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1. Introduction

Orthogonal polynomials (OP) are studied in many books by many different authors with many
different interests. The topic seems a never drying source for research. Even nowadays there are many
questions and (until now) unsolved problems about special cases, generalizations and applications of
the old subject.

In a recent monograph [2], a rational generalization of the OP is treated in detail. Herein the
polynomials are replaced by rational functions with fixed poles and many of the properties of OP
can be translated for these orthogonal rational functions (ORF). These properties are e.g. recurrence
relations, Favard theorems, quadrature formulas, interpolation properties and moment problems.

In this note we will give some further generalization of OP to ORF that are not covered in [2].
The relation that Szegé gave in his book [3] to connect OP on the unit circle and OP on the interval
[—1,1] can be generalized to ORF when we choose the poles of the system in an apropriate way. The
transformation used by Szegd to transfrom the variable z on the unit circle into a variable z on [—1, 1]
is the Joukowski transform z = (2 + 1/2)/2. To obtain a direct generalization of the polynomial case,
we shall see that the transformation that we need for the poles is the same. The poles in the circular
case are outside the closed unit disk, and so will the poles in the case of the interval be outside the
closed interval [—1, 1], but by the previous transformation it can be arranged such that they are real.
To obtain this, we use real poles in the circular case real but we also have to double the multiplicity
of every pole. Note that in the polynomial case the poles are at infinity, both for the interval and for
the circle.

This article is built up as follows. In the next section notations are introduced and the ORF are
properly defined. The third section deals with the placement of the poles. A fourth section contains
* This work is partially supported by the Belgian Programme on Interuniversity Poles of Attraction, initiated by the

Belgian State, Prime Minister’s Office for Science, Technology and Culture. The scientific responsibility rests with the

authors.
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the main result. The last section contains an example of these relations.

2. Preliminaries

In this article we take a look at a generalization of a relation between OP on the unit circle and
OP on the real interval [—1, 1]. Szegd proved the following [3, Theorem 11.5, p. 294].
Theorem 2.1. Let u(z) be a weight function on the interval [—1, 1] and let
w(#) = u(cos )| sinb).

Further let {p.(x)} and {q.(x)} be the sets of polynomials which are orthonormal on [—1,1] with
respect to u(z) and (1 — 2?)u(z) respectively, and let {¢,(2)} be the orthonormal set associated with

w(f) on z = €. Then, by writing © = %(Z + 271, we have forn > 1

[T

pote) = 2m 1 L 2O g, ) s 1)

Kan

N

= (277)_1/2 {1 — 920(0) }_ {Z_n+1¢2n—1(2) + Zn_1¢2n—1(2_1)}§

Kan
R e e e

= (2/m)"/? {1 + $2n+2(0) }_5 2" bant1(2) — z”¢2n+1(2—1)‘

Ran42 z—z71

Here k,, denotes the coefficient of 2" in ¢, (z).

Before we state the generalization of this theorem to deal with orthogonal rational functions we
introduce some notation where we try to stay close to the notation in [2].
With R, R and C we denote the real line, the extended real line and the complex plane, respec-
tively. We also use the following sets
D={z€C:|z| < 1};
T={ze€C:|z] =1}
E={zeC:|z| > 1};
I= [_17 1];
I°=R\I.
The bar-notation denotes a complex conjugate.

We will have to make the distinction between complex and real functions. We will use the variable

x as a real variable and z as a complex variable.

Let u be a weight function on I with inner product

(f:9), = /_11 f(@)g()yu(z)de.

With this v we can define a weight function w on [—7, 7] as w(f) := u(cos#)|sin 0|, with inner product

(f,9

Kis

>w:§ B

F(e ) g(e w(6)ds.
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Suppose that o = {ag, a1, ag, ...} C D, with ag =0, and 5 = {Bo, 81, B2, ...} C I¢, with 5y = oo,

are given. We can now define the Blaschke factors.

real:
Zo(z) = 1; Zi(2) = ——— i>0
x) = 1: AT) = s (3 y
’ 7 1—x/Bi
complex:
Z— .
Go(x) =1; Gi(z) = a2 1> 0

With these Blaschke factors we can define Blaschke products (n > 0).

real:
complex:
Bi(2) = Co(2)C1(2) -+ Cal2),

and spaces of rational functions

real:

Ll =span{bg(z),b1(z),...,b,(2)};

complex:
LS =span{By(z), B1(2),..., Bu(2)}.
We define the para-hermitian conjugate of a complex function ¢ as
9«(2) = g(1/7).

Note that for z on T this coincides with the complex conjugate: g.(z) = ¢(z), = € T. Now we can

define the following (complex) spaces
Ly, = span{Bo.(2), B1«(2), ..., Bux(2) }.

This allows us to define spaces of rational functions that generalize the notion of Laurent polynomials.

For m and n nonnegative integers, denote
Ron=~Ls, + L.

Note that B,. = 1/B,,, which we denote as B_,, and hence R, ,, = span{B_,,,...,B_1,1,By,...,B,}
and Ro, = £L;. When all a, =0, then R, , = Ay, ., a space of Laurent polynomials and £ = II,,,
a space of ordinary polynomials.

With the sequence «, we associate the sequence
o = {0407 aq, O, O3, (4, . . } = {0407 O, 01, Og, Og, .. '}7

i.e., &g = ag and a9 = dG9p_1 = ag, k = 1,2,.... The associated Blaschke factors and products
are denoted with a tilde. Thus By, = (Bn)2 and B2n+1 = B, B, +1. Furthermore, the corresponding
spaces spanned by {Bg, By,...B,} are denoted as LC.

We now introduce the orthogonal rational functions. With the weight function u(z) on I, we

obtain by orthonormalization of the basis {b,(z)} a system of orthonormal rational functions {p,(z)}.
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With the weight function w, we obtain by orthogonalization of the basis {Bn(z)} a sequence of
orthonormal rational functions on the unit circle that we denote as {¢,(2)}.
The natural rational generalization of the orthogonal Laurent polynomials is to orthogonalize

(with respect to the weight function w) the basis
B07B17B—17B27B—27"' or B07B—17B17B—27B27"'

which generate the nested sequences Rop C Ro1 C Ri,1 C Ri2 C Ra2 C ---and Rop C Rip C
Ri1 C Raqp C Ro2 C -+ respectively. In the first case, this gives rise to an orthogonal system {o,}
and in the second case we find an orthogonal system {7, }. These orthogonal functions were studied
in [1]. It is shown there that

Oom = Bm¢2m* and O2m+4+1 = Bm*¢2m—|—1

while for the 7, we have

Tom = Bm*¢2m and Tom+1 = Bm¢2m+1*'

Note that 72, = Goms and Tom41 = O2m41«. Lhus we can continue using only o,,, disregarding 7,,,.
For further properties and recurrence relations of these ORFs we refer to [1].

Finally, with u, we can also associate an array of varying weight functions vy on I defined by

vp() = [(BF - 1)(5@_1 _ 1)]1/2(1 _ xQ)u(w)
‘ |<5k—$)(5k+1—9@)| .

We also allow values 8 = oco. To see what happens in that case, divide by S; in numerator and

denominator and let 55 tend to infinity. Note that if all 8, = o, i.e., in the polynomial case, then
vp(2) = (1 — 2?)u(z) does not depend on k. In the general rational case however, we shall have to
deal with a varying measure. The orthonormal rational functions with respect to v, are denoted as

{¢n(2)}. By orthonormality with respect to the varying measure vy it is meant that for alln =0, 1,...

1
/ qn(x)xkvn(x)dw =0, k=0,1,...,n—1,
1

and
1
| lae(@Ponteyde = 1.
—1

We also assume that the orthonormal functions ¢, are normalized such that their leading coefficients
with respect to the basis {B;} are positive.
These settings are defined for general o and . In the next section we will discuss the relation

between the two, which is necessary for a relation between {p,(z)}, {g.(2)}, {qgn(z)}, {o.(2)}, and

{ma(2)}-

3. Placement of the poles

We want to find the orthonormal rational functions {p,(z)} and {¢,(z)} in terms of the or-
thonormal rational functions {¢,(z)}. Let us only look at the p,,. The ¢, will give rise to an analogue

condition as mentioned later on. Thus we want the following orthogonality conditions to be satisfied.

/1 po(@)br@u(e)de =0, k=0,1,...,n— 1. (3.1)

-1
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We now use the Joukowski transformation = 1(z + 27'), where z = ¢ and ¢ = —0 to find

(k=0,1,....,n—1)

1
2

0
_/ Pn(cos )by <Z+21/Z)u(6050) sin 6d6 = 0;

—T

/07r Pn(cos )by, (1/2;_ Z) u(cos &) sin &d€ = 0.

When we combine these we find the following sufficient condition to satisfy (3.1).

/7r pn(cos )by (Z +21/Z)w(0)d0 =0, k=0,....,n—1. (3.2)

-7
What we will need is a link between the real Blaschke products bi(z) and the complex Blaschke
products B;(z), which results in a condition on the placement on the poles as shown in Lemma 3.1.

A first remark: if we do want the integral [*, p,(z)u(z)dz to exist (it has to be zero for k > 0)
without special conditions on the weight function, we should avoid singularities of the integrand, i.e.,
we have to place the points 8 outside the interval I. If we want furthermore the functions p; to be
real on the real interval I, it is a most natural choice to also make the 5 real. Thus we should have
B C I

We first look at the relation between real and complex Blaschke factors, which will give a condition
concerning the placement of the poles. The following lemma says that the Blaschke factor Zj can be
written as a linear combination of (z, (o and Ck_l Note also that if we want 8 C I° we need that
aC 1.

Lemma 3.1. With the above notations consider the Blaschke factors Zy(x) and (x(z), where 3 C I°
and & some arbitrary sequence in D. Then there exist constants A and B only depending on & and 8
such that

Zk (Z +21/Z) - A&Zk(z) + B + A&Q_kl_l(z)v

iff the points ay and By satisfy (k> 0)

Qgk—1 + 1/

Qg = Qigp—1  and B = 5

(3.3)

Setting ap = G = Qap_1, then the above relation reads

7 (Z‘|‘1/Z) :ACk(Z)+B‘|‘ACk_1(Z)7

2
with By, = (g + 1/a) /2, and the explicit forms of the constants A and B are
1 232 2 1 2
A= U taj)” akz) 5 and B = 2an(l + o) +2a2’“)
2(1 - ay) (1—ap)

Proof. For the real Blaschke factor Z; we find

P (z—l—l/z)_ z4+1/z B —5k(2’2—|—1)
k 2 _2_2‘2—1/2_22—25;@%—1'
k

The denominator of this expression has the following factorization

22—25kz—|—1: (z—(ﬁk—\/ﬁzi—l)) (z—(ﬁk—l—\/ﬁzi—l))
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If By > 1, we choose dgj_1 = Br—+/B7 — 1 € I and 1/az; = B +1/B; — 1 € I¢, otherwise, if 8 < —1,
we choose dop_1 = B + \/52 —1eland 1/ag, = B — «/52 — 1 € I°. This yields in both cases the

relation (3.3). The linear combination is now easily verified by looking at the coefficients of the powers

of z in the numerator. O

It is now easy to see that if the condition on the placement of the poles (3.3) is satisfied, then

the real Blaschke product by (z) is a linear combination of
B_p, B—(k—1)7 ceoy By, 1, By, o By, By
Thus b ((z +271)/2) € Ry To satisfy (3.1) it is sufficient to satisfy

/W p(cos0) By (c¥)w(@)dd =0, k=—(n—1),....n— 1. (3.4)

—T

By the fact that 8 C I¢, we also know that p,, and ¢, have real coeflicients with respect to the
basis {bx} [2, Lemma 11.1.1]. Thus it is easily seen (p,, is real and Bg. = By on T) that the conditions
for positive and negative k in (3.4) are the same.

Because w is even and o C I it follows that the ORF ¢, also has real coefficients with respect to

the basis By as stated in the next lemma.

Lemma 3.2. Suppose that w is even. If o C I, then &, has real coefficients with respect to the basis

{B(), Bh .. } Thus

&n(z) = Z LNIZ'BZ'(Z), with a; € R.
1=0

Proof. First we notice that for the Blaschke products By (z) the following holds

Bk(Z) = Bk(f). (3.5)

We prove this lemma by induction on n.
For n = 0 we find ¢o(2) = koBo(z), with & > 0.
Suppose that it is valid for ¢ < n. Then we find from the Gram-Schmidt procedure

651 = 220 with 2,(5) = Bu(o) = X (Bandd) Gl

|20l pary w

It is sufficient to prove that <Bn, (/32> € R. From the fact that w is even and (3.5), we find

(Bundi) = %/W B ()i

—T

=5 BB e

—T

~—

w(6)do

L7 B.@)di(2)w(0)d6

:277 .

_ %/W Bo(2)di(2)w(0)d6 = W

—T

This concludes the proof. O
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For the ¢, it is sufficient to see that with z = e

[(52 - 1)( n+l )]1/2(1 B $2)u($)
(B = @) (Bngr — @)

= (62 = Gonl2)) (Gt (2) = Gutnn(2) ).

Thus the following relation is the analogue of (3.4): ¢, is orthogonal to £ _; with respect to the
weight v, iff it holds for k = —(n — 1),...,n — 1 that

/ " gn(cos 6) B (¢ (Ga(™) = Canl®)) (Got1 (€7) = Cogru(e®) Jw(6)d = 0. (3.6)

—T

(@) =

Again we have to check this only for nonpostitive k. The case of nonnegative k is the same.

4. Main result

Now we are able to state our main result.

Theorem 4.1. Suppose the weight functions w, vy and w, with orthonormal rational functions p,, q,
and &, respectively, are defined as above. Also define the orthogonal rational functions o, as before.
If further the points o C I and 8 C I¢ satisfy (3.3), then the following relations hold

pn<x>=<2w>-1/2{1 M} (Bo(2)0mn () + Bu(2)dane(2))

l\J|>—-

Un* (879
-1/2 2 } (ame(2) + 02n ()}

U?n an

l\J|>—-

1/2{1 dan (@ } {Br-1.(2)b2n-1(2) + Boe1 (2)P2n-1x(2)}

H?n

l\J|>—-

-1/2 1— O'Qn* Oy } {UQn—l( )‘I’UZn—l*(Z)};

U?n an

n+1*(2)¢2n+2( ) — n+1(2)</32n+2*(2)
Cn-l-l( ) Cn-l-l*(z)

—C U?n-l—?*( )— 02n+2( )
Cn+1(z) - Cn-l-l*(z)
-D Bn* (Z)¢2n+1(2) - Bn(2)¢2n+1*(2)
" Cat1(2) = Cup1<(2)
-D 02n+1*(2) - 02n+1(2)
"G (2) = Cagrn(2)
Here i, = Bn(Z)an*(Z)‘ __denotes the leading coefficient, i.e., the coefficient of B, (2) in the expan-

ston of qgn(z) with respect to the basis { By, By, ..., By }. The coefficients C,, and D,, have the following
explicit form

1—a? 1/2
Cu= /) ()

2
_an

n(2) =

—-1/2

Z —

Opi1
T dal2)

w ’%Zn—I—Q

2 Re <Z:Y§:1 Panta(z), N Fanta (2, an+1)>w }
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P — & 1/2
D, :Cn(ffzm-z Cézn+2(04n+1)) 7
Ront2 + Pant2(nt1)
where l%n(z,t) denotes the reproducing kernel of LS. If all the «; are the same or more general if

Oy = Qpy1, then the coefficients C, and D,, simplify considerable.

Co= %)1/2{1 _ M}

Font2

Dn=<2/r>1/2{1+w}‘5_

Font2

Proof. The even lines in these equalities are equal to the lines just preceeding it by introducing the
definition of the o). So we have to prove only the odd lines.
First we look at p,. For the orthogonality we have to prove that (3.1) holds and for the normal-

ization we have to prove that

/_11 P2 (2)u(e)de = 1. (4.1)

To prove the orthogonality (3.1) , we need to verify (3.4). We find with z = ¢ and 2 = Z+21/Z, that

for k=10,...,n — 1, there is some constant C' such that

/_7; P (cos ) B (z)w(6)do

=C . {Bn* (Z)Bk* (Z)(52n(2’) + Bn (Z)Bk* (Z)(&zn*(z)} w(@)dg

=C [Bis (2) 0205 (2) + Brw(2) 02, (2)] w(0)d0

—T

=21C'[(1/Bg,02,),, + {02n, Br), ] = 0.

This last equality follows because & < n — 1 and hence 1/Bj and By are in R,,_; ,—1 while oy, is
orthogonal to that space.

It remains to check the normalization (4.1). We have

| Bow(2)$20(2) + Bu(2) $anw(2) [Pw(8)d6
— 97 + Re { /_ 7; B (Z)<52n(z)Bn(Z)qzzn*(z)w(e)de}
— 27 + Re { /_ 7; @n(Z)B%(Z)&m(z)w(o)do}

The last line follows from [2, Theorem 2.2.3] which states that /%gnq%n(z) = kon (2, a2,), where l%gn(z, t)
denotes the reproducing kernel of LS, .

The second relation for p,, follows easily from

&271(2) = ~I~{2n ¢§n(an) S é?n—l(’z) + gbzﬁ(an) gggn—l(z)

Ron—1 '%271 1- Qnz Kan
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which is derived from [2, p. 77, formula (4.8)]. This formula allows to write ban in terms of ¢o,_q and
ban—1+. When this is introduced in the previous formula for p,, the second formula follows.
For the ¢, we have to check the orthogonality by verifying (3.6). We have with z = e? and

x = cos @, that there is a constant C' such that for k =0,...,n — 1,

i 0) B2 = 62D (sG] = G )

= CGn(2) = Cnx(2)) Bi (2) [02n424(2) — 02n12(2)]-

Because k <mn — 1,

(Cn(z) - Cn*(z))Bk*(Z) € Rnﬂ?‘

Thus, because 03,42 is orthogonal to R, , and so is Ta,42 = 02,424, We find that the condition of
(3.6) holds. To check the normalization of the ¢,, we proceed as in the case of the p,. Since exactly
the same arguments as in the case of p, are used, we leave this to the reader. Also the fourth odd

relation is deduced from [2, p. 77, formula (4.8)] as in the case of p,. O

Remark 4.2. Because 0g,,.(2) + T,02,(2) for 7, € T is a para-orthogonal rational function, we know
that it has 2n simple zeros on the unit circle [1]. Because the coeffcients are real these zeros appear
in complex conjugate pairs or are real. But the zeros of ngn(Z) are strictly inside the open unit disk,
S0 Ggn(1) # 0, and therefore also 09, (1) = 0gns(1) # 0. Hence o,.(1) 4 09, (1) # 0, and thus also
O2nx(—1) + 02,(—1) # 0. In other words the zeros appear in pairs of complex conjugate numbers on
the unit circle. Suppose they are e*% k= 1,...,n then ) = cosfy, k = 1,...,n are the zeros of
pn(2). This means that the zeros of p,(x) are all strictly inside the open interval (—1,1).

A similar argument can be used for ¢,(z), but now z = £1 do belong to the zeroset of the
para-orthogonal rational function 03,,42(%) — 02,42.(2). But the denominator ¢, (z) — (,«(2) also has
the zeros z = £1, (in fact these are the only ones) and thus, £1 will cancel out as zeros of ¢, (z), thus
again the zeros of ¢, (z) are strictly inside (—1,1).

These remarks are obvious in the light of the fact that the numerators of the orthogonal rational
functions can be considered as the polynomials orthogonal to positive varying measures.

Remark 4.3. 1t is remarkable that ¢, belongs to £, and this does only depend on 5q,...,8, and
not on f,41, thus not on a,41. However, the varying measure for which there is orthogonality does
depend on 8,41 and also the expressions for ¢, in our main theorem depend on ¢,41, hence on o, 41.
In the latter this does cancel out in numerator and denominator. So if we are interested in ¢, (up to
a constant) for a fixed n, then we could as well choose a,,41 = 0 and thus 5,41 = co. In that case
v, (x) becomes

N

v, () = u(z).

|Bn — 2|

The inverse relations can also easily be achieved as shown in the following corollary.

Corollary 4.4. Suppose the weight functions u, vy and w, with orthonormal rational functions p,, q,
and &, respectively, are defined as above. If further the points o C I and B C I satisfy (3.3), then
the following relations hold

2B (2)m(2) = Apn (5 41/)) + CG2) ~ G (52 41/2))
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28, (e (2) = Ap (5 41/2)) = CLGa(2) = Gunas (5 +1/2) )
2B,-1:(:)d201(2) = Bon (504 1/2) ) 4 DGl = Guelas (524 1/2) )
2B, (2)danr-(2) = B, (%(2 4 1/2)) = D(a2) — Con (s (%(2 4 1/2)) .

The constants A, B, C' and D are real and their explicit form is as follows

1/2

A=var{1+ L;(a”) j

h 1/2
B=yar{1 -zl
Ran
C:Cn__ll;
D=D;".

Proof. The result is easily deduced by combining the formulas for p,, and ¢,,_; of Theorem 4.1. O

5. An example

The simplest possible example is to take w(#) = 1 and hence u(z) = 1/v/1 — 22. The orthogonal

rational functions on the circle with respect to the Lebesgue measure are given by

~ =2k
" nZ_ON‘n ~, ZBI%—I(Z)
Kofpo1—, n=2k—1.
1 — oz

According to our main theorem, with z = €'Y and 2 = cos#, we have

[2B,-1(%) 1

L 1 -,z (22— a,)Buo1(2)

(2 — @) TTJZ1 (= = @) + (1 — @n2) [TJ2] (1 = @)

i [Ti=1(z = o) [Tz (1 — @2) ]
g%%ww—amnghwﬂwV+w*w*—awnﬁﬁfd—%V]

[[=i(z = aj) ITj=1 (71 — )

where
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It is easily checked that if ay # 0 and with 5, = (o + 04,;1)/2,

(z—ap)(z7! = o) = 2ap(z — Br).

This expression is just 1 when ay = 0. Thus, writing K,, = C,,/ [1;(2a;) where o; runs over all nonzero

ap’s, we have

_ e Ae(B)H A(?)
S (RN

If we write

then the numerator equals

An(2) + A (2) = Z ck(zk + z_k)

k=—(n-1)
n n—1
=2 Z cp cos kb = QZ(ck—I—C_k)coskH—l—Qco—l—QcosnO
k=—(n-1) k=1
n—1
=2 Z(Ck + c_p)T(2) + 2(T,(2) + co),
k=1

where Ty (2) = cos k8 are the Chebyshev polynomials of the first kind.

As an example, take ap = 0 for £ > 2 and oy = a, then
An(2) + Ape(2) = 2" — 202" N L a2 4 a?y(n=2) _ 94, (n=1) + 27",

Thus the numerator of p,(z) is Q(Tn(x) —2aT,_1(x) + 042Tn_2(x)).

If we have two nonzero a’s, namely oy = —ay = o # 0, then
An(2) + A (2) = 27 — 202772 4 oty L gty (004 _9n2,—(n=2) o o

Hence the numerator of p,(z) is Q(Tn(x) — 22T, _5(x) + 044Tn_4(x)).

Similar arguments lead to the result that

an(z) = C, l Ant1(2) = Ang1<(2) ]

=iz = ) [ 7 =) (= = =71)
for an appropriate constant C/, and with A, (z) as before. This implies that for some constant K/,

Art1(z) = Antr=(2))/ [z = =71]

(]n($) = I(n H?:l(x _ 5])

If we expand A,4+1(2) as before, then

Mgt (2) = Agia(2) QR F ok

z—z"1 z—z"1

sin 6 sin 6

Zn:( )sinkO sin(n + 1)8
=) (cr—c_p
k=1

n—1
= " (che1 — (1) Ur(z) + U (),
k=0



P. Van gucht, A. Bultheel / Relation between ORF on the unit circle and an interval 12

where Uy_1(x) = sin k8/ sin 6 is a Chebyshev polynomial of the second kind.

For example, if oy = a # 0 and o = 0 for £ > 2, then the numerator of ¢,(z) is U,(z) —
20U, _1(z) + a*U,_o(z). If oy = —ay = a # 0 and all other ay’s are zero, then the numerator of
qn(2) is U,(2) — 202U, _9(x) + o*U,_4(z). Note also that if all the oy are zero, then ¢, = U,. If
«, = 0, then orthogonality of the ¢, holds with respect to the weight function v, (z) = V1 — 22, which
is independent of n.
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