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Abstra
tWe 
onsider the problem of numeri
al integration for multivari-ate fun
tions with respe
t to a radial symmetri
 weight. We provethat suitable spheri
al produ
t algorithms have the optimal rate of
onvergen
e n�k=d for Ck-fun
tions. We also study 
lasses of inte-grands with a singularity that are Ck outside the origin. Standardalgorithms have high 
ost for su
h fun
tions, be
ause they requirethat the fun
tion is smooth everywhere. We 
onstru
t suitably mod-i�ed spheri
al produ
t algorithms with optimal rate of 
onvergen
en�k=d also in this 
ase. In the 
ompa
t 
ase we 
an use modi�edspheri
al produ
t Gauss formulas with a nonalgebrai
 degree of pre-
ision.Keywords : multivariate integration, spheri
al produ
t algorithms, optimalrate of 
onvergen
e, integrands with singularity, Gauss formulas, nonalgebrai
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isionAMS(MOS) Classi�
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SPHERICAL PRODUCT ALGORITHMS AND THE INTEGRATIONOF SMOOTH FUNCTIONS WITH ONE SINGULAR POINTRONALD COOLS, ERICH NOVAK�Abstra
t. We 
onsider the problem of numeri
al integration for multivariate fun
tions withrespe
t to a radial symmetri
 weight. We prove that suitable spheri
al produ
t algorithms havethe optimal rate of 
onvergen
e n�k=d for Ck-fun
tions. We also study 
lasses of integrands with asingularity that are Ck outside the origin. Standard algorithms have high 
ost for su
h fun
tions,be
ause they require that the fun
tion is smooth everywhere. We 
onstru
t suitably modi�ed spher-i
al produ
t algorithms with optimal rate of 
onvergen
e n�k=d also in this 
ase. In the 
ompa
t
ase we 
an use modi�ed spheri
al produ
t Gauss formulas with a nonalgebrai
 degree of pre
ision.Key words. multivariate integration, spheri
al produ
t algorithms, optimal rate of 
onvergen
e,integrands with singularity, Gauss formulas, nonalgebrai
 degree of pre
isionAMS subje
t 
lassi�
ations. 65D32, 41A25, 41A551. Introdu
tion. We motivate our results by a simple example. Assume thatyou want to 
ompute the integralI [f3℄ = Zx2R3; kxk�1 f3(x) dxfor f3(x) = (1 + x21) � exp(kxk) by a numeri
al algorithm. One may use the 
lassi
alspheri
al produ
t Gauss formulas whi
h have the optimal rate n�k=3 of 
onvergen
efor all Ck(R3 ) spa
es, see Theorem 1. With n = 27 000 fun
tion evaluations, theerror of this algorithm on our example is still larger than 10�5. The integrand f3 isLips
hitz but not a C1-fun
tion be
ause of the singularity at the origin. Hen
e the
lassi
al algorithm is not very good. We 
onsider this as a signi�
ant problem of the
lassi
al algorithm be
ause the distan
e to a singular point (in this 
ase the origin)appears often in integrands.With our modi�ed spheri
al produ
t Gauss formulas the error is about 2:6 � 10�11with only n = 250 fun
tion evaluations. Observe thatf3(x) = ~f3('1; '2; r) = ((
os'1)2 (
os'2)2 r2 + 1) exp(r);where ('1; '2; r) are spheri
al 
oordinates, see x 4. The fun
tion ~f3 is very smoothand our algorithm behaves ex
ellent for all integrands that are smooth if written inspheri
al 
oordinates. After this illustration we des
ribe the 
ontents of the paper ina more systemati
 way.Let Ck(Rd ) be the spa
e of k times 
ontinuously di�erentiable fun
tions on Rdwith bounded kth derivatives,kD�fk1 � 1 for all � 2 Nd ; j�j = k;and let Id[f ℄ = ZRd f(x) %(kxk) dx:(1)�Katholieke Universiteit Leuven, Dept. of Computer S
ien
e, Celestijnenlaan 200 A, B-3001Heverlee, Belgium. E-mail: Ronald.Cools�
s.kuleuven.a
.be, Eri
h.Novak�
s.kuleuven.a
.be1



By kxk we denote the Eu
lidean norm in Rd and we assume that d > 1.We use the following 
onditions on the weight %. We assume that r 7! rd�1 %(r)is integrable and % is non-negative. We ex
lude the trivial 
ase where % = 0 almosteverywhere. An essential 
ondition, whi
h was already used by Wasilkowski andWo�zniakowski (2000), is limt!1 %(t) t� = 0 for a � > k + d:(2)Then Id[f ℄ is well de�ned for all f 2 Ck(Rd ).Standard algorithms for numeri
al integration for the 
lass Ck(Rd) are based oninterpolation by some kind of polynomials or pie
ewise polynomials (splines). Thereare many su
h algorithms. In x2 we des
ribe the 
lassi
al spheri
al produ
t Gaussformulas for the 
omputation of Id[f ℄, see also Stroud and Se
rest (1966) and Stroud(1971). For this algorithm one has to assume that all polynomials are integrable. Thisis possibly only a minor disadvantage sin
e this additional assumption is satis�ed formany interesting 
ases. Soon we will see a more serious disadvantage of 
lassi
alspheri
al produ
t Gauss formulas, related to error bounds.We dis
uss the optimal rate of 
onvergen
e, or the order of the 
omplexity, for
omputing Id[f ℄ for f 2 Ck(Rd). From general results about adaption we know thatit is enough to 
onsider algorithms of the formQn[f ℄ = nXi=1 wi f(xi);(3)see Traub, Wasilkowski and Wo�zniakowski (1988). The (worst 
ase) error of Qn isgiven by e(Qn) = e(Qn; Ck(Rd )) = supf2Ck(Rd) jId[f ℄�Qn[f ℄j:Assume �rst that % has 
ompa
t support and r 7! rd�1 %(r) is integrable. Then it iswell known that the optimal rate of 
onvergen
e for the spa
e Ck(Rd ) is n�k=d, i.e.,for n suÆ
iently large9 
; C 2 R : 
 � n�k=d � infQn e(Qn) � C � n�k=d:We refer to Novak (1988) for more details on this topi
. In this 
ase the 
lassi
alspheri
al produ
t Gauss formulas have the optimal rate of 
onvergen
e, see x 2.The 
ase of a general % is more 
ompli
ated and was studied only re
ently inWasilkowski and Wo�zniakowski (2001). These authors study the 
ondition (2) andprove [under slightly more restri
tive 
onditions℄ that it implies that the optimal rateis n�k=d. The 
lassi
al spheri
al produ
t Gauss formulas in general do not yield,however, the optimal rate. This follows from results of Curbera (1998) who studiedthe 
ase d = k = 1 with the Gaussian weight %(x) = exp(�x2). A

ording to whatwe wrote above, the optimal rate of 
onvergen
e for this 
ase is n�1. The Gaussianformulas, however, only yield the rate n�1=2.In this paper we use spheri
al produ
t algorithms for the 
lasses Ck(Rd ), be
ausethese quadrature formulas are easy to 
onstru
t and to analyze. These algorithmsyield the optimal rate n�k=d, in the general 
ase introdu
ed above. One has to useunivariate quadrature formulas with the optimal rate n�k, see x 3. We know from2



Wasilkowski and Wo�zniakowski (2000) that su
h univariate formulas exist. In the
ompa
t 
ase (% has 
ompa
t support) one 
an always use Gaussian formulas whi
hhave the optimal rate of 
onvergen
e and, in addition, a high degree of polynomialexa
tness. In the general (non
ompa
t) 
ase it is enough to modify the quadratureformulas for the 
oordinate r. We still 
an use Gaussian formulas for all other 
oor-dinates.In x 4 we 
onsider the 
ase where f may have a singularity at the origin and is ktimes 
ontinuously di�erentiable in all other points. For example, f 
ould be of theform f(x) = kxk+ g(x); where g 2 Ck(Rd ):(4)Su
h a fun
tion is not (globally) Ck but of 
ourse we still 
an apply the 
lassi
alalgorithms. Instead of the rate n�k=d we only obtain some �xed rate whi
h doesnot in
rease with k. We 
onstru
t what we 
all modi�ed spheri
al produ
t algorithmsto obtain the optimal rate n�k=d also for fun
tions of the form (4), as well as forother fun
tions whi
h are in Ck, if written in 
ertain spheri
al 
oordinates ; see x 4for the exa
t de�nition of the 
lass eCk(Rd ). It is important to use 
oordinates forwhi
h r is nonnegative. Then fun
tions of the form (4) are in Ck in these 
oordinates.The 
lassi
al spheri
al produ
t algorithms, as explained in x 3, use 
oordinates wherer 2 R and f in (4) is not di�erentiable with respe
t to r.To obtain the optimal rate of 
onvergen
e in the 
ompa
t 
ase, we 
an usemodi�edspheri
al produ
t Gauss formulas. These 
ubature formulas have a nonalgebrai
 degreeof pre
ision, they are exa
t for fun
tions of the formf(x) = p1(x) + kxk � p2(x);where p1 is a polynomial of degree 2` � 1 and p2 is a polynomial of degree 2` � 2.Su
h 
ubature formulas were introdu
ed by Cools and Santos-Le�on (2000).All presented algorithms are some kind of spheri
al produ
t formulas, 
onstru
tedfrom quadrature formulas for univariate fun
tions. For the modi�ed spheri
al produ
tformulas the integral I [f ℄ = Z ��� f(') j 
os'jd�2 d'is important: we need a Gauss quadrature formula with 2` points whi
h is exa
t forall trigonometri
 polynomials of degree 2`� 1. We dis
uss su
h formulas in x 5.2. The Classi
al Spheri
al Produ
t Gauss Formulas. Tensor produ
t al-gorithms are easy to des
ribe, and also to analyze. For integrals of the form (1) su
halgorithms are de�ned via spheri
al 
oordinates. There are di�erent ways to de�ned-dimensional spheri
al 
oordinates. We follow Stroud (1971) and use the de�nitionx1 = r 
os'd�1 
os'd�2 : : : 
os'2 
os'1x2 = r 
os'd�1 
os'd�2 : : : 
os'2 sin'1x3 = r 
os'd�1 
os'd�2 : : : sin'2: : :(5) : : :xd�1 = r 
os'd�1 sin'd�2xd = r sin'd�1: 3



Now one uses the new 
oordinates '1; : : : ; 'd�1; r where the 'i are in the interval[��=2; �=2℄ and r 2 R. To express the integral Id[f ℄ in spheri
al 
oordinates we needthe Ja
obian whi
h is given byJd = rd�1 (
os'd�1)d�2 (
os'd�2)d�3 : : : (
os'3)2 
os'2:(6)Observe that Jd is a tensor produ
t and therefore the whole integral Id[f ℄ is nowexpressed as a tensor produ
t of (weighted) univariate integrals. For monomials weobtainId[x�11 � � �x�dd ℄ = ZRd x�11 � � �x�dd %(kxk) dx= Z �=2��=2(
os'1)�1 (sin'1)�2 d'1 �Z �=2��=2(
os'2)�2 (sin'2)�3 (
os'2) d'2 �: : :(7) Z �=2��=2(
os'd�2)�d�2 (sin'd�2)�d�1 (
os'd�2)d�3 d'd�2 �Z �=2��=2(
os'd�1)�d�1 (sin'd�1)�d (
os'd�1)d�2 d'd�1 �ZR r�d jrjd�1 %(jrj) dr;where �i = �1 + : : : + �i. Now we dis
uss the univariate formulas needed for theseintegrals, to obtain a formula of polynomial degree 2`� 1.Most of the univariate integrals in (7) have the formZ �=2��=2(
os'k)k�1P (
os'k; sin'k) d'k; k = 1; : : : ; d� 1;(8)where P (
os'k; sin'k) is a polynomial in 
os'k and sin'k. Stroud (1971) provedthat it suÆ
es to 
onsider only those polynomials P that 
ontain only even powersof 
os'k if one uses symmetri
 quadrature formulas. Substituting yk = sin'k, theseintegrals be
ome Z 1�1(1� y2k) k�22 eP (yk) dyk;(9)where eP is an algebrai
 polynomial of degree at most 2` � 1. Stroud (1971) provedthat if one has a quadrature formulaQ[f ℄ = X̀i=1 wk;if(yk;i) � Z 1�1(1� y2k) k�22 f(yk) dyk(10)that is symmetri
 and exa
t whenever f is a polynomial of degree � 2` � 1, this istransformed to a quadrature formula for the integral (8) that is exa
t for the needed4



polynomials P (
os'k; sin'k). One 
an use Gauss-Ja
obi quadrature formulas for(10). These formulas use the zeros of the Ja
obi polynomials P�;�, with � = � = k�22 ,as quadrature points.Sin
e %(jrj)jrjd�1 does not 
hange sign, the last integral in (7) 
an be approxi-mated by a Gaussian quadrature formula with a (non-standard) weight fun
tion.In this way we obtain the 
lassi
al spheri
al produ
t Gauss formulas Gn. With `points in ea
h variable we get n = `d if ` is even and n = `d � `d�1 + 1 if ` is odd.The polynomial degree of exa
tness is 2`� 1 and all weights are positive. See Stroud(1971) for proofs and more details.Theorem 1. Assume that % has 
ompa
t support. Then the 
lassi
al spheri
alprodu
t Gauss formulas Gn have the optimal rate of 
onvergen
e for the spa
e Ck(Rd ),e(Gn; Ck(Rd)) � n�k=d:Proof. It is well known that this rate 
annot be improved. See, for example,Novak (1988). We sket
h two di�erent proofs of the upper bound for Gn. The �rst isvery short, but the se
ond proof 
an be modi�ed for the general 
ase.First proof. We get the rate n�k=d even for the approximation problem (in theL1-norm), if we use polynomials up to some total degree. See, for example, S
hu-maker (1981). We get the same rate for the integration error be
ause we use quadra-ture formulas with positive weights.Se
ond proof. For f 2 Ck(Rd ) we writef(x1; : : : ; xd) = ~f('1; : : : ; 'd�1; r);where (x1; : : : ; xd) and ('1; : : : ; 'd�1; r) are related by (5). Then we obtainId[f ℄ = Z �=2��=2 : : : Z �=2��=2 ZR ~f 
os'2 : : : (
os'd�1)d�2jrjd�1%(jrj) dr d'd�1 : : : d'1:If f is a Ck fun
tion with kD�fk1 � 1 for all j�j � k, then we also have a boundfor all kD� ~fk1, for j�j � k. Therefore it is enough to prove error bounds for ~f 2 Ckand to guarantee that the algorithm is exa
t for polynomials of degree less than k.Observe that this integral is a tensor produ
t of univariate integrals. We wantto apply a tensor produ
t algorithm and use a known te
hnique to prove the optimalrate n�k=d for it. Assume that we have several one-dimensional integrals and thatfor any of these we have the optimal rate n�k for 
ertain quadrature formulas. Thenone 
an study the produ
t formulas for the produ
t integral and it turns out that weobtain, using this produ
t formulas, the optimal rate n�k=d in the multivariate 
ase.See Davis and Rabinowitz (1984, p. 361) and Haber (1970, p. 488{489).We already mentioned in x1 that the Gauss formulas do not always give theoptimal rate in the general (non-
ompa
t) 
ase. Therefore we study more generalspheri
al produ
t algorithms in x 3. Even in the 
ompa
t 
ase one may want tomodify the 
lassi
al spheri
al produ
t Gauss formulas, to deal with fun
tions thathave a singularity in the origin. The following examples 
an serve as a starting pointfor the modi�
ations in x 4.2.1. Examples. Assume that the integrand has the formf(x) = ~f(kxk)(11) 5



and we also put ~f(�y) = ~f(y).In parti
ular we �rst 
onsider for d = 3 the two examplesf1(x) = kxk and f2(x) = �kxk log(kxk)for the weight fun
tion %1 = 1[0;1℄. Then we obtainGn[f ℄ = Q`[ ~f ℄;(12)where Q` is the Gaussian formula with n = `d points if ` is even and n = `d� `d�1+1if ` is odd, for the (univariate) weight fun
tion!(x) = 12
d jxjd�1 %(jxj)on R. Here 
d = 2�d=2=�(d=2) is the (d � 1)-dimensional volume of fx : kxk = 1g.For d = 3 we have 
3 = 4�.Even if ~f is very smooth on R+ then still f is (in general) only Lips
hitz on R.Therefore we 
an not expe
t a high rate of 
onvergen
e.1All numeri
al results in this paper are obtained using Maple V using a suÆ
ientlyhigh pre
ision to guarantee that the rounding errors are small 
ompared to the errorof the algorithm. So the errors shown are only due to the algorithm. Observe that allalgorithms studied in this paper are stable be
ause we use quadrature formulas withpositive weights.Be
ause of the simple relation (12), one should not 
ompute the integral of afun
tion (11) by means of a produ
t formula. We in
lude these examples only toshow that the error of the 
lassi
al spheri
al produ
t Gauss formulas is rather largeeven for some simple fun
tions. We use another test fun
tion,f3(x) = (1 + x21) � exp(kxk);again for the weight fun
tion %1 = 1[0;1℄ and d = 3. Here x1 refers to the �rst
oordinate of a point x. In Table 1 we present the absolute errors of the 
lassi
alspheri
al produ
t Gauss formulas on our test fun
tions.Table 1Errors of 
lassi
al spheri
al produ
t Gauss formulas for %1.n f1 f2 f3101 3.53995E�2 7.64671E�2 3.43681E�21000 6.02351E�4 1.15635E�3 5.91007E�43151 8.02675E�4 2.53171E�3 7.99603E�48000 4.81768E�5 1.23438E�4 4.79278E�515001 1.19860E�4 4.35621E�4 1.19685E�427000 1.04047E�5 3.06692E�5 1.03798E�5rate n�1:2 n�1:1 n�1:21Knut Petras kindly explained us that the theory of Peano kernels 
ould be used to obtain errorbounds for fun
tions of the form (11). For us these fun
tions only serve as an example and wheneverrates of 
onvergen
e are mentioned, these are obtained by �tting the numeri
al results.6



We also investigate for d = 3 the above examples with the weight fun
tion %2(r) =r�2 on [0; 1℄. Then we obtain Gn[f ℄ = Q`[ ~f ℄for fun
tions of the form (11), where Q` is the Gaussian formula with n = `d pointsif ` is even and n = `d � `d�1 + 1 if ` is odd, for the 
onstant weight fun
tion 2� on[�1; 1℄. Using the same fun
tions fi from above, with the new weight fun
tion on theunit ball of R3 , we obtain the numeri
al results presented in Table 2.Table 2Errors of 
lassi
al spheri
al produ
t Gauss formulas for %2.n f1 f2 f3101 3.46515E�1 8.70964E�1 3.40221E�11000 4.72602E�2 1.17640E�1 4.68792E�23151 4.30930E�2 1.54157E�1 4.30033E�28000 1.23232E�2 3.90050E�2 1.22977E�215001 1.59045E�2 6.48521E�2 1.58924E�227000 5.56058E�3 1.98168E�2 5.55540E�3rate n�0:6 n�0:54 n�0:6Finally, we 
onsider %3(r) = exp(�r2) on r � 0. Of 
ourse we 
annot applyTheorem 1 to this example, but the 
lassi
al spheri
al produ
t Gauss formulas Gnare still de�ned. Table 3Errors of 
lassi
al spheri
al produ
t Gauss formulas for %3.n f1 f2 f3101 4.23539E�1 6.02060E�1 3.76739E�11000 2.40454E�2 2.29347E�2 2.10462E�23151 5.77879E�2 1.17524E�1 5.57241E�28000 6.18114E�3 8.17949E�3 5.80620E�315001 2.18175E�2 5.01945E�2 2.13603E�227000 2.77470E�3 4.25478E�3 2.66364E�3rate n�0:6 n�0:5 n�0:6If we 
ompare the three weight fun
tions then we 
an say that %1 is the simplestweight, the errors 
onverge the qui
kest. This 
ould be expe
ted, sin
e the weight isbounded and the domain is 
ompa
t.For 
ompleteness, we summarize in Table 4 the integrands and weight fun
tionsthat we use in this paper, together with the exa
t value of the integral. In x 4.1 wewill present numeri
al results for the same test integrals and the modi�ed produ
talgorithm.2.2. Dis
ussion. The 
lassi
al spheri
al produ
t Gauss formulas have 
ertainadvantages and also disadvantages:� The algorithm is of produ
t type, hen
e it is easy to des
ribe and also toanalyze. 7



Table 4Exa
t results for test problems%1 = 1[0;1℄ %2 = kxk�21[0;1℄ %3 = exp(�kxk2)f1(x) = kxk � 2� 2�f2(x) = �kxk log(kxk) �=4 � �(
 � 1)f3(x) = (1 + x21) exp(kxk) 8�(2e � 5) 4�(4e� 5)=3 6124 �3=2e1=4(1 + erf(1=2)) + 2312 �� The rate of 
onvergen
e is optimal for every Ck(Rd ) if % has 
ompa
t domain.� The rate of 
onvergen
e is not optimal for every Ck(Rd) in the general 
ase.� The rate of 
onvergen
e is poor for fun
tions of the form (4) or (11), even inthe 
ompa
t 
ase.In x 3 we modify the spheri
al produ
t Gauss algorithm to obtain the optimal rateof 
onvergen
e for the spa
e Ck(Rd ) in the general 
ase. In x 4 we will 
onstru
t analgorithm of produ
t type with optimal rate, also for general %, and also for fun
tionsof the form (4) or (11).3. Spheri
al Produ
t Algorithms for Smooth Fun
tions. We use the same
oordinates as in x 2, but with optimal algorithms for ea
h variable. We only have to
hange the quadrature formulas for the variable r. We obtain an algorithm Qn withoptimal rate of 
onvergen
e for the 
lass Ck(Rd ), also in the general (non-
ompa
t)
ase. We assume, as always in our paper, that r ! rd�1%(r) is integrable with (2).Theorem 2. The resulting spheri
al produ
t algorithm Qn, formally de�ned inthe proof, has optimal rate of 
onvergen
e for the spa
e Ck(Rd),e(Qn; Ck(Rd )) � n�k=d:Proof. We pro
eed as in the se
ond proof of Theorem 1 and obtainId[f ℄ = Z �=2��=2 : : : Z �=2��=2 ZR ~f 
os'2 : : : (
os'd�1)d�2jrjd�1%(jrj) dr d'd�1 : : : d'1for f 2 Ck(Rd ). Again it is enough to prove error bounds for ~f 2 Ck and to guaranteethat the algorithm is exa
t for polynomials of degree less than k.For the variables '1; : : : ; 'd�1 we 
an use the same Gaussian rules as in the
lassi
al 
ase, see x 2. Only for the variable r we need to take another algorithm forthe integral I [f ℄ = ZR f(r) jrjd�1 %(jrj) drwhi
h is exa
t for polynomials of degree less than k and gives the optimal rate n�kfor Ck-fun
tions. The existen
e of su
h an algorithm follows from known results, ifwe de
ompose this integral intoI1[f ℄ = Z R�R f(r) jrjd�1 %(jrj) dr and I2[f ℄ = ZM f(r) jrjd�1 %(jrj) dr;where M = fr 2 R j jrj > Rg and R is 
hosen in su
h a way that % is bounded on M .It follows from the known results about the 
ompa
t 
ase that suitable quadratureformulas exist for I1, see Novak (1988). The existen
e of suitable algorithms for I2follows from the results of Wasilkowski and Wo�zniakowski (2000).8



4. Modi�ed Spheri
al Produ
t Algorithms for Fun
tions with a Singu-larity. We already motivated this se
tion in x 2.2. We in
rease the fun
tion 
lassesCk(Rd ) and use slightly di�erent 
oordinates in this se
tion. The 'i and r are de�nedby (5) as in x2 but withr � 0; 'd�1 2 [��; �℄; and 'i 2 [��=2; �=2℄ for i = 1; : : : ; d� 2:(13)Again we put f(x1; : : : ; xd) = ~f('1; : : : ; 'd�1; r);using these new 
oordinates. Now we de�ne the larger 
lass eCk(Rd) byeCk(Rd ) = Ck(Rd ) [ ff 2 C(Rd ) j kD� ~fk1 � 1; j�j � k; f periodi
 w.r.t. 'd�1g:This 
lass 
ontains fun
tions whi
h are Ck \if written in the (new) spheri
al 
oordi-nates".One should observe that the algorithms from x 3 are not good for fun
tions fromeCk(Rd ). The reason is that the variable r takes positive as well as negative values inx 3. Therefore we did not get good error bounds for fun
tions of the form (4) or (11).It is easy, however, to modify the algorithms a

ordingly.Again the Ja
obian is given by (6). The whole integral Id[f ℄ is again expressed asa tensor produ
t of univariate integrals. Most of these integrals are as in the 
lassi
al
ase, only the range in two of the integrals di�ers, and we obtainId[x�11 � � �x�dd ℄ = ZRd x�11 � � �x�dd %(kxk) dx= Z �=2��=2(
os'1)�1 (sin'1)�2 d'1 �Z �=2��=2(
os'2)�2 (sin'2)�3 (
os'2) d'2 �: : :(14) Z �=2��=2(
os'd�2)�d�2 (sin'd�2)�d�1 (
os'd�2)d�3 d'd�2 �Z ���(
os'd�1)�d�1 (sin'd�1)�d j 
os'd�1jd�2 d'd�1 �Z 10 r�d rd�1 %(r) dr;where �i = �1 + : : : + �i. Now we dis
uss the univariate formulas needed for theseintegrals, to obtain a formula of polynomial degree 2`� 1, see also Evans and Swartz(2000, Example 5.5). This algorithm will be exa
t also for fun
tions of the formf(x) = kxk � p(x);(15)where p is a polynomial of degree (at most) 2` � 2. Observe that for f of the formf(x) = kxkx�11 � � �x�dd , the integral Id[f ℄ also has the form (14), only �d has to bein
reased by one. 9



We 
an 
onstru
t su
h an algorithm similarly as before. First we assume that %has 
ompa
t support. The modi�
ations for the general 
ase are similar as in x 3 andwill be dis
ussed later.The produ
t algorithm has to be exa
t if all �i are even, and the result shouldbe zero when at least one �i is odd. For the �rst d � 2 integrals we use symmetri
Gaussian formulas with ` points and exa
tness 2`� 1, as in x 2.Also the last integral is straightforward, we use (for % with 
ompa
t support)Gaussian formulas with ` points for the weight fun
tion !(x) = xd�1 %(x) on x � 0.This formula, however, is not symmetri
 and therefore we need a formula forZ ���(
os')� (sin')� j 
os'jd�2 d'(16)whi
h is exa
t for all �+� � 2`�1. Se
tion 5 is devoted to this integral. At this pointwe only need to know that the lowest possible number of points for su
h a quadratureformula is 2`, that su
h a formula always exists and has positive weights.Theorem 3. Assume that % has 
ompa
t support. Then the resulting algorithmis exa
t for all fun
tions of the form p(x) + kxkq(x) whenever p(x) is a polynomial ofdegree at most 2`� 1 and q(x) is a polynomial of degree at most 2`� 2. It uses 2`dfun
tion evaluations and has positive weights.Proof. This follows from the 
onstru
tion of the formula.Remark 1. Let Rd̀ be the set of all polynomials of degree ` together with fun
tionsof the form f(x) = kxk p(x) with a polynomial p of degree `�1. Cools and Santos-Le�on(2000) study, among other things, 
ubature formulas whi
h are exa
t for Rd̀. Theyprove that a 
ubature formula with exa
tness Rd2`�1 must have at least dim(Rd̀�1)points. The dimension of Rd̀�1 is given bydim(Rd̀�1) = �d+ `� 1d �+ �d+ `� 2d �:For �xed dimension d and large ` we obtaindim(Rd̀�1) � 2d! � `d;hen
e the upper bound, given by Theorem 3, is roughly d! times as large as the lowerbound.Theorem 4. Assume that % has 
ompa
t support. Then the des
ribed algorithmhas the optimal rate of 
onvergen
e n�k=d for the 
lass eCk(Rd ).Proof. The proof is as the proof of Theorem 1 with the di�eren
e that now weuse the spheri
al 
oordinates introdu
ed earlier in this se
tion.For the general (non-
ompa
t) 
ase only the algorithm for the variable r has tobe 
hanged. This is done (almost) as in the proof of Theorem 2. For the univariateintegral I [f ℄ = Z 10 f(x)xd�1 %(x) dxwe need quadrature formulas that yield the optimal rate n�k and are exa
t for poly-nomials of degree less than k.Theorem 5. The respe
tive algorithm has the optimal rate n�k=d for the 
lasseCk(Rd ). 10



4.1. Examples. We will now see how the modi�ed spheri
al produ
t Gaussformulas behave on the test fun
tions we used in x 2.1. Of 
ourse the integrand f1now is trivial sin
e the algorithm is designed to produ
e the exa
t result for thisfun
tion.So we only present numeri
al results for the test fun
tions f2 and f3 for the threeweight fun
tions we 
onsidered earlier, see Table 4. In Table 5 and 6 we give theabsolute errors for these test fun
tions.Table 5Errors of modi�ed spheri
al produ
t Gauss formulas for f2.n %1 %2 %3128 5.97110E�5 8.15778E�3 1.33392E�31024 6.45179E�7 6.14338E�4 4.21752E�53456 3.73605E�8 1.30222E�4 4.89580E�68192 4.61692E�9 4.27581E�5 1.01310E�616000 8.83036E�10 1.79180E�5 2.91904E�731250 1.64968E�10 7.47693E�6 8.27308E�8rate n�2:5 n�1:3 n�1:9Table 6Errors of modi�ed spheri
al produ
t Gauss formulas for f3.n %1 %2 %3128 2.67989E�08 1.36226E�04 8.86155E�041024 2.50550E�21 3.05229E�20 1.78478E�113456 2.67209E�36 3.53684E�35 2.20710E�208192 1.63796E�52 2.26601E�51 5.04496E�3016000 1.22698E�69 1.74473E�68 3.45789E�4031250 4.80193E�92 6.98381E�91 1.87378E�53Observe that f2 is not smooth, even with respe
t to the new spheri
al 
oordinates.Therefore we only get a bounded rate of 
onvergen
e for this fun
tion. Nevertheless,the results are mu
h better than the results of the 
lassi
al rules. The integrand f3 is
ontained in every eCk(R3 ) and the results are ex
ellent.In Figures 1 and 2 we show some errors for both the 
lassi
al and the modi�edspheri
al produ
t Gauss formulas on a log-log s
ale. The 
ir
les refer to results ofthe 
lassi
al algorithm and the boxes refer to results of the modi�ed algorithm. One
learly sees that for f2 the 
onvergen
e is of the form n�� for some � > 0 and that forf3 there is an exponential 
onvergen
e. In all 
ases the error is signi�
antly smallerfor the modi�ed rules than for the 
lassi
al rules.5. Quadrature formulas for R ��� f(') j 
os'jd�2 d'. In this se
tion we willbrie
y dis
uss quadrature formulas for the integralZ ��� f(') j 
os'jd�2 d'(17) 11



Fig. 1. Error for f2 and %2 with 
lassi
al and modi�ed formulas
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whi
h are, for a given `, exa
t for the 
lassf(
os')� (sin')� j 0 � �+ � � 2`� 1; �; � 2 Ng:In other words, we are interested in quadrature formulas of trigonometri
 degree2`� 1 for (17). Su
h quadrature formulas play a 
ru
ial role in the modi�ed spheri
alprodu
t rules and we did not en
ounter them in the literature for d � 3.In 
ase d = 2 the integral (17) has a 
onstant weight fun
tion. It is well knownthat the minimal number of points in a quadrature formula in this 
ase is 2` andthat every quadrature formula with equidistant points and equal weights is a minimalquadrature formula. One 
an shift the points, i.e., there is one free parameter.Sin
e the weight fun
tion j 
os'jd�2 in (17) is nonnegative, it is known that theminimal number of points always is equal to 2`. See, e.g., Mysovskikh (1985) andCools (1997). Furthermore, it is proven by Mysovskikh (1985) that for non-negativeweight fun
tions a 1-parameter family of quadrature formulas exists with 2` realpoints in the interval and all weights positive. The proof of Mysovskikh (1985) is
onstru
tive. To start this 
onstru
tion the moments�k = Z ��� e�ik'j 
os'jd�2d' ; i2 = �1 ; k = 0; : : : ; 2`� 112



Fig. 2. Error for f3 and %2 with 
lassi
al and modi�ed formulas
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are required. For even d one easily obtains�k = 8<: 23�d � � d� 2k+d�22 � for k even and k � d0 otherwise:For odd d one obtains2�k = � 23�d � (d� 2)! �(d+k2 )�1 �(d�k2 )�1 for k even0 for k odd:In our numeri
al experiments, we always 
hoose the origin as a point of thequadrature formula. Then we obtain a symmetri
 formula, i.e., if xi is a point with
orresponding weight wi, then �xi is also a point with the same weight.Observe that (17) 
an be rewritten asZ ��� f(') j 
os'jd�2 d' = Z �=2��=2 f(') (
os')d�2 d'+ (�1)d Z 3�=2�=2 f(') (
os')d�2 d'= Z �=2��=2 f(') (
os')d�2 d'+ Z �=2��=2 f('+ �) (
os')d�2 d':2We are indebted to Patri
k Van gu
ht whose tedious 
omputations 
on�rmed this.13



Ea
h of these integrals has the same form as (8) and 
an be well approximated byGauss-Ja
obi quadrature formulas, as explained in x2. This also results in a quadra-ture formula for (17) of degree 2` � 1 with 2` points. In fa
t, for odd ` it 
oin
ideswith the formula we used in our experiments.REFERENCESR. Cools (1997), Constru
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