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tober 1999Abstra
tWavelet threshold algorithms repla
e wavelet 
oeÆ
ients with smallmagnitude by zero and keep or shrink the other 
oeÆ
ients. This is ba-si
ally a lo
al pro
edure, sin
e wavelet 
oeÆ
ients 
hara
terize the lo
alregularity of a fun
tion. Although a wavelet transform has de
orrelat-ing properties, stru
tures in images, like edges, are never de
orrelated
ompletely, and these stru
tures appear in the wavelet 
oeÆ
ients.We therefore introdu
e a geometri
al prior model for 
on�gurations oflarge wavelet 
oeÆ
ients and 
ombine this with the lo
al 
hara
teriza-tion of a 
lassi
al threshold pro
edure into a Bayesian framework. Thethreshold pro
edure sele
ts the large 
oeÆ
ients in the a
tual image.This observed 
on�guration enters the prior model, whi
h, by itself,only des
ribes 
on�gurations, not 
oeÆ
ient values. In this way, we
an 
ompute for ea
h 
oeÆ
ient the probability of being \suÆ
iently
lean". The parameters of the prior model are estimated on an empir-i
al basis.1 Introdu
tionWavelet thresholding [14, 15℄ is a popular method for the redu
tion of noisein images. It assumes that the original, non-
orrupted image 
an be repre-sented in a sparse way by a small number of large wavelet 
oeÆ
ients. Inthe 
ase of an orthogonal transform, i.i.d. noise is spread out equally over all
oeÆ
ients. Sele
ting the 
oeÆ
ients with the largest magnitude thereforeremoves most of the noise, while preserving the essential image information.Some of these threshold or more general shrinking pro
edures are based ona Bayesian model [1, 9, 31, 33, 10℄. 1



The sparsity of a wavelet representation follows from the de
orrelatingproperties of this transform. This de
orrelating is however not 
omplete:a wavelet transform is also a multis
ale data representation and the 
oeÆ-
ients at subsequent resolution levels tend to be 
orrelated: image featureslike edges 
ause high 
oeÆ
ients at several resolutions. More sophisti
atedmethods exploit this multis
ale stru
ture [37, 12, 3℄. In the 
ase of 
orrelatednoise [22℄ or a non-orthogonal transform, the multiresolution stru
ture of awavelet transform justi�es the appli
ation of s
ale-dependent thresholds.This paper 
on
entrates on a se
ond type of 
orrelations, whi
h followsfrom the two-dimensional nature of the input: images have edges and theseedges 
ause two-dimensional 
lusters of large 
oeÆ
ients. These 
orrelationsalso appear in the original pixel representation of the image, and they do notfollow in the �rst pla
e from the 
hara
teristi
s of the wavelet transform. So,they are inherent to the very nature of the image, and therefore we introdu
ea prior model for 
on�gurations of large 
oeÆ
ients. This leads to a 
lassi
althreshold pro
edure, in
orporated into a geometri
al Bayesian approa
h [26,25, 24, 18℄. We also pay attention to the 
hoi
e of the hyperparameters.We start with a short se
tion on wavelet nomen
lature and waveletthresholding. Next, we explain the spe
i�
 problem of a two-dimensionalwavelet transform from an approximation theoreti
 point of view. This se
-tion is the elaboration of an idea that E. Candes presented in a dis
ussionwith one of us. We then introdu
e a Bayesian approa
h to remedy this prob-lem. Se
tion 5 �xes and motivates the 
hoi
e of prior and 
onditional model.The next se
tion 
omposes the a
tual algorithm. Se
tion 7 deals with thehyperparameters in the model and proposes how to �nd appropriate valuesfor these parameters. The following se
tion dis
usses some results and weend with a summary and 
on
lusions. This text was inspired by previouswork by Malfait et al. [26℄. Nevertheless, as we explain in Se
tion 8.3,our prior and 
ondtional model (Se
tions 4 and 5) is original and based ona more theoreti
al ground. Moreover, we 
ombine this with an empiri
alparameter 
hoi
e (Se
tion 7) and we motivate the Bayesian approa
h by a
omparison with more heuristi
al ideas in Se
tion 4.4.2 Wavelets and wavelet thresholding2.1 Wavelet terminologyThis se
tion �xes notation with respe
t to wavelet transforms and waveletfun
tions. For an introdu
tion to wavelet theory, we refer to the extensive lit-erature. As examples, we mention [27, 34, 21℄. A dis
rete wavelet transformis a de
omposition of an input ve
tor into 
oeÆ
ients at di�erent resolu-tion levels. Ea
h resolution represents image details of a spe
i�
 s
ale. Intwo dimensions, we use a tensor-produ
t like extension of a one-dimensionaltransform, the so 
alled square wavelet-transform: at ea
h level the 
oeÆ-2




ients belong to one of three subbands or 
omponents, 
orresponding to threeorientations in the image: the 
oeÆ
ients 
arry verti
al, horizontal, or diag-onal information. This dis
rete transform has a 
ontinuous interpretation:it de
omposes an expansion of a fun
tion in a s
aling basis at resolutionlevel J f(x; y) = Xk2ZZXl2ZZ sJ;k;l'J;k(x)'J;l(y)into an expansion in a basis of wavelet fun
tions  at di�erent s
ales, atdi�erent lo
ations for the three orientations:f(x; y) = Xk2ZZXl2ZZ sL;k;l'L;k(x)'L;l(y)+ J�1Xj=L Xk2ZZXl2ZZwdiagj;k;l j;k(x) j;l(y)+wvertj;k;l j;k(x)'j;l(y)+whorj;k;l'j;k(x) j;l(y)Instead of the 
lassi
al fast wavelet transform, we use the so 
alled non-de
imated, redundant, or stationary wavelet transform [29, 30, 26℄. Whilethe fast transform has linear 
omplexity, this alternative is of O(N logN)
omplexity, both in 
omputations and in memory requirements. On theother hand, the stationary transform is translation invariant and generatesthe same number of 
oeÆ
ients in ea
h subband at ea
h s
ale. This fa
il-itates inters
ale 
oeÆ
ient 
omparisons. Moreover, the re
onstru
tion pro-
edure [29℄ from this redundant data representation is of 
ourse not unique.For manipulated data, a linear 
ombination of all possible re
onstru
tions
hemes 
auses an additional smoothing of the result [29℄.2.2 Wavelet thresholdingA wavelet threshold algorithm typi
ally 
onsists of three steps: �rst, theobservational data are transformed into empiri
al wavelet 
oeÆ
ients. Thenext step is a manipulation of the 
oeÆ
ients and �nally, an inverse trans-form of the modi�ed 
oeÆ
ients yields the result.Of 
ourse, the se
ond step is the 
ru
ial one. Apart from the 
hoi
e ofthe wavelet basis, all strategies and options are 
on
entrated in this step.The manipulation is based on a 
lassi�
ation of the 
oeÆ
ients: the most
ommon threshold pro
edures use a binary 
lassi�
ation: a 
oeÆ
ient iseither dominated by noise or suÆ
iently important. The magnitude of the
oeÆ
ient is the 
riterion of 
lassi�
ation: we 
onsider the absolute valueof ea
h 
oeÆ
ient as a measure of signi�
an
e. This is motivated by theansatz that a wavelet transform is a sparse data representation: a few large3



Figure 1: An image (Left) with arti�
ial, additive 
orrelated noise (Right),SNR = 4:97dB. The noise is the result of a 
onvolution of white noise witha FIR-highpass-�lter.
oeÆ
ients 
arry nearly all information, while most 
oeÆ
ients are smalland dominated by noise.So, a simple threshold algorithm 
lassi�es the 
oeÆ
ients by their magni-tudes. CoeÆ
ients below a 
ertain threshold � are repla
ed by zero. CoeÆ-
ients with absolute value above the threshold are kept in the hard-thresholdapproa
h or shrunk with a value � in the soft-threshold approa
h. Apartfrom these most popular rules, there exist a whole variety of shrinking rules,some of whi
h result from a Bayesian model, as mentioned in the introdu
-tion.Figure 1 shows an image with arti�
ial, additive, homos
edasti
 
or-related noise. This noise was the result of a 
onvolution of white noisewith a FIR-highpass-�lter (A FIR or �nite impulse response �lter has a �-nite number of taps). The signal-to-noise ratio is 4:97 dB, where we de�nesignal-to-noise ratio as:SNR = 10 log10  1N PNi=1(fi � f)2�2 ! ;with f = 1N PNi=1 fi and fi is the un
orrupted gray intensity of pixel i. Weapply a redundant wavelet transform. As wavelet �lter, we use the variationon the CDF-(spline)-�lters \with less dissimilar lengths" [11, 2℄. We 
hoosea basis with four primal and four dual vanishing moments. These waveletsare rather popular in image pro
essing: they are smooth and have 
ompa
tsupport.Sin
e we know the un
orrupted image, we 
an 
ompute at ea
h levelthe threshold that minimizes the mean square error (MSE) of the wavelet4




oeÆ
ients. Sin
e we use a bi-orthogonal (i.e. not an orthogonal) transform,this is not exa
tly the same as a minimization of the MSE of the pixelvalues, although a stable basis (with Riesz 
onstants 
lose to ea
h other [13℄)guarantees a quasi-equivalen
e. Moreover, the eventual obje
tive is visualquality, and there seems no reason why minimization in terms of originalpixels is better than minimization in terms of wavelet 
oeÆ
ients. Of 
ourse,the user views images in the pixel domain, but we do not interpret an imagepixel by pixel. Although a dis
ussion about the human visual system is farbeyond the s
ope of this text, a multiresolution analysis is said to be 
loserto the way we view an image. Note that MSE minimization is equivalent toSNR maximization.In pra
ti
al situations, the minimumMSE threshold 
annot be 
omputedexa
tly. Therefore we estimate this threshold using a generalized 
ross val-idation (GCV) pro
edure [35, 20℄. This method is as fast as the wavelettransform, requires no estimation for the noise deviation � and it is asymp-toti
ally optimal, i.e. if the number of data is getting large, the estimatedthreshold approa
hes the minimum MSE threshold. These properties arepreserved | on a level-dependent basis | if the noise is 
orrelated in thewavelet representation [19℄.The minimum MSE threshold is based on a global 
ompromise betweennoise and data: this is not the best thing we 
an do: instead of applyingone threshold for all 
oeÆ
ients at a given level, we would like to de
idefor ea
h 
oeÆ
ient separately what is best: keeping or killing. If we knowthe noise deviation � and if an ora
le would tell us whether the noise-freemagnitude Vs is above or below �, then the expe
ted MSE is minimized byrepla
ing Ws with zero if jVsj < � and keeping it otherwise [14℄. This isan ideal (
lairvoyant) diagonal proje
tion: instead of applying the minimumMSE threshold (or its estimate) to the noise-free 
oeÆ
ients, we 
hoose athreshold on these un
orrupted 
oeÆ
ients equal to the noise deviation. Theresulting label image is shown in Figure 8 (Right pi
ture). Sin
e neither Vsnor � are known in pra
ti
e, this is of 
ourse an ideal 
ase.Figure 2 
ompares the result from soft-thresholding with level- and sub-band-dependent GCV-threshold with the result from the ora
le sele
tion.Only the three �nest s
ales were pro
essed. Signal-to-noise ratio is respe
-tively 18:02 dB and 21:05 dB.3 An approximation theoreti
 point of viewImage pro
essing is not merely a two-dimensional translation of traditionalsignal pro
essing te
hniques. The two-dimensional 
hara
ter has some im-portant 
onsequen
es, su
h as the existen
e of line singularities, manifestingas edges. The observations explained in this se
tion also provide the basisfor the development of new types of basis fun
tions, su
h as ridgelets [7℄.5



(a) (b)Figure 2: Left: the result from thresholding with level- and subband-dependent GCV-threshold. Only the three �nest s
ales were pro
essed.SNR = 18:64 dB. Right: result from the optimal (
lairvoyant) diagonalproje
tion. SNR = 21:05 dB.
10 Figure 3: Step fun
tion.3.1 Step fun
tion approximation in one dimensionSuppose we want to approximate the step fun
tion of Figure 3. A periodi
extension of this fun
tion 
an be de
omposed into a Fourier series:f(x) = Xk2ZZ ake�i2�kx:The equation sign indi
ates 
onvergen
e, both pointwise as in L2[0; 1℄-norm.The 
oeÆ
ients ak depend of 
ourse on the pre
ise position of the singularity,but they behave like: ak = O� 1jkj� :6



We use this Fourier expansion to approximate the step fun
tion by takingthe 2n+ 1 harmoni
s with index k = �n; : : : ; n:fn(x) = nXk=�nake�i2�kx:Sin
e the 
oeÆ
ients de
rease for jkj ! 1, this linear approa
h happensto 
oin
ide with taking the largest 
ontributions. This Fourier basis is or-thonormal, so the approximation error satis�esk�2n+1k2L2[0;1℄ = kf � f2n+1k2L2[0;1℄ = Xjkj�n+1 jakj2= O0�2 1Xk=n+1 1k21A = O(n�1):We may 
on
lude that a one dimensional Fourier de
omposition performsas: k�nk = O(n�1=2):This bad approximation of pie
ewise smooth signals is a well known draw-ba
k of the Fourier de
omposition. The reason is of 
ourse that all basisfun
tions 
over the entire interval, and so all of them get in tou
h with thesingularity, all of them have a 
ontribution to it.This is not the 
ase in a wavelet de
omposition, where at ea
h s
ale onlya 
onstant number of 
oeÆ
ients are non-zero. For the Haar transform, thereis only one fun
tion, say  j;kj with a non zero 
oeÆ
ient wj;kj . Orthogonalitysays that: k�Jk2L2[0;1℄ = kf � fJk2L2[0;1℄ = 1Xj=J+1w2j;kj :If jf(x)j � 1, we havejwj;kj j � Z 10 j j;kj (x)j dx = 2�j 2j=2:Hen
e k�Jk2L2[0;1℄ = O0� 1Xj=J+1 2�j1A = O(2�J):This expresses that a wavelet basis indeed 
aptures isolated singularitiesmu
h more eÆ
iently than does a Fourier basis. We do not know in advan
ewhi
h 
oeÆ
ients are going to be non-zero: this depends on the input signaland more pre
isely on the exa
t position of the jump. Therefore, keepingthe non-zero wavelet 
oeÆ
ients is a non-linear approximation.If we have a superposition of this step fun
tion f and a C� smoothfun
tion g, none of the wavelet 
oeÆ
ients of h = f + g is exa
tly zero.7
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Figure 4: Two dimensional step fun
tion.The smooth part g is best approximated with a linear approa
h: take all
oeÆ
ients up to s
ale J . If the number of vanishing moments p � �, theapproximation error satis�es [27℄:k�g;Jk = kg � gJk = O(2�J�):This approximation uses 2J+1 
oeÆ
ients. If we want the same order ofpre
ision for the non-smooth 
omponent, we add dJ�e 
oeÆ
ients of f inthe non-linear way, and the overall approximation error �h(x) = �f (x)+�g(x)is then bounded by: k�hk � k�fk+ k�gk = O(2�J�):This approximation uses 2J+1 + dJ�e = O(2J) 
oeÆ
ients. If we 
all thisnumber n, we 
on
lude that the error of a one-dimensional wavelet approx-imation behaves as k�nk = O(n��);for smooth as well as for pie
ewise smooth fun
tions. Isolated singularitieshave no in
uen
e on the asymptoti
 approximation error.3.2 Approximations in two dimensionsNow suppose we are given a two dimensional fun
tion f(x; y) 2 L2[0; 1℄2,whi
h is 0 in one part of the square and 1 in the other part. The boundarybetween these two parts is a simple line, as in Figure 4. The 
oeÆ
ients ofthe Fourier expansion of this fun
tionf(x; y) = Xk2ZZXl2ZZ ak;l ei2�kxei2�ly
an be found as:ak;l = Z 10 Z 10 f(x; y) e�i2�kxe�i2�ly dxdy= O � 1jklj� : 8
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Figure 5: Position of indi
es in ZZ2 
orresponding to 
oeÆ
ients in a linearFourier approximation.
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2-jFigure 6: Two-dimensional Haar basis fun
tions.A linear approximation keeps all 
oeÆ
ients with indi
es k and l su
h thatjkj+ jlj � m, for a given m. Figure 5 shows the position of these indi
es inZZ2 for m = 3. The approximation error satis�es:k�nk2 = Xk2ZZ Xl:jkj+jlj�m+1 jak;lj2 = O(m�1)Sin
e n = (2m+ 1)2, we havek�nk = O(n�1=4):This says that for an equal order of magnitude of the error as in the one-dimensional 
ase, we need the square of the number of 
oeÆ
ients.We now pro
eed to a (Haar) wavelet expansion. The basis 
ontains threetypes of fun
tions: horizontally oriented, verti
ally oriented and diagonallyoriented fun
tions as depi
ted in Figure 6. At ea
h s
ale we have K2j non-zero 
oeÆ
ients with all three types of basis fun
tions. The exa
t valueof the 
onstant K � 1 depends on the length of the singularity, i.e. itsorientation in the image. If jf(x; y)j � 1, the 
oeÆ
ients satisfy:jwdiagj;k;l j � Z 10 Z 10 j diagj;k;l(x; y)j dxdy = 2j 2�j � 2�j ;and similarly for horizontal and diagonal subbands. The approximationerror be
omes: kf � fJk2 � 3 1Xj=J+1K2j2�j2 = O(2�J):9



This is the same order of approximation as in the 1D-
ase, we now needn = JXj=0K2j = O(2J )
oeÆ
ients. So the order of approximation is now:kf � fnk = O(n�1=2);while in the one-dimensional 
ase we had n = J andkf � fnk = O(2�n):This is not just squaring the number of 
oeÆ
ients to obtain a 
omparableerror in two dimensions. This dramati
 
hange 
omes from the di�eren
ebetween a point singularity in one dimensional signals and a line singularityin 2 dimensions. A point has no dimension, at ea
h s
ale it only interfereswith a �xed number of basis fun
tions. A line has however a 
ertain length.Consequently, the number of basis fun
tions meeting this line in
reases for�ner s
ales.For a pie
ewise smooth fun
tion of the form h = g + f , with g 2 C�,we have kg � gJk = O(2�J�); provided that the wavelet basis has p � �vanishing moments. This linear approximation uses n = O(22J ) 
oeÆ
ients,so the order of approximation is O(n��=2). We need 
oeÆ
ients at d2J�eresolution levels to represent f with the same a

ura
y. This means O(22J�)additional non-zero 
oeÆ
ients. The total number of 
oeÆ
ients to a
hievekh � hnk = O(2�J�=2) is then n = O(22J� + 2J ) = O(22J�). A waveletapproximation for a pie
ewise smooth fun
tion in two dimensions thus hasan a

ura
y of O(n�1=2). Unlike in the one-dimensional 
ase, the line sin-gularity does have an important impa
t on the quality of the wavelet ap-proximation: all the bene�ts from using more than one vanishing momentseem to be lost.3.3 Other basis fun
tionsFrom the previous analysis, we 
on
lude that wavelets may not providethe ultimate representation for images. It is of 
ourse true that waveletsare su

essful, but looking for better generalizations of the wavelet idea formore-dimensional appli
ations is an interesting | though diÆ
ult | 
hal-lenge. The previous argument 
omes from approximation theory, but it has
onsequen
es in statisti
al estimation: a basis that performs well in approx-imation of pie
ewise smooth fun
tions is appropriate for noise redu
tion.This is a motivation for the development of new types of basis fun
tions,like ridgelets [7℄.This text takes a di�erent approa
h: it applies the 
lassi
al two-dimensionalwavelets and 
on
entrates on the 
oeÆ
ients in the basis for a des
ription10



of edges. This des
ription is based on a random prior model for these 
oef-�
ients and leads to a Bayesian algorithm.4 The Bayesian approa
h4.1 Motivation and obje
tivesIn one dimension, as in two dimensions, wavelet basis fun
tions are lo
alizedin spa
e and s
ale (frequen
y). As a 
onsequen
e, manipulating a 
oeÆ
ienthas a lo
al e�e
t, both in spa
e and frequen
y. This is an important advan-tage of wavelet based methods.On the other hand, usual 
lassi�
ation rules are lo
al too, and do nottake into a

ount all the 
orrelations that exist among neighboring 
oef-�
ients. Although a wavelet transform has de
orrelating properties, thisde
orrelation is not 
omplete. We distinguish two types of 
orrelations:1. Important image features 
orrespond to large 
oeÆ
ients at di�erents
ales: these 
oeÆ
ients are of 
ourse 
orrelated. This type of 
orrela-tion is inherent to all wavelet de
ompositions: it re
e
ts the multis
alenature of it. There exist some deterministi
 algorithms [37, 3℄ that takethis multiresolution 
hara
ter into a

ount. Other algorithms startfrom di�erent variations of a sto
hasti
 `tree' model for un
orruptedwavelet 
oeÆ
ients in a multis
ale stru
ture [8, 12, 23℄.2. The se
ond type of 
orrelation is within one s
ale and is spe
i�
 fortwo-dimensional inputs, like images: important 
oeÆ
ients tend to be
lustered on the lo
ation of edges.We assume that 
lassi
al thresholding, possibly extended to deal with in-ters
ale 
orrelations, performs suÆ
iently well for the �rst type of inter-
oeÆ
ient dependen
ies. This paper 
on
entrates on the se
ond type of
orrelations. For the sto
hasti
 des
ription of these stru
tures, we need geo-metri
al prior models. This leads to a multis
ale version of Markov RandomField Models (MRF). Similar approa
hes are in [4, 6, 26, 25, 24℄.The basis for our approa
h remains the thresholding philosophy. Theoptimal sele
tion based on the `ora
le' information, as explained in Se
tion2.2, is an ideal ben
hmark, and we hope that the in
orporation of a priormodel helps in mimi
king this ora
le. The Bayesian approa
h aims at twoobje
tives at on
e: by taking into a

ount the geometri
al stru
tures in the
oeÆ
ients, we want to 
ome 
loser to the ideal 
oeÆ
ient sele
tion. Asbe
omes 
lear from the subsequent se
tions, both obje
tives are re
e
ted bythe Bayesian model that we use.
11



4.2 Plugging the threshold pro
edure into a fully randommodelWhereas typi
al threshold algorithms are based on this heuristi
al approa
hthat the largest 
oeÆ
ients 
apture the essential image features, Bayesianmethods start from a full model for wavelet 
oeÆ
ients of the following type:W = V +NThis is an additive model for wavelet 
oeÆ
ients whereN is the noise ve
tor,V is the un
orrupted wavelet 
oeÆ
ient ve
tor, andW is the input (empir-i
al) wavelet 
oeÆ
ient ve
tor. Both the noise and the noise-free data areviewed as realizations of a probability distribution. We now des
ribe howthreshold pro
edures �t into this model.A wavelet threshold algorithm 
onsists of three steps: �rst, the obser-vational data are transformed into empiri
al wavelet 
oeÆ
ients. The nextstep is a manipulation of the 
oeÆ
ients and �nally, an inverse transform ofthe modi�ed 
oeÆ
ients yields the result. When extending this thresholdingwith a Bayesian approa
h, we leave the three steps inta
t, but we build inmore un
ertainties in the se
ond step. As explained in Se
tion 2.2, the se-le
tion 
riterion used in the se
ond step is based on a measure of regularity.This measure of signi�
an
eM is a fun
tion of the observation:M = m(W );Wavelet 
oeÆ
ients with a signi�
an
e below a threshold �, are 
lassi�ed asnoisy. With ea
h wavelet 
oeÆ
ient Ws, the algorithm asso
iates a `label'or `mask' variable Xs su
h that:Xs = 8>>><>>>: 0; if Ws is noisy a

ordingto the 
riterion, i.e. if Ms < �1; then Ws is suÆ
iently 
lean, i.e. ifMs � � (1)In these and following equations, s represents the `multidimensional' indexof a wavelet 
oeÆ
ient on a given resolution level j and for a given 
ompo-nent m (verti
al, horizontal, or diagonal): s = (k; l). To avoid overloadednotations we omit the resolution level j and the 
omponent m in our equa-tions, and use the simple index s. So, if no 
onfusion is possible, we writeWsinstead of Wmj;s or Wmj;k;l. This 
lassi�
ation is followed by the modi�
ationstep: If W�s denotes the modi�ed 
oeÆ
ient, with subs
ript � referring tothe threshold value, we write:W�s = h(Ws;Ms;Xs);for some a
tion h(Ws;Ms;Xs). The 
lassi
 hard-threshold pro
edure 
orre-sponds to h(Ws;Ms;Xs) =WsXs:It keeps the `un
orrupted' 
oeÆ
ients and repla
es the noisy ones by zero.12



(a) (b)Figure 7: Mask or label images, 
orresponding to the horizontal 
omponentof the one but �nest s
ale. Bla
k pixels represent 
oeÆ
ients with magnitudeabove the threshold. Left: using the minimumMSE threshold. Right: usinga GCV estimate of this threshold.4.3 Threshold mask imagesFigure 7 visualizes the binary label image X, i.e. it shows in bla
k theposition of the sele
ted wavelet 
oeÆ
ients for the horizontal subband at theone but �nest resolution level from the non-de
imated wavelet transform ofthe noisy image in Figure 1. The one but �nest s
ale in the wavelet transformis two s
ales below the original image resolution, and, as before, we use thevariation on the CDF-(spline)-�lters \with less dissimilar lengths" [11, 2℄.Primal and dual wavelets have four vanishing moments. The mask on theleft-hand side was obtained by soft-thresholding using the minimum MSEthreshold. The mask on the right-hand side is obtained by a generalized
ross validation threshold. Applying soft-thresholding using this mask (andits analogues for other 
omponents and s
ales) leads to the output in Figure2(a).If we apply the same threshold to the noise-free 
oeÆ
ients, we get theleft pi
ture in Figure 8. We see that many of the isolated pixels have disap-peared: they were due to noise. Applying the optimal sele
tion, inspired bythe `ora
le' information leads to an even more stru
tured image in Figure8(b).4.4 Binary image enhan
ement methodsA 
omparison of the di�erent label images 
learly illustrates that threshold-ing ea
h 
oeÆ
ient separately does not take into a

ount the image stru
-tures. An obvious way to re
over the optimal mask of Figure 8 (b), is trying13



(a) (b)Figure 8: Same mask images as in Figure 7, here based on noise-free 
o-eÆ
ients. Left: bla
k pixels indi
ate noise-free 
oeÆ
ients with magnitudeabove the previous threshold. Right: bla
k pixels indi
ate noise-free 
oeÆ-
ients with magnitude larger than noise deviation. This 
orresponds to theideal wavelet sele
tion: if an \ora
le" [14℄ tells us whether or not a 
oeÆ
ientis dominated by noise, this is the best thing we 
an do.
lassi
 enhan
ement methods. Figure 9 (a) shows the label image after ap-plying a median �lter to the approximate minimum MSE labels in Figure 7.Another possibility is the appli
ation of so 
alled erosion-dilation methods:these methods pro
eed in two steps: in the �rst step, bla
k pixels with lessthan, for instan
e, two bla
k neighbors are removed. This erosion 
an berepeated several times, before going to the dilation. This se
ond step triesto restore the eroded obje
ts by turning white ba
kground pixels into bla
kobje
t pixels, if there is already an obje
t in the neighborhood. (This neigh-borhood is typi
ally a 3 � 3 box 
ontaining the a
tual pixel in its 
enter.)Figure 9 (b) 
ontains the result of this operation. It is hard to preservethe �ne edge stru
tures, while removing the noisy pixels. These operationsa
t on the label images only and forget about the ba
kground behind them:these pixels 
ome from a wavelet 
oeÆ
ient 
lassi�
ation. We would prefera method that 
an deal with the geometry and the lo
al 
oeÆ
ient valuesat the same time. Bayes' rule tells us how we 
an do so.4.5 Bayesian 
lassi�
ationThe 
lassi�
ation (1) in a threshold algorithm is a deterministi
 fun
tionof the empiri
al 
oeÆ
ients: thresholding on magnitudes 
orresponds to asimple step fun
tion, as illustrated in Figure 10. Re
all that, in this text, themeasure of signi�
an
e is the 
oeÆ
ient magnitude: M = jW j. However, it14



(a) (b)Figure 9: Result of elementary binary image enhan
ement methods on theapproximate minimum MSE label image in Figure 7. Left: a median �lter;Right: an erosion-dilation pro
edure.would be interesting to examine measures based on inters
ale-
orrelations:e.g. Mmj;s = QiWmj+i;s, where j is the 
urrent resolution level and m theorientation (m = HOR;VER;DIAG).Be
ause we want to take the spatial 
on�gurations into a

ount, wegive up this tight relation between a 
oeÆ
ient value and its 
lassi�
ation.We introdu
e a prior model for 
oeÆ
ient 
lassi�
ation 
on�gurations X.This prior should express the belief that 
lusters of noise-free 
oeÆ
ientshave a higher probability than 
on�gurations with many isolated labels. Inparti
ular, edge-shaped 
lusters should be promoted. The prior model restson the 
lassi�
ation of the 
oeÆ
ients, not on the un
orrupted 
oeÆ
ientsthemselves. A similar idea is the use of Hidden Markov Models [8, 12, 23,4, 6℄.Next, the 
onditional model (likelihood fun
tion) states that if the 
las-si�
ation label for a 
oeÆ
ient equals one, this 
oeÆ
ient is probably abovethe threshold. A zero label means that the 
orresponding 
oeÆ
ient is prob-ably small. The 
lassi
al, deterministi
 approa
h 
an be seen as an extreme
ase of this probability model, where, for example, a label X = 0 tells thatthe 
oeÆ
ient is 
ertainly in the range [��; �℄. This appears in Figure 10(b).If we have a prior distribution P(X = x) and a 
onditional modelfMjX(mjx), then Bayes' rule allows to 
ompute the posterior probability:P(X = xjM =m) = P(X = x)fMjX(mjx)fM(m)In a given experiment, wherem is �xed, the denominator is a 
onstant. Aswe explain in Se
tion 6.2, it is suÆ
ient to know the relative probabilities15
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lassi�
ation fun
tion for 
oeÆ
ient mag-nitude thresholding: if a 
oeÆ
ient magnitude M is below the thresholdvalue �, it is 
lassi�ed as noisy (X = 0), otherwise it is 
alled suÆ
iently
lean (X = 1). Right: this deterministi
 approa
h is a spe
ial 
ase of theBayesian model, where the 
onditional density is zero for 
oeÆ
ient magni-tudes above the threshold if X = 0 and beneath the threshold if X = 1.of 
on�gurations, and therefore we write:P(X = xjM =m) = C � P(X = x)fMjX(mjx)5 Prior and 
onditional model5.1 The prior modelAs explained above, we are looking for a multivariate model for a binaryimage X. Expressing a probability fun
tion for all 2NM possible values ina N by M label image may be 
umbersome. We therefore 
onstru
t themodel starting from lo
al des
riptions of 
lustering. The prior probabilityfun
tion 
an always be written as:P(X = x) = 1Z exp[�H(x)℄; (2)with the partition fun
tion Z:Z =Xx exp[�H(x)℄:H(x) is the energy fun
tion of a 
on�guration x: the lower the energy, thehigher the prior probability. To express that this energy 
omes from lo
alintera
tions only, we �rst de�ne for ea
h pixel index s in the latti
e S its setof neighbors, i.e. the set of indi
es �s � S that intera
t with s. We assumethat s 62 �s and s 2 �t, t 2 �s. A set of indi
es that are all neighbors toea
h other is 
alled a 
lique. The set of all 
liques isC = fC 2 2S j 8s; t 2 C : t 2 �sg16



If the total energy of a 
on�guration equals the sum of its 
lique potentialfun
tions: H(x) = � XC2C UC(xC);the probability fun
tion P(X = x) is 
alled a Gibbs distribution with respe
tto the given neighborhood system fS; �g. The hyperparameter � measuresthe rigidity of the 
on�guration. The higher � , the less likely are status
hanges due to noise. As the equation indi
ates, the 
lique potential UConly depends on the values of x in the sites that belong to C.Whereas Gibbs distributions are based on lo
al energies, Markov Ran-dom Fields (MRF) are based on lo
al statisti
al dependen
ies. A MarkovRandom Field, relative to a neighborhood system fS; �g is a probabilityfun
tion P with the two-dimensional Markov property:P(Xs = xsjXSnfsg = xSnfsg) = P(Xs = xsjX�s = x�s):This de�nition does not use the notion of 
lique.The Hammersly-Cli�ord theorem states that MRF's and Gibbs distri-butions are the same:Theorem 1 (Hammersly-Cli�ord) A probability fun
tion is a MarkovRandom Field with respe
t to a neighborhood system if and only if it is aGibbs distribution with respe
t to same neighborhood system.Proofs are in [5, 36℄. This theorem fa
ilitates the 
omputation of 
onditionalprobabilities in the latti
e of a Gibbs distribution: this 
omputation onlyuses lo
al information. The 
omputation of marginal probabilities of a MRFis well served by the Gibbs distribution property. Espe
ially in expressionslike PX(u)PX(v)where u and v di�er in a 
ouple of latti
e points s only, it is easy to use thetheorem and limit the 
al
ulations to the potentials of 
liques that 
ontainone of these points s:PX(u)PX(v) = exp0���Xs XC2C;s2C UC(uC)� UC(vC)1A :A
tually, a Gibbs distribution is mostly the only pra
ti
ally possible spe
i-�
ation of a Markov Random Field: it is hard to 
he
k whether a 
olle
tionof lo
al 
onditional probabilities form a 
oherent set for Markov RandomField [16℄.The appli
ation of this MRF's and Gibbs distributions in image analysisand image pro
essing is still growing and our list [16, 17, 36℄ is nothingbut a snapshot. An often used Gibbs distribution is the Ising model. The17



neighbors of a pixel with index s is a 3 � 3 submatrix, ex
luding s in its
enter. The model only 
onsiders pairs of neighbors. Other 
liques in thesystem have no energy. The total energy is:H(x) = Xfs;tg2C xsxt:For our experiments, we use a slightly di�erent model, in a 5� 5-neigh-borhood system. We only 
onsider 3 � 3 
liques, i.e. the largest possibletype in a 5 by 5 neighborhood system. The potentials of all other types of
liques are set to zero. For a 3 by 3 
lique C we set:UC(xC) = Ps2C xsPt2C\�s(1� 2xsxt)Ps2C xs ;i.e. for ea
h xs = 1, we subtra
t the number of neighbors within the 
liquewith value one from the number of neighbors with zero value. The sumof these results is divided by the number of labels with value xs = 1, toobtain a mean value. The idea behind this potential fun
tion is to 
omputea kind of \average degree of isolation" within the 
lique for the pixels withvalue one. The ba
kground pixels are 
onsidered to be neutral. Unlike the
lassi
al Ising model, this fun
tion is not symmetri
 for inter
hanges of onesand zeros.5.2 The 
onditional modelWe also need a 
onditional density fMjX(mjx). Whereas the prior des
ribesthe 
lustering of signi�
ant wavelet 
oeÆ
ients, this 
onditional model dealswith the lo
al signi�
an
e measure. Therefore we writefMjX(mjx) = Ys2S fMsjXs(msjxs):This density expresses that if the label Xs = 1, i.e. if the 
orrespondingwavelet 
oeÆ
ient is suÆ
iently noise-free, a large value of Ms is probable.Referring to the ideal sele
tion pro
edure, we now impose the idea that se-le
ted 
oeÆ
ients should have an untou
hed value above the noise deviation�. This means that if Xs = 1, Vs is for instan
e uniformly distributed on[��;��℄ [ [�; �℄, � being the maximum 
oeÆ
ient magnitude, whi
h is aparameter of the model that has to be determined. If the noise Ns � n(0; �)has a Gaussian density, it is easy to verify thatfWsjXs(wj1) = 12(�� �) [�(w + �)� �(w + �) + �(w � �)� �(w � �)℄ ;where �(z) is the 
umulative Gaussian distribution. A similar argumentleads to the following 
onditional model for 
oeÆ
ients dominated by noise:fWsjXs(wj0) = 12� [�(w + �)� �(w � �)℄ :18
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(a): fWsjXs(wj0) (b): fWsjXs(wj1)Figure 11: Conditional probability densities in Bayesian model. The modelexpresses that if a label Xs = 0, the 
orresponding 
oeÆ
ient probably hasa small magnitude, but magnitude is no longer a stri
t sele
tion 
riterion: asmall 
oeÆ
ient might be important and a large 
oeÆ
ient might be repla
edby zero.Figure 11 shows these density fun
tions for � = 1 and � = 20. This modelexpresses that if a label Xs = 0, the 
orresponding 
oeÆ
ient probably hasa small magnitude, but magnitude is no longer a stri
t sele
tion 
riterion: asmall 
oeÆ
ient might be important and a large 
oeÆ
ient might be repla
edby zero.Other, perhaps more realisti
 models follow from the assumption thatthe important, noise-free 
oeÆ
ients are exponentially distributed:fVsjXs(vj1) = �e��2 e��jvj:This leads to the following expression for the 
oeÆ
ients 
orrupted by noise:fWsjXs(wj1) = � e��+�2�2=22he��w�(w � � � �2�) + e�w(1� �(w + � + �2�))i :Even more general models for noise-free wavelet 
oeÆ
ients are Lapla
iandistributions [32℄: fV (v) = K e�jkvj� :Typi
al values for � range between 0.5 and 0.8.6 The Bayesian algorithm6.1 Posterior probabilitiesFrom Bayes' rule, we 
an 
ompute the posterior probabilitiesP(X = xjM =m) = P(X = x)fMjX(mjx)fM(m)19



With these probabilities, a Bayesian de
ision rule leads to an estimation ofthe optimal label. The Maximum A Posteriori (MAP) pro
edure 
hoosesthe mask x with the highest posterior probability. The Maximal MarginalPosterior (MMP) rule is a more lo
al approa
h: it 
omputes in ea
h site sthe marginal probabilities:P(Xs = 1jM =m) =Xx xsP(X = xjM =m);and if this probability is more than 0:5, the pixel gets value 1. Both de
isionrules have a binary out
ome: ea
h 
oeÆ
ient is 
lassi�ed as noisy (X = 0) orrelatively un
orrupted (X = 1). We would like to exploit the entire posteriorprobability: the posterior mean valueE(XsjM =m) = P(Xs = 1jM =m)preserves all information. It is a minimum least squares estimator. This
lassi�
ation leads to a posterior `expe
ted a
tion':E(W�sjM) = h(Ws;ms(W ); 1)P(Xs = 1jM)+h(Ws;ms(W ); 0)P(Xs = 0jM ):If h(Ws;Ms;Xs) = XsWs, this is:E(W�sjM) =WsE(XsjM =m) =WsP(Xs = 1jM ):Unlike most thresholding methods, this is not a binary pro
edure: using theposterior probability leads to a more 
ontinuous approa
h.6.2 Sto
hasti
 samplingThe 
omputation of P(Xs = 1jW ) involves the probability of all possible
on�gurations x. Be
ause of the enormous number of 
on�gurations, this isan intra
table task. The sum we have to 
ompute is of the following form:�s =Xx fs(x)P(X = xjM =m)where in this 
ase fs(x) = xs and �s = P(Xs = 1jM =m).To estimate this type of sum (or integral for random variables on a
ontinuous line), one typi
ally uses sto
hasti
 samplers. These methodsgenerate subsequent samplesX(i), not sele
ted uniformly, but in proportionto their probability. This allows to approximate the matrix of requiredmarginal probabilities by the mean value of the generated masks:�̂s =Xi X(i)s :20



Mostly, the samples are generated, not independently of ea
h other, but ina 
hain, hen
e the name Markov Chain Monte Carlo (MCMC) estimation.The next sample is generated, starting from the previous one. One advan-tage of this pro
edure is that knowledge of the relative probabilities of the
andidates is suÆ
ient. The probability ratio of two subsequent samples:r(i) = P(X(i+1)jM)P(X(i)jM)is the only quantity needed by the algorithm, and ifP(X = xjM) = 1ZfM(m) exp[�H(x)℄fMjX(mjx);there is no need for the enormous 
omputation of the partition fun
tionZfM(m).We use the 
lassi
 Metropolis MCMC sampler [28℄. The 
hain of statesis started from an initial state X(0). The su

essive samples X(i) are thenprodu
ed as follows: a 
andidate intermediate state is generated by a lo
alrandom perturbation of the a
tual state. Then the probability ratio r of thea
tual state and its perturbation is 
omputed. Sin
e the Gibbs distributionis based on lo
al potential fun
tions, only positions s whose mask labelsare swit
hed by the perturbation or whi
h have a swit
hed label in theirneighborhood �s are involved in the 
omputation. If the 
andidate has ahigher probability than the a
tual state, i.e. if the probability ratio is largerthan one, then the new state is a

epted, otherwise it is a

epted withprobability equal to r. To generate a 
ompletely new sample, we repeat thislo
al swit
hing for all lo
ations in the grid.7 Parameter estimation7.1 Parameters of the 
onditional modelThe 
onditional model fVsjXs(vj1) or fWsjXs(wj1) is for instan
e uniform orexponential. This model 
ontains a hyperparameter. It is not so hard to�ll in this parameter using the observed, noisy wavelet 
oeÆ
ients. In ourapproa
h, we mostly use the uniform model on [�; �℄ for whi
h it is easy toprove that the expe
ted highest magnitude EjV jmax equals:EjV jmax = N�+ �N + 1 :A good measure for the noise varian
e is the average energy removed by theminimum MSE-threshold: �̂2 = NXi=1(W�i �Wi)2:21



Sin
e the in
uen
e of the noise on the largest 
oeÆ
ients is relatively small,we take: �̂ = (N + 1)jW jmax � �̂N :7.2 Full Bayes or empiri
al BayesThe prior energy model 
ontains a parameter � :H(x) = � XC2C UC(xC)It determines the lo
al rigidity of the prior. The higher its value, the largerthe energy di�eren
e between the two states of a given pixel in the labelimage. The 
hoi
e � = 0, for instan
e, disregards spatial stru
tures.To �nd a good value for this parameter, there exists at least two ap-proa
hes. The fully Bayesian approa
h 
onsiders this parameter as an in-stan
e of still another density and assigns a prior distribution f� to � . Theposterior density for this parameter is then:f� jX(� jx) / f� (�)P(X = xj�):The posterior probability of the full set of unknowns X , and � , given theobservationM =m then satis�es:P(X = x; � jM =m) / fMjX(mjx)P(X = xj�)f� (�):From these expressions, we 
an | for instan
e | �nd values for M and �with maximum posterior probability.The empiri
al Bayes approa
h maximizes the likelihood of the a
tuallabel image x: L(�) = P(X = x);where the probability fun
tion on the right hand side depends on the rigidity� through the energy fun
tion H(x). This method has two pra
ti
al prob-lems. First, the 
omputation of the likelihood fun
tion is extremely hard,due to the intra
table partition fun
tion in (2). Therefore, and sin
e therigidity parameter 
ontrols the lo
al behavior of the label image, we use apseudo-likelihood method: we maximize the produ
t of \lo
al" likelihoodfun
tions: PL(�) = Ys2S P (Xs = xsjX�s = x�s; �):This leaves us with the se
ond problem: we have no real instan
e of theprobability fun
tion P(X = x); be
ause we only have noisy measurementsM . The probability fun
tion of X supposes that X is the optimal sele
tionof wavelet 
oeÆ
ients. This sele
tion is based on the un
orrupted values Vbeing above or below �, whi
h we do not know. Nevertheless, we assume22



that the lo
al behavior of the mask obtained by thresholding the noisy 
o-eÆ
ients approa
hes the rigidity of the optimal sele
tion. The 
hoi
e of thethreshold is of 
ourse 
ru
ial in this approximation: we 
annot take � = �,pretendingW � V , sin
e this would generate highly noisy masks, with littlestru
ture from the optimal sele
tion. A mask generated by the minimumMSE or GCV is generally still too noisy, as be
omes 
lear from a 
ompar-ison of the labels in Figure 7 with the ideal one in Figure 8(b). This 
anbe helped by applying a median �lter to the minimum GCV labels, as inFigure 9. As mentioned before, this median �lter does not take into a

ountthe ba
kground of the individual labels, like the 
onditional density in aBayesian approa
h. Therefore it is less appropriate for the a
tual 
orre
tionof the label images, but it may do a good job in estimating the rigidity fa
tor� of the optimal sele
tion mask on a lo
al basis. Another possibility is theuniversal threshold: this threshold eliminates all noise with high probability,at the risk of loosing parts of the underlying stru
ture.8 The algorithm and its results8.1 Algorithm overviewThis is a s
hemati
 overview of the subsequent steps of the algorithm:1. Compute the stationary wavelet transform W of the input.2. At ea
h level and for ea
h 
omponent, sele
t the appropriate threshold.This threshold generates an initial label image X(0).3. Apply a median �lter to X(0) and estimate the prior parameter �from the result, using a maximum pseudo-likelihood estimator.4. Run a sto
hasti
 sampler to estimate for ea
h 
oeÆ
ient at the givenresolution level the probability P (XsjW ). UseX(0) from the previousstep as the starting sample. A Markov Chain Monte Carlo algorithmprodu
es the sequen
e of samples.5. Ŵ�s  WsP (Xs = 1jW ):6. Inverse wavelet transform yields the result.8.2 Results and dis
ussionWe now apply the pro
edure to the image with arti�
ial noise in Figure 1.Figure 12(a) shows the mask image after ten MCMC-iterations. To be more
orre
t: this image represents for ea
h 
oeÆ
ient the posterior probabilityP (Xs = 1jW ) of its label being one. More iterations (up to 100) did notimprove the output quality. This output appears in Figure 12(b). Signal-to-noise ratio is 18:50 dB. Looking at the posterior probabilities, and 
omparing23



(a) (b)Figure 12: Left: label image for the wavelet 
oeÆ
ients of the image inFigure 1 after ten MCMC iterations. Consequently, this image has 11 greyvalues. A pixel value is an estimate of the marginal posterior probabilityP (Xs = 1jM ). Right: the algorithm output. Three resolution levels werepro
essed. Signal-to-noise ratio is 18:50 dB.this with the obje
tive mask in Figure 8(b), we see that most spurious labelsfrom the threshold pro
edure indeed have a low posterior probability. Theimportant stru
tures that are present in the label image 
orresponding to theMSE-threshold, are preserved: the 
oeÆ
ients belonging to these stru
tureshave high probabilities. However, it seems to be hard to re
over 
lusters ofsmall 
oeÆ
ients, even if these stru
tures appear in the optimal sele
tion.We also illustrate the method with the `realisti
" MRI-image of a kneein Figure 13(a). This image has 128 by 128 pixels. Figure 13(b) has theoutput of the Bayesian algorithm, applied to the �rst and se
ond resolutionlevel. Figure 13(
) shows the label image for the verti
al subband at these
ond resolution level, to be 
ompared with the sele
tion of a minimumGCV-threshold, depi
ted in Figure 13(d). The latter sele
tion is based onlo
al regularity (magnitude) and shows far less geometri
al stru
ture.8.3 Related methodsOur prior model was designed to des
ribe geometri
al 
orrelations among
oeÆ
ients within a given subband (s
ale and 
omponent). This type of 
or-relation typi
ally appears in two-dimensional wavelet transforms, espe
iallyin image analysis. Inters
ale 
orrelations, present in all dimensions, are not
aptured by our prior model, although this is possible, as in [12℄.Another di�eren
e is the meaning of the label values Xs, and, 
onse-24



(a) (b)
(
) (d)Figure 13: An example wit `realisti
' (no arti�
ial) noise: (a) The input im-age, an MRI image (128�128 pixels) with noise. (b) Output of the Bayesianalgorithm, applied to the �rst and se
ond resolution level of the image in(a). (
) and (d): Sele
tion masks for verti
al subband at the one but �nestresolution level. The image in (
) has eleven grey levels, it represents forea
h 
oeÆ
ient an MCMC-estimate of the posterior probabilities of beingimportant. The MCMC pro
edure used ten iterations, hen
e eleven greylevels, from zero to one. The last image is binary: bla
k pixels 
orrespondto 
oeÆ
ients that are preserved by a minimum GCV-threshold. This sele
-tion is based on lo
al regularity (magnitude) and shows far less geometri
alstru
ture.
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quently the design of the 
onditional model. Unlike the labels in [9, 12℄, alabel one in our algorithm means that the 
orresponding noise-free 
oeÆ-
ient is 
ertainly larger than �. The 
onditional model is expli
itly inspiredby the idea of �nding the optimal diagonal proje
tion of [14℄. We do not
ompute a posterior mean E(VsjW ), but rather a posterior expe
ted a
tion:E(W�sjW ).This algorithm was inspired by previous work by Malfait et al. [26, 25℄,although their algorithm is based on H�older regularity, and therefore looksat the evolution of 
oeÆ
ients through s
ales. Our algorithm uses 
oeÆ
ientmagnitudes at one s
ale only, be
ause this leads to more stable 
omputa-tions. Se
ond, unlike the work by Malfait et al. the algorithm des
ribed inthis text aims at the optimal 
oeÆ
ient sele
tion, and the 
onditional modelhas been designed with this obje
tive in mind. Third, all model parametersin our algorithm are determined automati
ally, in an empiri
al or heuristi-
al way: there is no need for learning, the algorithm adapts itself to a givenimage.9 Summary and 
on
lusionsThis paper has investigated the possibilities of a Bayesian pro
edure to im-prove the results of a wavelet thresholding pro
edure. This pro
edure wasdesigned for appli
ation in image noise redu
tion and it 
ombines two ob-je
tives:1. We want to 
apture the 
orrelations in wavelet 
oeÆ
ients due to edgesingularities. This type of singularities is spe
i�
 for more-dimensionaldata, like images. The prior model in our pro
edure takes these linesingularities into a

ount: the model is based on geometri
al proper-ties: it favors 
lusters of important 
oeÆ
ients.2. With the aid of this geometri
al prior, we aim at mimi
king the optimal
oeÆ
ient sele
tion. This is re
e
ted in the 
onditional model.The algorithm su

eeds in �nding more stru
ture in the 
oeÆ
ient sele
tion,whi
h results in an output with better preserved edges. It would be inter-esting to quantify this gain in 
ontrast. A more sophisti
ated 
onditionalmodel, based on Lapla
ian distributions for un
orrupted wavelet 
oeÆ
ients,as well as the never ending sear
h for good prior models are other topi
s forfurther resear
h.A
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