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1Fast dire
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eKatholieke Universiteit LeuvenCelestijnenlaan 200 AB-3001 Heverlee, Belgiume-mail: fJef.Hendri
kx,Mar
.VanBarelg�
s.kuleuven.a
.beABSTRACTWe present new fast dire
t methods for solving a large symmetri
 bandedToeplitz system of order n with bandwidth p. We make use of stru
tured matri
eswhi
h 
an be diagonalized by the dis
rete sine transform matrix, sometimes 
alled� -matri
es. A �rst method writes the Toeplitz matrix as the sum of a � -matrixand a low rank matrix. A se
ond method embeds the Toeplitz matrix in a larger� -matrix of order m. The methods are similar to Jain [21℄ and Linzer [24℄, whoworked with 
ir
ulant matri
es. Both algorithms 
onsist in solving two � -systemsand two smaller systems. A � -system of order n 
an be solved in O(n log n) byusing a dis
rete sine transform if n + 1 has small prime fa
tors. Therefore, these
ond algorithm is preferable, sin
e we 
an 
hoose m su
h that m+1 has smallprime fa
tors. On the other hand, in the se
ond method the smaller systems
an be
ome large when m di�ers too mu
h from n, while in the �rst method theorder is always p� 1. In both methods, the small systems have low displa
ementrank, so we 
an use fast methods to solve them.1. Introdu
tionIn this paper we present two new methods for solving a system Tx = b,where T is a symmetri
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2p, i.e. the elements tij of T satisfy tij = tji�jj and tk = 0 for k > p. Su
hproblems o

ur in many pra
ti
al problems, like the numeri
al solution ofordinary di�erential equations, the numeri
al solution of Markov 
hainsin the theory of queueing problems, or it 
an be used as a pre
onditionerfor a dense Toeplitz matrix. We refer to [3, 21℄ for some referen
es toappli
ations.The methods are based on the fa
t that a banded Toeplitz matrix di�ersin only a few elements from a matrix that 
an be diagonalized by a sinetransform, 
alled � -matri
es by Bini and Capovani [1, 2℄. A system witha � -matrix of order n 
an be solved very fast in O(n logn) operations bymaking use of the dis
rete sine transform if n+ 1 is a power of 2 or has atleast small prime fa
tors [27, 29℄. This has made matri
es from the � -
lassvery suitable as pre
onditioner for banded or dense Toeplitz systems; seee.g. [5, 8, 10℄. These pre
onditioners are used when solving the systemby an iterative method, for instan
e the pre
onditioned 
onjugate gradientmethod. Yet in this paper we will des
ribe some dire
t methods for solvingbanded Toeplitz matri
es. A �rst method, the 
orre
tion method, usesthe fa
t that the banded Toeplitz matrix 
an be written as the sum of a� -matrix and a low rank matrix to redu
e the system to two � -systems oforder n and two smaller systems of order p � 1. The operation 
ount istherefore O(n logn + p3) if n + 1 has small prime fa
tors. However, wewill show that the smaller systems are generalized Toeplitz-plus-Hankelmatri
es with displa
ement rank 3, so the operation 
ount 
an be redu
edto O(n logn + p2) or even O(n logn + p log2 p) if n + 1 has small primefa
tors. Of 
ourse, the restri
tion for n is a disadvantage of the method.The se
ond method embeds the Toeplitz matrix in a larger � -matrix. Theorder m of the � -matrix must be at least n+ p� 1 and 
an be 
hosen su
hthat m + 1 has small prime fa
tors. The Toeplitz system redu
es to two� -systems of order m and two smaller systems of order r = [(m � n)=2℄.Be
ause of the 
hoi
e for m the � -systems 
an always be solved fast inO(m logm). The matri
es of the smaller systems are Toeplitz-plus-Hankel,so we 
an use displa
ement theory to solve them. Therefore, the operation
ount for the embedding method is O(m logm+ r2) for any value of n. Ifwe use superfast solvers this 
an even be redu
ed to O(m logm+ r log2 r).However, if m di�ers too mu
h from n, r 
an be
ome rather large and this
an have an important impa
t on the performan
e of the method.The methods are similar to the methods of Jain [21℄ and Linzer [24℄,who worked with 
ir
ulant matri
es, although the elaboration of the useof displa
ement theory in solving the smaller systems is new. Cir
ulantmatri
es 
an be diagonalized by a dis
rete Fourier transform matrix, sowe 
an use FFT to solve 
ir
ulant systems of order n in O(n logn) if nhas small prime fa
tors. Therefore, 
ir
ulant matri
es have be
ome verypopular as pre
onditioner for Toeplitz or other systems [9, 19, 28℄. We



3mention also that re
ently Bini and Meini [3℄ developed a new method forbanded Toeplitz systems based on 
y
li
 redu
tion.The outline of the paper is as follows. In se
tion 2 we will �rst reviewsome properties about � -matri
es. In se
tion 3 we will present the �rstmethod, the 
orre
tion method. The Toeplitz system 
an be redu
ed totwo � -systems and two smaller systems. In se
tion 4 we will see that we 
anuse displa
ement theory to solve the smaller systems. The se
ond method,the embedding method, is des
ribed in se
tion 5. Finally, in se
tion 6 wewill 
ompare the di�erent methods among ea
h other and to some 
lassi
almethods in some numeri
al examples.2. � -matri
esWe denote by Fn the dis
rete Fourier transform matrix of order n:Fn = "r 1ne� jk�n i#n�1j;k=0 :Fn is a unitary matrix. It is well known that every matrix that 
an bediagonalized by Fn is a 
ir
ulant matrix and vi
e versa. In other words,the 
lass of 
ir
ulant matri
es is identi
al with the 
lass of matri
es that
an be diagonalized by Fn.Let Sn denote the dis
rete sine transform matrix of order n:Sn = "r 2n+ 1 sin jk�n+ 1#nj;k=1 :The matrix Sn is an orthogonal, symmetri
 matrix, this means S�1n =STn = Sn. We 
onsider the matri
es that 
an be diagonalized by Sn:Sn�Sn (1)where � is an arbitrary diagonal matrix of order n. These matri
es are
alled S-matri
es by Mertens and Van de Vel [25℄. Like the matri
es that
an be diagonalized by Fn are 
ir
ulant matri
es, we look similarly for aspe
i�
 property that 
hara
terizes the matri
es that 
an be diagonalizedby Sn. Bini and Capovani [1, 2℄ introdu
ed the � -
lass, this is the 
lassof matri
es A = (aij) of order n that satisfy the following \
ross-sum"
ondition: ai�1;j + ai+1;j = ai;j�1 + ai;j+1;where we assume that an+1;j = ai;n+1 = a0;j = ai;0 = 0. They showedthat the � -
lass is identi
al with the 
lass of S-matri
es.



4 As an immediate 
onsequen
e of the 
ross-sum property we have thata � -matrix is 
ompletely de�ned by its �rst row. On the other hand, from(1) it follows that the eigenvalues �1; : : : ; �n of a matrix A from the � -
lass
an also be 
omputed from the �rst row [25, 5℄:�j = �sin j�n+ 1��1 nXk=1 sin jk�n+ 1a1;k: (2)A � -matrix is symmetri
 and persymmetri
 (i.e. symmetri
 about the 
ross-diagonal). Furthermore, a � -matrix 
an be written as a spe
ial sum of aToeplitz and a Hankel matrix. Indeed, using (1) we 
an write an elementajk from a � -matrix A asajk = 2n+ 1 nXt=1 sin jt�n+ 1 sin kt�n+ 1�t:By using trigonometri
 formulas, it 
an be seen that [25, 20℄A = 266664 
0 
1 � � � 
n�1
1 
0 . . . ...... . . . . . . 
1
n�1 � � � 
1 
0 377775� 266664 
2 
3 � � � 
n+1
3 
4 . . . ...... . . . 
3
mk+1 � � � 
3 
2 377775 ; (3)where the elements 
r 
an be found from the eigenvalues as
r = 1n+ 1 nXt=1 
os rt�n+ 1�t: (4)The same result 
an be found as a 
onsequen
e of the bases that 
an bederived for the � -
lass [1, 5, 20℄. Finally, we remark that 
omputationsinvolving � -matri
es, like 
omputing eigenvalues, matrix-ve
tor produ
ts orsolving linear systems of equations, 
an be 
omputed very fast in O(n logn)operations using the fast sine transform [27, 29℄ if n+ 1 is a power of 2 orhas at least small prime fa
tors.3. Corre
tion methodIn this se
tion we will use the fa
t that a symmetri
 band Toeplitz matrix
an be written as the sum of a � -matrix and a low rank matrix to solvea linear system of equations, following a method similar to Jain [21℄ andLinzer [24℄ who worked with 
ir
ulant matri
es.



5We want to solve a linear system of equations Tx = b, where T is asymmetri
 band Toeplitz matrix, this is T = (ti;j) with ti;j = tji�jj andtk = 0 if k > p.Consider the � -matrix M su
h that the �rst row of M is given by� t0 � t2 t1 � t3 � � � tp�2 � tp tp�1 tp 0 � � � 0 � ;then the matrix T 
an be written as T = M � P where P is the low rankmatrix P = 24 F 0 00 0 00 0 JFJ 35 ;with F and J the matri
esF = 26664 �t2 �t3 � � � �tp�t3 �tp... . . .�tp 37775 ; J = 2664 11. . .1 3775 :(see e.g. [1, 5℄). Using (2) it 
an be easily seen that the eigenvalues �k ofM are �j = t0 + 2 pXk=1 tk 
os jk�n+ 1 ; j = 1; : : : ; n: (5)We 
an rewrite the system Tx = b asx =M�1(Px) +M�1b; (6)so we 
an solve the system via two systems with the � -matrix M if we
an dedu
e Px. We partition the ve
tor x as xT = [xTi xTm xTf ℄, where xiand xf are the p� 1 initial and �nal values, respe
tively. We partition thematrix B :=M�1 in the same way as x and be
ause M�1 also belongs tothe � -
lass, it 
an be written asM�1 = 24 Bii Bim BifBTim Bmm JBTimJBTif JBimJ JBiiJ 35 :Remark that Px = 24 Fxi0JFJxf 35 ;



6so we only have to dedu
e xi and xf . Further we denote z := M�1b andwe partition it in the same way as x. From (6) it is easy to obtain� I �BiiF �BifJFJ�JBifJF J (I �BiiF ) J � � xixf � = � zizf � ; (7)so we 
an 
al
ulate xi, xf from this system. We denote the matrix of thesystem with R. Sin
e B is a � -matrix, B 
an be written as the sum of aToeplitz and a Hankel matrix by formula (3), where the elements 
j in this
ase must be 
omputed from the eigenvalues of B by formula (4):
j = 1n+ 1 nXk=1 ��1k 
os jk�n+ 1 ; j = 0; 1; : : : ; n+ 1: (8)On
e the elements 
j are known, the matrix R 
an be easily 
omputed.The next proposition shows that R is well 
onditioned if T and M are well
onditioned.Proposition 1. �F (R) � �F (T )�F (M);where �F (�) denotes the 
ondition number with respe
t to the Frobeniusnorm.The proof is very similar to Linzer [24℄, where T is 
orre
ted by a 
ir
ulantmatrix, and will be omitted here.The matrixM though 
an be ill 
onditioned even if T is well 
onditioned(and vi
e versa), e.g. 
onsider the matrixT (�) = 266664 1 + � 0 1=2 0 00 1 + � 0 1=2 01=2 0 1 + � 0 1=20 1=2 0 1 + � 00 0 1=2 0 1 + � 377775 :For small �, T (�) is well 
onditioned : �(�) < 6. On the other hand, thematrix M : M = 266664 1=2 + � 0 1=2 0 00 1 + � 0 1=2 01=2 0 1 + � 0 1=20 1=2 0 1 + � 00 0 1=2 0 1=2 + � 377775 ;has eigenvalues �j = 1 + �+ 
os 2j�6 ; j = 1; 2; : : : ; 5;



7leading to �2(M) = 1:5+�� , so M is ill 
onditioned for � small. Noti
e thatM even be
omes singular for � = 0, while T (0) is nonsingular.Under 
ertain 
onditions, we 
an say something about the 
ondition ofM . We will �rst review some properties of a sequen
e of nested symmetri
Toeplitz matri
es (An)1n=1. This sequen
e belongs to the Wiener 
lass if forthe sequen
e (an)1n=0 of elements on the �rst row holdsP1k=0 jakj <1 . We
an then de�ne the generating fun
tion f as f(x) = a0+2P1k=1 ak 
os(kx)for x 2 [0; �℄. On the other hand, the generating fun
tion determines
ompletely the sequen
e of Toeplitz matri
es via the relationak = 1� Z �0 f(x) 
os(kx)dx:The generating fun
tion 
an be used to study the spe
trum of the matri
esAn. We re
all from the work of Szeg}o [6, 13℄ that the spe
trum of everymatrix An lies in the interval [fmin; fmax℄, where fmin and fmax denotethe minimum, respe
tively the maximum of f over [0; �℄. Moreover, if wedenote the eigenvalues of An as �(n)1 � �(n)2 � : : : � �(n)n , thenlimn!1�(n)1 = fmin; limn!1�(n)n = fmax:If f is a positive fun
tion, then a 
onsequen
e of these properties is that Anis positive de�nite for all n. Moreover, we 
an see that �2(An) = �(n)n =�(n)1approa
hes fmax=fmin from the left as n!1.We 
an embed the symmetri
 band Toeplitz matrix T in a sequen
e ofnested Toeplitz matri
es (Tn)1n=1 by adding zeros at the right and at thebottom. The generating fun
tion f belongs then trivially to the Wiener
lass. By (5) the eigenvalues �j of the asso
iated � -matrix M satisfy�j = f � j�n+ 1� ; j = 1; 2; : : : ; n;su
h that M is positive de�nite if f is a positive fun
tion. Moreover, wehave for the 
ondition number of M:�2(M) = maxj=1;::: ;n�j= minj=1;::: ;n�j � fmax=fmin:Thus we have proven the following property:Proposition 2. Suppose we embed the symmetri
 banded Toeplitz ma-trix T in a sequen
e of nested banded Toeplitz matri
es (Tn)1n=1 by addingzeros at the right and at the bottom, then the asso
iated matrix M is pos-itive de�nite if all the matri
es Tn are positive de�nite. Moreover, M iswell 
onditioned if all the matri
es Tn are well 
onditioned.



8Noti
e that we have given a mu
h simpler proof for the �rst part of thetheorem than Boman and Koltra
ht [5℄.We 
an simplify system (7) of order 2p�2 to two systems of order p�1by multiplying the se
ond equation by J and, on the one hand adding, onthe other hand subtra
ting the two equations, whi
h gives� (I � (Bii +BifJ)F ) (xi + Jxf ) = zi + Jzf(I � (Bii �BifJ)F ) (xi � Jxf ) = zi � Jzf : (9)This is a system in the unknowns xi + Jxf and xi � Jxf from whi
h we
an easily 
al
ulate xi and xf . Moreover, sin
e system (9) 
an be dedu
edfrom system (7) by an orthogonal transformation, the 
ondition numberdoes not 
hange. We 
an solve the system by simple Gaussian eliminationin O(p3) operations. In the next se
tion however we we will see that we
an also use displa
ement theory to solve the system in O(p2).We 
an now des
ribe the full algorithm.Algorithm 1 (Corre
tion method) Solve the system Tx = b whereT is a symmetri
 band Toeplitz matrix of order n with bandwidth p.1. Compute the eigenvalues of the �-matrix M by (5)2. Compute z =M�1b3. Compute the elements 
j of the matrix B :=M�1 by (8)4. Compute xi and xf by solving system (9)5. Compute y =M�1(Px)6. x = y + zWe 
ompute the asymptoti
 operation 
ount for the algorithm. The �rstand third step 
an be 
omputed in 2:5n logn 
ops by using a fast 
osinetransform. The � -systems in step 2 and 5 
an be 
omputed in 5n logn
ops using a fast sine transform. However, this performan
e for the sineand 
osine transform 
an only be rea
hed if n + 1 is a power of 2 or hasat least small prime fa
tors. For small p we 
an redu
e the 
omputationalwork of step 5. Indeed, sin
e xi and xt are already 
omputed in step 4, weonly have to 
ompute xm. From (6) we havexm = zm +BTimFxi + JBTimFJxt;where Bim 
an be written as a Toeplitz-plus-Hankelmatrix with the ele-ments 
j . The two systems of order p � 1 in step 4 
an be 
omputed inO(p3) if we use 
lassi
al Gaussian elimination. However, for p large this



9
an be redu
ed to O(p2) if we use displa
ement theory. So under the as-sumption that n + 1 has small prime fa
tors, the overall operation 
ountis 15n logn + O(p3) or 15n logn + O(p2) if we use displa
ement theory.In se
tion 5 we will des
ribe a method that does not have this restri
tionfor n. On the other hand, the order of the small systems in step 4 of thealgorithm is always p� 1 where in the method of se
tion 5 this order 
anbe
ome very large.4. Using displa
ement theoryIn this se
tion we shall explain how we 
an use displa
ement theory tosolve the smaller systems (9). We review some terminology about displa
e-ment stru
ture from [11, 17, 22℄. For some matri
es F , A of order m,the Sylvester-type displa
ement operator rfF;Ag(�) : Cm�m ! Cm�m isde�ned as rfF;Ag(R) = FR�RA = GBT ;with some re
tangular (m� r)-matri
es G, B, where the number r is small
ompared to m. The pair of matri
es G, B is referred to as a fF;Ag-generator of R and the smallest possible inner size r among all fF;Ag-generators is 
alled the fF;Ag-displa
ement rank of R. Parti
ular 
hoi
esfor F and A lead to the de�nitions of basi
 
lasses of stru
tured matri
es,e.g. for F = Y00 and A = Y00 or A = Y11 we have the 
lass of general-ized Toeplitz-plus-Hankel matri
es (or Toeplitz-plus-Hankel-like matri
es),where Y
;Æ is the matrixY
;Æ = 2666664 
 11 0 1. . . . . . . . .1 0 11 Æ
3777775 :For F and A diagonal matri
es, we obtain the 
lass of generalized Cau
hymatri
es (or Cau
hy-like matri
es). For a detailed des
ription of displa
e-ment stru
ture and an overview of the bibliography we refer to [22, 23℄.We will look for an appropriate displa
ement operator and generatorsfor the matri
es (Bii + BifJ)F and (Bii � BifJ)F , whi
h we will denotewith A1 and A2 respe
tively. Sin
e B is a � -matrix, it 
an be written asthe sum of a Toeplitz and a Hankel matrix by (3). As a 
onsequen
e, itis easy to see that Bii + BifJ is a Toeplitz-plus-Hankel matrix T1 + H1,with T1 = �
ji�jj � 
n+1�ji�jj�p�2i;j=0 and H1 = (
n�i�j�1 � 
i+j+2)p�2i;j=0.



10Sin
e A1 is the produ
t of the Toeplitz-plus-Hankel matrix T1+H1 and thetriangular Hankel matrix F , it seems obvious to work with the displa
ementoperator rfY00;Y11g. It is easy to show thatrfY00;Y11g(A1) = Y00 � Y11 �rfY00;Y00g(T1 +H1) F�(T1 +H1)rfY00;Y11g(F ): (10)In general, a Toeplitz-plus-Hankel matrix T + H of order m with T =(ti�j)m�1i;j=0 and H = (hi+j)m�1i;j=0 has fY00; Y00g-displa
ement rank 4 and we
an immediately derive the generators. Indeed, from [12, 16℄ we haverfY00;Y00g(T +H) = 4Xj=1 gjbjT ;whereg1 = b3 = e0 = [1 0 � � � 0℄T ; g2 = b4 = em�1 = [0 0 � � � 1℄T ;g3 = (ti+1 + hi�1)m�1i=0 ; g4 = (ti�m + hm+i)m�1i=0b1 = �(t�(i+1) + hi�1)m�1i=0 ; b2 = �(tm�i + hm+i)m�1i=0 (11)and h�1, h2m�1, tm, t�m are arbitrary real numbers. Applied to the ma-tri
es T1 and H1 however, givesg1 = b3 = e0; g2 = b4 = ep�2; g3 = b1 = 0;g4 = �b2 = (
p�1�i + 
n�p�i � 
n�p+2+i � 
p+i+1)p�2i=0 ;leading to rfY00;Y00g(T1 +H1) = g1eTp�2 � ep�2gT1 ;so T1 +H1 has only fY00; Y00g-displa
ement rank 2.On the other hand, it is easy to show that for the triangular Hankelmatrix F holds rfY00;Y11g(F ) = e0fT1 + f2eT0 ;where f1 = [�; t2; : : : ; tp�2; tp�1 + tp℄T , f2 = [��+t2; �t2+t3; : : : ; �tp�1+tp℄T and � an arbitrary real number. If we use that Y00 � Y11 = �e0eT0 �ep�2eTp�2 and eTp�2F = tpeT0 , then (10) be
omesrfY00;Y11g(A1) = ep�2 �F Tg1 � ep�2�T + ((T1 +H1)e0) (�f1)T+((T1 +H1)f2 + tpg1 + e0) (�e0)T : (12)This proves that A1 has fY00; Y11g-displa
ement rank 3 and we immediately�nd the generators. A similar derivation 
an of 
ourse be done for A2.Now that we know the displa
ement rank and the generators, we haveto sele
t a fast method to solve the system (9). Sin
e we do not know



11in advan
e if the matrix A1 is positive de�nite or strongly regular, a pos-sible method is to transform the generalized Toeplitz-plus-Hankel matrixto a generalized Cau
hy matrix, be
ause then we 
an use the fast GEPP-algorithm (fast Gaussian elimination with partial pivoting). This transfor-mation te
hnique and the fast GEPP-algorithm 
an be found in Gohberg,Kailath and Olshevsky [11℄. For a detailed elaboration of the appli
ationof the te
hnique in this 
ase and the full algorithms we refer to [18℄.5. Embedding methodThe 
orre
tion method from se
tion 3 has the drawba
k that it is only fastwhen n+ 1 is a power of 2, or has at least small prime fa
tors, be
ause ofthe sine transform of order n. In this se
tion we will embed the Toeplitzmatrix in a larger � -matrix M of order m, where m is 
hosen su
h thatm + 1 has small prime fa
tors. The method is similar to Jain [21℄ whoembedded the Toeplitz matrix in a 
ir
ulant matrix.So again suppose that we want to solve the system Tx = b with T asymmetri
 band Toeplitz matrix of order n and bandwidth p. We 
hoosem su
h that m � n+ p� 1 and m+ 1 has small prime fa
tors. Let M bethe � -matrix with �rst row� t0 � t2 t1 � t3 � � � tp�2 � tp tp�1 tp 0 � � � 0 � :Noti
e that M has the same shape as in se
tion 3, but now of order m instead of n. It 
an be easily seen that T is embedded in M , by other wordswe 
an write M as M = 24 Mii Mim 0Mmi T Mmf0 Mfm Mff 35 :Suppose that r is the number of rows added at the the top and s at thebottom of T . We extend the system Tx = b to24 Mii Mim 0Mmi T Mmf0 Mfm Mff 35 24 0x0 35 = 24 bibbf 35 ; (13)where bi and bf have to be de�ned su
h that the �rst r and last s 
om-ponents of the solution ve
tor are equal to zero. If we partition B :=M�1the same way as M , we get24 Bii Bim BifBmi Bmm BmfBfi Bfm Bff 35 24 bibbf 35 = 24 0x0 35 : (14)



12Therefore we 
an �nd bi and bf from the system� Biibi +Bifbf = �BimbBfibi +Bffbf = �Bfmb : (15)As in se
tion 3 we 
an split the latter system in two smaller systems.Dependent on the values of m and n, we 
an always 
hoose s and r su
hthat s = r or s = r + 1. In the �rst 
ase, Bfi = JBffJ , Bff = JBiiJ andBfm = JBimJ be
ause of symmetry, so we 
an analogously to se
tion 3rewrite the system as two systems of order r:� (Bii +BifJ) (bi + Jbf ) = �Bim(b+ Jb)(Bii �BifJ) (bi � Jbf ) = �Bim(b� Jb) :If s = r + 1, we have to partition (13) otherwise, taking into a

ount thesymmetry in the matrix B.2664 Bii Bim � BifBmi Bmm 
 Bmf�T 
T ! �TJBifJ Bfm � JBiiJ 3775 2664 bibbsbt 3775 = 2664 0x00 3775 :Here Bii and Bif are (r � r)-matri
es, �, �, bi and bf ve
tors of orderr and ! and bs s
alars. We have to de�ne the unknowns bi, bf and bsfrom the �rst, the third and the fourth equation. If we multiply the �rstequation by J and repla
e the �rst and last equation by, on the one handthe sum and on the other hand the di�eren
e of the two equations, we getthe equivalent system:8<: (Bii +BifJ) (bi + Jbf ) + (�+ J�) bs = � (Bim + JBfm)b(�+ J�)T (bi + Jbf ) + (�� J�)T (bi � Jbf ) + 2!bs = �2
Tb(Bii �BifJ) (bi � Jbf ) + (�� J�) bs = � (Bim � JBfm)b :We remark that the new system 
an be derived from the old by an or-thogonal transformation. Let us for simpli
ity introdu
e the notationsA1 := Bii + BifJ , A2 := Bii � BifJ , f1 := � (Bim + JBfm)b, f2 :=� (Bim � JBfm)b, a1 := � + J�, a2 := � � J�T and the new unknownsy1 := bi + Jbf , y2 := bi � Jbf , then we 
an rewrite the �rst and lastequation as � y1 = A�11 f1 � bsA�11 a1y2 = A�12 f2 � bsA�12 a2 :If we insert this in the se
ond equation we get�2! � aT1 A�11 a1 � aT2 A�12 a2� bs = �2
Tb� aT1 A�11 f1 � aT2 A�12 f2;



13so we 
an 
ompute bi, bf and bs by solving two linear sytems of order r,ea
h with two right-hand sides, and some s
alar produ
ts.In both 
ases we have to deal with matri
es A1 := Bii + BifJ andA2 := Bii�BifJ of order r, whi
h are Toeplitz-plus-Hankel matri
es, sin
eBii and Bif are of this type. Therefore we 
an use fast algorithms basedon displa
ement theory to solve the system, as explained in se
tion 4. We
ould again work with the displa
ement operatorrfY00;Y11g. One 
an proofthat A1 has fY00; Y11g-displa
ement rank 3. However, in se
tion 4 we sawthat the fY00; Y00g-displa
ement rank of A1 was only 2. Therefore it seemsbetter to work with the displa
ement operator rfY00;Y00g. On the otherhand, the fY00; Y00g-displa
ement of A1 does not 
ompletely determinethe matrix A1 and this gives extra diÆ
ulties. We 
an still transform thematrix to a generalized Cau
hy matrix, but the diagonal of the generalizedCau
hy matrix 
an not be determined from the generators of the general-ized Cau
hy matrix, and will have to be stored and 
omputed seperately.The LU-Cau
hy algorithm from Heinig and Bojan
zyk [14, 15℄ 
omputesan LU-de
omposition with partial pivoting of the generalized Cau
hy ma-trix in this 
ase. It is a generalization of the fast GEPP algorithm fromGohberg, Kailath and Olshevsky [11℄. However, sin
e A1 is symmetri
also the transformed generalized Cau
hy matrix will be symmetri
 and theLU-de
omposition does not take the symmetry into a

ount. Therefore,it is better to look for a de
omposition that preserves the symmetry. Fora general matrix A, the Bun
h-Kaufman-Parlett algorithm [7℄ 
omputes afa
torization P TAP =MDMT , with P a permutation matrix, M a lowertriangular matrix with ones on the diagonal and D a blo
k diagonal ma-trix with diagonal blo
ks of order 1 or 2. The algorithm BKP-Cau
hy fromHeinig and Bojan
zyk [15℄ is an adaptation of this algorithm for generalizedCau
hy matri
es.It is not always ne
essary to transform the matrix to a generalizedCau
hy matrix. When M is positive de�nite, whi
h 
an be easily seenfrom its 
al
ulated eigenvalues, also the matrix B = M�1 will be positivede�nite and therefore also the matri
es Bii+BifJ and Bii�BifJ . Remarkthat also T will be positive de�nite be
ause of the embedding of T inM . Inthis 
ase we 
an 
ompute a Cholesky de
omposition without the need forpivoting. One 
an �nd several methods for solving strongly non-singularor positive de�nite Toeplitz-plus-Hankel systems in the literature, see e.g.[12, 16, 26℄. We will ground on [26℄ and the generalized S
hur algorithmfrom [22℄. We start with the displa
ement operatorrfZ;I+Z2 ;I+Z2;Zg(A) = ZA(I + Z2)T � (I + Z2)AZT



14where Z is the lower triangular matrixZ = 26664 01 0. . . . . .1 0 37775 :A Toeplitz-plus-Hankel matrix has in general displa
ement rank 4 withrespe
t to this displa
ement operator. However, for the matrix A = Bii +BifJ it 
an be easily shown thatzZA(I + Z2)T � (I + Z2)AZT = geT0 � e0gT = G ~JGT ; (16)where g = (
i�1 � 
i+1 + 
m�i � 
m+2�i)r�1i=0 , G = [e0 g℄,~J = � �11 � ;and 
�1, 
m+2 arbitrary numbers. This proves that A has displa
ementrank 2. The last row of A 
an not be derived from the generators and willhave to be stored and 
al
ulated separately. We will denote it by h0 andwe have h0 = (
r�1�i � 
m+2�r+i + 
m�r�i � 
r+1+i)r�1i=0 :From the generators and the last row, we want to 
al
ulate a Cholesky-de-
omposition or equivalently a de
omposition of the form A1 = ~L ~D�1 ~LTwith ~D = diagfd0; d1; : : : g and L a lower triangular matrix with d0; d1; : : :on the diagonal. The �rst 
olumn of L will be equal to the �rst 
olumnof A1. If we denote it by l0 we have from (16) that Zl0 = G ~Jg0. Thisdetermines l0 ex
ept for the last element, whi
h 
an be 
al
ulated from h0.Remark that d0 is the �rst element of l0 and thatA� l0d�10 lT0 = � 0 00 A1 � : (17)The matrix A1 is 
alled the S
hur 
omplement of d0 in A. For the se
ond
olumn of L we have to pro
eed with the S
hur 
omplement. If we denotethe matrix in the right-hand side of (17) by ~A1, one 
an easily proof thatZ ~A1(I + Z2)T � (I + Z2) ~A1ZT = ~G1 ~J ~GT1 ;with ~G1 = G� (I + Z2)l0d�10 g0 =: � 0G1 � :zFor simpli
ity we have omitted the subindex of A1.



15In other words, the S
hur 
omplement A1 has the same displa
ement rankas A and we 
an easily 
ompute its generators. This is an essential propertyin displa
ement theory. Finally, we have to 
ompute the last row h1 of theS
hur 
omplement A1 as~h1 = [0 h1℄ = h0 � h00d�10 lT0 ;with h00 the �rst element of h0. Now that we know the generators and thelast row of the S
hur 
omplement, we 
an 
ompute the se
ond 
olumn of~L, similarly as the �rst 
olumn. The third 
olumn 
an be 
omputed if wepro
eed with the S
hur 
omplement of d1 in A1 and so on.The algorithm for the embedding method is very similar to the �rstmethod. Remark that the right-hand side of (15) 
an be 
omputed as�M�1[0T bT 0T ℄T .Algorithm 2 (Embedding method) Solve the system Tx = b whereT is a symmetri
 band Toeplitz matrix of order n and with bandwidth p.1. Choose m � n+ p� 1 su
h that m+ 1 has small prime fa
tors. Setr = [(m� n)=2℄.2. Compute the eigenvalues of the matrix M by formula (5), repla
ingn by m3. Compute M�1[0T bT 0T ℄T4. Compute the elements 
j for the �-matrix B by formula (8), repla
ingn by m5. Compute bi and bf by solving system (15)6. Solve the extended system (13)Similar to Algorithm 1 it is easy to 
ompute that the asymptoti
 operation
ount of the algorithm above is 15m logm+O(r3) or 15m logm+O(r2) ifwe use displa
ement theory. Noti
e that this performan
e holds for everyn, sin
e m + 1 is 
hosen to have small prime fa
tors, and this is the bigadvantage of the embedding method 
ompared to the 
orre
tion methodof se
tion 3, whi
h is only fast if n + 1 has small prime fa
tors. Thedisadvantage of the method is that r, the order of the smaller systems,
an be
ome rather large. In the optimal 
ase is m = n + p � 1 and is requal to (p � 1)=2, whi
h is smaller then the order of the systems in the
orre
tion method of se
tion 3, but if m di�ers too mu
h from n, the orderof the smaller systems 
an be
ome mu
h greater then p, leading to a lossof performan
e of the method. In this 
ase it is 
ertainly re
ommended touse displa
ement theory to solve the smaller systems. Finally, we remarkthat a detailed version of the algorithm, in
luding the use of displa
ementtheory to solve the smaller systems, 
an be found in [18℄.



166. Numeri
al examplesWe have implemented the methods of the previous se
tions in Fortran90. We have written di�erent versions for the 
orre
tion as well as forthe embedding method, dependent on how the smaller systems are solved.We have also implemented some 
lassi
al methods for 
omparison. Weenumerate the di�erent methods, together with their asymptoti
 operation
ount. Remember that m is 
hosen su
h that m � n+ p� 1 and m+1 hassmall prime fa
tors, and that r = [(m� n)=2℄.
orre
tion (Gauss) Corre
tion method. Smaller systems are solved byGaussian elimination. The operation 
ount is 15n logn + 4=3p3 ifn+ 1 has small prime fa
tors.
orre
tion (Cau
hy) Corre
tion method. Smaller systems are trans-formed to generalized Cau
hy matri
es and then solved by the fastGEPP-algorithm. The operation 
ount is 15n logn + O(p2) if n + 1has small prime fa
tors.embedding (Gauss) Embedding method. Smaller systems are solved byGaussian elimination. The operation 
ount is 15m logm+ 4=3r3.embedding (Cau
hy) Embedding method. Smaller systems are trans-formed to generalized Cau
hy matri
es and then solved by the BKP-Cau
hy algorithm. The operation 
ount is 15m logm+O(r2).embedding (S
hur) Embedding method. Smaller systems are solved bya generalized S
hur algorithm. The matrix M has to be positivede�nite. The operation 
ount is 15m logm+O(r2), but the 
onstantbefore r2 will be mu
h smaller 
ompared to embedding (Cau
hy).Linzer The algorithm CIRCDE3 from Linzer. This is an analogous meth-od as the 
orre
tion method of se
tion 3, but by making use of 
ir
u-lant matri
es. The smaller systems are solved by 
lassi
al Gaussianelimination. The operation 
ount is 15n logn+ 4=3p3 if n has smallprime fa
tors.Gauss for band A 
lassi
al Gauss algorithm for banded matri
es. Theoperation 
ount is 2np2.S
hur for band The 
lassi
al S
hur algorithm for Toeplitz matri
es. Themethod is adapted to banded Toeplitz matri
es and we assume Tpositive de�nite. The operation 
ount is O(pn).Levinson The 
lassi
al Levinson algorithm. The operation 
ount is 4n2.



17The programs were exe
uted on an IBM SP2 ma
hine in double pre
ision.The FFTs were 
al
ulated via FFTPACK. We will 
ompare the new meth-ods among ea
h other and to the 
lassi
al methods.For our �rst example we have generated symmetri
 positive de�niteToeplitz matri
es of order n = 32767 and with varying bandwidth p. Re-mark that n+1 = 214. The right hand sides were 
al
ulated su
h that theexa
t solution is [1 � � � 1℄T . In �gure 1 we 
ompare the 
orre
tion and the
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Gauss for bandFigure 1: Exe
ution times (in se
) for positive de�nite matri
es of ordern = 32767 in fun
tion of the bandwidth pembedding method with the 
lassi
al methods. The smaller systems in thenew methods are solved by 
lassi
al Gaussian elimination. The exe
utiontimes for the Levinson algorithm were too high and were not inserted inthe �gure. We remark that the Gauss and the S
hur algorithm for bandedmatri
es are better for small bandwidth p, but the exe
ution times growrapidly for in
reasing p, su
h that from more or less p = 80, the 
orre
tionmethod is de�nitely the fastest. Sin
e n does not have small prime fa
tors(32767 = 7� 31� 151), the Linzer algorithm is mu
h slower. It is also re-markable that the embedding method does not have a good performan
e inthis example. The reason is that in this method we have to look for a valuem � n+ p� 1 su
h that m+ 1 has small prime fa
tors. An adequate pro-gram gives m = 35839 for n = 32767 and p any value between 1 and 3073.
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ution times (in se
) for positive de�nite matri
es of ordern = 32767 in fun
tion of the bandwidth p (large p)The order of the smaller systems is by 
onsequen
e r = [(m�n)=2℄ = 1536for every p between 1 and 3073. In the 
orre
tion method, the order of thesmaller systems is only p� 1. This explains the big di�eren
e in exe
utiontime between the 
orre
tion and the embedding method and this illustratesimmediately a disadvantage of the embedding method. Of 
ourse, in thisexample it is re
ommended to use a fast algorithm to solve the smaller sys-tems, as will be seen in �gure 2, where we 
ompare the di�erent versionsof the 
orre
tion and the embedding method. Noti
e that we have taken awider range for p 
ompared to �gure 1. For 
omparison we have also plot-ted the times for the S
hur method. Sin
e we 
ompute an LU-fa
torisationof T in the S
hur method, we have to store np double pre
ision numbers,whi
h 
an lead to memory problems. That is why only exe
ution times forp � 350 are inserted into the �gure. We remark the 
lear di�eren
e be-tween an O(p3)-method and an O(p2)-method and the pro�t we 
an makeif we 
an use a generalized S
hur algorithm in stead of transforming thematri
es to Cau
hy matri
es.In our se
ond example we generate positive de�nite Toeplitz matri
eswith �xed bandwidth p = 100 and for varying order n of the matrix. Theexe
ution times are plotted in �gure 3. This gives a 
ompletely di�erent
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LevinsonFigure 3: Exe
ution times (in se
) for positive de�nite matri
es of band-width p = 100 in fun
tion of the order npi
ture. Remark that we have used a logarithmi
 s
ale for the exe
utiontimes. The �gure illustrates the big disadvantage of the 
orre
tion method:it is only fast when n + 1 has small prime fa
tors. In the other 
ases,the performan
e 
an be disastrous, even worse then the "slow\ Levinsonmethod. The embedding method does not have this drawba
k. Remarkhowever the "jump\ in the exe
ution times for the embedding method,owing to the value for m. For 8050 � n � 8091 and p = 100 we 
ould
hoose m = 8191, but for 8092 � n � 8120 we had to take m = 8959.This has not only an e�e
t on the order of the sine transform, but moreimportant also on the order of the smaller systems.Finally we will look at the a

ura
y of the methods. We have generatedarbitrary symmetri
 banded Toeplitz matri
es of �xed order n = 32767 andvarying bandwidth. In Figure 4 we have plotted the relative maximal errorkx̂� xk1=kxk1, where x̂ is the 
omputed and x the exa
t solution of thesystem. We have in
luded the 
orre
tion and the embedding method andthe 
lassi
al Gauss method for band matri
es. In the bottom �gure wehave plotted the 
ondition numbers (in the 2-norm) of the banded Toeplitzmatrix T and of the asso
iated � -matrix M for the 
orre
tion and theembedding method. Remark that there 
an be a big di�eren
e between
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21�(T ) and �(M), and this 
an have its in
uen
e on the a

ura
y.We 
an improve the a

ura
y via iterative re�nement. If we look atthe algorithms of the embedding and the 
orre
tion method, we see thatthe eigenvalues, the elements 
j and the fa
torization of the smaller sys-tems only have to be 
omputed on
e, so the main 
omputation work arethe two � -systems, whi
h 
an be solved via sine transforms. On the otherhand, the residue 
an be 
omputed via FFT (see e.g. [4℄). In �gure 5 wehave plotted the maximal residue kb � T x̂k1=kbk1 for the embeddingmethod (embedding), the embedding method with one step iterative re�ne-ment (embedding+1) and the Gauss method for bandmatri
es for arbitrarygenerated matri
es of order n = 10000. We noti
e that one step iterativere�nement is suÆ
ient.REFERENCES1 D. Bini and M. Capovani. Spe
tral and 
omputational properties ofband symmetri
 Toeplitz matri
es. Linear Algebra Appl., 52/53:99{126, 1983.2 D. Bini and M. Capovani. Tensor rank and border rank of bandToeplitz matri
es. SIAM J. Comput., 16:252{258, 1987.3 D. Bini and B. Meini. E�e
tive methods for solving banded Toeplitzsystems. SIAM J. Matrix Anal. Appl., 20:700{719, 1999.4 D. Bini and V. Pan. Polynomial and matrix 
omputations. 1: Fun-damental algorithms. Birkh�auser, Boston, 1994.5 E. Boman and I. Koltra
ht. Fast transform based pre
onditioners forToeplitz equations. SIAM J. Matrix. Anal. Appl., 16:628{645, 1995.6 A. B�ott
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