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Abstra
tBa
terial growth is 
hara
terised by an initial lag phase, followedby an exponential growth phase with saturation. In this paper,several mathemati
al models are developed whi
h des
ribe ba
terialgrowth under 
onstant environmental 
onditions. These models areinspired by the widely used model by Baranyi and Roberts, andthey are des
ribed by ordinary di�erential equations or by delaydi�erential equations. We dis
uss the identi�
ation of the modelsusing experimental data for Es
heri
hia 
oli K12. The new modelsgive �tting errors 
omparable to the model of Baranyi and Roberts.
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tBa
terial growth is 
hara
terised by an initial lag phase, followed byan exponential growth phase with saturation. In this paper, several math-emati
al models are developed whi
h des
ribe ba
terial growth under 
on-stant environmental 
onditions. These models are inspired by the widelyused model by Baranyi and Roberts, and they are des
ribed by ordinarydi�erential equations or by delay di�erential equations. We dis
uss theidenti�
ation of the models using experimental data for Es
heri
hia 
oliK12. The new models give �tting errors 
omparable to the model ofBaranyi and Roberts.1 Introdu
tionThis resear
h 
an be situated in the �eld of predi
tive food mi
robiology, the ob-je
tive of whi
h is the mathemati
al modelling of mi
robial dynami
s in foods.Mi
robial growth under 
onstant environmental 
onditions shows a sigmoidalevolution of the 
ell density in time, with three di�erent phases: a lag phase,
aused by environmental and/or physiologi
al 
hanges at ino
ulation of the ba
-terial 
ulture, an exponential growth phase and a stationary phase, see Fig. 1.Several models have been developed in the past de
ennia to des
ribe this be-haviour (see, e.g. [7, 6℄ for an overview). The standard way to des
ribe theevolution of the 
ell density N(t) (
olony forming units per mL) in time isdN(t)dt = �(N(t))N(t);
1
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al ba
terial growth 
urve under 
onstant environmental 
onditionsshowing a lag phase, an exponential growth phase and a stationary phase.where �(t) is the spe
i�
 growth rate. In the widely used model by Baranyi andRoberts [3℄, �(t) is taken to be a produ
t of three fa
tors:�(t) = �max � Q(t)1 +Q(t)� �1� N(t)Nmax�; (1)where� �max is the maximum spe
i�
 growth rate (h�1),� Q(t) (-) is the solution of dQ(t)dt = �Q(t):The fa
tor Q(t)1+Q(t) , the so-
alled adjustment fun
tion, enables to modelthe initial lag phase. Hereto Q(0) should be small. As time evolves, Q(t)grows exponentially and the value of the adjustment fun
tion approa
hes1, having no in
uen
e anymore on �(t).� Nmax is the maximum 
ell density (
olony forming units per mL). The fa
tor(1 � N(t)=Nmax) indu
es 
essation of the growth when N(t) approa
hesNmax.A drawba
k of this model (already noted by Baranyi and Roberts in [4℄) isthat Q(t) = Q(0)e�t grows without bound as time pro
eeds.In this paper, a di�erent way of modelling the lag phase is introdu
ed. Thepresented models are inspired by the model of Baranyi and Roberts in the sensethat the fa
tor �max( Q(t)1+Q(t) ) in (1) is repla
ed by other fa
tors whi
h allow thedes
ription of the lag phase at the beginning of the experiment.The paper is stru
tured as follows. In Se
t. 2 we outline the model situation.We identify the assumptions made and a general format for new mathemati
al2



models is proposed. Here, we allow not only ordinary di�erential equations(ODEs), but also delay di�erential equations (DDEs) whi
h allow to take intoa

ount the previous history of 
ell growth. In Se
t. 3 the experiments withEs
heri
hia 
oli K12 whi
h we use for the parameter estimation pro
edure aredes
ribed. We also 
onsider the initial value problem and the parameter esti-mation problem for DDEs in the 
ontext of the models we develop. In Se
t. 4,we introdu
e three new mathemati
al models for ba
terial growth. The resultson the parameter estimation, using data on E. 
oli, are dis
ussed and 
omparedto results obtained with the model by Baranyi and Roberts. Se
t. 5 
ontains
on
lusions.2 Model situationCommonly, in bat
h 
ulture experiments, the ba
terial population is �rst 
ul-tured under optimal 
onditions. Part of this pre
ultured population is thentaken, ino
ulated at time t = 0, and grown in the a
tual (new) environmentof the experiment. The ino
ulation 
an be done from the exponential growthphase or from the stationary phase of the pre
ulture growth. After ino
ulation,a lag phase 
ommonly o

urs. This delayed response is 
aused by the pro
ess ofadjustment of the 
ells to the new environment. Under 
onstant environmental
onditions, after this lag phase the population grows exponentially with rate�max. As the 
ell density in
reases, the amount of nutrient available de
reases,
ausing a stagnation of the growth, leading to a steady state. We do not dealhere with the situation of a non-steady behaviour at the end of the experiment,due to death of or stress on the ba
teria.In this paper, we develop new mathemati
al models to des
ribe ba
terialgrowth (and lag-phases) under 
onstant environmental 
onditions. The follow-ing general expression for the evolution of the 
ell density N(t) is used,dN(t)dt =M(t)L(t)N(t); (2)with N(0) = N0 the 
ell density at ino
ulation. Generally, L(t), as the limitingfa
tor, whi
h 
auses the transition from exponential growth to the stationaryphase, is taken to be L(t) = �1� N(t)Nmax� : (3)If M(t) is 
onstant, M(t) � �max, equation (2) gives rise to the well-knownlogisti
 growth model. Note that the model of Baranyi and Roberts (1) is ofthe form (2), with M(t) = �max( Q(t)1+Q(t) ).The fun
tion M(t) is designed to take into a

ount adaptations of the 
ellsto 
hanges in the environment. Hypotheti
ally, M(t) 
an be related to themetaboli
 state of the 
ells. In order to model the general sigmoidal growthdynami
s, the following dynami
al behaviour for M(t) is aimed at:3



(a) M(0) is (approximately) zero in 
ase the 
ells have rea
hed an equilibriumbefore ino
ulation. This low initial value of M(t) 
auses the initial lag.When ino
ulation is done from the exponential phase in the pre
ulture,M(0) should be higher, as a shorter lag or no lag is observed in that 
ase.(b) M(t) grows during the lag phase and be
omes (almost) 
onstant, M(t) '�max, during the exponential growth phase.(
) when approa
hing the equilibrium for N(t), M(t) de
reases to a low valuesin
e it is plausible that the la
k of nutrient also leads to a de
rease inthe metaboli
 state of the 
ells. Note that this situation 
ontrasts withthe situation of model (1) where �max( Q(t)1+Q(t) ) be
omes 
onstant as timepro
eeds.We wish to modelM(t) in terms of the 
ell density N(t). To ful�l 
onditions(b) and (
), M(t) 
an be approximated by m(t), withm(t) = �max L(t): (4)Indeed, during the exponential growth phase, N(t) is small 
ompared to Nmax,hen
e L(t) ' 1 and m(t) ' �max, while near the equilibrium N(t) ' Nmax,hen
e L(t) ' 0 and m(t) ' 0.In order to introdu
e the lag phenomenon, i.e. to ful�l 
ondition (a), it isne
essary that M(t) does not 
hange immediately. We model the adaptation of
ells to the new environmental state in three di�erent ways.(i) First, M(t) 
an approa
h m(t) in a way that is governed by the ordinarydi�erential equation, dM(t)dt = �(m(t)�M(t)); (5)where � is a 
onstant adaptation rate.We 
an also assume that 
ells need a �xed amount of time to adapt. In this
ase, M(t) depends on the 
ell density in the past. One way to model this is tointrodu
e a delay in the fun
tion m(t).(ii) When we assume that this lag is the same for all 
ells, this results in adis
rete delay for M(t), modelled byM(t) = m(t� �); � > 0: (6)(iii) However, when we assume a distribution in the lag over the 
ell population,we 
an use a distributed delay,M(t) = 1� Z tt�� m(s)ds; (7)averaging m(s) over the interval [t� �; t℄.The use of an expli
it dependen
e on the past as in (6) and (7), leads tomodels des
ribed by delay di�erential equations. We will show how these 
anbe dealt with in the next se
tions. 4



3 Material and methodsIn the �rst part of this se
tion we des
ribe experiments with Es
heri
hia 
oliK12. Out
omes of these experiments were used for parameter estimation ofthe developed models (Se
t. 4). In the se
ond part, we outline some spe
i�
properties of delay di�erential equations (DDEs) one needs to take into a

ountwhen dealing with models des
ribed by DDEs and we also outline the softwarepa
kages we use for simulation and parameter estimation.3.1 ExperimentsThe strain used was Es
heri
hia 
oli K12 (MG1655) whi
h was stored at -80ÆCin Brain Heart Infusion (BHI) broth (Oxoid) supplemented with 25 % gly
erol(Mer
k). Ino
uli were prepared by subsequently growing the ba
terial strain in20 ml BHI, in
ubated at 18ÆC and pla
ed on a rotary shaker (175 rpm), for 24and 18 hours, respe
tively. The growth kineti
s were determined in Brain HeartInfusion broth with an initial pH of 7.55.The experiments have been performed in 
asks in
ubated on a rotary shaker(at 175 rpm) pla
ed in the temperature-
ontrolled in
ubator (Termaks, modelKBP6151). Dupli
ate 
asks 
ontaining 200 mL BHI were ino
ulated. Thetemperature was measured on-line by a thermometer (Mi
ropro
essor LoggingThermometer HI 92840C, Hanna Instruments) inserted in a medium 
ontaining
ask in
ubated near the ino
ulated 
ask. At regular times, samples were takenasepti
ally, diluted in a saline peptone solution (8 g�L�1 NaCl (A
ros) + 1g�L�1 Ba
teriologi
al peptone (Oxoid)) and surfa
e-plated on Plate Count Agar(PCA) (Oxoid) using a Spiral Plater (Eddy Jet IUL Instruments s.a., Spain).Plates were in
ubated for 24 h at 37ÆC and enumerated to determine the numberof 
olony forming units per mL (CFU/mL).3.2 Numeri
al analysis of DDE models3.2.1 Delay di�erential equationsA delay di�erential equation (DDE) with one or several dis
rete delays �i >0; i = 1; : : : ; n; has the general formdN(t)dt = f(N(t); N(t� �1); : : : ; N(t� �n)): (8)When the delay e�e
t is averaged over a �nite time interval in the past, oneobtains a DDE with a �nite distributed delay of the formdN(t)dt = f(N(t); Z tt�� w(s � t)N(s)ds); (9)where w(t) is a weighting fun
tion.Delay di�erential equations are widely used in modelling population dynam-i
s to in
orporate the dependen
e of the present state of the population on its5



past history (see, e.g. [5, 1℄ and the referen
es therein). In this paper, we onlydeal with DDEs of the form (8) with one delay. In Se
t. 4.1 we show howequation (7) 
an be reformulated as a DDE with dis
rete delay.In order to solve a DDE, the spe
i�
ation of an initial 
ondition N(0) = N0(as it is the 
ase for ODEs) is not suÆ
ient. Rather, one must spe
ify an initialfun
tion segment N(t) = �(t); t 2 [��; 0℄, as the representation of the solutionover a 
ontinuous time-window for the evaluation of the delay arguments.In the models 
onsidered in this paper, the initial fun
tion for the 
ell densityN(t) des
ribes 
ells pre
ulture growth during the delay interval, t 2 [��; 0℄. Ifino
ulation is done from the stationary phase, the initial fun
tion segment isgiven by N(t) = Nmax; t 2 [��; 0); N(0) = N0; (10)where Nmax is the maximum 
ell density in the pre
ulture and N0 is the 
elldensity at ino
ulation. Note that this initial fun
tion segment is dis
ontinuousat t = 0. If ino
ulation is done from the exponential growth phase, we 
an useN(t) = N0e�maxt; t 2 [��; 0℄; (11)where �max is the maximum spe
i�
 growth rate in the pre
ulture.For simulation of our DDE models we have used the Matlab pa
kage dde23[8℄.3.2.2 Parameter estimation problemIn the next se
tion, we introdu
e ODE and DDE models, 
ontaining someparameters, whi
h are estimated using experimental data for Es
heri
hia 
oligrowth. Parameter estimation is a
hieved through minimising the obje
tivefun
tion, �(p) := KXi=1(ln(N(ti;p))� ln(Ni))2; (12)where N(t;p) is the model solution whi
h depends on unknown parameters p �[p1; p2; � � � ; pq ℄ and Ni represents the experimental data at time ti; i = 1; : : : ;K.For the DDE models, parameters in
lude the delay � and the parameters of theinitial fun
tion, i.e. Nmax; N0 in the 
ase (10) and �max; N0 in the 
ase (11). Itis important to note that in both 
ases, (10) and (11), only a �nite number ofparameters have to be estimated, and hen
e the parameter estimation problemis a �nite dimensional problem, as in the ODE 
ase.Parameter estimation in DDE models is dis
ussed in detail in [2, 5℄. Herewe only dis
uss the 
ontinuity properties of the obje
tive fun
tion �(p).Even if the right hand side of a DDE and the initial fun
tion are in�nitelysmooth fun
tions, a dis
ontinuity in the �rst time derivative of the solutiongenerally appears at time t = 0 and it is propagated through time. The solutionoperator of a DDE (with 
onstant or distributed delay) smoothes the solutionso that dis
ontinuities appear in high derivatives as time in
reases. In general,the solution of a DDE with one delay � has a dis
ontinuity in the k-th derivative6



at time t = (k � 1)�; k = 1; 2; : : :. Additional dis
ontinuities 
an arise due todis
ontinuities in the initial fun
tion. In the 
ase of the initial fun
tion de�nedby (10), the solution of the DDE has dis
ontinuities in the k-th derivative attime t = k�; k = 0; 1; 2; : : :.These dis
ontinuities propagate in �(p) via the solution values N(ti;p).Indeed, from���(p)�pj �� = 2 KXi=1(ln(N(ti;p))� ln(Ni))��(ln(N(ti;p)))�pj �� (13)it follows that, unless N(ti;p) = Ni, dis
ontinuities 
an arise in the �rst (se
-ond) partial derivative of �(p) with respe
t to pj , if the �rst (se
ond) partialderivative of N(t;p), with respe
t to pj , is not 
ontinuous at time t = ti (i.e.at one of the data points). For instan
e, derivatives ��(p)=�� and �2�(p)=��2are dis
ontinuous at � = ti when using the initial fun
tions (10), respe
tively(11). For 
orre
t numeri
al parameter estimation in DDE models, attention hasto be given to the di�erentiability of the solution N(t;p) with respe
t to thedelay, and the position of the jump dis
ontinuities [2, 5℄, see the next se
tion.Note that �(p) 
an have several lo
al minima and a good minimisation 
odeand/or good initial parameter values 
an be important. For the minimisationwe use the E04JAF routine from the NAG library, 
ombined with the Matlabpa
kages ode23 (for solving ODEs) and dde23 (for solving DDEs). We use thelogarithmi
 form of the di�erential equations to avoid 
omputational problemsduring time integration.4 Modelling ba
terial growth4.1 ModelsThe 
ombination of equation (2) for N(t) and one of the equations (5), (6), (7)for M(t) results in three di�erent models, des
ribed by a system of ODEs orDDEs with four parameters.Model 1. The 
ombination of (2)-(4) and (5) leads to the model8>><>>: dN(t)dt =M(t)(1� N(t)Nmax )N(t)dM(t)dt = ���max(1� N(t)Nmax )�M(t)� ; (14)with initial 
onditions N(0) and M(0). N(0) is an estimated parameter. In ourexperiments, we assumeM(0) = 0, whi
h 
orresponds to the state of non-a
tive
ells, when ino
ulation was done from the stationary phase. The use of a smallvalue (� 1) for M(0) gives the same quality of �tting of experimental data aswhen using M(0) = 0. In the 
ase of ino
ulation from the exponential phase,we 
an assume M(0) = �max, whi
h 
orresponds to the state of 
ells dividingat the maximum rate. 7



Model 2. The 
ombination of (2)-(4) and (6) leads to the model8>><>>: dN(t)dt =M(t)(1� N(t)Nmax )N(t)M(t) = �max(1� N(t��)Nmax ): (15)In fa
t, this model is a s
alar DDE in N(t) (substituting M(t) in the �rstequation of (15)). The initial fun
tion N(t); t 2 [��; 0℄; � > 0, is de�ned by(10) or (11) a

ording to the moment of ino
ulation (stationary or exponentialphase).Model 3. Equation (7) 
an be written asM(t) = 1� �max Z tt�� (1� N(s)Nmax )ds: (16)Combined with (2)-(4), it yields a DDE with distributed delay. However, we
an reformulate the model as a DDE with dis
rete delay by di�erentiation of(16). The resulting model is8>><>>: dN(t)dt =M(t)(1� N(t)Nmax )N(t)dM(t)dt = 1� �max �(1� N(t)Nmax )� (1� N(t��)Nmax )� : (17)The initial fun
tion N(t); t 2 [��; 0℄; � > 0, is de�ned as for model 2 andM(0)is de�ned by (16), evaluated at t = 0.4.2 Model behaviour and parameter estimationFor ea
h model, parameters are estimated using experimental data for Es-
heri
hia 
oli K12. The strain was grown at 
onstant temperature, 23:1ÆC, afterino
ulation from the stationary phase and the 
ell density was measured at 15time points (see Se
t. 3.1). Best �t values for these parameters 
an be foundin Table 1. In this and the following tables, the MSE (mean sum of squarederrors) equals �(p�)K�q with p� the best �t parameters, K and q the number ofexperimental data and estimated parameters, respe
tively. The experimentaldata ftj ;Njg15j=1, the model solutions N(t); M(t) and the fun
tion m(t) areshown in Figs. 2-4 for models 1, 2 and 3, respe
tively.Model 1. As 
an be seen from Fig. 2, M(t) has the desired behaviourdes
ribed in Se
t. 2. First, M(t) in
reases be
ause �max(1 � N(t)Nmax ) � �max >M(t). Then, when N(t) � Nmax, the se
ond equation be
omes dM(t)dt � ��M(t)and thereforeM(t) de
reases exponentially with speed �. Noti
e also the laggedbehaviour of M(t) with respe
t to m(t).8
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Figure 2: Model 1. Left: The experimental data for E. 
oli K12 are denoted by +;ln(N(t)) with N(t) the model solution with best �t parameters is given by a solid line.Right: Evolution of fun
tions M(t) (solid line) and m(t) (dashed line).
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Figure 3: Model 2. Left: The experimental data for E. 
oli K12 are denoted by +;ln(N(t)) with N(t) the model solution with best �t parameters is given by a solid line.Right: Evolution of fun
tions M(t) (solid line) and m(t) (dashed line).
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Figure 4: Model 3. Left: The experimental data for E. 
oli K12 are denoted by +;ln(N(t)) with N(t) the model solution with best �t parameters is given by a solid line.Right: Evolution of fun
tions M(t) (solid line) and m(t) (dashed line).9



Table 1: Estimated values of parameters for the three models.Model lnN(0) lnNmax �max � � MSEModel 1 10.303 22.418 0.523 0.679 0.0351Model 2 10.326 22.437 0.517 1.357 0.0367Model 3 10.375 22.415 0.521 3.117 0.0350Model 2. We observe (Fig. 3) that for t 2 [0; �),M(t) � 0 andN(t) = N(0),be
ause N(t � �) = Nmax for t 2 [0; �). At t = �; N(t � �) = N(0) 6= Nmax.This 
auses a jump in the fun
tion M(t) at t = � .For this model, the obje
tive fun
tion �(p) is not 
ontinuously di�erentiablewith respe
t to the delay � , see Fig. 5. Namely, ��(�)=�� has a dis
ontinuityjump at � = t2 = 2 (i.e. at the se
ond data point, t2). This is a 
onsequen
e ofthe dis
ontinuity of the solution N(t) at time t = t1 = 0 (i.e. at the �rst datapoint, t1) 
aused by using the initial fun
tion (10). In Fig. 6, we show the valuesof the obje
tive fun
tion �(p) where two parameters are altered while the otherparameters are kept �xed at their optimal values (
f. Table 1). The origin of the
ontour plots 
orresponds to �(p�) ' 0:4. Contour lines are depi
ted for �(p)varying from 0.42 to 0.81 with a 
onstant step. As it is illustrated in Fig. 6, theobserved dis
ontinuity in �(p) does not give any problems in the optimisationpro
edure.Model 3. In this model, N(t) grows linearly during the lag phase, see Fig. 4.Note that the numeri
al values of � (
f. Table 1) in models 2 and 3 
annot be
ompared as they have a di�erent meaning.Sensitivity analysis of parameters for delay di�erential models is 
onsideredin detail in [2℄, where methods are proposed to estimate the sensitivity of thestate variables to the parameter estimates and the sensitivity of the parameterestimates to the experimental data. Note that the results in Fig. 6 for model 2and similar ones for the other models indi
ate a high sensitivity of the obje
tivefun
tion (i.e. of the model solution) to the model parameters. Our experimentsalso showed that there are no other minima of the fun
tion �(p) with p in therange of 20% above and below the optimal parameter estimates.
10
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4.3 Comparison with the model of Baranyi and RobertsThe model of Baranyi and Roberts, introdu
ed in Se
t. 1 is given by8>><>>: dN(t)dt = �max � Q(t)1+Q(t)��1� N(t)Nmax�N(t)dQ(t)dt = �Q(t): (18)Q(t) is said to represent the physiologi
al state of the 
ells, being proportionalto the per 
ell 
on
entration of a 
riti
al substan
e produ
ed by the 
ells. Themodel (18) has �ve parameters: N(0), Q(0), Nmax, �max and �. In pra
ti
e,to redu
e the number of parameters during identi�
ation, one 
ommonly sets �equal to �max.This model is of the form (2) withM(t) = �max � Q(t)1+Q(t)�. As time pro
eeds,M(t) approa
hes �max and 
annot de
rease again. This behaviour is visualisedin Fig. 7. Note that in this 
ase M(0) is larger than zero and M(t) remains
onstant (at the large value of �max) when the steady state is rea
hed. Resultsof estimation of the four parameters (assuming � = �max) 
an be found in Table2.
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Figure 7: Results for the model of Baranyi and Roberts with 4 parameters. Left: Theexperimental data for E. 
oli K12 are denoted by +; ln(N(t)) with N(t) the modelsolution with best �t parameters is given by a solid line. Right: Evolution of thefun
tion M(t).If � is used as a free parameter, similar results for N(0), Nmax and �max asin the 4-parameter 
ase are obtained (
f. Table 2). The estimated value for � isquite di�erent from �max but also Q(0) di�ers. We observe (Fig. 8) that M(0)is mu
h smaller than in the 4-parameter model and M(t) also in
reases fasterto �max.Note that the error values in Table 2 are 
omparable to (in fa
t slightlylarger than) the error values obtained with the models proposed in this paper(
f. Table 1). 12



Table 2: Estimated values of parameters for the model of Baranyi and Robertswith four and �ve parameters.Model lnN(0) lnNmax �max Q(0) � MSEModel with 4 par. 10.249 22.180 0.524 0.872 0.0414Model with 5 par. 10.337 22.187 0.519 0.190 1.254 0.0411
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Figure 8: Results for the model of Baranyi and Roberts with 5 parameters. Left: Theexperimental data for E. 
oli K12 are denoted by +; ln(N(t)) with N(t) the modelsolution with best �t parameters is given by a solid line. Right: Evolution of thefun
tion M(t).5 Con
lusionIn this paper, we have proposed new mathemati
al models for mi
robial growthunder 
onstant environmental 
onditions, represented by ordinary di�erentialequations or by delay di�erential equations. The key element in these models isthe fun
tionM(t), whi
h is designed to take into a

ount the adaptation of 
ellsto environmental 
hanges. Hypotheti
ally, M(t) 
an be related to the metaboli
state of the 
ells. When the 
ells are resting, or are in the stationary phase, thevalue of M(t) is low, while 
ells growing exponentially have a high M(t) value.All new models show a similar qualitative behaviour for M(t) whi
h satis�esthe expe
tations.The developed models are �tted to a set of experimental data. These datades
ribe growth of Es
heri
hia 
oli K12 in a 
onstant environment with �xedtemperature. The �tting error after identi�
ation of the model parameters,shows for all models an a

ura
y 
omparable to the one a
hieved using the13



model by Baranyi and Roberts. The developed models are 
apable to des
ribea

urately the lag 
aused by ino
ulation.Based on the results, there is no 
lear reason to give any preferen
e to one ofthe suggested three models. No delay di�erential equation is involved in model1, whi
h may be 
onsidered as an advantage. However, due to the availability ofeÆ
ient and reliable time integration software for delay di�erential equations,the use of DDE models does not pose 
omputational problems. With model 2we obtain a larger MSE �tting error, but the duration of the lag is similar as forthe other models and it is given dire
tly by the value of the delay � . Model 2 
anbe 
onsidered as an introdu
tion to the more realisti
 model with distributeddelay (model 3).A
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