
A 
ombination of 
y
li
 redu
tion andKrone
ker produ
t methods for thedire
t solution of Poisson's equationJef Hendri
kxMar
 Van BarelReport TW313, September 2000

n Katholieke Universiteit LeuvenDepartment of Computer S
ien
eCelestijnenlaan 200A { B-3001 Heverlee (Belgium)



A 
ombination of 
y
li
 redu
tion andKrone
ker produ
t methods for thedire
t solution of Poisson's equationJef Hendri
kxMar
 Van BarelReport TW313, September 2000
Department of Computer S
ien
e, K.U.LeuvenAbstra
tWe present a fast dire
t method for the solution of a linear systemMx = y, where M is a blo
k tridiagonal Toeplitzmatrix with A onthe diagonal and T on the two subdiagonals (A and T 
ommute).Su
h matri
es are obtained from a �nite di�eren
e approximation toPoisson's equation (among others).The new method is 
alled KPCR(l)-method and begins with lsteps of 
y
li
 redu
tion after whi
h the remaining system is solvedby a Krone
ker produ
t method. For an appropriate 
hoi
e of l theasymptoti
 operation 
ount for an n � n grid is O(n2 log2 log2 n),whi
h is faster than either 
y
li
 redu
tion or the Krone
ker produ
tmethod itself. The algorithm is similar to and has the same 
om-plexity as the FACR(l)-algorithm, whi
h is a 
ombination of 
y
li
redu
tion and Fourier analysis (or matrix de
omposition). However,the FACR(l)-algorithm only rea
hes this 
omplexity if A (and T ) 
anbe diagonalized by a fast transformation, where the new method isfast for every banded A and T . Moreover, the KPCR(l)-method 
anbe easily generalized to the 
ase where A and T do not 
ommute.Keywords : Poisson equation, dire
t methods, 
y
li
 redu
tion, Krone
kerprodu
t, Fourier analysis, FACR, KPCRAMS(MOS) Classi�
ation : Primary : 65F05, Se
ondary : 65F50, 65N06.



A 
ombination of 
y
li
 redu
tion andKrone
ker produ
t methods for the dire
tsolution of Poisson's equation 3;4
Jef Hendri
kx 1, Mar
 Van Barel 2Department of Computer S
ien
e, Katholieke Universiteit Leuven, Celestijnenlaan200 A, B-3001 Leuven, Belgium

Abstra
tWe present a fast dire
t method for the solution of a linear system Mx = y, whereM is a blo
k tridiagonal Toeplitzmatrix with A on the diagonal and T on thetwo subdiagonals (A and T 
ommute). Su
h matri
es are obtained from a �nitedi�eren
e approximation to Poisson's equation (among others).The new method is 
alled KPCR(l)-method and begins with l steps of 
y
li
 re-du
tion after whi
h the remaining system is solved by a Krone
ker produ
t method.For an appropriate 
hoi
e of l the asymptoti
 operation 
ount for an n � n grid isO(n2 log2 log2 n), whi
h is faster than either 
y
li
 redu
tion or the Krone
ker prod-u
t method itself. The algorithm is similar to and has the same 
omplexity as theFACR(l)-algorithm, whi
h is a 
ombination of 
y
li
 redu
tion and Fourier analysis(or matrix de
omposition). However, the FACR(l)-algorithm only rea
hes this 
om-plexity if A (and T ) 
an be diagonalized by a fast transformation, where the newmethod is fast for every banded A and T . Moreover, the KPCR(l)-method 
an beeasily generalized to the 
ase where A and T do not 
ommute.Key words: Poisson equation, dire
t methods, 
y
li
 redu
tion, Krone
kerprodu
t, Fourier analysis, FACR, KPCR
1 E-mail: jef.hendri
kx�
s.kuleuven.a
.be2 E-mail: mar
.vanbarel�
s.kuleuven.a
.be3 The work of the authors is supported by the Belgian Programme on Interuniver-sity Poles of Attra
tion, initiated by the Belgian State, Prime Minister's OÆ
e forS
ien
e, Te
hnology and Culture. The s
ienti�
 responsibility rests with the authors.4 This resear
h was partially supported by the K.U.Leuven (Bijzonder Onderzoeks-fonds), proje
t \SLAP: Stru
tured Linear Algebra Pa
kage," grant #OT/00/16.Preprint submitted to Elsevier Preprint 13 September 2000



1 Introdu
tionThe purpose of this paper is to �nd a fast dire
t method to solve the linearsystem of equations Mx = y (1)where M is a symmetri
 blo
k tridiagonal Toeplitz matrix,2666666664A TT A . . .. . . . . . TT A
3777777775 : (2)

Let us assume that M is of blo
k order n� 1 and that A and T are of orderm � 1. Su
h a matrix arises for instan
e from a �nite di�eren
e approxima-tion to an ellipti
 partial di�erential equation on a re
tangle with Diri
hletboundary 
onditions. A typi
al example is the Poisson equation, althoughthe method will be appli
able to a mu
h larger 
lass of di�erential equations.The most 
ommon dire
t methods for solving (1) are 
y
li
 redu
tion andmatrix de
omposition or Fourier analysis. Both methods assume that A andT 
ommute. Cy
li
 redu
tion was devised by Ho
kney [5℄ and is based on aredu
tion pro
ess that halves in every step the number of equations. In itsoriginal form, the method was not stable, but Buneman [3℄ developed a sta-ble version. Fourier analysis or matrix de
omposition was also developed byHo
kney [5℄ and uses the simultaneous eigenvalue de
omposition of A and T totransform the unknowns, su
h that the system (1) de
ouples into m� 1 tridi-agonal systems of order n� 1. For a detailed des
ription of the two methodsand some generalizations we refer to Buzbee, Golub and Nielson [2℄. Ho
kney[6℄ 
ombined the two methods into the FACR-algorithm: �rst l steps of 
y
li
redu
tion are performed after whi
h the remainig system is solved by Fourieranalysis. The 
ombination is faster than the two methods used independentlyand Swarztrauber [10℄ found an optimal value for l. We remark however thatthe Fourier analysis method, and 
onsequently the FACR-method as well, isonly e�e
tive when some kind of fast Fourier transform 
an be used. Kro-ne
ker produ
t methods do not have this drawba
k. As opposed to matrixde
omposition, the methods do not use an eigenvalue de
omposition of A andT , but they try to blo
k diagonalize the matrix M in formula (2), by makinguse of the Krone
ker produ
t. Be
ause of the spe
i�
 form of M , this 
an bedone by a sine transform matrix. Krone
ker or tensor produ
t methods were�rst des
ribed by Lyn
h, Ri
e and Thomas [7,8℄, but later several authors2



used this te
hnique. The methods hold for arbitrary A and T , even if they donot 
ommute. In Hendri
kx [4℄ one 
an �nd a broad 
lass of ellipti
 partialdi�erential equations with several types of boundary 
onditions and by usingseveral types of grid, that 
an be solved fast by Krone
ker produ
t methods.In this paper we will 
ombine 
y
li
 redu
tion and Krone
ker produ
t methodsto the KPCR-method, similar to the FACR-method. The 
ombined methodwill be faster than the individual methods. For the Poisson equation, theKPCR-method will have a speed 
omparable to the FACR-method, but theKPCR-method is more general, sin
e it will hold for arbitrary A and T andwe do not need the eigenve
tors of A and T .The outline of the paper is as follows. In se
tion 2 and 3 we will review 
y
li
redu
tion and Krone
ker produ
t methods respe
tively. The KPCR-method,the new 
ombined method, will be des
ribed in se
tion 4. In se
tion 5 we willsee that the method 
an be generalized to the 
ase where A and T do not
ommute. Finally, we will end with some numeri
al examples in se
tion 6.
2 Cy
li
 redu
tionIn this se
tion we will review the 
y
li
 redu
tion method. Suppose we wantto solve the linear system (1) where A and T 
ommute. Originally the methodwas restri
ted to the 
ase that n is a power of 2, but Sweet [11℄ generalized themethod for arbitrary n. For simpli
ity however we will suppose in this se
tionthat n = 2k+1. To 
onform with the matrix M , we write the ve
tors x and yin partitioned form,

x = 2666666664 x1x2...xn�1
3777777775 ; y = 2666666664 y1y2...yn�1

3777777775 :We write down three su

eeding equations of (1), for j even:Txj�2 + Axj�1 + Txj = yj�1;Txj�1 + Axj + Txj+1 = yj;Txj + Axj+1 + Txj+2 = yj+1:3



Multiplying the �rst and third equation by T , the se
ond by �A, and adding,we have T 2xj�2 + (2T 2 � A2)xj + T 2xj+2 = Tyj�1 � Ayj + Tyj+1:If we do this for every even j, the system de
ouples in 2 new systems:2666666664A(1) T (1)T (1) A(1) . . .. . . . . . T (1)T (1) A(1)
3777777775
2666666664 x2x4...xn�2

3777777775 =
2666666664 y(1)2y(1)4...y(1)n�2

3777777775 ;and 2666666664A A . . . A
3777777775
2666666664 x1x3...xn�1

3777777775 =
2666666664 y1 � Tx2y3 � Tx2 � Tx4...yn�1 � Txn�2

3777777775 ;with A(1) = 2T 2 � A2; T (1) = T 2;y(1)j = Tyj�1 � Ayj + Tyj+1; j = 2; 4; : : : ; n� 2:The matrix of the �rst system has the same form as (2), so we 
an apply theredu
tion repeatedly, until only 1 equation remains. The eliminated unknowns
an be found by the se
ond equation. This pro
ess is 
alled 
y
li
 redu
tion.The method was developed by Ho
kney [5℄ but we refer to [2℄ for a detaileddes
ription.3 Krone
ker produ
t methodLet Sn (or shortly S) denote the sine transform matrix of order n:Sn = 24s 2n+ 1 sin ij�n+ 135ni;j=1 :The matrix is symmetri
 and orthogonal, and S 
an be applied to a ve
torin O(n logn) operations as long as n + 1 = 2k for some integer k (or hasat least small prime fa
tors). We 
onsider the 
lass of matri
es that 
an bediagonalized by S�n = fC = Sn�Snj� any diagonal matrix of order ng4



This 
lass is sometimes 
alled the � -
lass [1℄ or the 
lass of S-matri
es [9,4℄ andthe matri
es have a very typi
al stru
ture. A 
hara
terization for the matri
esin this 
lass is the 
ross-sum property, this is for any matrix C in �n holds
i;j�1 + 
i;j+1 = 
i�1;j + 
i+1;j;where we have assumed the \boundary 
onditions" 
0;j = 
n+1;j = 
i;0 =
i;n+1 = 0. Reversely, every matrix that satis�es the 
ross-sum property (in-
lusive the \boundary 
onditions") lies in the � -
lass. As a 
onsequen
e, su
ha matrix 
an be 
ompletely build from its �rst row. By 
al
ulating the �rstrow in the relation S� = CS, we see that the matrix of eigenvalues � 
an be
omputed from the �rst row as well. As an example, a symmetri
 tridiagonalToeplitz matrix (i.e. a matrix of the form (2) with A and T s
alars) satis�esthe 
ross-sum property and therefore 
an be diagonalized by Sn.By use of the Krone
ker produ
t we 
an extend this 
lass to blo
k matri
es.For instan
e, 
onsider a matrix C of the formC = (Sn 
 Sm)�(Sn 
 Sm)with � an arbitrary diagonal matrix of order mn, and where 
 denotes theKrone
ker produ
t between matri
es. The matrix C is 
onsidered as a blo
kmatrix of blo
k order n and we denote the (i; j)-blo
k in C as Ci;j. The 
ross-sum 
ondition holds both between and inside the blo
ks:Ci�1;j + Ci+1;j = Ci;j�1 + Ci;j+1 (3)and 
i;j�1;k;l + 
i;j+1;k;l = 
i�1;j;k;l + 
i+1;j;k;lwhere 
i;j;k;l denotes element (i; j) in the blo
k Ck;l, and again with the \bound-aries" set to zero. Equivalently, for a matrix C de�ned asC = (Sn 
 Im)�(Sn 
 Im); (4)where Im denotes the identity matrix of order m and where � is an arbitraryblo
k diagonal matrix of blo
k order n, only the relation (3) between the blo
ksholds. Reversely, every blo
k matrix that ful�ls the blo
k relation (3), 
an bewritten in the form (4). As a 
onsequen
e, the matrix M of (2) 
an be blo
kdiagonalized as M = (Sn�1 
 Im�1)B(Sn�1 
 Im�1): (5)The matrix B is a blo
k diagonal matrix and its diagonal blo
ks 
an be foundfrom the �rst row of M : B = diagfB1; : : : ; Bn�1g;5



Bj = A + 2T 
os j�n ; j = 1; : : : ; n� 1:Noti
e that another way to get this result is to write M as M = In�1 
 A +P 
 T , with P the matrix
P = 2666666664 0 11 0 . . .. . . . . . 11 0

3777777775 :The matrix P is a � -matrix and 
an therefore be written as Sn�1
Sn�1, with
 = diagf2�=n; : : : ; 2(n� 1)�=ng, su
h thatM = (Sn�1 
 Im�1)(I 
 A+ 

 T )(Sn�1 
 Im�1):The matrix in the middle of the right hand side is a blo
k diagonal matrixand is pre
isely the latter matrix B.We 
an use the fa
torization (5) to solve the linear system Mx = y as x =(S 
 I)B�1(S 
 I)y. This leads to the following algorithm.Algorithm 1 (Krone
ker produ
t method) Solve the linear systemMx =y, where M is a blo
k symmetri
 tridiagonal Toeplitz matrix of blo
k ordern� 1 with A on the diagonal and T on the subdiagonal.(1) ŷ = (S 
 I)y(2) Solve the systems �A + 2T 
os j�n � x̂j = ŷj, for j = 1; : : : ; n� 1(3) y = (S 
 I)x̂The �rst and last step imply m� 1 sine transforms of order n� 1. The se
ondstep 
onsists of solving n�1 linear systems with matri
esB1; : : : ; Bn�1 of orderm � 1. Often, the matri
es A and T are tridiagonal or diagonal matri
es,so this 
an be 
omputed in O(nm). Therefore, the total operation 
ount isO(nm logn) if A and T are tridiagonal and if n has small prime fa
tors.We noti
e that this method is similar to the matrix de
omposition method orFourier analysis [5,2℄. If A and T 
ommute and are symmetri
, then they aresimultaneously diagonalizable by some orthogonal matrix Q. We 
an use thisto de
ouple the system inm�1 tridiagonal systems of order n�1. The method
onsists then of three steps similar to the Krone
ker produ
t method: �rstperform an orthogonal transformation on the unknowns with transformationmatrixQ, next solvem�1 tridiagonal systems, and �nally perform again someorthogonal transforms with the matrix Q. In 
ase of the Poisson equation, thematri
es A and T have a very spe
i�
 form and the matrix Q is equal to thesine transform matrix Sm�1. In this 
ase, the operation 
ount is O(nm logm)6




ops (if m has small prime fa
tors). The Krone
ker produ
t method however,has operation 
ount O(nm logn) for every banded A and T . Moreover, A andT do not have to 
ommute or have to be symmetri
 and we do not need to
ompute the eigenvalues or eigenve
tors. Finally, we remark that in Hendri
kx[4℄ the Krone
ker produ
t method is used to solve a broad 
lass of ellipti
partial di�erential equations with several types of boundary 
onditions andon di�erent types of grid. The linear systems that arise have a di�erent form
ompared to (1), but one 
an use other trigonometri
 transforms to blo
kdiagonalize the matri
es.4 KPCR-methodIn this se
tion we shall des
ribe the KPCR-method whi
h 
ombines the meth-ods of se
tion 2 and 3. The method is similar to the FACR-method [6℄, whi
his a 
ombination of 
y
li
 redu
tion and Fourier analysis. The KPCR-methodhowever will be more general then the FACR-method.We will assume again that AT = TA and n = 2k+1. Instead of performing
y
li
 redu
tion until only one equation remains, the KPCR-method beginswith only l steps of 
y
li
 redu
tion (l < k), exa
tly as the FACR-methoddoes. In the latter method, the remaining systems will be solved by Fourieranalysis, in the KPCR-method we will use the Krone
ker produ
t method. Ifwe want to state expli
itely the number of 
y
li
 redu
tion steps l, we willdenote the methods as the FACR(l)- and the KPCR(l)-method. After l stepsof 
y
li
 redu
tion we have a systemM (l)x(l) = y(l);with M (l) the matrix
M (l) = 2666666664A(l) T (l)T (l) A(l) . . .. . . . . . T (l)T (l) A(l)

3777777775 ;and where A(l) and T (l) are de�ned by the re
ursionA(r) = 2 �T (r�1)�2 � �A(r�1)�2 ; A(0) = A;T (r) = �T (r�1)�2 ; T (0) = T;7



for r = 1; : : : ; l. Furthermore
x(l) = 2666666664 x2lx2�2l...xn�2l

3777777775 ; y(l) = 2666666664 y(l)2ly(l)2�2l...y(l)n�2l
3777777775 ;where y(l)j is de�ned by the re
ursiony(r)j = T (r�1) �y(r�1)j�2r�1 + y(r�1)j+2r�1�� A(r�1)y(r�1)j :Sin
e the matrixM (l) has the same form asM in (2), we 
an use the Krone
kerprodu
t method from se
tion 3 to solve the systems. By other words, M (l) 
anbe blo
k diagonalized by the sine transform(Sn=2l�1 
 I)B(l)(Sn=2l�1 
 I);where B(l) = diagfB(l)1 ; B(l)2 ; : : : ; B(l)n=2l�1g;and B(l)j = A(l) + 2T (l) 
os j�n=2l : (6)If we use algorithm 1 to solve the system, we have to solve in a se
ond step thesystems B(l)j x̂j2l = ŷ(l)j2l: Even if A and T have small bandwidth, the bandwidthof B(l)j 
an be
ome very large, for instan
e if A and T are tridiagonal, thebandwidth of B(l)j is 2l+1 + 1, just like A(l). However, in [2℄ A(l) is written asa produ
t of matri
es built up with A and T :A(l) = � 2lYj=1 A+ 2T 
os (2j � 1)�2l+1 ! : (7)We will dedu
e a similar fa
torization for B(l)j . It 
an be easily seen that A(l)and B(l)j are homogeneous polynomials of degree 2l in A and T , so thatA(l) = 2lXj=0 
jAjT 2l�j � P2l(A; T ); B(l)j = 2lXj=0 djAjT 2l�j � Q2l(A; T ):Let p2l(a; t) and q2l(a; t) be the s
alar analogues of the matrix polynomials P2l8



and Q2l : p2l(a; t) = 2lXj=0 
jajt2l�j; q2l(a; t) = 2lXj=0 djajt2l�j;then it follows from (6) thatq2l(a; t) = p2l(a; t) + 2t2l 
os j�n=2l :If we make the substitution a=t = �2 
os �, then Buzbee, Golub and Nielson[2℄ derived that p2l(a; t) = �2t2lT2l(�a=2t);where Tn(�a=2t) = 
os(n�) denotes the Chebyshev polynomial of the �rstkind of degree n. It then follows thatq2l(a; t) = �2t2l  T2l(�a=2t)� 
os j�n=2l! :The se
ond fa
tor vanishes for 2l� = �j�2l=n + 2r� with r 2 Z, or in termsof �a=t for �a2t = 
os�j�n + r2�2l � ; r = 1; : : : ; 2l:Finally, sin
e the leading 
oeÆ
ient of Tn(x) is equal to 2n�1, we 
an write q2las q2l(a; t) = � 2lYr=1�a+ 2t 
os�j�n + r2�2l �� :Consequently B(l)j = � 2lYr=1�A+ 2T 
os�j�n + r2�2l �� : (8)If A and T are tridiagonal matri
es, a linear system with B(l)j as matrix 
anbe solved as 2l repeated tridiagonal systems. Now the KPCR(l)-method is
omplete, and we 
an formulate the algorithm. However, for the 
y
li
 redu
-tion method to be stable, matrix-ve
tor produ
ts of the form A(r)y have to beavoided. Buneman [3℄ developed a stable version. The basi
 idea is to introdu
eve
tors p(r)j and q(r)j su
h that y(r)j = A(r)p(r)j + q(r)j ; and to rewrite the al-gorithm in fun
tion of p(r)j and q(r)j and without matrix-ve
tor produ
ts withA(r) as matrix. If we apply the same adjustments to the KPCR(l)-method,then after l steps of 
y
li
 redu
tion, we have to solve the systemT (l)xj�2l + A(l)xj + T (l)xj+2l = A(l)p(l)j + q(l)j ;for j = 2l; 2 �2l; : : : ; n�2l (with x0 = xn = 0), so again matrix-ve
tor produ
tswith A(l) appear in the right-hand side. However, we 
an rewrite the system9



as T (l) �xj�2l � p(l)j�2l�+ A(l) �xj � p(l)j �+ T (l) �xj+2l � p(l)j+2l� =q(l)j � T (l) �p(l)j�2l + p(l)j+2l� ;and 
onsider it as a system in the unknowns xj � p(l)j . We now state the
omplete algorithm.Algorithm 2 (KPCR(l), Buneman-variant 1) Solve the linear systemMx =y, where M is a blo
k symmetri
 tridiagonal Toeplitz matrix of blo
k ordern� 1 with A on the diagonal and T on the subdiagonal. The matri
es A andT 
ommute and are of order m� 1. We assume that n = 2k+1.(1) Initialisation(a) p(0)j = 0; j = 0; 1; : : : ; n(b) q(0)j = yj; j = 1; 2; : : : ; n� 1(2) Redu
tionFor r = 1; 2; : : : ; l doFor j = 2r; 2 � 2r; : : : ; n� 2r do(a) p(r)j = p(r�1)j ��A(r�1)��1 �T 2r�1(p(r�1)j�2r�1 + p(r�1)j+2r�1)� q(r�1)j � ; withA(r�1) as in (7).(b) q(r)j = T 2r�1 �q(r�1)j�2r�1 + q(r�1)j+2r�1�� 2T 2rp(r)j(3) Solve remaining system(a) ~q(l)j = q(l)j � T 2l �p(l)j�2l + p(l)j+2l� ; voor j = 2l; 2 � 2l; : : : ; n� 2l(b) q̂(l) = (SIn=2l�1 
 I)~q(l)(
) Solve B(l)j x̂j = q̂(l)j for j = 2l; 2 � 2l; : : : ; n� 2l, with B(l)j as in (8).(d) ~x(l) = (SIn=2l�1 
 I)x̂(l)(e) x(l)j = ~x(l)j + p(l)j ; voor j = 2l; 2 � 2l; : : : ; n� 2l(4) Ba
ksubstitution (we assume x0 = xn = 0)For r = l � 1; l � 2; : : : ; 0 doFor j = 2r; 3 � 2r; : : : ; n� 2r doxj = p(r)j + �A(r)��1 �q(r)j � T 2r (xj�2r + xj+2r)�, with A(r) as in(7).We still have a freedom in 
hosing the value of l, the number of 
y
li
 redu
-tion steps to perform. To �nd an optimal value for l, we will 
ompute theasymptoti
 operation 
ount of the algorithm, under the assumption that Ais tridiagonal and T is diagonal. Sin
e A(r�1) is a produ
t of 2r�1 tridiagonalmatri
es, every redu
tion step requires 8m2r�1 
ops for every r and j. Wehave to 
ompute n=2r � 1 ve
tors qj, so the total 
ount for the redu
tionstage is 4 lmn 
ops. A similar argument holds for the ba
ksubstitution. Fi-nally for solving the remaining system, in the beginning and at the end wehave to perform m sine transforms of length n=2l � 1, whi
h requires in total5mn=2l log2 n 
ops. In the middle we have to solve 2l tridiagonal systems of10



order m for every j, so this gives 8mn 
ops in total. Hen
e, the total operation
ount Cl for the algorithm isCl = 8lmn+ 5mn=2l log2 n 
ops:This expression is minimized at l = log2 log2 n+log(5=8 ln 2) or l � log2 log2 n�1. With this value of l, we obtain an asymptoti
 operation 
ount of 8mn log2 log2 n
ops for the algorithm, whi
h is better than 
y
li
 redu
tion or the Krone
kerprodu
t method used independently.We noti
ed already that the method is similar to the FACR(l)-method, where�rst l steps of 
y
li
 redu
tion are performed, followed by Fourier analysisto solve the remaining system. Swarztrauber [10℄ proved that the asymp-toti
 operation 
ount is 8mnl + 5mn=2l log2m, whi
h is minimized at l �log2 log2m � 1. For this value of l, we obtain a total operation 
ount of8mn log2 log2m for the FACR(l)-algorithm. So, for m = n, we expe
t thatthe KPCR(l)-algorithm is as performant as the FACR(l)-algorithm. However,the FACR(l)-algorithm only rea
hes this performan
e for matri
es A and Tthat 
an be diagonalized by a matrix whi
h allows some kind of fast Fouriertransform, where the KPCR(l)-algorithm is fast for arbitrary matri
es A andT with small bandwidth. We do not need knowledge of the eigenvalues or-ve
tors of A and T . Moreover, the KPCR(l)-algorithm 
an be generalized tothe 
ase that A and T do not 
ommute, as will be seen in the next se
tion.Sin
e 
y
li
 redu
tion 
an be generalized to the 
ase where n is not anymorea power of 2 [11℄, the KPCR-method also does not have to be restri
ted tothis 
ase. Moreover, it 
an be easily generalized to the Poisson equation withother types of boundary 
onditions, like Neumann or periodi
, by using othertypes of trigonometri
 transforms.
5 The KPCR(l)-method for non-
ommutative A and TIf we want to solve the system (1) in the 
ase where A and T do not 
ommute,we 
an still apply the KPCR-method by handling the equivalent system2666666664T�1A II T�1A I. . .I T�1A

3777777775
2666666664 x1x2...xn�1

3777777775 =
2666666664 T�1y1T�1y2...T�1yn�1

3777777775 : (9)
11



Now, the matri
es T�1A and I do 
ommute of 
ourse, and we 
an applyalgorithm 2. For simpli
ity, let us denote ~A = T�1A. The matrix ~A(r) inalgorithm 2 
an be rewritten as~A(r) = � 2rYk=1T�1  A+ 2T 
os (2k � 1)�2r+1 ! :Similarly it is easy to see that for ~�(l)j holds~�(l)j = � 2lYk=1T�1 �A+ 2T 
os�j�n + k2�2l �� :This 
an be used to solve the systems with ~A(r) or ~�(l)j as matrix.Of 
ourse, by rewriting the system as (9), it is also possible to apply the FACR-method. However, in that 
ase we will need the eigenvalues and -ve
tors ofT�1A and they are not always easy to 
ompute. Moreover, even if we know theeigenve
tors, in most 
ases they are not related to a fast transform, leading toa loss of performan
e of the FACR(l)-algorithm.6 Experimental resultsWe have implemented the KPCR-algorithm and the FACR-algorithm in For-tran 90. The programs were exe
uted on an IBM SP2 ma
hine in double pre
i-sion. The FFTs were 
al
ulated via FFTPACK. We present two examples. The�rst example is the Poisson equationr2� = f on the square [0; 1℄2 with Diri
h-let boundary 
onditions on all sides. We 
hoose �(x; y) = 3ex+y(x�x2)(y�y2)as the exa
t solution of the Poisson equation and we use a 2048 � 2048 gridto dis
retize the equation, su
h that n = m = 2048 = 211. In table 1 you will�nd the exe
ution times (in se
.) for the FACR- and the KPCR-method fordi�erent values of l, the number of 
y
li
 redu
tion steps to perform. Noti
ethat the 
ase l = 0 
orresponds to the Fourier analysis method, respe
tivelyKrone
ker produ
t method seperately, while l = 10 
orresponds to 
y
li
 re-du
tion seperately. It is 
lear that the 
ombined methods are faster than theindividual methods. The minimum is not attained at l � log2 log2 n � 1, butrather at l � log2 log2 n. The KPCR-method and FACR-method have 
om-parable exe
ution times, although the FACR-method seems to be a little bitfaster.Our se
ond example is the Poisson equation in polar 
oordinates1r ��r  r���r!+ 1r2 �2���2 = 16r2;12



l KPCR FACR0 22:11 17:081 12:65 9:662 8:42 6:143 5:95 4:524 5:59 4:115 5:87 4:446 6:12 4:627 6:57 5:138 7:06 5:749 7:61 7:6810 8:27 7:53Table 1Computation times in se
onds for the Poisson equation on a squareon the 
ir
le segment 0 � r � 1, 0 � � � �=2. We assume Diri
hlet boundary
onditions on all sides and �(r; �) = r4(1 � 
os 4�) as the exa
t solution. Intable 2 we take n = m = 1024 for the grid and we list the exe
ution times fordi�erent values for l. In this example the FACR-method is not possible, sin
ethe matri
es A and T will not 
ommute. With this value for n we 
an performat most 9 steps of 
y
li
 redu
tion. Again, the 
ombination of 
y
li
 redu
tionand Krone
ker produ
t methods is faster then the individual methods, andthe minimum is attained at l = 4 � log2 log2 1024.Referen
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