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Abstra
tNURPS are the rational extension of Powell{Sabin splines intheir normalized B{spline representation. The weights asso
iatedwith the 
ontrol points allow to represent (parts of) some parti
u-lar quadri
 surfa
es. By 
hoosing 
oin
ident 
ontrol points, spe
iale�e
ts on the surfa
e 
an be generated.
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iated withthe 
ontrol points allow to represent (parts of) some parti
ular quadri
surfa
es. By 
hoosing 
oin
ident 
ontrol points, spe
ial e�e
ts on thesurfa
e 
an be generated.x1. Preliminary Con
eptsGiven a simply 
onne
ted subset 
 � IR2 with polygonal boundary Æ
,and a 
onforming triangulation � of 
 having n verti
es Vi with 
oordinates(ui; vi); i = 1; : : : ; n, a Powell{Sabin re�nement �� whi
h divides ea
h triangle� 2 � up into 6 nondegenerate subtriangles 
an easily be found (see, e.g.,[8℄). A Powell{Sabin (PS) spline is a pie
ewise quadrati
 polynomial withC1 
ontinuity on 
, and has a quadrati
 B�ezier representation on ea
h PS{subtriangle � 2 ��:bbbbbbbbb(t) = Xjij=2 bbbbbbbbbiB2i (t); t = (t1; t2; t3) 2 �; t1 + t2 + t3 = 1:De�nition 1. A PS{spline surfa
e has a normalized B{spline representations(u; v) = nXi=1 3Xj=1 








i;ji;ji;ji;ji;ji;ji;ji;ji;jBji (u; v); (u; v) 2 
; (1)where 








i;ji;ji;ji;ji;ji;ji;ji;ji;j = (
xi;j ; 
yi;j ; 
zi;j) are the B{spline 
ontrol points and Bji (u; v) arethe normalized B{splines.The remainder of this se
tion summarizes the relevant properties of thisrepresentation. For details we refer to [3℄. The normalized B{splines arelo
ally nonzero and 
onstitute a 
onvex partition of unity on 
, hen
e thisrepresentation is aÆne invariant and has the lo
al 
ontrol and 
onvex hullproperties. Furthermore, the PS{spline surfa
e is C1{
ontinuous regardlessthe 
hoi
e of the 
ontrol points. A 
ontrol triangle Tl(








l;1l;1l;1l;1l;1l;1l;1l;1l;1; 








l;2l;2l;2l;2l;2l;2l;2l;2l;2; 








l;3l;3l;3l;3l;3l;3l;3l;3l;3) 
an beasso
iated with ea
h vertex Vl, l = 1; : : : ; n whi
h is tangent to the sur-fa
e at sssssssss(Vl). The proje
tion of ea
h Tl onto the domain plane yields the
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si;1 si;2si;3 si;4 sj;1sj;2sj;3sj;4
sk;1sk;2 sk;3sk;4
ti;j

tj;ktk;i
ui;j uj;kuk;i vi;j;k

Qi;1 Qi;2
Qi;3

Qj;1
Qj;2

Qj;3Qk;1 Qk;2
Qk;3

V1 = Q11 Q12 V12 Q23 V2 =Q21Q22V23Q33V3 = Q31Q32V31Q13Fig. 1. A domain triangle.PS{triangles tl(Ql;1; Ql;2; Ql;3), l = 1; : : : ; n, having the B{spline ordinatesQl;j(Ul;j ; Vl;j), j = 1; 2; 3 as its verti
es.Figure 1, left shows a domain triangle with its PS{subdivision and PS{triangles tl. The B�ezier ordinates are denoted sv;l; v = i; j; k; l = 1; 2; 3; 4;tl;m; ul;m; (l;m) 2 f(i; j); (j; k); (k; i)g and vi;j;k. Given a PS{subdivision, anyPS{triangle tl must 
ontain the PS{points sl;j ; j = 1; 2; 3; 4 in order for theB{splines to 
onstitute a 
onvex partition of unity. In that 
ase, The B�ezierordinates 
an be written as unique 
onvex bary
entri
 
ombinations of theB{spline ordinates:sv;l = �v;l Qv;1 + �v;l Qv;2 + 
v;l Qv;3tl;m = Æl;m sl;2 + �l;m sm;3ul;m = Æl;m sl;4 + �l;m sm;4vi;j;k = �i;j;k si;4 + �i;j;k sj;4 + �i;j;k sk;4: (2)The same 
ombinations are valid for the B�ezier 
ontrol points, whi
h 
an inturn be found as 
onvex bary
entri
 
ombinations of the PS{
ontrol points.De�nition 2. A Non Uniform Rational Powell{Sabin (NURPS) spline sur-fa
e has the forms(u; v) = Pni=1P3j=1 








i;ji;ji;ji;ji;ji;ji;ji;ji;jwi;jBji (u; v)Pni=1P3j=1 wi;jBji (u; v) ; (u; v) 2 
 (3)where wi;j > 0 in order for s(u; v) to be de�ned anywhere on 
.For the evaluation of this rational extension, 
al
ulating the 
orrespond-ing rational B�ezier representation, the geometri
 interpretation of the weightsand the modelling of planar e�e
ts using relatively large weights we refer to[10℄.
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b5 = b002

b1 = b200= V1
b2 = b110

b3 = b020b4 =b011b6 =b101
b13b10 = V2b12b11 b7 b9b8Fig. 2. Degenerate 
ontrol triangles.x2. Degenerate Control TrianglesIn spite of the global C1{
ontinuity of (1), modeling in pra
ti
e often requiresthe representation of C0{
ontinuous e�e
ts. Here we show how 
orners 
anbe represented by 
hoosing 
oin
ident 
ontrol points.Let u = (u1; u2; u3) and v = (v1; v2; v3) be the bary
entri
 
oordinatesof two distin
t domain points with respe
t to a triangle �. The di�eren
ed = u�v = (d1; d2; d3) de�nes a ve
tor (d1+d2+d3 = 0). Be given a rationalB�ezier surfa
e on �:bbbbbbbbb(t) = Pjij=2 wibbbbbbbbbiB2i (t)Pjij=2 wiB2i (t) ; t = (t1; t2; t3) 2 �: (4)De�nition 3. The dire
tional derivative of a surfa
e (4) at bbbbbbbbb(u) with respe
tto d is given by Ddbbbbbbbbb(u) = d1bbbbbbbbbt1(u) + d2bbbbbbbbbt2(u) + d3bbbbbbbbbt3(u) (5)where bbbbbbbbbti(u) is the partial derivative of bbbbbbbbb(t) with respe
t to ti; i = 1; 2; 3,evaluated at u. Note that these are not tangent ve
tors to the surfa
e at bbbbbbbbb(u).Consider the domain triangles �1; �2 2 � with 
ommon boundary V1V2.The PS{re�nement and PS{triangles are shown in �gure 2, left. The B�eziersubtriangles along V1� V2 are shown in �gure 2, right. Be given the bary
en-tri
 
oordinates of a dire
tion d and a point u = (u1; 0; u3) with respe
t to�(b200; b110; b101). The dire
tional derivative of bbbbbbbbb(u) with respe
t to d is givenby Ddbbbbbbbbb(u) = 2(d1(u1bbbbbbbbb200200200200200200200200200 + u3bbbbbbbbb101101101101101101101101101)+d2(u1bbbbbbbbb110110110110110110110110110 + u3bbbbbbbbb011011011011011011011011011)+d3(u1bbbbbbbbb101101101101101101101101101 + u3bbbbbbbbb002002002002002002002002002)) (6)First, 
onsider the 
ase where one of the 
ontrol triangles is degenerated, e.g.,








1;11;11;11;11;11;11;11;11;1 = 








1;21;21;21;21;21;21;21;21;2 = 








1;31;31;31;31;31;31;31;31;3 = CCCCCCCCC. It follows from (2) thatDdbbbbbbbbb(u) = 2u3(d1CCCCCCCCC + d2bbbbbbbbb011011011011011011011011011 + d3bbbbbbbbb011011011011011011011011011)
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Fig. 3. Degenerate 
ontrol triangles.The dire
tional derivate is seen to degenerate to the zero ve
tor at u3 = 0,hen
e the surfa
e has a singulartity at V1. Figure 3, left shows an example.Next, 
onsider the 
ase where both 
ontrol triangles at V1 and V2 aredegenerated: 








1;11;11;11;11;11;11;11;11;1 = 








1;21;21;21;21;21;21;21;21;2 = 








1;31;31;31;31;31;31;31;31;3 = CCCCCCCCC








1;11;11;11;11;11;11;11;11;1 = 








1;21;21;21;21;21;21;21;21;2 = 








1;31;31;31;31;31;31;31;31;3 = CCCCCCCCC








1;11;11;11;11;11;11;11;11;1 = 








1;21;21;21;21;21;21;21;21;2 = 








1;31;31;31;31;31;31;31;31;3 = CCCCCCCCC








1;11;11;11;11;11;11;11;11;1 = 








1;21;21;21;21;21;21;21;21;2 = 








1;31;31;31;31;31;31;31;31;3 = CCCCCCCCC








1;11;11;11;11;11;11;11;11;1 = 








1;21;21;21;21;21;21;21;21;2 = 








1;31;31;31;31;31;31;31;31;3 = CCCCCCCCC








1;11;11;11;11;11;11;11;11;1 = 








1;21;21;21;21;21;21;21;21;2 = 








1;31;31;31;31;31;31;31;31;3 = CCCCCCCCC








1;11;11;11;11;11;11;11;11;1 = 








1;21;21;21;21;21;21;21;21;2 = 








1;31;31;31;31;31;31;31;31;3 = CCCCCCCCC








1;11;11;11;11;11;11;11;11;1 = 








1;21;21;21;21;21;21;21;21;2 = 








1;31;31;31;31;31;31;31;31;3 = CCCCCCCCC








1;11;11;11;11;11;11;11;11;1 = 








1;21;21;21;21;21;21;21;21;2 = 








1;31;31;31;31;31;31;31;31;3 = CCCCCCCCC and 








2;12;12;12;12;12;12;12;12;1 = 








2;22;22;22;22;22;22;22;22;2 = 








2;32;32;32;32;32;32;32;32;3 = DDDDDDDDD. We thenhave Ddbbbbbbbbb(u) = 2�u3d1(CCCCCCCCC �DDDDDDDDD)for some � 2 (0; 1). This ve
tor degenerates to the zero ve
tor for u3 = 0and d1 = 0 and 
oin
ides with ddddddddd








 = CCCCCCCCC�DDDDDDDDDjjCCCCCCCCC�DDDDDDDDDjj elsewhere. As an appli
ation, a
orner along V1�V2 in the dire
tion of ddddddddd








 
an be represented. Figure 3, rightshows a 
ube represented as a NURPS surfa
e.x3. An optimal ConversionIn [10℄ a general formula is provided for 
al
ulating the NURPS representationof a given quadrati
 rational B�ezier surfa
e on one triangle. Following Dier
kx[3℄, this representation is not optimal be
ause the PS{triangles are not thesmallest triangles 
ontaining the PS{points. The advantage of optimal PS{triangles is that the 
ontrol triangles are 
loser to the surfa
e than in thenonoptimal 
ase. Suppose we are given a quadrati
 B�ezier 
ontrol net. We arefree to 
hoose the domain triangle to be equilateral. The optimal PS{trianglesfor this 
ase 
an be found by solving a quadrati
 programming problem (see,again, [3℄). The results are depi
ted in �gure 1, right. The dots represent thePS{points, the shaded triangles are optimal PS{triangles. It 
an be shownthat these are 
al
ulated from the B�ezier ordinates byQi;1 = ViQi;2 = 23Vi;i3+1 + 13ViQi;3 = 23V(i+1)3+1;i + 13Vi (7)where k3 = k mod 3 and Vi;j = 12 (Vi + Vj). The B{spline 
ontrol points
an be found from these equations by repla
ing the B�ezier ordinates with the
orresponding 
ontrol points.
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s 5x4. Quadri
s as NURPSRepresenting quadri
s as rational B�ezier pat
hes has been investigated in [1℄,[2℄, [4℄, [5℄, [6℄ and [9℄. Here we present a 
onstru
tive approa
h to the problemof representing quadri
s as NURPS. The purpose is to derive 
losed formulaefor the 
ontrol triangles of (pat
hes on) a 
ylinder, 
one and sphere of givendimension, whi
h is usefull in CAGD systems. The 
al
ulations have beenmade using modern 
omputer te
hniques, su
h as the symboli
 mathemati
almanipulation pa
kage Maple. We restri
t ourselves to investigate the 
ase ofthe 
ylinder, and mention the results for a 
one and a sphere only brie
y.4.1. The CylinderUsing symmetry operations, we brake up the surfa
e into isometri
al triangu-lar parts. Then we 
al
ulate the rational B�ezier representationbbbbbbbbb(t) = 1q(t) 0�x(t)y(t)z(t)1A = P5i=0 wiPPPPPPPPP iiiiiiiiiB2i (t)P5i=0 wiB2i (t) ; t = (t1; t2; t3) 2 � (8)of one su
h triangle. Note that we use a di�erent indexing here then in formerequations, in order to simplify notation. Appli
ation of (7) immediately yieldsthe NURPS representation.Figure 4 shows the o
tant of the 
ylinder with radius r and height equalto h: �x(t)q(t)�2 +�y(t)q(t)�2 = r2: (9)The B�ezier 
ontrol points follow from the fa
t that the 
ontrol net is tangentto the surfa
e at the 
orners of the pat
h:PPPPPPPPP 000000000 = (r; 0; 0) PPPPPPPPP 111111111 = (r; r; 0) PPPPPPPPP 222222222 = (0; r; 0)PPPPPPPPP 333333333 = (r; r; h2 ) PPPPPPPPP 444444444 = (r; 0; h) PPPPPPPPP 555555555 = (r; 0; h2 )Setting w0 = w2 = w4 = w5 = 1 sin
e the 
orresponding 
ontrol pointsare on the surfa
e, we 
an �nd the weights w1 and w3 by imposing that theedge 
urves satisfy (9), e.g.,R1 $x2(t1; 1� t1; 0) + y2(t1; 1� t1; 0)� q2(t1; 1� t1; 0) = 0$t41(4w21 � 2) + t31(4� 8w21) + t21(4w21 � 2) = 0$w1 = p22Analogeously we �nd w3 = p22 . Substituting these weights in (8), one 
anverify that (9) is satis�ed for all t 2 � . The 
orresponding B{spline 
ontrolpoints for a 
ylinder of radius r and heigth h 
an be found from (7), referringto �gure 1, right:iiiiiiiii 








i;1i;1i;1i;1i;1i;1i;1i;1i;1 wi;1 








i;2i;2i;2i;2i;2i;2i;2i;2i;2 wi;2 








i;3i;3i;3i;3i;3i;3i;3i;3i;3 wi;31 (r; 0; 0) 1 (r; 23r; 0) p2+13 (r; 0; 13h) 12 (0; r; 0) 1 ( 23r; r; 13h) p2+13 ( 23r; r; 0) p2+133 (r; 0; h) 1 (r; 0; 23h) 1 (r; 23r; 23h)p2+13
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Fig. 4. Quadri
 segment of a 
ylinder.By 
ombining 8 isometri
al pat
hes, we have a 
omplete NURPS 
ylinder (see�gure 5, left).4.2. The 
oneThe NURPS 
ontrol points for the 1/6 part of a 
one with radius r and heighth are:iiiiiiiii 








i;1i;1i;1i;1i;1i;1i;1i;1i;1 wi;1 








i;2i;2i;2i;2i;2i;2i;2i;2i;2 wi;2 








i;3i;3i;3i;3i;3i;3i;3i;3i;3 wi;31 (r; 0; 0) 1 (r; 2p39 r; 0) p3+13 ( 13r; 0; 23h) 12 (r; p32 r; 0) 1 ( 16r; p36 r; 23h) 1 ( 56r; 7p318 r; 0)p3+133 (0; 0; h) 1 (0; 0; h) 1 (0; 0; h) 1The 
omplete 
one is shown in �gure 5, middle.4.3. The SphereIt is not possible to represent a 
omplete sphere by 
olle
ting non-degeneratequadrati
 rational B�ezier triangles (see [1℄, [2℄, [9℄). The NURPS pat
h given
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Fig. 5. Quadri
 NURPS.in the table below however allows to approximate the sphere, leaving smallgaps around the equator plane (see �gure 5, right).iiiiiiiii 








i;1i;1i;1i;1i;1i;1i;1i;1i;1 wi;1 








i;2i;2i;2i;2i;2i;2i;2i;2i;2 wi;2 








i;3i;3i;3i;3i;3i;3i;3i;3i;3 wi;31 (p32 r;� r2 ; 0) 1 ( 11p318 r;� 16r; 29r) 56 (p32 r;� 12r; 23r)p2+132 (p32 r; 12r; 0) 1 (p32 r; 12r; 23r) p2+13 ( 11p318 r; 16r; 29r) 563 (0; 0; r) 1 (p33 r;� 13r; r) p2+13 (p33 r; 13r; r) p2+134.4. Parametri
 ContinuityIn spite of the visual smoothness of the surfa
es obtained by 
ombining isomet-ri
 NURPS pat
hes, , the q(t) 
omponent from (8) in the global representationas a pie
ewise rational B�ezier surfa
e, or as a pie
ewise 4D B�ezier surfa
e inhomogeneous spa
e, is not C1{
ontinuous. Hen
e, there does not exist a globalNURPS representation with respe
t to the given parameter spa
e.Referen
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