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Abstract

Wayvelet threshold algorithms replace wavelet coefficients with small
magnitude by zero and keep or shrink the other coefficients. This is ba-
sically a local procedure, since wavelet coefficients characterize the local
regularity of a function. Although a wavelet transform has decorrelat-
ing properties, structures in images, like edges, are never decorrelated
completely, and these structures appear in the wavelet coefficients.
We therefore introduce a geometrical prior model for configurations of
large wavelet coefficients and combine this with the local characteriza-
tion of a classical threshold procedure into a Bayesian framework. The
threshold procedure selects the large coefficients in the actual image.
This observed configuration enters the prior model, which, by itself,
only describes configurations, not coefficient values. In this way, we
can compute for each coefficient the probability of being “sufficiently
clean”. The parameters of the prior model are estimated on an empir-
ical basis.

1 Introduction

Wavelet thresholding [14, 15] is a popular method for the reduction of noise
in images. It assumes that the original, non-corrupted image can be repre-
sented in a sparse way by a small number of large wavelet coefficients. In
the case of an orthogonal transform, i.i.d. noise is spread out equally over all
coefficients. Selecting the coefficients with the largest magnitude therefore
removes most of the noise, while preserving the essential image information.
Some of these threshold or more general shrinking procedures are based on
a Bayesian model [1, 9, 31, 33, 10].



The sparsity of a wavelet representation follows from the decorrelating
properties of this transform. This decorrelating is however not complete:
a wavelet transform is also a multiscale data representation and the coeffi-
cients at subsequent resolution levels tend to be correlated: image features
like edges cause high coefficients at several resolutions. More sophisticated
methods exploit this multiscale structure [37, 12, 3]. In the case of correlated
noise [22] or a non-orthogonal transform, the multiresolution structure of a
wavelet transform justifies the application of scale-dependent thresholds.

This paper concentrates on a second type of correlations, which follows
from the two-dimensional nature of the input: images have edges and these
edges cause two-dimensional clusters of large coefficients. These correlations
also appear in the original pixel representation of the image, and they do not
follow in the first place from the characteristics of the wavelet transform. So,
they are inherent to the very nature of the image, and therefore we introduce
a prior model for configurations of large coefficients. This leads to a classical
threshold procedure, incorporated into a geometrical Bayesian approach [26,
25, 24, 18]. We also pay attention to the choice of the hyperparameters.

We start with a short section on wavelet nomenclature and wavelet
thresholding. Next, we explain the specific problem of a two-dimensional
wavelet transform from an approximation theoretic point of view. This sec-
tion is the elaboration of an idea that E. Candes presented in a discussion
with one of us. We then introduce a Bayesian approach to remedy this prob-
lem. Section 5 fixes and motivates the choice of prior and conditional model.
The next section composes the actual algorithm. Section 7 deals with the
hyperparameters in the model and proposes how to find appropriate values
for these parameters. The following section discusses some results and we
end with a summary and conclusions. This text was inspired by previous
work by Malfait et al. [26]. Nevertheless, as we explain in Section 8.3,
our prior and condtional model (Sections 4 and 5) is original and based on
a more theoretical ground. Moreover, we combine this with an empirical
parameter choice (Section 7) and we motivate the Bayesian approach by a
comparison with more heuristical ideas in Section 4.4.

2 Wavelets and wavelet thresholding

2.1 Wavelet terminology

This section fixes notation with respect to wavelet transforms and wavelet
functions. For an introduction to wavelet theory, we refer to the extensive lit-
erature. As examples, we mention [27, 34, 21]. A discrete wavelet transform
is a decomposition of an input vector into coefficients at different resolu-
tion levels. Each resolution represents image details of a specific scale. In
two dimensions, we use a tensor-product like extension of a one-dimensional
transform, the so called square wavelet-transform: at each level the coeffi-



cients belong to one of three subbands or components, corresponding to three
orientations in the image: the coefficients carry vertical, horizontal, or diag-
onal information. This discrete transform has a continuous interpretation:
it decomposes an expansion of a function in a scaling basis at resolution
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into an expansion in a basis of wavelet functions ¢ at different scales, at
different locations for the three orientations:
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Instead of the classical fast wavelet transform, we use the so called non-
decimated, redundant, or stationary wavelet transform [29, 30, 26]. While
the fast transform has linear complexity, this alternative is of O(N log N)
complexity, both in computations and in memory requirements. On the
other hand, the stationary transform is translation invariant and generates
the same number of coefficients in each subband at each scale. This facil-
itates interscale coefficient comparisons. Moreover, the reconstruction pro-
cedure [29] from this redundant data representation is of course not unique.
For manipulated data, a linear combination of all possible reconstruction
schemes causes an additional smoothing of the result [29].

2.2 Wavelet thresholding

A wavelet threshold algorithm typically consists of three steps: first, the
observational data are transformed into empirical wavelet coefficients. The
next step is a manipulation of the coefficients and finally, an inverse trans-
form of the modified coefficients yields the result.

Of course, the second step is the crucial one. Apart from the choice of
the wavelet basis, all strategies and options are concentrated in this step.
The manipulation is based on a classification of the coeflicients: the most
common threshold procedures use a binary classification: a coefficient is
either dominated by noise or sufficiently important. The magnitude of the
coefficient is the criterion of classification: we consider the absolute value
of each coefficient as a measure of significance. This is motivated by the
ansatz that a wavelet transform is a sparse data representation: a few large



Figure 1: An image (Left) with artificial, additive correlated noise (Right),
SNR = 4.97dB. The noise is the result of a convolution of white noise with
a FIR-highpass-filter.

coefficients carry nearly all information, while most coefficients are small
and dominated by noise.

So, a simple threshold algorithm classifies the coefficients by their magni-
tudes. Coefficients below a certain threshold X\ are replaced by zero. Coeffi-
cients with absolute value above the threshold are kept in the hard-threshold
approach or shrunk with a value A in the soft-threshold approach. Apart
from these most popular rules, there exist a whole variety of shrinking rules,
some of which result from a Bayesian model, as mentioned in the introduc-
tion.

Figure 1 shows an image with artificial, additive, homoscedastic cor-
related noise. This noise was the result of a convolution of white noise
with a FIR-highpass-filter (A FIR or finite impulse response filter has a fi-
nite number of taps). The signal-to-noise ratio is 4.97 dB, where we define
signal-to-noise ratio as:
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with f = % Zi]\il fi and f; is the uncorrupted gray intensity of pixel 7. We
apply a redundant wavelet transform. As wavelet filter, we use the variation
on the CDF-(spline)-filters “with less dissimilar lengths” [11, 2]. We choose
a basis with four primal and four dual vanishing moments. These wavelets
are rather popular in image processing: they are smooth and have compact
support.

Since we know the uncorrupted image, we can compute at each level
the threshold that minimizes the mean square error (MSE) of the wavelet



coefficients. Since we use a bi-orthogonal (i.e. not an orthogonal) transform,
this is not exactly the same as a minimization of the MSE of the pixel
values, although a stable basis (with Riesz constants close to each other [13])
guarantees a quasi-equivalence. Moreover, the eventual objective is visual
quality, and there seems no reason why minimization in terms of original
pixels is better than minimization in terms of wavelet coefficients. Of course,
the user views images in the pixel domain, but we do not interpret an image
pixel by pixel. Although a discussion about the human visual system is far
beyond the scope of this text, a multiresolution analysis is said to be closer
to the way we view an image. Note that MSE minimization is equivalent to
SNR. maximization.

In practical situations, the minimum MSE threshold cannot be computed
exactly. Therefore we estimate this threshold using a generalized cross val-
idation (GCV) procedure [35, 20]. This method is as fast as the wavelet
transform, requires no estimation for the noise deviation ¢ and it is asymp-
totically optimal, i.e. if the number of data is getting large, the estimated
threshold approaches the minimum MSE threshold. These properties are
preserved — on a level-dependent basis — if the noise is correlated in the
wavelet representation [19].

The minimum MSE threshold is based on a global compromise between
noise and data: this is not the best thing we can do: instead of applying
one threshold for all coefficients at a given level, we would like to decide
for each coefficient separately what is best: keeping or killing. If we know
the noise deviation o and if an oracle would tell us whether the noise-free
magnitude V; is above or below o, then the expected MSE is minimized by
replacing Wy with zero if |V;| < o and keeping it otherwise [14]. This is
an ideal (clairvoyant) diagonal projection: instead of applying the minimum
MSE threshold (or its estimate) to the noise-free coefficients, we choose a
threshold on these uncorrupted coefficients equal to the noise deviation. The
resulting label image is shown in Figure 8 (Right picture). Since neither Vj
nor o are known in practice, this is of course an ideal case.

Figure 2 compares the result from soft-thresholding with level- and sub-
band-dependent GCV-threshold with the result from the oracle selection.
Only the three finest scales were processed. Signal-to-noise ratio is respec-
tively 18.02 dB and 21.05 dB.

3 An approximation theoretic point of view

Image processing is not merely a two-dimensional translation of traditional
signal processing techniques. The two-dimensional character has some im-
portant consequences, such as the existence of line singularities, manifesting
as edges. The observations explained in this section also provide the basis
for the development of new types of basis functions, such as ridgelets [7].
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Figure 2: Left: the result from thresholding with level- and subband-
dependent GCV-threshold. Only the three finest scales were processed.
SNR = 18.64 dB. Right: result from the optimal (clairvoyant) diagonal
projection. SNR = 21.05 dB.

|
I

0 1

Figure 3: Step function.

3.1 Step function approximation in one dimension

Suppose we want to approximate the step function of Figure 3. A periodic
extension of this function can be decomposed into a Fourier series:
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The equation sign indicates convergence, both pointwise as in Lo[0, 1]-norm.
The coefficients a; depend of course on the precise position of the singularity,

but they behave like:
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We use this Fourier expansion to approzimate the step function by taking
the 2n + 1 harmonics with index k = —n, ..., n:

REE
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Since the coefficients decrease for |k| — oo, this linear approach happens
to coincide with taking the largest contributions. This Fourier basis is or-
thonormal, so the approximation error satisfies
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We may conclude that a one dimensional Fourier decomposition performs
as:
leall = O(n~1/2).

This bad approximation of piecewise smooth signals is a well known draw-
back of the Fourier decomposition. The reason is of course that all basis
functions cover the entire interval, and so all of them get in touch with the
singularity, all of them have a contribution to it.

This is not the case in a wavelet decomposition, where at each scale only
a constant number of coefficients are non-zero. For the Haar transform, there
is only one function, say 1, x, with a non zero coefficient w; x,. Orthogonality
says that:
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This expresses that a wavelet basis indeed captures isolated singularities
much more efficiently than does a Fourier basis. We do not know in advance
which coefficients are going to be non-zero: this depends on the input signal
and more precisely on the exact position of the jump. Therefore, keeping
the non-zero wavelet coefficients is a non-linear approximation.

If we have a superposition of this step function f and a C'* smooth
function ¢, none of the wavelet coefficients of h = f + ¢ is exactly zero.
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Figure 4: Two dimensional step function.

The smooth part g is best approximated with a linear approach: take all
coefficients up to scale J. If the number of vanishing moments p > «, the
approximation error satisfies [27]:

leg, Il = llg — g1l = O277%).

This approximation uses 2711 coefficients. If we want the same order of
precision for the non-smooth component, we add [J«| coefficients of f in
the non-linear way, and the overall approximation error €, () = €f(x)+€4(x)
is then bounded by:

lenll < llegll + llegll = O277).

This approximation uses 2/t + [Ja] = O(27) coefficients. If we call this
number n, we conclude that the error of a one-dimensional wavelet approx-
imation behaves as

lenll = O(n™"),
for smooth as well as for piecewise smooth functions. Isolated singularities
have no influence on the asymptotic approximation error.
3.2 Approximations in two dimensions

Now suppose we are given a two dimensional function f(z,y) € L0, 1],
which is 0 in one part of the square and 1 in the other part. The boundary
between these two parts is a simple line, as in Figure 4. The coefficients of
the Fourier expansion of this function
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Figure 5: Position of indices in Z? corresponding to coefficients in a linear
Fourier approximation.
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Figure 6: Two-dimensional Haar basis functions.

A linear approximation keeps all coefficients with indices k& and [ such that
|k| + |I] < m, for a given m. Figure 5 shows the position of these indices in
72?2 for m = 3. The approximation error satisfies:

lenll> = > Yoo ag?=0(m™)
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Since n = (2m + 1)2, we have

leall = O(n™"/*).

This says that for an equal order of magnitude of the error as in the one-
dimensional case, we need the square of the number of coefficients.

We now proceed to a (Haar) wavelet expansion. The basis contains three
types of functions: horizontally oriented, vertically oriented and diagonally
oriented functions as depicted in Figure 6. At each scale we have K2/ non-
zero coefficients with all three types of basis functions. The exact value
of the constant K > 1 depends on the length of the singularity, i.e. its
orientation in the image. If |f(z,y)| < 1, the coefficients satisfy:

illjgﬂ _/ / |¢;h,jgl; (z,y)| dedy = 279 277 x 277,

and similarly for horizontal and diagonal subbands. The approximation
error becomes:

If—fr2<3 Y K2i2792=0(27).
j=J+1



This is the same order of approximation as in the 1D-case, we now need

coefficients. So the order of approximation is now:

If = full = O(n™'72),

while in the one-dimensional case we had n = J and

If = full = O27).

This is not just squaring the number of coefficients to obtain a comparable
error in two dimensions. This dramatic change comes from the difference
between a point singularity in one dimensional signals and a line singularity
in 2 dimensions. A point has no dimension, at each scale it only interferes
with a fixed number of basis functions. A line has however a certain length.
Consequently, the number of basis functions meeting this line increases for
finer scales.

For a piecewise smooth function of the form h = g + f, with ¢ € C?,
we have |lg — gs|| = O(277%), provided that the wavelet basis has p > «
vanishing moments. This linear approximation uses n = 0(227) coefficients,
so the order of approximation is O(n~%/2). We need coefficients at [2J /]
resolution levels to represent f with the same accuracy. This means O(227%)
additional non-zero coefficients. The total number of coefficients to achieve
|h — hal| = O(277%/2) is then n = O(2%* + 27) = O(227%). A wavelet
approximation for a piecewise smooth function in two dimensions thus has
an accuracy of @(n~'/2). Unlike in the one-dimensional case, the line sin-
gularity does have an important impact on the quality of the wavelet ap-
proximation: all the benefits from using more than one vanishing moment
seem to be lost.

3.3 Other basis functions

From the previous analysis, we conclude that wavelets may not provide
the ultimate representation for images. It is of course true that wavelets
are successful, but looking for better generalizations of the wavelet idea for
more-dimensional applications is an interesting — though difficult — chal-
lenge. The previous argument comes from approximation theory, but it has
consequences in statistical estimation: a basis that performs well in approx-
imation of piecewise smooth functions is appropriate for noise reduction.
This is a motivation for the development of new types of basis functions,
like ridgelets [7].
This text takes a different approach: it applies the classical two-dimensional

wavelets and concentrates on the coefficients in the basis for a description
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of edges. This description is based on a random prior model for these coef-
ficients and leads to a Bayesian algorithm.

4 The Bayesian approach

4.1 Motivation and objectives

In one dimension, as in two dimensions, wavelet basis functions are localized
in space and scale (frequency). As a consequence, manipulating a coefficient
has a local effect, both in space and frequency. This is an important advan-
tage of wavelet based methods.

On the other hand, usual classification rules are local too, and do not
take into account all the correlations that exist among neighboring coef-
ficients. Although a wavelet transform has decorrelating properties, this
decorrelation is not complete. We distinguish two types of correlations:

1. Important image features correspond to large coefficients at different
scales: these coefficients are of course correlated. This type of correla-
tion is inherent to all wavelet decompositions: it reflects the multiscale
nature of it. There exist some deterministic algorithms [37, 3] that take
this multiresolution character into account. Other algorithms start
from different variations of a stochastic ‘tree’ model for uncorrupted
wavelet coefficients in a multiscale structure [8, 12, 23].

2. The second type of correlation is within one scale and is specific for
two-dimensional inputs, like images: important coefficients tend to be
clustered on the location of edges.

We assume that classical thresholding, possibly extended to deal with in-
terscale correlations, performs sufficiently well for the first type of inter-
coefficient dependencies. This paper concentrates on the second type of
correlations. For the stochastic description of these structures, we need geo-
metrical prior models. This leads to a multiscale version of Markov Random
Field Models (MRF). Similar approaches are in [4, 6, 26, 25, 24].

The basis for our approach remains the thresholding philosophy. The
optimal selection based on the ‘oracle’ information, as explained in Section
2.2, is an ideal benchmark, and we hope that the incorporation of a prior
model helps in mimicking this oracle. The Bayesian approach aims at two
objectives at once: by taking into account the geometrical structures in the
coefficients, we want to come closer to the ideal coefficient selection. As
becomes clear from the subsequent sections, both objectives are reflected by
the Bayesian model that we use.
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4.2 Plugging the threshold procedure into a fully random
model

Whereas typical threshold algorithms are based on this heuristical approach
that the largest coefficients capture the essential image features, Bayesian
methods start from a full model for wavelet coefficients of the following type:

W=V +N

This is an additive model for wavelet coefficients where IV is the noise vector,
V is the uncorrupted wavelet coefficient vector, and W is the input (empir-
ical) wavelet coefficient vector. Both the noise and the noise-free data are
viewed as realizations of a probability distribution. We now describe how
threshold procedures fit into this model.

A wavelet threshold algorithm consists of three steps: first, the obser-
vational data are transformed into empirical wavelet coefficients. The next
step is a manipulation of the coefficients and finally, an inverse transform of
the modified coefficients yields the result. When extending this thresholding
with a Bayesian approach, we leave the three steps intact, but we build in
more uncertainties in the second step. As explained in Section 2.2, the se-
lection criterion used in the second step is based on a measure of regularity.
This measure of significance M is a function of the observation:

M = m(W),

Wavelet coefficients with a significance below a threshold A, are classified as
noisy. With each wavelet coefficient Wy, the algorithm associates a ‘label’
or ‘mask’ variable X, such that:

0, if W is noisy according
Y. — to the criterion, i.e. if My < A (1)
* ) 1, then W is sufficiently clean, i.e. if

Ms > A

In these and following equations, s represents the ‘multidimensional’ index
of a wavelet coefficient on a given resolution level j and for a given compo-
nent m (vertical, horizontal, or diagonal): s = (k,[). To avoid overloaded
notations we omit the resolution level 5 and the component m in our equa-
tions, and use the simple index s. So, if no confusion is possible, we write W
instead of W or Wﬁk’l. This classification is followed by the modification
step: If W), denotes the modified coefficient, with subscript A referring to
the threshold value, we write:

W)\s = h(WS7 Msa Xs)a

for some action h(Wy, Mg, X,). The classic hard-threshold procedure corre-
sponds to
h(WSa MSa Xs) = W, X;.

It keeps the ‘uncorrupted’ coefficients and replaces the noisy ones by zero.
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Figure 7: Mask or label images, corresponding to the horizontal component
of the one but finest scale. Black pixels represent coefficients with magnitude
above the threshold. Left: using the minimum MSE threshold. Right: using
a GCV estimate of this threshold.

4.3 Threshold mask images

Figure 7 visualizes the binary label image X, i.e. it shows in black the
position of the selected wavelet coeflicients for the horizontal subband at the
one but finest resolution level from the non-decimated wavelet transform of
the noisy image in Figure 1. The one but finest scale in the wavelet transform
is two scales below the original image resolution, and, as before, we use the
variation on the CDF-(spline)-filters “with less dissimilar lengths” [11, 2].
Primal and dual wavelets have four vanishing moments. The mask on the
left-hand side was obtained by soft-thresholding using the minimum MSE
threshold. The mask on the right-hand side is obtained by a generalized
cross validation threshold. Applying soft-thresholding using this mask (and
its analogues for other components and scales) leads to the output in Figure
2(a).

If we apply the same threshold to the noise-free coefficients, we get the
left picture in Figure 8. We see that many of the isolated pixels have disap-
peared: they were due to noise. Applying the optimal selection, inspired by
the ‘oracle’ information leads to an even more structured image in Figure

8(b).

4.4 Binary image enhancement methods

A comparison of the different label images clearly illustrates that threshold-
ing each coefficient separately does not take into account the image struc-
tures. An obvious way to recover the optimal mask of Figure 8 (b), is trying

13



Figure 8: Same mask images as in Figure 7, here based on noise-free co-
efficients. Left: black pixels indicate noise-free coefficients with magnitude
above the previous threshold. Right: black pixels indicate noise-free coeffi-
cients with magnitude larger than noise deviation. This corresponds to the
ideal wavelet selection: if an “oracle” [14] tells us whether or not a coefficient
is dominated by noise, this is the best thing we can do.

classic enhancement methods. Figure 9 (a) shows the label image after ap-
plying a median filter to the approximate minimum MSE labels in Figure 7.
Another possibility is the application of so called erosion-dilation methods:
these methods proceed in two steps: in the first step, black pixels with less
than, for instance, two black neighbors are removed. This erosion can be
repeated several times, before going to the dilation. This second step tries
to restore the eroded objects by turning white background pixels into black
object pixels, if there is already an object in the neighborhood. (This neigh-
borhood is typically a 3 x 3 box containing the actual pixel in its center.)
Figure 9 (b) contains the result of this operation. It is hard to preserve
the fine edge structures, while removing the noisy pixels. These operations
act on the label images only and forget about the background behind them:
these pixels come from a wavelet coefficient classification. We would prefer
a method that can deal with the geometry and the local coefficient values
at the same time. Bayes’ rule tells us how we can do so.

4.5 Bayesian classification

The classification (1) in a threshold algorithm is a deterministic function
of the empirical coefficients: thresholding on magnitudes corresponds to a
simple step function, as illustrated in Figure 10. Recall that, in this text, the
measure of significance is the coefficient magnitude: M = |W|. However, it

14
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Figure 9: Result of elementary binary image enhancement methods on the
approximate minimum MSE label image in Figure 7. Left: a median filter;
Right: an erosion-dilation procedure.

would be interesting to examine measures based on interscale-correlations:
e.g. M = [I;W}l,;,, where j is the current resolution level and m the
orientation (m = HOR, VER, DIAG).

Because we want to take the spatial configurations into account, we
give up this tight relation between a coefficient value and its classification.
We introduce a prior model for coefficient classification configurations X.
This prior should express the belief that clusters of noise-free coefficients
have a higher probability than configurations with many isolated labels. In
particular, edge-shaped clusters should be promoted. The prior model rests
on the classification of the coefficients, not on the uncorrupted coefficients
themselves. A similar idea is the use of Hidden Markov Models [8, 12, 23,
4, 6.

Next, the conditional model (likelihood function) states that if the clas-
sification label for a coefficient equals one, this coefficient is probably above
the threshold. A zero label means that the corresponding coefficient is prob-
ably small. The classical, deterministic approach can be seen as an extreme
case of this probability model, where, for example, a label X = 0 tells that
the coefficient is certainly in the range [— A, A]. This appears in Figure 10(b).

If we have a prior distribution P(X = ) and a conditional model
fmix (m|z), then Bayes’ rule allows to compute the posterior probability:

P(X = z)fumx(m|z)
fv(m)

In a given experiment, where m is fixed, the denominator is a constant. As
we explain in Section 6.2, it is sufficient to know the relative probabilities

P(X =xz|M =m) =

15



1 1E|\/|S|)(S:0(|’ns| 0)

A Mg A Ms
(a) (b)

Figure 10: Left: The deterministic classification function for coefficient mag-
nitude thresholding: if a coefficient magnitude M is below the threshold
value ), it is classified as noisy (X = 0), otherwise it is called sufficiently
clean (X = 1). Right: this deterministic approach is a special case of the
Bayesian model, where the conditional density is zero for coefficient magni-
tudes above the threshold if X = 0 and beneath the threshold if X = 1.

of configurations, and therefore we write:

P(X = 2|M =m) = C - P(X = ) fux(ml2)

5 Prior and conditional model

5.1 The prior model

As explained above, we are looking for a multivariate model for a binary
image X. Expressing a probability function for all 2V™ possible values in
a N by M label image may be cumbersome. We therefore construct the
model starting from local descriptions of clustering. The prior probability
function can always be written as:

P(X =z) = — exp[-H(z)], (2)
with the partition function Z:

Z = Z exp[—H (z)].

H(z) is the energy function of a configuration @: the lower the energy, the
higher the prior probability. To express that this energy comes from local
interactions only, we first define for each pixel index s in the lattice S its set
of neighbors, i.e. the set of indices ds C S that interact with s. We assume
that s € 0s and s € 0t & t € 0s. A set of indices that are all neighbors to
each other is called a cligue. The set of all cliques is

C={Ce2%| Vs,teC:tecds}
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If the total energy of a configuration equals the sum of its clique potential
functions:
H(z)=1)Y_ Uc(zc),
cecC

the probability function P(X = x) is called a Gibbs distribution with respect
to the given neighborhood system {S,d}. The hyperparameter 7 measures
the rigidity of the configuration. The higher 7, the less likely are status
changes due to noise. As the equation indicates, the clique potential Ug
only depends on the values of x in the sites that belong to C.

Whereas Gibbs distributions are based on local energies, Markov Ran-
dom Fields (MRF) are based on local statistical dependencies. A Markov
Random Field, relative to a neighborhood system {S,d} is a probability
function P with the two-dimensional Markov property:

P(Xs = $5|XS\{5} = :135\{5}) = P(Xs = $5|X35 = :1335).

This definition does not use the notion of clique.
The Hammersly-Clifford theorem states that MRF’s and Gibbs distri-
butions are the same:

Theorem 1 (Hammersly-Clifford) A probability function is a Markov
Random Field with respect to a neighborhood system if and only if it is a
Gibbs distribution with respect to same neighborhood system.

Proofs are in [5, 36]. This theorem facilitates the computation of conditional
probabilities in the lattice of a Gibbs distribution: this computation only
uses local information. The computation of marginal probabilities of a MRF
is well served by the Gibbs distribution property. Especially in expressions

like
Px (u)
Px(v)
where u and v differ in a couple of lattice points s only, it is easy to use the

theorem and limit the calculations to the potentials of cliques that contain
one of these points s:

Px (u
o) = (‘TZ > Uc<uo>—Uc(vc>).

s CeC,seC

Actually, a Gibbs distribution is mostly the only practically possible speci-
fication of a Markov Random Field: it is hard to check whether a collection
of local conditional probabilities form a coherent set for Markov Random
Field [16].

The application of this MRF’s and Gibbs distributions in image analysis
and image processing is still growing and our list [16, 17, 36] is nothing
but a snapshot. An often used Gibbs distribution is the Ising model. The
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neighbors of a pixel with index s is a 3 X 3 submatrix, excluding s in its
center. The model only considers pairs of neighbors. Other cliques in the
system have no energy. The total energy is:

H(z) = Z TsTy.

{s,t}ecC

For our experiments, we use a slightly different model, in a 5 x 5-neigh-
borhood system. We only consider 3 x 3 cliques, i.e. the largest possible
type in a 5 by 5 neighborhood system. The potentials of all other types of
cliques are set to zero. For a 3 by 3 clique C we set:

_ ZSEC Ts ZtECﬂas(l - 2$s$t)
ZsEC Ts

i.e. for each zs = 1, we subtract the number of neighbors within the clique
with value one from the number of neighbors with zero value. The sum
of these results is divided by the number of labels with value z; = 1, to
obtain a mean value. The idea behind this potential function is to compute
a kind of “average degree of isolation” within the clique for the pixels with
value one. The background pixels are considered to be neutral. Unlike the
classical Ising model, this function is not symmetric for interchanges of ones
and zeros.

Uc(mc)

’

5.2 The conditional model

We also need a conditional density fygx (m|z). Whereas the prior describes
the clustering of significant wavelet coefficients, this conditional model deals
with the local significance measure. Therefore we write

fax (mle) = T far,x, (ms]zs).
s€S

This density expresses that if the label Xy = 1, i.e. if the corresponding
wavelet coefficient is sufficiently noise-free, a large value of M, is probable.
Referring to the ideal selection procedure, we now impose the idea that se-
lected coefficients should have an untouched value above the noise deviation
o. This means that if X, = 1, V; is for instance uniformly distributed on
[—p, —o] U [o, u], 1 being the maximum coefficient magnitude, which is a
parameter of the model that has to be determined. If the noise Ny ~ n(0,0)
has a Gaussian density, it is easy to verify that

fwx, (wll) = [@(w + ) = P(w +0) + S(w —0) — D(w — p)],

2(p— o)
where ®(z) is the cumulative Gaussian distribution. A similar argument
leads to the following conditional model for coefficients dominated by noise:

v, (l0) = o [B(w +0) — B — o).
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(a): fw,|x,(w]0)

Figure 11: Conditional probability densities in Bayesian model. The model
expresses that if a label X; = 0, the corresponding coefficient probably has
a small magnitude, but magnitude is no longer a strict selection criterion: a
small coefficient might be important and a large coefficient might be replaced
by zero.

Figure 11 shows these density functions for ¢ = 1 and p = 20. This model
expresses that if a label X; = 0, the corresponding coefficient probably has
a small magnitude, but magnitude is no longer a strict selection criterion: a
small coefficient might be important and a large coefficient might be replaced
by zero.

Other, perhaps more realistic models follow from the assumption that
the important, noise-free coefficients are exponentially distributed:

po
Frax, (v]1) = E—eell.

This leads to the following expression for the coefficients corrupted by noise:
op+o?p?/2

pe
2

[e—f’%(w —o— o)+ e (1 —B(w+o + an))] :

fwox.(w|l) =

Even more general models for noise-free wavelet coefficients are Laplacian
distributions [32]: '
fr(v) = Ke *I",

Typical values for k range between 0.5 and 0.8.

6 The Bayesian algorithm

6.1 Posterior probabilities

From Bayes’ rule, we can compute the posterior probabilities

P(X = m)fM\X(m|iB)
fn(m)

P(X =x|M =m) =
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With these probabilities, a Bayesian decision rule leads to an estimation of
the optimal label. The Maximum A Posteriori (MAP) procedure chooses
the mask & with the highest posterior probability. The Maximal Marginal
Posterior (MMP) rule is a more local approach: it computes in each site s
the marginal probabilities:

P(Xs=1|M =m) = szP(X =z|M =m),
x

and if this probability is more than 0.5, the pixel gets value 1. Both decision
rules have a binary outcome: each coefficient is classified as noisy (X = 0) or
relatively uncorrupted (X = 1). We would like to exploit the entire posterior
probability: the posterior mean value

E(X,|M =m) = P(X, = 1|M = m)

preserves all information. It is a minimum least squares estimator. This
classification leads to a posterior ‘expected action’:

E(WA5|M) = h(WSams(W)v 1)P(Xs = 1|M)
FR(W,, ms(W),0)P(X, = 0|M).

If h(Wy, My, X,) = X,W,, this is:
E(Wys| M) = W,E(X,|M =m) = W,P(X, = 1|M).

Unlike most thresholding methods, this is not a binary procedure: using the
posterior probability leads to a more continuous approach.

6.2 Stochastic sampling

The computation of P(X; = 1|W) involves the probability of all possible
configurations . Because of the enormous number of configurations, this is
an intractable task. The sum we have to compute is of the following form:

Hs = Zfs(m)P(X =z|M =m)

where in this case fs(x) = z5 and ps = P(X5 = 1|M = m).

To estimate this type of sum (or integral for random variables on a
continuous line), one typically uses stochastic samplers. These methods
generate subsequent samples X (), not selected uniformly, but in proportion
to their probability. This allows to approximate the matrix of required
marginal probabilities by the mean value of the generated masks:

fis = ZXS(Z)
i
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Mostly, the samples are generated, not independently of each other, but in
a chain, hence the name Markov Chain Monte Carlo (MCMC) estimation.
The next sample is generated, starting from the previous one. One advan-
tage of this procedure is that knowledge of the relative probabilities of the
candidates is sufficient. The probability ratio of two subsequent samples:

o _ P(XEDIM)
- P(X®|M)

is the only quantity needed by the algorithm, and if

1
P(X =x|M) = ———exp|—H(x m|x),
(X = alM) = g expl—H ()] fygx ()
there is no need for the enormous computation of the partition function

We use the classic Metropolis MCMC sampler [28]. The chain of states
is started from an initial state X (®). The successive samples X #) are then
produced as follows: a candidate intermediate state is generated by a local
random perturbation of the actual state. Then the probability ratio r of the
actual state and its perturbation is computed. Since the Gibbs distribution
is based on local potential functions, only positions s whose mask labels
are switched by the perturbation or which have a switched label in their
neighborhood ds are involved in the computation. If the candidate has a
higher probability than the actual state, i.e. if the probability ratio is larger
than one, then the new state is accepted, otherwise it is accepted with
probability equal to r. To generate a completely new sample, we repeat this
local switching for all locations in the grid.

7 Parameter estimation

7.1 Parameters of the conditional model

The conditional model fy; x, (v[1) or fy, x,(w[1) is for instance uniform or
exponential. This model contains a hyperparameter. It is not so hard to
fill in this parameter using the observed, noisy wavelet coefficients. In our
approach, we mostly use the uniform model on [0, u] for which it is easy to
prove that the expected highest magnitude E|V |max equals:

Nu+o

E|V|max = N1l

A good measure for the noise variance is the average energy removed by the
minimum MSE-threshold:

N

6% =Y (Wx — W;)%
=1
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Since the influence of the noise on the largest coefficients is relatively small,
we take:

~ (N'I' 1)|W|max -0
/"l’_ N .

7.2 Full Bayes or empirical Bayes

The prior energy model contains a parameter 7:

H(x) =7 Uc(zc)

cecC

It determines the local rigidity of the prior. The higher its value, the larger
the energy difference between the two states of a given pixel in the label
image. The choice 7 = 0, for instance, disregards spatial structures.

To find a good value for this parameter, there exists at least two ap-
proaches. The fully Bayesian approach considers this parameter as an in-
stance of still another density and assigns a prior distribution f; to 7. The
posterior density for this parameter is then:

frix(7l®) o< fr(T)P(X = @|7).

The posterior probability of the full set of unknowns X, and 7, given the
observation M = m then satisfies:

P(X = z,7|M =m) o fyyx(m|z)P(X = z|7)f-(7).

From these expressions, we can — for instance — find values for M and 7
with maximum posterior probability.
The empirical Bayes approach maximizes the likelihood of the actual
label image :
L(r) =P(X =),

where the probability function on the right hand side depends on the rigidity
7 through the energy function H(x). This method has two practical prob-
lems. First, the computation of the likelihood function is extremely hard,
due to the intractable partition function in (2). Therefore, and since the
rigidity parameter controls the local behavior of the label image, we use a
pseudo-likelihood method: we maximize the product of “local” likelihood
functions:
PL(7) = [] P(Xs = 24| X 05 = @5, 7).
seS

This leaves us with the second problem: we have no real instance of the
probability function P(X = x), because we only have noisy measurements
M. The probability function of X supposes that X is the optimal selection
of wavelet coefficients. This selection is based on the uncorrupted values V'
being above or below o, which we do not know. Nevertheless, we assume
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that the local behavior of the mask obtained by thresholding the noisy co-
efficients approaches the rigidity of the optimal selection. The choice of the
threshold is of course crucial in this approximation: we cannot take A = o,
pretending W = V', since this would generate highly noisy masks, with little
structure from the optimal selection. A mask generated by the minimum
MSE or GCV is generally still too noisy, as becomes clear from a compar-
ison of the labels in Figure 7 with the ideal one in Figure 8(b). This can
be helped by applying a median filter to the minimum GCV labels, as in
Figure 9. As mentioned before, this median filter does not take into account
the background of the individual labels, like the conditional density in a
Bayesian approach. Therefore it is less appropriate for the actual correction
of the label images, but it may do a good job in estimating the rigidity factor
7 of the optimal selection mask on a local basis. Another possibility is the
universal threshold: this threshold eliminates all noise with high probability,
at the risk of loosing parts of the underlying structure.

8 The algorithm and its results

8.1 Algorithm overview
This is a schematic overview of the subsequent steps of the algorithm:
1. Compute the stationary wavelet transform W of the input.

2. At each level and for each component, select the appropriate threshold.
This threshold generates an initial label image X (0,

3. Apply a median filter to X(©) and estimate the prior parameter «
from the result, using a maximum pseudo-likelihood estimator.

4. Run a stochastic sampler to estimate for each coefficient at the given
resolution level the probability P(X,|W). Use X (9 from the previous
step as the starting sample. A Markov Chain Monte Carlo algorithm
produces the sequence of samples.

5. Wys « W,P(X, = 1|W).

6. Inverse wavelet transform yields the result.

8.2 Results and discussion

We now apply the procedure to the image with artificial noise in Figure 1.
Figure 12(a) shows the mask image after ten MCMC-iterations. To be more
correct: this image represents for each coefficient the posterior probability
P(X,; = 1|W) of its label being one. More iterations (up to 100) did not
improve the output quality. This output appears in Figure 12(b). Signal-to-
noise ratio is 18.50 dB. Looking at the posterior probabilities, and comparing
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(a) (b)

Figure 12: Left: label image for the wavelet coefficients of the image in
Figure 1 after ten MCMC iterations. Consequently, this image has 11 grey
values. A pixel value is an estimate of the marginal posterior probability
P(Xs = 1|M). Right: the algorithm output. Three resolution levels were
processed. Signal-to-noise ratio is 18.50 dB.

this with the objective mask in Figure 8(b), we see that most spurious labels
from the threshold procedure indeed have a low posterior probability. The
important structures that are present in the label image corresponding to the
MSE-threshold, are preserved: the coefficients belonging to these structures
have high probabilities. However, it seems to be hard to recover clusters of
small coefficients, even if these structures appear in the optimal selection.

We also illustrate the method with the ‘realistic” MRI-image of a knee
in Figure 13(a). This image has 128 by 128 pixels. Figure 13(b) has the
output of the Bayesian algorithm, applied to the first and second resolution
level. Figure 13(c) shows the label image for the vertical subband at the
second resolution level, to be compared with the selection of a minimum
GCV-threshold, depicted in Figure 13(d). The latter selection is based on
local regularity (magnitude) and shows far less geometrical structure.

8.3 Related methods

Our prior model was designed to describe geometrical correlations among
coefficients within a given subband (scale and component). This type of cor-
relation typically appears in two-dimensional wavelet transforms, especially
in image analysis. Interscale correlations, present in all dimensions, are not
captured by our prior model, although this is possible, as in [12].

Another difference is the meaning of the label values X, and, conse-
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Figure 13: An example wit ‘realistic’ (no artificial) noise: (a) The input im-
age, an MRI image (128 x 128 pixels) with noise. (b) Output of the Bayesian
algorithm, applied to the first and second resolution level of the image in
(a). (c) and (d): Selection masks for vertical subband at the one but finest
resolution level. The image in (¢) has eleven grey levels, it represents for
each coefficient an MCMC-estimate of the posterior probabilities of being
important. The MCMC procedure used ten iterations, hence eleven grey
levels, from zero to one. The last image is binary: black pixels correspond
to coefficients that are preserved by a minimum GCV-threshold. This selec-
tion is based on local regularity (magnitude) and shows far less geometrical
structure.
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quently the design of the conditional model. Unlike the labels in [9, 12], a
label one in our algorithm means that the corresponding noise-free coeffi-
cient is certainly larger than o. The conditional model is explicitly inspired
by the idea of finding the optimal diagonal projection of [14]. We do not
compute a posterior mean E(V;|W), but rather a posterior expected action:
E(W)\5|W)'

This algorithm was inspired by previous work by Malfait et al. [26, 25],
although their algorithm is based on Holder regularity, and therefore looks
at the evolution of coefficients through scales. Our algorithm uses coefficient
magnitudes at one scale only, because this leads to more stable computa-
tions. Second, unlike the work by Malfait et al. the algorithm described in
this text aims at the optimal coefficient selection, and the conditional model
has been designed with this objective in mind. Third, all model parameters
in our algorithm are determined automatically, in an empirical or heuristi-
cal way: there is no need for learning, the algorithm adapts itself to a given
image.

9 Summary and conclusions

This paper has investigated the possibilities of a Bayesian procedure to im-
prove the results of a wavelet thresholding procedure. This procedure was
designed for application in image noise reduction and it combines two ob-
jectives:

1. We want to capture the correlations in wavelet coefficients due to edge
singularities. This type of singularities is specific for more-dimensional
data, like images. The prior model in our procedure takes these line
singularities into account: the model is based on geometrical proper-
ties: it favors clusters of important coefficients.

2. With the aid of this geometrical prior, we aim at mimicking the optimal
coefficient selection. This is reflected in the conditional model.

The algorithm succeeds in finding more structure in the coefficient selection,
which results in an output with better preserved edges. It would be inter-
esting to quantify this gain in contrast. A more sophisticated conditional
model, based on Laplacian distributions for uncorrupted wavelet coefficients,
as well as the never ending search for good prior models are other topics for
further research.
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