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Abstract

We present new fast direct methods for solving a large symmetric
banded Toeplitz system of order n with bandwidth p. We make use
of structured matrices which can be diagonalized by the discrete
sine transform matrix, sometimes called T-matrices. A first method
writes the Toeplitz matrix as the sum of a 7-matrix and a low rank
matrix. A second method embeds the Toeplitz matrix in a larger
7T-matrix of order m. The methods are similar to Jain [A.K. Jain.
IEEE Trans. Acoust. Speech Signal Process., 26: 121-126, 1978]
and Linzer [E. Linzer. Linear Algebra Appl., 170:1-32, 1992], who
worked with circulant matrices. Both algorithms consist in solving
two 7-systems and two smaller systems. A 7-system of order n can
be solved in O(nlogn) by using a discrete sine transform if n+1 has
small prime factors. Therefore, the second algorithm is preferable,
since we can choose m such that m + 1 has small prime factors.
On the other hand, in the second method the smaller systems can
become large when m differs too much from n, while in the first
method the order is always p—1. In both methods, the small systems
have low displacement rank, so we can use fast methods to solve
them.
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ABSTRACT

We present new fast direct methods for solving a large symmetric banded
Toeplitz system of order n with bandwidth p. We make use of structured matrices
which can be diagonalized by the discrete sine transform matrix, sometimes called
T-matrices. A first method writes the Toeplitz matrix as the sum of a 7-matrix
and a low rank matrix. A second method embeds the Toeplitz matrix in a larger
r-matrix of order m. The methods are similar to Jain [21] and Linzer [24], who
worked with circulant matrices. Both algorithms consist in solving two T-systems
and two smaller systems. A 7-system of order n can be solved in O(nlogn) by
using a discrete sine transform if n 4+ 1 has small prime factors. Therefore, the
second algorithm is preferable, since we can choose m such that m + 1 has small
prime factors. On the other hand, in the second method the smaller systems
can become large when m differs too much from n, while in the first method the
order is always p — 1. In both methods, the small systems have low displacement
rank, so we can use fast methods to solve them.

1. Introduction

In this paper we present two new methods for solving a system Tx = b,
where T is a symmetric banded Toeplitz matrix of order n and bandwidth
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p, i.e. the elements t;; of T' satisfy t;; = t;_;] and ¢, = 0 for k > p. Such
problems occur in many practical problems, like the numerical solution of
ordinary differential equations, the numerical solution of Markov chains
in the theory of queueing problems, or it can be used as a preconditioner
for a dense Toeplitz matrix. We refer to [3, 21] for some references to
applications.

The methods are based on the fact that a banded Toeplitz matrix differs
in only a few elements from a matrix that can be diagonalized by a sine
transform, called 7-matrices by Bini and Capovani [1, 2]. A system with
a 7-matrix of order n can be solved very fast in O(nlogn) operations by
making use of the discrete sine transform if n + 1 is a power of 2 or has at
least, small prime factors [27, 29]. This has made matrices from the 7-class
very suitable as preconditioner for banded or dense Toeplitz systems; see
e.g. [5, 8, 10]. These preconditioners are used when solving the system
by an iterative method, for instance the preconditioned conjugate gradient
method. Yet in this paper we will describe some direct methods for solving
banded Toeplitz matrices. A first method, the correction method, uses
the fact that the banded Toeplitz matrix can be written as the sum of a
T-matrix and a low rank matrix to reduce the system to two 7-systems of
order n and two smaller systems of order p — 1. The operation count is
therefore O(nlogn + p®) if n + 1 has small prime factors. However, we
will show that the smaller systems are generalized Toeplitz-plus-Hankel
matrices with displacement rank 3, so the operation count can be reduced
to O(nlogn + p?) or even O(nlogn + plog®p) if n + 1 has small prime
factors. Of course, the restriction for n is a disadvantage of the method.
The second method embeds the Toeplitz matrix in a larger 7-matrix. The
order m of the 7-matrix must be at least n + p — 1 and can be chosen such
that m + 1 has small prime factors. The Toeplitz system reduces to two
7-systems of order m and two smaller systems of order r = [(m — n)/2].
Because of the choice for m the 7-systems can always be solved fast in
O(mlogm). The matrices of the smaller systems are Toeplitz-plus-Hankel,
so we can use displacement theory to solve them. Therefore, the operation
count for the embedding method is O(mlogm + r?) for any value of n. If
we use superfast solvers this can even be reduced to O(mlogm + rlog”r).
However, if m differs too much from n, r can become rather large and this
can have an important impact on the performance of the method.

The methods are similar to the methods of Jain [21] and Linzer [24],
who worked with circulant matrices, although the elaboration of the use
of displacement theory in solving the smaller systems is new. Circulant
matrices can be diagonalized by a discrete Fourier transform matrix, so
we can use FFT to solve circulant systems of order n in O(nlogn) if n
has small prime factors. Therefore, circulant matrices have become very
popular as preconditioner for Toeplitz or other systems [9, 19, 28]. We
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mention also that recently Bini and Meini [3] developed a new method for
banded Toeplitz systems based on cyclic reduction.

The outline of the paper is as follows. In section 2 we will first review
some properties about T-matrices. In section 3 we will present the first
method, the correction method. The Toeplitz system can be reduced to
two 7-systems and two smaller systems. In section 4 we will see that we can
use displacement theory to solve the smaller systems. The second method,
the embedding method, is described in section 5. Finally, in section 6 we
will compare the different methods among each other and to some classical
methods in some numerical examples.

2. T-matrices

We denote by F;, the discrete Fourier transform matrix of order n:

n—1
1 _jkn,
n

J k=0

F,, is a unitary matrix. It is well known that every matrix that can be
diagonalized by Fj, is a circulant matrix and vice versa. In other words,
the class of circulant matrices is identical with the class of matrices that
can be diagonalized by F,.

Let S,, denote the discrete sine transform matrix of order n:

n

2 . jkm

S =
n n+lsmn+1

k=1

The matrix S,, is an orthogonal, symmetric matrix, this means S, =
ST = S,,. We consider the matrices that can be diagonalized by S,,:

S,AS, (1)

where A is an arbitrary diagonal matrix of order n. These matrices are
called S-matrices by Mertens and Van de Vel [25]. Like the matrices that
can be diagonalized by F), are circulant matrices, we look similarly for a
specific property that characterizes the matrices that can be diagonalized
by S,. Bini and Capovani [1, 2] introduced the 7-class, this is the class
of matrices A = (a;;) of order n that satisfy the following “cross-sum”
condition:
Gi—1,j T Git1,5 = Qi j—1 + Qi j41,

where we assume that ap41,; = ajp+1 = ao,; = a;0 = 0. They showed
that the 7-class is identical with the class of S-matrices.



As an immediate consequence of the cross-sum property we have that
a T-matrix is completely defined by its first row. On the other hand, from

(1) it follows that the eigenvalues Aq, ... , A, of a matrix A from the 7-class
can also be computed from the first row [25, 5]:
i\ e Jjkm
A= <s1nn+1> I;Slnn-l-lal’k' (2)

A 7-matrix is symmetric and persymmetric (i.e. symmetric about the cross-
diagonal). Furthermore, a 7-matrix can be written as a special sum of a
Toeplitz and a Hankel matrix. Indeed, using (1) we can write an element
a;i from a T-matrix A as

2 jtm ktmw
= — i i At.
ik n—l—ltzzlsmn—l—lsmn—i—l t

By using trigonometric formulas, it can be seen that [25, 20]

Co Ct  r Cp—1 C2 3 rt Cp4l
C1 Co C3 C4
A = - . 9 (3)
C1 C3
Cp—1 - C1 Co Cmp4+1 " C3 C2

where the elements ¢, can be found from the eigenvalues as

1 - ritm
= E — )\ 4
“r n-I-lt:lcosn-l-lt (4)

The same result can be found as a consequence of the bases that can be
derived for the 7-class [1, 5, 20]. Finally, we remark that computations
involving T-matrices, like computing eigenvalues, matrix-vector products or
solving linear systems of equations, can be computed very fast in O(n logn)
operations using the fast sine transform [27, 29] if n + 1 is a power of 2 or
has at least small prime factors.

3. Correction method

In this section we will use the fact that a symmetric band Toeplitz matrix
can be written as the sum of a 7-matrix and a low rank matrix to solve
a linear system of equations, following a method similar to Jain [21] and
Linzer [24] who worked with circulant matrices.
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We want to solve a linear system of equations Tx = b, where T is a
symmetric band Toeplitz matrix, this is T = (#; ;) with #; ; = #;_; and
tr =0if k > p.

Consider the 7-matrix M such that the first row of M is given by

[to—ts ti—tg -+ tpa—tp tpo1 t, O - 0],

then the matrix T can be written as T' = M — P where P is the low rank
matrix

F 0 0
P=|0 0 0 ,
0 0 JFJ
with F' and J the matrices
—ty —t3 - —t, 1
—t3 —t
F= P . J= !

(see e.g. [1, 5]). Using (2) it can be easily seen that the eigenvalues )\ of
M are

V4 .
jkm .
/\j:t0+22tkcosn+1, ji=1,...,n. (5)
k=1
We can rewrite the system Tx = b as
x = M Y(Px)+ M 'b, (6)

so we can solve the system via two systems with the rm-matrix M if we
can deduce Px. We partition the vector x as x* = [x] xI, x?], where x;
and x; are the p — 1 4nitial and final values, respectively. We partition the
matrix B := M ! in the same way as x and because M ! also belongs to

the 7-class, it can be written as

B;; Bim, B;y
Mt=|BI Bn. JBLJ
& JBinJ JBiJ

Remark that
FXZ'
Px = 0
JFJXf
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so we only have to deduce x; and xy. Further we denote z := M ~'b and
we partition it in the same way as x. From (6) it is easy to obtain

I— B“F —BlfJFJ X; _ Z; (7)
—JBifJF J(I—BiiF)J Xf - Zf ’

so we can calculate x;, x; from this system. We denote the matrix of the
system with R. Since B is a T-matrix, B can be written as the sum of a
Toeplitz and a Hankel matrix by formula (3), where the elements ¢; in this
case must be computed from the eigenvalues of B by formula (4):

n

1 _ jkm
L= At i=0,1,... 1. 8
C] n+1]§ k COSn+1, J 9 Ly ,’I’L-l- ()

Once the elements c; are known, the matrix R can be easily computed.
The next proposition shows that R is well conditioned if T and M are well
conditioned.

PROPOSITION 1.
kr(R) < kp(T)kr(M),

where kp(-) denotes the condition number with respect to the Frobenius
norm.

The proof is very similar to Linzer [24], where T is corrected by a circulant
matrix, and will be omitted here.

The matrix M though can be ill conditioned even if T" is well conditioned
(and vice versa), e.g. consider the matrix

l+e 0 1/2 0 0

0 14e 0 1/2 0

Te)=| 1/2 0 14e¢ 0 1/2
0 1/2 0 14e O

0 0 1/2 0 1+

For small €, T'(e) is well conditioned : k(e) < 6. On the other hand, the
matrix M:

1/24¢ 0 1/2 0 0
0 14+e 0 1/2 0
M= 1/2 0 14e¢ 0 12 |,
0 /2 0 14e¢ 0
0 0 1/2 0 1/2+e

has eigenvalues

.
,\j=1+e+cos%, i=1,2,...,5,
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leading to k2(M) = £2%€, 5o M is ill conditioned for € small. Notice that
M even becomes singular for € = 0, while T'(0) is nonsingular.

Under certain conditions, we can say something about the condition of
M. We will first review some properties of a sequence of nested symmetric
Toeplitz matrices (A,)5 ;. This sequence belongs to the Wiener class if for
the sequence (a,,)52, of elements on the first row holds Y7 |ax| < co . We
can then define the generating function f as f(z) = ap+2 Y-, ax cos(kz)
for x € [0,7]. On the other hand, the generating function determines
completely the sequence of Toeplitz matrices via the relation

ap = 1 /7T f(z) cos(kz)dz.
T Jo

The generating function can be used to study the spectrum of the matrices
Ap. We recall from the work of Szegé [6, 13] that the spectrum of every
matrix A, lies in the interval [fumin, fmax], where fmin and frax denote
the minimum, respectively the maximum of f over [0, 7]. Moreover, if we

denote the eigenvalues of A4,, as Agn) < )\gn) <...< )\Szn), then

lim A™ = fiin, lim AC = froo.
n—oo n—oo

If f is a positive function, then a consequence of these properties is that A,
is positive definite for all n. Moreover, we can see that £a(A,) = A /A
approaches fiax/ fmin from the left as n — oc.

We can embed the symmetric band Toeplitz matrix T in a sequence of
nested Toeplitz matrices (7,,)52, by adding zeros at the right and at the
bottom. The generating function f belongs then trivially to the Wiener
class. By (5) the eigenvalues A; of the associated T-matrix M satisfy

T .
Aj:f<n+1>7 ]:1727"'7n7

such that M is positive definite if f is a positive function. Moreover, we
have for the condition number of M:

ko(M) = max A/ r{lin Aj < fmax/ fmin.
j=1,....n

Jj=1,...,n
Thus we have proven the following property:

PROPOSITION 2. Suppose we embed the symmetric banded Toeplitz ma-
trix T in a sequence of nested banded Toeplitz matrices (T),)2, by adding
zeros at the right and at the bottom, then the associated matriz M is pos-
itive definite if all the matrices T, are positive definite. Moreover, M is
well conditioned if all the matrices T, are well conditioned.
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Notice that we have given a much simpler proof for the first part of the
theorem than Boman and Koltracht [5].

We can simplify system (7) of order 2p — 2 to two systems of order p— 1
by multiplying the second equation by J and, on the one hand adding, on
the other hand subtracting the two equations, which gives

{(I—(Bii+BifJ)F)(Xi+JXf) = Zi-I-JZf (9)
(I—(Bii—BifJ)F)(Xi—JXf) = Zi—JZf ’

This is a system in the unknowns x; + Jxy and x; — Jx; from which we
can easily calculate x; and xy. Moreover, since system (9) can be deduced
from system (7) by an orthogonal transformation, the condition number
does not, change. We can solve the system by simple Gaussian elimination
in O(p?) operations. In the next section however we we will see that we
can also use displacement theory to solve the system in O(p?).

We can now describe the full algorithm.

ALGORITHM 1 (CORRECTION METHOD) Solve the system Tx = b where
T is a symmetric band Toeplitz matriz of order n with bandwidth p.

1. Compute the eigenvalues of the T-matriz M by (5)
. Compute z = M~'b

. Compute the elements c; of the matriz B := M~ by (8)

2
3
4. Compute x; and x; by solving system (9)
5. Compute y = M ~1(Px)

6

. X=y+2z

We compute the asymptotic operation count for the algorithm. The first
and third step can be computed in 2.5nlogn flops by using a fast cosine
transform. The 7-systems in step 2 and 5 can be computed in 5nlogn
flops using a fast sine transform. However, this performance for the sine
and cosine transform can only be reached if n + 1 is a power of 2 or has
at least small prime factors. For small p we can reduce the computational
work of step 5. Indeed, since x; and x; are already computed in step 4, we
only have to compute x,,. From (6) we have

X = Zm + BL Fx; + JBL FJx;,

where B;,, can be written as a Toeplitz-plus-Hankelmatrix with the ele-
ments ¢;. The two systems of order p — 1 in step 4 can be computed in
O(p?) if we use classical Gaussian elimination. However, for p large this



9

can be reduced to O(p?) if we use displacement theory. So under the as-
sumption that n + 1 has small prime factors, the overall operation count
is 15nlogn + O(p?) or 15nlogn + O(p?) if we use displacement theory.
In section 5 we will describe a method that does not have this restriction
for n. On the other hand, the order of the small systems in step 4 of the
algorithm is always p — 1 where in the method of section 5 this order can
become very large.

4. Using displacement theory

In this section we shall explain how we can use displacement theory to
solve the smaller systems (9). We review some terminology about displace-
ment structure from [11, 17, 22]. For some matrices F, A of order m,
the Sylvester-type displacement operator Vg 43(-) : C™*™ — C™*™ is
defined as

Vira}(R)=FR-RA=GB",

with some rectangular (m x r)-matrices G, B, where the number r is small
compared to m. The pair of matrices G, B is referred to as a {F, A}-
generator of R and the smallest possible inner size r among all {F, A}-
generators is called the {F, A}-displacement rank of R. Particular choices
for F' and A lead to the definitions of basic classes of structured matrices,
e.g. for FF = Yy and A = Yy or A = Y3; we have the class of general-
ized Toeplitz-plus-Hankel matrices (or Toeplitz-plus-Hankel-like matrices),
where Y, 5 is the matrix

For F and A diagonal matrices, we obtain the class of generalized Cauchy
matrices (or Cauchy-like matrices). For a detailed description of displace-
ment structure and an overview of the bibliography we refer to [22, 23].
We will look for an appropriate displacement operator and generators
for the matrices (Bj; + B;pJ)F and (By;; — BipJ)F, which we will denote
with A; and A, respectively. Since B is a T-matrix, it can be written as
the sum of a Toeplitz and a Hankel matrix by (3). As a consequence, it
is easy to see that By; 4+ B;yJ is a Toeplitz-plus-Hankel matrix 77 + H,

p—2 p—2
and Hy = (Cp—i—j—1 = Citjt2)

with Ty = (cli*j\ _cn+1*|i*j‘)i,]’:0 i,j=0"
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Since A; is the product of the Toeplitz-plus-Hankel matrix 77 + H; and the
triangular Hankel matrix F', it seems obvious to work with the displacement
operator Vyy,, y,,}- It is easy to show that

V{Yoo,Yn}(Al) =Yoo — Y11 — V{Yoo,Yoo}(Tl +H) F
—(T1 + H1)V{vo,vi,3 (F)-

In general, a Toeplitz-plus- Hankel matrix T 4+ H of order m with T' =

(timj)iie _ and H = (hiy )" " % has {Yg0, Yoo }-displacement rank 4 and we

can immediately derive the generators. Indeed, from [12, 16] we have

(10)

v{Yoo’Yoo} T + H Z g]

where
g1:b3:90:[10-..0]T’ g2zb4:em_1:[00...1]T’
83 = (ti+1 + hifl)zr'liola 84 = (tz m + hm+z)m71 (]-]-)

bl = _(t—(i+1) + hifl):lgly b2 ( m—i + herz)m !

and h_q, hom_1, tm, t_m are arbitrary real numbers. Applied to the ma-
trices 71 and H; however, gives

gi=bs=e, gr=bs=e,_3 g3=b; =0,

g1 = —by = (Cpo1—i + Cap—i = Copr24i — Cprit1)isg s
leading to
V (Yoo, voot (Tt + Hi) = gre]_, —e,_og]
so Ty + H; has only {Ypo, Yoo }-displacement rank 2.

On the other hand, it is easy to show that for the triangular Hankel
matrix F holds

V voo.vin} (F) = eof + foeg,

T
where fl = [a, tg, ey tpfg, tp,1 + tp] ,f2 = [—Oé-l-tg, —t2+t3, cae —tp,1+
p]T and « an arbitrary real number. If we use that Yoo — Y71 = —egeg —

ep—2e, , and e] ,F =tyel, then (10) becomes

p—2
V(v v} (A1) = e (FTa1 — )+ (T1 + Hieo) (=£)" 1)
+((Ty + H))f> + tpg1 + eo) (—eo) ' .

This proves that A; has {Yo, Y11 }-displacement rank 3 and we immediately

find the generators. A similar derivation can of course be done for A,.
Now that we know the displacement rank and the generators, we have

to select a fast method to solve the system (9). Since we do not know
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in advance if the matrix A; is positive definite or strongly regular, a pos-
sible method is to transform the generalized Toeplitz-plus-Hankel matrix
to a generalized Cauchy matrix, because then we can use the fast GEPP-
algorithm (fast Gaussian elimination with partial pivoting). This transfor-
mation technique and the fast GEPP-algorithm can be found in Gohberg,
Kailath and Olshevsky [11]. For a detailed elaboration of the application
of the technique in this case and the full algorithms we refer to [18].

5. Embedding method

The correction method from section 3 has the drawback that it is only fast
when n + 1 is a power of 2, or has at least small prime factors, because of
the sine transform of order n. In this section we will embed the Toeplitz
matrix in a larger m-matrix M of order m, where m is chosen such that
m + 1 has small prime factors. The method is similar to Jain [21] who
embedded the Toeplitz matrix in a circulant matrix.

So again suppose that we want to solve the system Tx = b with T a
symmetric band Toeplitz matrix of order n and bandwidth p. We choose
m such that m > n +p—1 and m + 1 has small prime factors. Let M be
the T-matrix with first row

[to—ts ti—tg -+ tpa—t, tp1 t, O - 0].

Notice that M has the same shape as in section 3, but now of order m in
stead of n. It can be easily seen that T is embedded in M, by other words
we can write M as
Mi; My, 0
M=| Mpni; T  Mpy
0 Mg, Mgy

Suppose that r is the number of rows added at the the top and s at the
bottom of T'. We extend the system Tx = b to

Mpi T My x|=|b |, (13)
0  Msm My 0 b,

where b; and by have to be defined such that the first 7 and last s com-
ponents of the solution vector are equal to zero. If we partition B := M !
the same way as M, we get

Bii  Bim  Big b; 0
Bmi Bmm Bums b | =|x|. (14)
Byi Bym By by 0
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Therefore we can find b; and by from the system
{ B;ib; + Bifbf = —B;.b (15)
B¢ib; + Bssby = —Bgyb

As in section 3 we can split the latter system in two smaller systems.
Dependent on the values of m and n, we can always choose s and r such
that s =r or s =r + 1. In the first case, By; = JBysJ, Byy = JB;;J and
B¢ = JBjnJ because of symmetry, so we can analogously to section 3
rewrite the system as two systems of order r:

(Bii + BigJ) (bi + Jby) = —Bjn(b+ Jb)
(Bii — BigJ) (b; — Jbg) = —Bim(b—Jb)

If s =r+ 1, we have to partition (13) otherwise, taking into account the
symmetry in the matrix B.

Bii Bim « Bif b, 0
B Bpm Y Bmf b _ X
al T w a7 bs | — | O
JBisJ Bpm B JBuJ | | b 0

Here B;; and B;; are (r x r)-matrices, «, 5, b; and b vectors of order
r and w and bs scalars. We have to define the unknowns b;, by and b,
from the first, the third and the fourth equation. If we multiply the first
equation by J and replace the first and last equation by, on the one hand
the sum and on the other hand the difference of the two equations, we get
the equivalent system:

(a+J8)" (b; + Jbys) + (a— JB)" (b; — Jby) + 2wb, = —277b
(Bii — BigJ) (b; — Jby) + (o= JB) by = — (Bim — JBm) b

We remark that the new system can be derived from the old by an or-
thogonal transformation. Let us for simplicity introduce the notations
Ay == By + By J, Ay := By — By J, f; = —(Bim-FJBfm)b, fy =
— (Bim — JBym) b, a1 := a+ JB, as := a — JBT and the new unknowns
yi := b; + Jby, y2 := b; — Jby, then we can rewrite the first and last
equation as
{ Y1 = Al_lfl - bsAl_lal
Y2 = A;1f2 — bsA;1a2

If we insert this in the second equation we get

(2w - aipAl_lal - a2TA2_1a2) b, = —2fyTb - alTAl_lfl - a2TA2_1f2,
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so we can compute b;, by and b, by solving two linear sytems of order r,
each with two right-hand sides, and some scalar products.

In both cases we have to deal with matrices 4; := By; + B;yJ and
As = B;;— B;yJ of order r, which are Toeplitz-plus-Hankel matrices, since
B;; and B;f are of this type. Therefore we can use fast algorithms based
on displacement theory to solve the system, as explained in section 4. We
could again work with the displacement operator V ¢y, y;,3. One can proof
that Ay has {Yoo, Y11 }-displacement rank 3. However, in section 4 we saw
that the {Yp0, Yoo }-displacement rank of A; was only 2. Therefore it seems
better to work with the displacement operator Viy,, y,,3- On the other
hand, the {Ygo, Yoo }-displacement of A; does not completely determine
the matrix A; and this gives extra difficulties. We can still transform the
matrix to a generalized Cauchy matrix, but the diagonal of the generalized
Cauchy matrix can not be determined from the generators of the general-
ized Cauchy matrix, and will have to be stored and computed seperately.
The LU-Cauchy algorithm from Heinig and Bojanczyk [14, 15] computes
an LU-decomposition with partial pivoting of the generalized Cauchy ma-
trix in this case. It is a generalization of the fast GEPP algorithm from
Gohberg, Kailath and Olshevsky [11]. However, since A; is symmetric
also the transformed generalized Cauchy matrix will be symmetric and the
LU-decomposition does not take the symmetry into account. Therefore,
it is better to look for a decomposition that preserves the symmetry. For
a general matrix A, the Bunch-Kaufman-Parlett algorithm [7] computes a
factorization PTAP = MDMT, with P a permutation matrix, M a lower
triangular matrix with ones on the diagonal and D a block diagonal ma-
trix with diagonal blocks of order 1 or 2. The algorithm BKP-Cauchy from
Heinig and Bojanczyk [15] is an adaptation of this algorithm for generalized
Cauchy matrices.

It is not always necessary to transform the matrix to a generalized
Cauchy matrix. When M is positive definite, which can be easily seen
from its calculated eigenvalues, also the matrix B = M ~! will be positive
definite and therefore also the matrices B;; + B;rJ and B;; — B;¢J. Remark
that also T will be positive definite because of the embedding of T in M. In
this case we can compute a Cholesky decomposition without the need for
pivoting. One can find several methods for solving strongly non-singular
or positive definite Toeplitz-plus-Hankel systems in the literature, see e.g.
[12, 16, 26]. We will ground on [26] and the generalized Schur algorithm
from [22]. We start with the displacement operator

Viziize,472,720(A) = ZAI + Z2°)" — (I + Z*)AZ"
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where Z is the lower triangular matrix

1 0
A Toeplitz-plus-Hankel matrix has in general displacement rank 4 with

respect to this displacement operator. However, for the matrix A = B;; +
B;sJ it can be easily shown that!

ZA(I+ 75T — (I + 2°)AZT = gel —eog” = GJGT, (16)

where g = (¢;_1 — Cit1 + Cm—i — cm+2,i):;01, G = leo g,

[, )

and c_1, Cpao arbitrary numbers. This proves that A has displacement
rank 2. The last row of A can not be derived from the generators and will
have to be stored and calculated separately. We will denote it by hy and
we have

r—1
hy = (Crflfi —Cmy2—rt+it Cmr—j — Cr+1+i)i:0 .

From the generators and the last row, we want to calculate a Cholesky-de-
composition or equivalently a decomposition of the form A; = LD'LT
with D = diag{dp,d:,...} and L a lower triangular matrix with do,d, ...
on the diagonal. The first column of L will be equal to the first column
of A;. If we denote it by 1y we have from (16) that Zly = GJgo. This
determines 1y except for the last element, which can be calculated from hy.
Remark that dj is the first element of 1y and that
00 ] . (17)

A —lody "1 = [ 0 A

The matrix A; is called the Schur complement of dy in A. For the second
column of L we have to proceed with the Schur complement. If we denote
the matrix in the right-hand side of (17) by A1, one can easily proof that

ZA(T+ 25T — (T + 2)A, 27 = G, JGT,
with
~ _ 0
Gi =G —(I+2Z°)lod, g = [ G ] -

fFor simplicity we have omitted the subindex of A;.



15

In other words, the Schur complement A; has the same displacement rank
as A and we can easily compute its generators. This is an essential property
in displacement theory. Finally, we have to compute the last row h; of the
Schur complement A; as

hy = [0 hy] = hy — hoody "1,

with hgo the first element of hy. Now that we know the generators and the
last row of the Schur complement, we can compute the second column of
L, similarly as the first column. The third column can be computed if we
proceed with the Schur complement of d; in A; and so on.

The algorithm for the embedding method is very similar to the first
method. Remark that the right-hand side of (15) can be computed as
—M~toT bT 077,

ALGORITHM 2 (EMBEDDING METHOD) Solve the system Tx = b where
T is a symmetric band Toeplitz matriz of order n and with bandwidth p.

1. Choose m > n+ p — 1 such that m + 1 has small prime factors. Set
r=[(m—n)/2].

2. Compute the eigenvalues of the matriz M by formula (5), replacing
n bym

3. Compute M~1[0T bT 07T

4. Compute the elements c; for the T-matriz B by formula (8), replacing
n by m

5. Compute b; and by by solving system (15)
6. Solve the extended system (13)

Similar to Algorithm 1 it is easy to compute that the asymptotic operation
count of the algorithm above is 15mlogm + O(r?) or 15mlogm + O(r?) if
we use displacement theory. Notice that this performance holds for every
n, since m + 1 is chosen to have small prime factors, and this is the big
advantage of the embedding method compared to the correction method
of section 3, which is only fast if n + 1 has small prime factors. The
disadvantage of the method is that r, the order of the smaller systems,
can become rather large. In the optimal case ism = n+p—1and is r
equal to (p — 1)/2, which is smaller then the order of the systems in the
correction method of section 3, but if m differs too much from n, the order
of the smaller systems can become much greater then p, leading to a loss
of performance of the method. In this case it is certainly recommended to
use displacement theory to solve the smaller systems. Finally, we remark
that a detailed version of the algorithm, including the use of displacement
theory to solve the smaller systems, can be found in [18].
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6. Numerical examples

We have implemented the methods of the previous sections in Fortran
90. We have written different versions for the correction as well as for
the embedding method, dependent on how the smaller systems are solved.
We have also implemented some classical methods for comparison. We
enumerate the different methods, together with their asymptotic operation
count. Remember that m is chosen such that m > n+p—1 and m+ 1 has
small prime factors, and that r = [(m —n)/2].

correction (Gauss) Correction method. Smaller systems are solved by
Gaussian elimination. The operation count is 15nlogn + 4/3p? if
n + 1 has small prime factors.

correction (Cauchy) Correction method. Smaller systems are trans-
formed to generalized Cauchy matrices and then solved by the fast
GEPP-algorithm. The operation count is 15nlogn + O(p?) if n + 1
has small prime factors.

embedding (Gauss) Embedding method. Smaller systems are solved by
Gaussian elimination. The operation count is 15mlogm + 4/3r3.

embedding (Cauchy) Embedding method. Smaller systems are trans-
formed to generalized Cauchy matrices and then solved by the BKP-
Cauchy algorithm. The operation count is 15mlogm + O(r?).

embedding (Schur) Embedding method. Smaller systems are solved by
a generalized Schur algorithm. The matrix M has to be positive
definite. The operation count is 15m logm + O(r?), but the constant
before r? will be much smaller compared to embedding (Cauchy).

Linzer The algorithm CIRCDES from Linzer. This is an analogous meth-
od as the correction method of section 3, but by making use of circu-
lant matrices. The smaller systems are solved by classical Gaussian
elimination. The operation count is 15nlogn + 4/3p® if n has small
prime factors.

Gauss for band A classical Gauss algorithm for banded matrices. The
operation count is 2np?.

Schur for band The classical Schur algorithm for Toeplitz matrices. The
method is adapted to banded Toeplitz matrices and we assume T
positive definite. The operation count is O(pn).

Levinson The classical Levinson algorithm. The operation count is 4n2.
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The programs were executed on an IBM SP2 machine in double precision.
The FFTs were calculated via FFTPACK. We will compare the new meth-
ods among each other and to the classical methods.

For our first example we have generated symmetric positive definite
Toeplitz matrices of order n = 32767 and with varying bandwidth p. Re-
mark that n 4+ 1 = 2'4. The right hand sides were calculated such that the

exact solution is [1 --- 1]7. In figure 1 we compare the correction and the
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Figure 1: Execution times (in sec) for positive definite matrices of order
n = 32767 in function of the bandwidth p

embedding method with the classical methods. The smaller systems in the
new methods are solved by classical Gaussian elimination. The execution
times for the Levinson algorithm were too high and were not inserted in
the figure. We remark that the Gauss and the Schur algorithm for banded
matrices are better for small bandwidth p, but the execution times grow
rapidly for increasing p, such that from more or less p = 80, the correction
method is definitely the fastest. Since n does not have small prime factors
(32767 = 7 x 31 x 151), the Linzer algorithm is much slower. It is also re-
markable that the embedding method does not have a good performance in
this example. The reason is that in this method we have to look for a value
m > n + p— 1 such that m + 1 has small prime factors. An adequate pro-
gram gives m = 35839 for n = 32767 and p any value between 1 and 3073.
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correction (Gauss) —+— Schur ---%--- embedding (Cauchy) ---m-
correction (Cauchy) ---x--- embedding (Gauss) & embedding (Schur) ---&---

Figure 2: Execution times (in sec) for positive definite matrices of order
n = 32767 in function of the bandwidth p (large p)

The order of the smaller systems is by consequence r = [(m —n)/2] = 1536
for every p between 1 and 3073. In the correction method, the order of the
smaller systems is only p — 1. This explains the big difference in execution
time between the correction and the embedding method and this illustrates
immediately a disadvantage of the embedding method. Of course, in this
example it is recommended to use a fast algorithm to solve the smaller sys-
tems, as will be seen in figure 2, where we compare the different versions
of the correction and the embedding method. Notice that we have taken a
wider range for p compared to figure 1. For comparison we have also plot-
ted the times for the Schur method. Since we compute an LU-factorisation
of T in the Schur method, we have to store np double precision numbers,
which can lead to memory problems. That is why only execution times for
p < 350 are inserted into the figure. We remark the clear difference be-
tween an O(p?®)-method and an O(p?)-method and the profit we can make
if we can use a generalized Schur algorithm in stead of transforming the
matrices to Cauchy matrices.

In our second example we generate positive definite Toeplitz matrices
with fixed bandwidth p = 100 and for varying order n of the matrix. The
execution times are plotted in figure 3. This gives a completely different
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Figure 3: Execution times (in sec) for positive definite matrices of band-
width p = 100 in function of the order n

picture. Remark that we have used a logarithmic scale for the execution
times. The figure illustrates the big disadvantage of the correction method:
it is only fast when n + 1 has small prime factors. In the other cases,
the performance can be disastrous, even worse then the ”slow*“ Levinson
method. The embedding method does not have this drawback. Remark
however the ”jump® in the execution times for the embedding method,
owing to the value for m. For 8050 < n < 8091 and p = 100 we could
choose m = 8191, but for 8092 < n < 8120 we had to take m = 8959.
This has not only an effect on the order of the sine transform, but more
important also on the order of the smaller systems.

Finally we will look at the accuracy of the methods. We have generated
arbitrary symmetric banded Toeplitz matrices of fixed order n = 32767 and
varying bandwidth. In Figure 4 we have plotted the relative maximal error
[|X — X||oo/[|X||00, Where % is the computed and x the exact solution of the
system. We have included the correction and the embedding method and
the classical Gauss method for band matrices. In the bottom figure we
have plotted the condition numbers (in the 2-norm) of the banded Toeplitz
matrix 7' and of the associated T-matrix M for the correction and the
embedding method. Remark that there can be a big difference between
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k(T) and (M), and this can have its influence on the accuracy.

We can improve the accuracy via iterative refinement. If we look at
the algorithms of the embedding and the correction method, we see that
the eigenvalues, the elements ¢; and the factorization of the smaller sys-
tems only have to be computed once, so the main computation work are
the two 7-systems, which can be solved via sine transforms. On the other
hand, the residue can be computed via FFT (see e.g. [4]). In figure 5 we
have plotted the maximal residue ||b — TX||s/||P||s for the embedding
method (embedding), the embedding method with one step iterative refine-
ment (embedding+1) and the Gauss method for bandmatrices for arbitrary
generated matrices of order n = 10000. We notice that one step iterative
refinement is sufficient.
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