation

z(t)
_L _zz OwlPBz()
O\ ) T e

of one such triangle. Note that we use a different indexing here then in former
equations, in order to simplify notation. Application of (7) immediately yields
the NURPS representation.

Figure 4 shows the octant of the cylinder with radius r and height equal

to h: 5 )

The Bézier control points follow from the fact that the control net is tangent
to the surface at the corners of the patch:
POZ(T‘,O,O) P1:(T‘,T‘,0) P2:(07T70)
P3:(7‘77‘7%) P4:(T‘,0,h) P5:(7‘,0,%)

Setting wy = ws = wy = ws = 1 since the corresponding control points
are on the surface, we can find the weights w; and w3 by imposing that the
edge curves satisfy (9), e.g.,

Ry (—)I‘Q(tl,l —tl,O) +y2(t1,1 —tl,O) — q2(t1,1 —tl,O) =0
oti(dwi —2) +15(4 - 8wi) + 11 (4w] —2) =0

V2

cowp = 7
Analogeously we find ws = 4 Substituting these weights in (8), one can
verify that (9) is satisfied for all ¢t € 7 . The corresponding B—spline control
points for a cylinder of radius r and heigth h can be found from (7), referring
to figure 1, right:

t=(t1,t2,t3) ET (8)

? Ci1 Wi Ci2 Wi, 2 Ci3 wW;,3
1| (r,0,00 1 (r, 2r,0) Y21 (r,0,1h) 1

2 | (0,r,0) 1 (2r,r, L) Y241 (2r,r,0) Y21
3 | (r,0,h) 1 (r,0,2n) 1 (r, 2r, 2p) V241
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Fig. 4. Quadric segment of a cylinder.

By combining 8 isometrical patches, we have a complete NURPS cylinder (see
figure 5, left).
4.2. The cone

The NURPS control points for the 1/6 part of a cone with radius r and height
h are:

4 Cil Wi 1 Ci,2 Wi 2 Ci,3 Wi 3
1 (r,0,0) 1 (r, 23r,0) Y3t (1r,0,2h) 1
2 | (r,%r,0) 1 (Lr, %3 2p) 1 (2r, D3 0) 341
3 (0,0,h) 1 0,0,h) 1 (0,0, h) 1

The complete cone is shown in figure 5, middle.

4.3. The Sphere

It is not possible to represent a complete sphere by collecting non-degenerate
quadratic rational Bézier triangles (see [1], [2], [9]). The NURPS patch given
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Fig. 5. Quadric NURPS.

in the table below however allows to approximate the sphere, leaving small
gaps around the equator plane (see figure 5, right).

i Ci1 w; 1 Ci2 W; 2 Ci,3 W; 3
1 (\/757’,—%:0) (%T,—%T, %7‘) % (éra_%ra %7‘) \/§3+1
2| (% 5r0) (Prgrgr) B (g ¢

3] (0,07 (Lr,—grr) L | (Pl ¥2H

4.4. Parametric Continuity

In spite of the visual smoothness of the surfaces obtained by combining isomet-
ric NURPS patches, , the ¢(t) component from (8) in the global representation
as a piecewise rational Bézier surface, or as a piecewise 4D Bézier surface in
homogeneous space, is not C''—continuous. Hence, there does not exist a global
NURPS representation with respect to the given parameter space.
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