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Department of Computer Science, K.U.LeuvenAbstractA normalized B{spline representation for Powell{Sabin (PS) spline surfaces isextended to piecewise rational surfaces (NURPS). We investigate the adaptionof existing algorithms operating on B{splines to this more general case, the in
u-ence of weights and their geometrical interpretation, the possibility to representplanar sections, and the conversion from rational B�ezier to NURPS surfaces.Keywords : Powell{Sabin splines, NURPS, Shape parameters, control trian-gles



From PS{splines to NURPSPaul DierckxJoris Windmoldersx1. Basic Concepts1.1. PS{splinesLet 
 � IR2 be a simply connected subset with polygonal boundary �
. Let � be a conforming triangulationof 
 having n vertices Vi with coordinates (ui; vi); i = 1; : : : ; n, and denote with �� a Powell{Sabin (PS)re�nement of � (see, e.g.,[3]), where each triangle � 2 � is divided up into 6 subtriangles. A Powell{Sabin(PS) spline is a piecewise quadratic polynomial with C1 continuity on 
. Dierckx [1] shows how to calculatea normalized B{spline basis for PS{splines:De�nition 1. A PS{spline surface has a normalized B{spline representation:s(u; v) = nXi=1 3Xj=1 ci;jBji (u; v); (u; v) 2 
 (1)where ci;j = (cxi;j; cyi;j; czi;j) are the B{spline control points and Bji (u; v) are the normalized B{splines.This representation shares a number of properties with tensor{product B{splines, making it a powerfulltool for representing surfaces in CAGD. We summarize the most important properties here, for details werefer to the original paper [1].Property 1. fBji (u; v)gj=1;2;3i=1;:::;n is a convex partition of unity:(Bji (u; v) � 0; (u; v) 2 
Pni=1P3j=1Bji (u; v) � 1; (u; v) 2 
Furthermore, Bi;j(u; v) is nonzero only on triangles � 2 � having Vi as a vertex:Property 2. Bji (Vl) = @Bji (Vl)@u = @Bji (Vl)@v = 0; l 6= i (2)The local control, a�ne invariance and convex hull properties follow immediately. Linear functions canbe represented exactly; more particular we will further refer to the representationsu = nXi=1 3Xj=1Ui;jBji (u; v); v = nXi=1 3Xj=1 Vi;jBji (u; v)De�nition 2. The PS{triangles tl(Ql;1; Ql;2; Ql;3), l = 1; : : : ; n in the domain plain have as vertices theB{spline ordinates Ql;j(Ul;j ; Vl;j), j = 1; 2; 3.Submitted to the proceedings 1of the Saint-Malo conference"Curves and Surfaces 1999"
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Fig. 1. Domain triangle.Consider a domain triangle �i;j;k(Vi; Vj; Vk) 2 � with its PS{re�nement (see �gure 1). Denote theB�ezier ordinates as sv;l; v = i; j; k; l = 1; 2; 3; 4; tl;m; ul;m; (l;m) 2 f(i; j); (j; k); (k; i)g and vi;j;k. They canbe written as unique barycentric combinations of the B{spline ordinates:sv;l = �v;l Qv;1 + �v;l Qv;2 + 
v;l Qv;3 (3)tl;m = �l;m sl;2 + �l;m sm;3 (4)ul;m = �l;m sl;4 + �l;m sm;4 (5)vi;j;k = �i;j;k si;4 + �i;j;k sj;4 + �i;j;k sk;4 (6)For a given PS{re�nement ��, the position of the B�ezier ordinates is �xed. This is not the case for theB{spline ordinates. The following lemma however states that there is a restriction on the B{spline ordinates.Lemma 1. In order for the basis functions nBji (u; v)oj=1;2;3i=1;:::;n to constitute a convex partition of unityon 
, it is required that for each vertex Vi; i = 1; : : : ; n the PS{triangle ti(Qi;1; Qi;2; Qi;3) contains thePowell{Sabin points, i.e. the B�ezier ordinates si;l; l = 1; 2; 3; 4 of any domain triangle having Vi as one of itsvertices.There is a one{one connection between the barycentric coordinates of the Powell{Sabin points at vertexVi with respect to ti and the value of the basis functions Bji (u; v); j = 1; 2; 3 and its derivatives at Vi, e.g.B1i (Vi) = �i;1; B2i (Vi) = �i;1; B3i (Vi) = 
i;1 (7)Given a PS{spline surface (1), the corresponding B�ezier net can be calculated e�ciently by using convexbarycentric combinations of the B{spline control points only:Property 3. Applying equations (3){(6) where the ordinates are replaced by control points, yields thecorresponding B�ezier net of the surface.Finally, via the concept of control triangles, the B{spline control points give us valuable insight in theshape of the surface:De�nition 3. The control triangles are de�ned as Tl(cl;1; cl;2; cl;3).Property 4. Each control triangle Tl(cl;1; cl;2; cl;3) is tangent to the PS{surface at s (Vl).1.2. NURPSThe Normalized B{spline theory for PS{surfaces can now be extended to a rational scheme just like tensorproduct B{splines are extended to NURBS. Referring to �gure 1, we use the boldface notation for theB�ezier points, e.g. sv;l. Points in homogeneous space get a h{superscript, e.g. shv;l. Its components are�sh;xv;l ; sh;yv;l ; sh;zv;l ; swv;l�.



From PS{splines to NURPS 3De�nition 4. A Non Uniform Rational Powell{Sabin (NURPS) spline surface has the forms(u; v) = Pni=1P3j=1 ci;jwi;jBji (u; v)Pni=1P3j=1wi;jBji (u; v) ; (u; v) 2 
 (8)where ci;j = (cxi;j; cyi;j; czi;j) are the B{spline control points. We impose that wi;j > 0 in order for s(u; v) tobe de�ned anywhere on 
.If wi;j = 1; i = 1; : : : ; n; j = 1; 2; 3 (8) reduces to (1). The following properties are readily veri�ed:Property 5. s(u; v) = nXi=1 3Xj=1 ci;j�ji (u; v) (9)where �ji (u; v) = wi;jBji (u; v)Pni=1P3j=1wi;jBji (u; v) (10)and (�ji (u; v) � 0; (u; v) 2 
Pni=1P3j=1 �ji (u; v) � 1; (u; v) 2 
Furthermore, �i;j(u; v) is nonzero only on triangles � 2 � having Vi as a vertex.This again implies the local control, a�ne invariance and convex hull properties.Property 6. A NURPS representation (8) is the 3D{projection in Eucledian space of a 4D PS{spline inhomogeneous space: s(u; v) = nXi=1 3Xj=1 chi;jBji (u; v) (11)chi;j = (wi;jcxi;j; wi;jcyi;j; wi;jczi;j; wi;j) (12)x2. Evaluation and subdivisionThe evaluation of s(u; v) is performed in two steps:� First, the corresponding rational piecewise B�ezier representation is calculated.� Then, the rational de Casteljau{algorithm calculates a point on this rational piecewise quadratic B�eziersurface. This section shows how to perform the �rst step in a numerically stable way, for the secondstep we refer to Farin [2].2.1. In homogeneous spaceFormulae (3){(6) can be applied directly in homogeneous space, e.g.shv;l = �v;l chv;1 + �v;l chv;2 + 
v;l chv;3 (13)= �sh;xv;l ; sh;yv;l ; sh;zv;l ; swv;l�vhi;j;k = �i;j;k shi;4 + �i;j;k shj;4 + �i;j;k shk;4 (14)= �vh;xi;j;k; vh;yi;j;k; vh;zi;j;k; vwi;j;k�Projection back to Eucledian space yieldssv;l =  sh;xv;lswv;l ; sh;yv;lswv;l ; sh;zv;lswv;l ! vi;j;k =  vh;xi;j;kvwi;j;k ; vh;yi;j;kvwi;j;k ; vh;zi;j;kvwi;j;k!This algorithm has a serious drawback: if the weights vary greatly in magnitude, the coordinatessh;rv;l ; vh;ri;j;k; r = x; y; z are blown away; the calculations don't operate in the convex hull of the control netanymore and numerical stability is endangered.



42.2. A rational algorithmThe idea behind the rational de Casteljau{algorithm from Farin [2] allows to improve numerical stability byrearranging the calculations, avoiding to work in homogeneous space:swv;l = �v;l wv;1 + �v;l wv;2 + 
v;l wv;3 (15)Set ~�v;l = �v;l wv;1swv;l � 0; ~�v;l = �v;l wv;2swv;l � 0; ~
v;l = 
v;l wv;3swv;l � 0 (16)then sv;l = ~�v;l cv;1 + ~�v;l cv;2 + ~
v;l cv;3 (17)with ~�v;l + ~�v;l + ~
v;l = 1 (18)The point sv;l is a convex barycentric combination of cv;1; cv;2 and cv;3 so numerical stability is guaranteed.Likewise, we �nd: twl;m = �l;m swl;2 + �l;m swm;3 (19)uwl;m = �l;m swl;4 + �l;m swm;4 (20)vwi;j;k = �i;j;k swi;4 + �i;j;k swj;4 + �i;j;k swk;4 (21)~�l;m = �l;m swl;2twl;m ; ~�l;m = �l;m swm;3twl;m (22)~��l;m = �l;m swl;4uwl;m ; ~��l;m = �l;m swm;4uwl;m (23)~�i;j;k = �i;j;k swi;4vwi;j;k ; ~�i;j;k = �i;j;k swj;4vwi;j;k ; ~�i;j;k = �i;j;k swk;4vwi;j;k (24)where ~�l;m + ~�l;m = ~��l;m + ~��l;m = ~�i;j;k + ~�i;j;k + ~�i;j;k = 1and �nally tl;m = ~�l;m sl;2 + ~�l;m sm;3 (25)ul;m = ~��l;m sl;4 + ~��l;m sm;4 (26)vi;j;k = ~�i;j;k si;4 + ~�i;j;k sj;4 + ~�i;j;k sk;4 (27)All formulae are convex barycentric combinations operating in the convex hull of the B{spline control net.After having computed the rational B�ezier representation, Farins rational de Casteljau algorithm can beused to evaluate the surface at any point (u; v) 2 
.2.3. Subdivision on uniform triangulationsThe evaluation and subdivision of spline curves and surfaces are closely related problems. For the particularcase of a uniform triangulation �, a subdivision scheme for PS{surfaces has been derived [4]. As an appli-cation it was shown how a wireframe of the surface can be calculated in an e�cient and numerically stableway. This scheme can easily be extended to NURPS on uniform triangulations again using Farins techniquefrom the previous section. The details are omitted here.



From PS{splines to NURPS 5
Fig. 2. NURPS surface and its control planes; Local planar e�ects.x3. ControlplanesRecall that the NURPS representation inherits the convex hull, a�ne invariance and local control propertyfrom the normalized B{spline representation. This section adds the tangent property to the inheritance listand shows how the rational representation allows for more 
exibilty when designing surfaces.3.1. Tangent propertyReferring to the locality of the B{splines (2), it is easy to verify that the evaluation of s(u; v) and itsderivatives at vertex Vi yield: s(Vi) = ~�i;1 ci;1 + ~�i;1 ci;2 + ~
i;1 ci;3 (28)@s(Vi)@u = ei;1 ci;1 + ei;2 ci;2 + ei;3 ci;3 (29)@s(Vi)@v = di;1 ci;1 + di;2 ci;2 + di;3 ci;3 (30)for some ei;1 + ei;2 + ei;3 = di;1 + di;2 + di;3 = 0It follows that the control triangle at Vi is tangent to the surface at s(Vi): any point p in the tangent planeis a barycentric combination of the control points ci;1; ci;2; ci;3:p = s(Vi) + a @s(Vi)@u + b @s(Vi)@v ; a; b 2 IRThis is illustrated in �gure 2 (left).3.2. Shape ParametersFarin [2] introduces the concept of shape parameters with respect to rational B�ezier curves. A geometrichandle allows the designer to in
uence the shape of the curve in a predictable way, rather then requiring theinput of numbers for the weights. In the same work, it is stated that this property does not carry over torational B�ezier surfaces on triangles. Shape parameters however can be de�ned for NURPS.Recall that (~�v;1; ~�v;1; ~
v;1) are the barycentric coordinates of sv;1 with respect to control triangleTv(cv;1; cv;2; cv;3). From (16) it follows that sv;1 can be moved within Tv to a new location (~�0v;1; ~�0v;1; ~
0v;1),while keeping its weight swv;1 constant: the corresponding PS{weights are found immediately aswv;1 = ~�0v;1swv;1�v;1 wv;2 = ~�0v;1swv;1�v;1 wv;3 = ~
0v;1swv;1
v;1 (31)This shows how (~�v;1; ~�v;1; ~
v;1) can be used as shape parameters.



63.3. Planar sectionsDe�nition 5. Let [t1; t2; : : : ; tn] denote the convex hull of the 3D points t1; t2; : : : ; tn.De�nition 6. Let S(A) denote the image of a subset A � 
 under (8).De�nition 7. Let � (a; b; c) denote the B�ezier subtriangle in the domain plane with vertices a; b and c.If the control triangles of adjacent vertices Vi; Vj; Vk are choosen to be equiplanar, the surface sectionS (�i;j;k (Vi; Vj; Vk)) will be in the same plane, as a consequence of the convex hull property. Using theweights in the NURPS representation however, it is possible to achieve more local planar e�ects.The rational evaluation algorithm from section 2.2 reveals that, for wi;1 = wi;2 = wi;3 = w ! 1; i 2(1; : : : ; n) and referring to �gure 1 the following holds on domain triangle �i;j;k(Vi; Vj; Vk):�i;j�i;j + �i;jswj;3w si;2 + �i;jswj;3w�i;j + �i;jswj;3w sj;3 (32)so limw!1 ti;j = si;2 (33)Likewise, for the other B�ezier points of � (si;1; ti;j; vi;j;k) we �nd:si;l = �i;l ci;1 + �i;l ci;2 + 
i;l ci;3; l = 1; 2; 4 (34)limw!1ui;j = limw!1vi;j;k = si;4 (35)Consequently S (� (si;1; ti;j; vi;j;k)) = [si;1; si;2; si;4]Similar reasoning on the other B�ezier subtriangles shows thatS (� (si;1; vi;j;k; tk;i)) = [si;1; si;4; si;3]S (� (ti;j; sj;1; vi;j;k)) = [si;2; si;4]S (� (tk;i; vi;j;k; sk;1)) = [si;3; si;4]S (� (vi;j;k; sj;1; tj;k)) = [si;4]S (� (vi;j;k; tj;k; sk;1)) = [si;4]and therefore S (�i;j;k (Vi; Vj; Vk)) = [si;1; si;2; si;4; si;3] � [ci;1; ci;2; ci;3]The latter image is a planar surface section. Figure 2 (right) shows some NURPS surface with very largeweights at a vertex. x4. Rational B�ezier to NURPS conversionBe given a rational quadratic B�ezier surface on one domain triangle (see �gure 3) �(si;1; sj;1; sk;1)b(u; v) = Xi1+i2+i3=2bhi1;i2;i3B2i1;i2;i3(t1; t2; t3) (36)where i1; i2; i3 > 0; (u; v) 2 � and (t1; t2; t3) are the barycentric coordinates of (u; v) with respect to �. Inthis section it is shown how a NURPS representations(u; v) = Xl=i;j;k 3Xm=1 chl;mBml (u; v) (37)
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v;4 = 13 ; v = i; j; k, formula (13) with l = 4; v = i; j; kand formulae (38){(40) are exactly the same. Furthermore, since in formula (6) �i;j;k = �i;j;k = �i;j;k = 13 ,formulae (14) and (41) are exactly the same. Likewise, since in (3){(6)(�v;2; �v;2; 
v;2) = (12 ; 12 ; 0)(�v;3; �v;3; 
v;3) = (12 ; 0; 12)(�l;m ; �l;m) = (12 ; 12)for v = i; j; k and (l;m) 2 f(i; j); (j; k); (k; i)g similar reasoning shows that calculating the correspondingB�ezier net of (37) exactly yields the B�ezier net of (36) after the proposed subdivisions. Hence, b(u; v) � s(u; v)on �. References1. Dierckx, P., On calculating normalized Powell{Sabin B{splines, Comput. Aided Geom. Design 15 (1997),61{78.2. Farin, G., Curves And Surfaces For Computer Aided Geometric Design: A Practical Guide, 4th edition,Academic Press, Boston, 1997.3. Powell, M. J. D. and Sabin, M. A., Piecewise quadratic approximations on triangles, ACM Trans. Math.Software 3 (1977), 316{325.4. Windmolders, J., Dierckx, P., Subdivision of uniform Powell{Sabin splines, Comput. Aided Geom. De-sign 16 (1999), 301{315.Paul Dierckx and Joris WindmoldersCelestijnenlaan 200A3001 HeverleeBelgiumpaul.dierckx@cs.kuleuven.ac.bejoris.windmolders@cs.kuleuven.ac.be


