Spherical Product Algorithms
and the
Integration of Smooth Functions
with One Singular Point

Ronald Cools and Erich Novak

Report TW 308, July 2000

Katholieke Universiteit Leuven
Department of Computer Science
Celestijnenlaan 200A — B-3001 Heverlee (Belgium)




Spherical Product Algorithms
and the
Integration of Smooth Functions
with One Singular Point

Ronald Cools and Erich Novak

Report TW 308, July 2000

Department of Computer Science, K.U.Leuven

Abstract

We consider the problem of numerical integration for multivari-
ate functions with respect to a radial symmetric weight. We prove
that suitable spherical product algorithms have the optimal rate of
convergence n ¥/ for C*-functions. We also study classes of inte-
grands with a singularity that are C* outside the origin. Standard
algorithms have high cost for such functions, because they require
that the function is smooth everywhere. We construct suitably mod-
ified spherical product algorithms with optimal rate of convergence
n~*%/4 also in this case. In the compact case we can use modified
spherical product Gauss formulas with a nonalgebraic degree of pre-
cision.
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Abstract. We consider the problem of numerical integration for multivariate functions with
respect to a radial symmetric weight. We prove that suitable spherical product algorithms have
the optimal rate of convergence n~*/? for C*-functions. We also study classes of integrands with a
singularity that are C'* outside the origin. Standard algorithms have high cost for such functions,
because they require that the function is smooth everywhere. We construct suitably modified spher-
ical product algorithms with optimal rate of convergence n~*/d also in this case. In the compact
case we can use modified spherical product Gauss formulas with a nonalgebraic degree of precision.
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1. Introduction. We motivate our results by a simple example. Assume that
you want to compute the integral

I[fs] = /zeR3, et f3(z) dzx

for f3(x) = (1 + z?) - exp(||z||) by a numerical algorithm. One may use the classical
spherical product Gauss formulas which have the optimal rate n—*/? of convergence
for all C*(R®) spaces, see Theorem 1. With n = 27000 function evaluations, the
error of this algorithm on our example is still larger than 10~°. The integrand f; is
Lipschitz but not a C'-function because of the singularity at the origin. Hence the
classical algorithm is not very good. We consider this as a significant problem of the
classical algorithm because the distance to a singular point (in this case the origin)
appears often in integrands.

With our modified spherical product Gauss formulas the error is about 2.6-10~!!
with only n = 250 function evaluations. Observe that

f3(x) = fa(e1, 92,7) = ((cos1)? (cos p2)” r* + 1) exp(r),

where (1,2, 7) are spherical coordinates, see § 4. The function f3 is very smooth
and our algorithm behaves excellent for all integrands that are smooth if written in
spherical coordinates. After this illustration we describe the contents of the paper in
a more systematic way.

Let C*(R?) be the space of k times continuously differentiable functions on R?
with bounded kth derivatives,

[ID%flloo <1 for all a € N?, la| =k,

and let
(1 1A= | @) ellel) de.
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By ||z|| we denote the Euclidean norm in R? and we assume that d > 1.

We use the following conditions on the weight o. We assume that r — r?~1 o(r)
is integrable and p is non-negative. We exclude the trivial case where o = 0 almost
everywhere. An essential condition, which was already used by Wasilkowski and
Wozniakowski (2000), is

(2) lim o(t)t° =0 fora g >k+d.
t—00
Then I,[f] is well defined for all f € C*(R?).

Standard algorithms for numerical integration for the class C*(R?) are based on
interpolation by some kind of polynomials or piecewise polynomials (splines). There
are many such algorithms. In §2 we describe the classical spherical product Gauss
formulas for the computation of I;[f], see also Stroud and Secrest (1966) and Stroud
(1971). For this algorithm one has to assume that all polynomials are integrable. This
is possibly only a minor disadvantage since this additional assumption is satisfied for
many interesting cases. Soon we will see a more serious disadvantage of classical
spherical product Gauss formulas, related to error bounds.

We discuss the optimal rate of convergence, or the order of the complexity, for
computing I;[f] for f € C¥(R?). From general results about adaption we know that
it is enough to consider algorithms of the form

(3) Qulf] = Zwi flz),

see Traub, Wasilkowski and Wozniakowski (1988). The (worst case) error of @, is
given by

e(Qn) = e(Qn, C*(R")) = sup )Ifd[f] — Qnlf]]-

feCk*(rRe

Assume first that ¢ has compact support and r — r¢~! o(r) is integrable. Then it is
well known that the optimal rate of convergence for the space C*(R?) is n=*/?, i.e.,
for n sufficiently large

de,C eR: c-n*k/dgiqr;fe(Qn) <C-n kA,

We refer to Novak (1988) for more details on this topic. In this case the classical
spherical product Gauss formulas have the optimal rate of convergence, see § 2.

The case of a general p is more complicated and was studied only recently in
Wasilkowski and Wozniakowski (2001). These authors study the condition (2) and
prove [under slightly more restrictive conditions] that it implies that the optimal rate
is n=*/¢. The classical spherical product Gauss formulas in general do not yield,
however, the optimal rate. This follows from results of Curbera (1998) who studied
the case d = k = 1 with the Gaussian weight o(x) = exp(—2z2). According to what
we wrote above, the optimal rate of convergence for this case is n~'. The Gaussian
formulas, however, only yield the rate n=1/2.

In this paper we use spherical product algorithms for the classes C*(R?), because
these quadrature formulas are easy to construct and to analyze. These algorithms
yield the optimal rate n=*%/?  in the general case introduced above. One has to use
univariate quadrature formulas with the optimal rate n=*, see § 3. We know from
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Wasilkowski and WozZniakowski (2000) that such univariate formulas exist. In the
compact case (o has compact support) one can always use Gaussian formulas which
have the optimal rate of convergence and, in addition, a high degree of polynomial
exactness. In the general (noncompact) case it is enough to modify the quadrature
formulas for the coordinate r. We still can use Gaussian formulas for all other coor-
dinates.

In § 4 we consider the case where f may have a singularity at the origin and is k
times continuously differentiable in all other points. For example, f could be of the
form

(4) f(z) = llzll + g(z),  where g € C*(R?).

Such a function is not (globally) C* but of course we still can apply the classical
algorithms. Instead of the rate n~*/¢ we only obtain some fixed rate which does
not increase with k. We construct what we call modified spherical product algorithms
to obtain the optimal rate n~*/¢ also for functions of the form (4), as well as for
other functions which are in C*, if written in certain spherical coordinates; see § 4
for the exact definition of the class C*(R?). It is important to use coordinates for
which r is nonnegative. Then functions of the form (4) are in C* in these coordinates.
The classical spherical product algorithms, as explained in § 3, use coordinates where
r € R and f in (4) is not differentiable with respect to r.

To obtain the optimal rate of convergence in the compact case, we can use modified
spherical product Gauss formulas. These cubature formulas have a nonalgebraic degree
of precision, they are exact for functions of the form

f(@) = p(z) + ||=[] - p2(2),

where p; is a polynomial of degree 2/ — 1 and p- is a polynomial of degree 2¢ — 2.
Such cubature formulas were introduced by Cools and Santos-Leén (2000).

All presented algorithms are some kind of spherical product formulas, constructed
from quadrature formulas for univariate functions. For the modified spherical product
formulas the integral

Ky

If= | f(p) | cosp|* dy

is important: we need a Gauss quadrature formula with 2¢ points which is exact for
all trigonometric polynomials of degree 2¢ — 1. We discuss such formulas in § 5.

2. The Classical Spherical Product Gauss Formulas. Tensor product al-
gorithms are easy to describe, and also to analyze. For integrals of the form (1) such
algorithms are defined via spherical coordinates. There are different ways to define
d-dimensional spherical coordinates. We follow Stroud (1971) and use the definition

X1 =T COSpYqg—1 COSPq—o...COS Yo COS Y1
Lo =T COSP4—1 COSPJ—a ...COS P2 Sin 1

T3 =T COSPg_1COSPy_o...SiNYs

Tg—1 =T COSPg—1 Sin Yg_o
Tg =1 SsinY4_1.



Now one uses the new coordinates 1, ...,p4—1,7 where the ; are in the interval
[-7/2, w/2] and r € R. To express the integral I4[f] in spherical coordinates we need
the Jacobian which is given by

d—3

(6) Ji =111 (cospg 1)772 (cospg )72 .. . (cosps)? cosps.

Observe that Jg is a tensor product and therefore the whole integral I[f] is now
expressed as a tensor product of (weighted) univariate integrals. For monomials we
obtain

e -wa') = [ 5oy ollel) do

w/2
= / (cos 1) (sin 1) depy -
—7/2

w/2
/ (cos p2)” (sin pa)* (cos a) dips -

w/2
/ (c08 Pa—2)"*=2 (sin Qg_2)**~" (cos pa—2) "> dpa—» -
—7/2

w/2
/ (005 a1 inipa )™ (cosipa 1) s
—7/2

[ ro1nl® el
R

where 3; = a1 + ...+ «a;. Now we discuss the univariate formulas needed for these
integrals, to obtain a formula of polynomial degree 2¢ — 1.
Most of the univariate integrals in (7) have the form

w/2
(8) / (cos ) ¥ 1 P(cos px, sin ¢y,) dpy, k=1,...,d -1,
—m/2

where P(cos gy, sin ¢g) is a polynomial in cos ¢y and sin . Stroud (1971) proved
that it suffices to consider only those polynomials P that contain only even powers
of cos gy, if one uses symmetric quadrature formulas. Substituting y; = sin ¢y, these
integrals become

(9) / (1— )" Bly) du,

—1

where P is an algebraic polynomial of degree at most 2¢ — 1. Stroud (1971) proved
that if one has a quadrature formula

1

l
(10) QY = Y vk () / (1 - 42)"% £ (ye)

-1

that is symmetric and exact whenever f is a polynomial of degree < 2/ — 1, this is
transformed to a quadrature formula for the integral (8) that is exact for the needed
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polynomials P(cos pg,sin ). One can use Gauss-Jacobi quadrature formulas for
(10). These formulas use the zeros of the Jacobi polynomials P*#, with a = 3 = %,
as quadrature points.

Since o(|r])|r|?"! does not change sign, the last integral in (7) can be approxi-
mated by a Gaussian quadrature formula with a (non-standard) weight function.

In this way we obtain the classical spherical product Gauss formulas G,. With £
points in each variable we get n = % if £ is even and n = ¢¢ — ¢4=! 4 1 if ¢ is odd.
The polynomial degree of exactness is 2¢ — 1 and all weights are positive. See Stroud
(1971) for proofs and more details.

THEOREM 1. Assume that o has compact support. Then the classical spherical
product Gauss formulas G, have the optimal rate of convergence for the space C*(R?),

e(Gn, C*(R?)) < n= /1,

Proof. Tt is well known that this rate cannot be improved. See, for example,
Novak (1988). We sketch two different proofs of the upper bound for G,,. The first is
very short, but the second proof can be modified for the general case.

First proof. We get the rate n=*/? even for the approximation problem (in the
Loo-norm), if we use polynomials up to some total degree. See, for example, Schu-
maker (1981). We get the same rate for the integration error because we use quadra-
ture formulas with positive weights.

Second proof. For f € C*(R?) we write

f(xla"'axd) :f(SOh---a(Pd—lﬂ')a

where (21,...,24) and (¢1,...,94—1,7) are related by (5). Then we obtain

w/2 w/2 B
Li[f] :/ / / /f cos s ... (cospg_1)2|r|" L o(|r|) dr dpg— ... dp .
—m/2 R

—m/2

If fis a C* function with ||D?f|| < 1 for all |a| < k, then we also have a bound
for all || D®f||s, for || < k. Therefore it is enough to prove error bounds for f € C*
and to guarantee that the algorithm is exact for polynomials of degree less than k.

Observe that this integral is a tensor product of univariate integrals. We want
to apply a tensor product algorithm and use a known technique to prove the optimal
rate n~*/4 for it. Assume that we have several one-dimensional integrals and that
for any of these we have the optimal rate n=* for certain quadrature formulas. Then
one can study the product formulas for the product integral and it turns out that we
obtain, using this product formulas, the optimal rate n—*/? in the multivariate case.
See Davis and Rabinowitz (1984, p. 361) and Haber (1970, p. 488-489). O

We already mentioned in §1 that the Gauss formulas do not always give the
optimal rate in the general (non-compact) case. Therefore we study more general
spherical product algorithms in § 3. Even in the compact case one may want to
modify the classical spherical product Gauss formulas, to deal with functions that
have a singularity in the origin. The following examples can serve as a starting point
for the modifications in § 4.

2.1. Examples. Assume that the integrand has the form
(11) () = F(ll=Il)
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and we also put f(—y) = f(y).
In particular we first consider for d = 3 the two examples

filx) =|lzl| and  fa(z) = —[|z[|log([|=]])

for the weight function o; = 1jp 1. Then we obtain

(12) Gulf] = Qdlf],

where @y is the Gaussian formula with n = ¢? points if £ is even and n = £ — (%=1 41
if £ is odd, for the (univariate) weight function

wlw) = ealsl™ off2)
on R. Here ¢g = 27%2/T(d/2) is the (d — 1)-dimensional volume of {z : ||z|| = 1}.
For d = 3 we have ¢3 = 4.

Even if f is very smooth on Rt then still f is (in general) only Lipschitz on R.
Therefore we can not expect a high rate of convergence.!

All numerical results in this paper are obtained using Maple V using a sufficiently
high precision to guarantee that the rounding errors are small compared to the error
of the algorithm. So the errors shown are only due to the algorithm. Observe that all
algorithms studied in this paper are stable because we use quadrature formulas with
positive weights.

Because of the simple relation (12), one should not compute the integral of a
function (11) by means of a product formula. We include these examples only to
show that the error of the classical spherical product Gauss formulas is rather large
even for some simple functions. We use another test function,

fs(z) = (1 + 27) - exp(|l]),

again for the weight function o1 = 1pp,;) and d = 3. Here x; refers to the first
coordinate of a point x. In Table 1 we present the absolute errors of the classical
spherical product Gauss formulas on our test functions.

TABLE 1
Errors of classical spherical product Gauss formulas for o1 .

n fi f2 f3

101 3.53995E—2 7.64671E—2  3.43681E—2
1000 | 6.02351E—4 1.15635E—3  5.91007TE—4
3151 | 8.02675E—4  2.53171E—3  7.99603E—4
8000 | 4.81768E—5  1.23438E—4  4.79278E—5
15001 1.19860E—4  4.35621E—4 1.19685E—4
27000 1.04047E—5  3.06692E—5 1.03798E—5

rate n—L.2 n—L1 n—1.2

I Knut Petras kindly explained us that the theory of Peano kernels could be used to obtain error
bounds for functions of the form (11). For us these functions only serve as an example and whenever
rates of convergence are mentioned, these are obtained by fitting the numerical results.
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We also investigate for d = 3 the above examples with the weight function g2(r) =
r=2 on [0, 1]. Then we obtain

Gulf] = Qilf]

for functions of the form (11), where Q is the Gaussian formula with n = ¢¢ points
if £ is even and n = ¢ — (%=1 4 1 if £ is odd, for the constant weight function 27 on
[—1, 1]. Using the same functions f; from above, with the new weight function on the
unit ball of R?, we obtain the numerical results presented in Table 2.

TABLE 2
Errors of classical spherical product Gauss formulas for oo.

n fi f2 f3

101 | 3.46515E—1 8.70964E—1 3.40221E—1
1000 | 4.72602E—2 1.17640E—1 4.68792E—2
3151 | 4.30930E—2 1.54157E—1  4.30033E—2
8000 | 1.23232E—2  3.90050E—2  1.22977E—2
15001 | 1.59045E—2 6.48521E—2  1.58924E—2
27000 | 5.56058E—3 1.98168E—2  5.55540E—3
rate n70.6 n70.54 77,70'6

Finally, we consider g3(r) = exp(—r?) on r > 0. Of course we cannot apply
Theorem 1 to this example, but the classical spherical product Gauss formulas G,
are still defined.

TABLE 3
E'rrors of classical spherical product Gauss formulas for o3.

n ij Iz I3

101 4.23539E—1 6.02060E—1 3.76739E—1
1000 | 2.40454E—-2  2.29347E—2  2.10462E—-2
3151 5.77879E -2 1.17524E—1 5.57241E—-2
8000 | 6.18114E—3  8.17949E—3  5.80620E—3
15001 2.18175E—-2  5.01945E—2  2.13603E—2
27000 | 2.77470E—3  4.25478E—3  2.66364E—3
rate n—0.6 n—0.5 n—0-6

If we compare the three weight functions then we can say that g; is the simplest
weight, the errors converge the quickest. This could be expected, since the weight is
bounded and the domain is compact.

For completeness, we summarize in Table 4 the integrands and weight functions
that we use in this paper, together with the exact value of the integral. In § 4.1 we
will present numerical results for the same test integrals and the modified product
algorithm.

2.2. Discussion. The classical spherical product Gauss formulas have certain
advantages and also disadvantages:
e The algorithm is of product type, hence it is easy to describe and also to
analyze.



TABLE 4
Ezact results for test problems

01 =11 | 02 =|lzl|7%1[0,1) | 03 = exp(—|lz|*)
fi(z) = ||z|| T 27 2
f2(z) = —||z(| log(||=]]) m/4 m m(y —1)
fa(z) = (1 +23) exp(||z]]) | 8m(2e —5) | 4m(de —5)/3 SLp3/2el /(1 +erf(1/2)) + B

e The rate of convergence is optimal for every C*(R?) if o has compact domain.

e The rate of convergence is not optimal for every C*(R?) in the general case.

e The rate of convergence is poor for functions of the form (4) or (11), even in
the compact case.

In § 3 we modify the spherical product Gauss algorithm to obtain the optimal rate
of convergence for the space C*(R?) in the general case. In § 4 we will construct an
algorithm of product type with optimal rate, also for general g, and also for functions
of the form (4) or (11).

3. Spherical Product Algorithms for Smooth Functions. We use the same
coordinates as in § 2, but with optimal algorithms for each variable. We only have to
change the quadrature formulas for the variable r. We obtain an algorithm @, with
optimal rate of convergence for the class C*(R?), also in the general (non-compact)
case. We assume, as always in our paper, that r — r?~1p(r) is integrable with (2).

THEOREM 2. The resulting spherical product algorithm Q,, formally defined in
the proof, has optimal rate of convergence for the space C*(R%),

e(Qn, C*(RY)) x n=H/4,

Proof. We proceed as in the second proof of Theorem 1 and obtain

w/2 w/2 N
W= [ [ Feospateosa) 2t ellr) dr dpacs . doy
—m/2 R

—m/2

for f € Ck(R?). Again it is enough to prove error bounds for f € C* and to guarantee
that the algorithm is exact for polynomials of degree less than k.

For the variables ¢1,...,¢p4-1 we can use the same Gaussian rules as in the
classical case, see § 2. Only for the variable r we need to take another algorithm for
the integral

1= [ )b ol ar
which is exact for polynomials of degree less than k and gives the optimal rate n=*
for C*-functions. The existence of such an algorithm follows from known results, if
we decompose this integral into

R
nLif] = / SO o and Bl = /Mf(r) 1P o(Ir]) dr,

where M = {r € R| |r| > R} and R is chosen in such a way that g is bounded on M.
It follows from the known results about the compact case that suitable quadrature
formulas exist for I, see Novak (1988). The existence of suitable algorithms for I
follows from the results of Wasilkowski and Wozniakowski (2000). O
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4. Modified Spherical Product Algorithms for Functions with a Singu-
larity. We already motivated this section in § 2.2. We increase the function classes
C*(R?) and use slightly different coordinates in this section. The ¢; and r are defined
by (5) as in §2 but with

(13) r>0, g1 €[-m, 7, and ¢; € [-7/2,7/2] for i=1,...,d—2.
Again we put
f(ﬂfla---:xd)=f(801:---:§0d—1:7“):

using these new coordinates. Now we define the larger class 5’“(]Rd) by

CHRY) = CHRY) U {f € CRY) | |D*flloo <1, |a| <k, f periodic w.r.t. pg_;}.

This class contains functions which are C* “if written in the (new) spherical coordi-
nates”.
_ One should observe that the algorithms from § 3 are not good for functions from
C*(R?). The reason is that the variable r takes positive as well as negative values in
§ 3. Therefore we did not get good error bounds for functions of the form (4) or (11).
It is easy, however, to modify the algorithms accordingly.

Again the Jacobian is given by (6). The whole integral I;[f] is again expressed as
a tensor product of univariate integrals. Most of these integrals are as in the classical
case, only the range in two of the integrals differs, and we obtain

Tfaft-eeay) = [ o ollal) do

w/2
B / (cos 1)t (sin 1) dpy -
77r/2

(cos p2) (sm p2)™* (cos p2) dps -

(cospa—1) Bd ! (sinpg—1)** | cos <pd,1|d*2 dpg_1 -

/ (c08 pg—2)7*=> (sin pg—2)™*~" (cos pa—2)" " dpy—s -

/ P4 14 o) di,
0

where 8; = a1 + ... + a;. Now we discuss the univariate formulas needed for these
integrals, to obtain a formula of polynomial degree 2¢ — 1, see also Evans and Swartz
(2000, Example 5.5). This algorithm will be exact also for functions of the form

(15) fx) = l=[| - p(=),

where p is a polynomial of degree (at most) 2¢ — 2. Observe that for f of the form
f(x) = ||z[| 7" --- 25, the integral I;[f] also has the form (14), only £, has to be
increased by one.



We can construct such an algorithm similarly as before. First we assume that o
has compact support. The modifications for the general case are similar as in § 3 and
will be discussed later.

The product algorithm has to be exact if all ; are even, and the result should
be zero when at least one «; is odd. For the first d — 2 integrals we use symmetric
Gaussian formulas with ¢ points and exactness 2¢ — 1, as in § 2.

Also the last integral is straightforward, we use (for ¢ with compact support)
Gaussian formulas with ¢ points for the weight function w(z) = 2% ! o(z) on = > 0.
This formula, however, is not symmetric and therefore we need a formula for

s

(16) [ (cos)? sin ) [cosel' d
—T

which is exact for all 43 < 2¢—1. Section 5 is devoted to this integral. At this point

we only need to know that the lowest possible number of points for such a quadrature

formula is 2/, that such a formula always exists and has positive weights.

THEOREM 3. Assume that o has compact support. Then the resulting algorithm
is exact for all functions of the form p(x) + ||z||q(x) whenever p(z) is a polynomial of
degree at most 20 — 1 and q(x) is a polynomial of degree at most 20 — 2. It uses 207
function evaluations and has positive weights.

Proof. This follows from the construction of the formula. O

REMARK 1. Let R} be the set of all polynomials of degree € together with functions
of the form f(x) = ||z|| p(x) with a polynomial p of degree £—1. Cools and Santos-Ledn
(2000) study, among other things, cubature formulas which are exact for R?. They
prove that a cubature formula with ezactness RY,_, must have at least dim(R{_,)
points. The dimension of R} | is given by

. d+(—-1 d+0-2
dim(RY ) = < d )-I-( d )

For fized dimension d and large { we obtain

dim(R} ) ~ 2 WA
d!

hence the upper bound, given by Theorem 3, is roughly d! times as large as the lower
bound.

THEOREM 4. Assume that o has compact support. Then the described algorithm
has the optimal rate of convergence n=%/'® for the class C*(R%).

Proof. The proof is as the proof of Theorem 1 with the difference that now we
use the spherical coordinates introduced earlier in this section. a

For the general (non-compact) case only the algorithm for the variable r has to
be changed. This is done (almost) as in the proof of Theorem 2. For the univariate
integral

1] = / " @) e ofa) da

we need quadrature formulas that yield the optimal rate n~* and are exact for poly-
nomials of degree less than k.

_ THEOREM 5. The respective algorithm has the optimal rate n

Ck(RY).

—k/d for the class
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4.1. Examples. We will now see how the modified spherical product Gauss
formulas behave on the test functions we used in § 2.1. Of course the integrand f;
now is trivial since the algorithm is designed to produce the exact result for this
function.

So we only present numerical results for the test functions fy and f3 for the three
weight functions we considered earlier, see Table 4. In Table 5 and 6 we give the
absolute errors for these test functions.

TABLE 5
Errors of modified spherical product Gauss formulas for fa.

n 01 02 03

128 5.97110E—5 8.15778E—3  1.33392E—3
1024 6.45179E—-7  6.14338E—4  4.21752E—5
3456 3.73606E—8  1.30222E—4  4.89580E—6
8192 4.61692E—9  4.27581E—5 1.01310E—6
16000 | 8.83036E—10 1.79180E—-5 2.91904E—-7
31250 | 1.64968E—10 7.47693E—6  8.27308E—8

rate n—2.5 —1.3 —-1.9

n n

TABLE 6
Errors of modified spherical product Gauss formulas for fs.

n 01 02 03

128 | 2.67989E—08 1.36226E—04 8.86155E—04
1024 | 2.50550E—21  3.05229E—20 1.78478E—11
3456 | 2.67209E—36  3.53684E—-35 2.20710E—20
8192 | 1.63796E—-52  2.26601E—-51  5.04496E—30
16000 | 1.22698E—69  1.74473E—68  3.45789E—40
31250 | 4.80193E—92 6.98381E—91 1.87378E—53

Observe that f5 is not smooth, even with respect to the new spherical coordinates.
Therefore we only get a bounded rate of convergence for this function. Nevertheless,
the results are much better than the results of the classical rules. The integrand f3 is
contained in every C*(IR?*) and the results are excellent.

In Figures 1 and 2 we show some errors for both the classical and the modified
spherical product Gauss formulas on a log-log scale. The circles refer to results of
the classical algorithm and the boxes refer to results of the modified algorithm. One
clearly sees that for f> the convergence is of the form n~% for some a > 0 and that for
f3 there is an exponential convergence. In all cases the error is significantly smaller
for the modified rules than for the classical rules.

5. Quadrature formulas for ["_f(p)|cosp|??dp. In this section we will
briefly discuss quadrature formulas for the integral

Ky

(17) (@) cos 0" dp
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Fic. 1. Error for f> and o> with classical and modified formulas

.1§3 194
1. °
)
o
o
o o
o
° o
o o
.14 o °
o
o
)
o
o
Jde-14
o
error
o
o
Jde-24 o
o
o
o
o
o
1e-3 o
o
o
o

which are, for a given ¢, exact for the class
{(cosp)? (sinp)® |0<a+pB<20—1, a,B €N}

In other words, we are interested in quadrature formulas of trigonometric degree
2¢—1 for (17). Such quadrature formulas play a crucial role in the modified spherical
product rules and we did not encounter them in the literature for d > 3.

In case d = 2 the integral (17) has a constant weight function. It is well known
that the minimal number of points in a quadrature formula in this case is 2¢ and
that every quadrature formula with equidistant points and equal weights is a minimal
quadrature formula. One can shift the points, i.e., there is one free parameter.

Since the weight function | cos |92 in (17) is nonnegative, it is known that the
minimal number of points always is equal to 2¢. See, e.g., Mysovskikh (1985) and
Cools (1997). Furthermore, it is proven by Mysovskikh (1985) that for non-negative
weight functions a 1-parameter family of quadrature formulas exists with 2/ real
points in the interval and all weights positive. The proof of Mysovskikh (1985) is
constructive. To start this construction the moments

Ibk =/ e~ cosp|?dp , i =—1,k=0,...,20 -1

-7
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Fic. 2. Error for fas and o2 with classical and modified formulas

le-2
le4 o
le-6 5
le-8
1e-10 °
le-12
le-14
le-16 0
le-18
1e-20 o
1le-22
le-24
1le-26
le-28
1e-30 R
1e-32
le-34 0
1e-36
1le-38 o
1le-40
le-42 o
le-44
le-46 o
1e-48
1le-50

are required. For even d one easily obtains

) 2%dg < kd+;_22 > for k even and k < d
= big=2

0 otherwise.

For odd d one obtains?

iy = 22=dn(d—2)! T(HE) = I(452)~!  for k even
0 for k odd.

In our numerical experiments, we always choose the origin as a point of the
quadrature formula. Then we obtain a symmetric formula, i.e., if z; is a point with
corresponding weight w;, then —z; is also a point with the same weight.

Observe that (17) can be rewritten as

3m/2

™ w/2
: flp) | cos > dwz/ fp) (cos )2 d<p+(—1)d/ f(p) (cosp)* 2 dyp

—m/2 /2

/2 w/2
B / F(p) (cos )2 dip + / flo+m) (cos )" dop.
—/2 —m/2

2We are indebted to Patrick Van gucht whose tedious computations confirmed this.
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Each of these integrals has the same form as (8) and can be well approximated by
Gauss-Jacobi quadrature formulas, as explained in §2. This also results in a quadra-
ture formula for (17) of degree 2¢ — 1 with 2¢ points. In fact, for odd ¢ it coincides
with the formula we used in our experiments.
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