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Asymptoti
 behavior of the minimum mean squarederror threshold for noisy wavelet 
oeÆ
ients ofpie
ewise smooth signalsMaarten Jansen, Adhemar BultheelO
tober 4, 1999Abstra
tThis paper investigates the minimum risk threshold for wavelet
oeÆ
ients with additive, homos
edasti
, Gaussian noise, and for asoft-thresholding s
heme. We start from N samples from a signal on a
ontinuous time axis. For pie
ewise smooth signals, and for N ! 1,this threshold behaves as Cp2 logN�, where � is the noise standarddeviation. The paper 
ontains an original proof for this asymptoti
behavior as well as an intuitive explanation. This behavior is ne
essaryto prove the asymptoti
 optimality of a generalized 
ross validationpro
edure in estimating the minimum risk threshold.1 Introdu
tionA wavelet transform exploits the 
orrelations between adja
ent samples ina digital signal, to obtain a sparse data representation. This prin
iple isalso the basis for the popular wavelet threshold methods to redu
e noisein signals: small wavelet 
oeÆ
ients are assumed to be dominated by noiseand 
arry little information. Repla
ing these 
oeÆ
ients by zero eliminatesa major part of the noise without a�e
ting the signal too mu
h. This paperinvestigates the mean squared error (MSE) and its expe
ted value, 
alledthe risk fun
tion, as a 
riterion for sele
ting an optimal soft threshold forwavelet 
oeÆ
ients of pie
ewise smooth fun
tions.In appli
ations, we never know the untou
hed 
oeÆ
ients, and we 
an-not possibly 
ompute or minimize the exa
t MSE fun
tion. One possiblepro
edure to estimate the minimum MSE threshold is based on generalized
ross validation [10℄. To prove that this method is asymptoti
ally optimal,we need to know how the minimum risk threshold itself behaves if the num-ber of samples tends to in�nity. This motivates the study of this asymptoti
expression. 1



We start from the 
lassi
al additive model of a signal f 
orrupted withnoise �: y = f + �: (1)The ve
tor y represents the input signal. The noise is a ve
tor of randomvariables, while the untou
hed values f form a purely deterministi
 signal.let N be the length of these ve
tors. The noise is assumed to be zero meanand homos
edasti
 or se
ond order stationary. This means that all noise
omponents �i have the same standard deviation. We work with normal(Gaussian) density fun
tions.A wavelet transform ~W is linear, and so leaves this additivity un
hanged:w = v + !; (2)where v is the ve
tor of un
orrupted (untou
hed, noise-free) wavelet 
oeÆ-
ients, ! 
ontains the wavelet transform of the noise and w are the wavelet
oeÆ
ients of the observed signal. Normality is also preserved, but ho-mos
edasti
y is lost if the input noise is 
orrelated or the transform is notorthogonal. For the purpose of this text, we need homos
edasti
y, and sowe assume orthogonal transforms and un
orrelated input noise. Relaxationof these 
onditions is possible through level-dependent thresholds [11, 9℄.In the �rst se
tion, we introdu
e the mean square error as a fun
tionof the threshold value, and examine its typi
al shape. Next, we fo
us onthe threshold that minimizes this obje
tive fun
tion. We try to understandhow it behaves asymptoti
ally, i.e. if the number of data N tends to in�nity.We �rst deal with the pie
ewise polynomial 
ase, be
ause this 
auses many
oeÆ
ients to be exa
tly zero, and this fa
ilitates the analysis. Next, wepro
eed to general pie
ewise smooth fun
tions. The mean square error hasalso been analyzed in other papers [1, 6, 7℄.2 Mean square error and Risk fun
tion2.1 De�nitionsA threshold 
an be seen as a smoothing parameter: it 
ontrols the 
om-promise between goodness of �t and smoothness of approximation. In this
ontext, smoothness should be interpreted as sparsity: we try to �nd asparse data set, 
lose to the noisy input.The ultimate obje
tive is of 
ourse an approximation of the noise-freedata. While balan
ing between 
loseness of �t and sparsity, the best 
om-promise minimizes the error of the result as 
ompared with these unknown,un
orrupted data.If y� is the output of the threshold algorithm with some threshold value� and f is the ve
tor of untou
hed data, the remaining noise on this result2



equals �� = y� � f ; and the mean squared error (MSE) is then de�ned as:R(�) = MSE(�) = 1N k��k2: (3)As the notation indi
ates, the MSE, R(�), is a fun
tion of the thresholdvalue �. It is also a random variable, be
ause it depends on the noise. Theexpe
ted value of this error is 
alled the risk -fun
tion.The main 
hallenge with this MSE as an obje
tive fun
tion is the fa
tthat in real appli
ations, it 
an never be 
omputed exa
tly: its de�nitionuses the value of the exa
t, unknown data f . In pra
ti
al situations, thisMSE has to be estimated [5, 10, 13℄.A 
ommon de�nition of signal-to-noise ratio (SNR) is based on this no-tion of MSE: SNR(�) = 10 � log10 kfk2k��k2 = 10 � log10 kfk2=NR(�) : (4)An alternative is the peak signal-to-noise ratio, whi
h is equal to the previousone, up to 
onstant, depending on the un
orrupted data:PSNR(�) = 10 � log10 (max f)2=NR(�) = SNR(�) + 10 � log10 (max f)2kfk2 : (5)An orthogonal wavelet transform ~W preserves the `2-norm, and so:R(�) = 1N k!�k2;where !� = w� � v = ~W (y� � f): From now on, we do all our 
om-putations in the wavelet domain. If the transform is biorthogonal, thereis no exa
t equivalen
e with the data domain. Nevertheless, 
omputationand minimization in terms of wavelet 
oeÆ
ients seems to give satisfa
toryresults, and several reasons 
ould explain this: Riesz-bounds guarantee anearly equivalent norm. Moreover, sin
e MSE does not 
orrespond exa
tlyto a human per
eption of quality, the question arises whether MSE in theoriginal data domain is always a better measure than MSE in the waveletdomain. In image pro
essing appli
ations, for instan
e, we view the image inthe pixel domain, but we do not look at an image as a matrix of pixels. Sin
eour visual system seems to work on a multis
ale basis, a norm based on amultiresolution de
omposition might be a better expression of visual quality.Further illustrations show that there is no need for expressing norms in theoriginal data domain. This preserves us from applying an inverse wavelettransform every time we want to evaluate the quality of a result. An inversewavelet transform is only ne
essary to 
ompute the eventual output of thealgorithm. 3
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Figure 1: Typi
al behavior of bias and varian
e as a fun
tion of the thresh-old value. Thresholding introdu
es bias, but redu
es varian
e. The best
ompromise minimizes the risk.2.2 Varian
e and biasThe input wavelet 
oeÆ
ients are unbiased estimates of the noise-free 
oef-�
ients: Ew = E ~Wy = ~WEy = ~Wf = vbut the varian
e of this \estimation" is too high. Repla
ing the smallest
oeÆ
ients with zero redu
es the varian
e, at the 
ost of an in
reasing bias:bias(�) = 1N kEw� � vk2 (6)varian
e(�) = 1N Ekw� � Ew�k2: (7)Then it holds that:ER(�) = 1N kEw� � vk2 + 1N Ekw� � Ew�k2 (8)Risk = bias + varian
eThe most reliable method to remove all noise is just removing everything:lim�!1varian
e(�) = 0:If all 
oeÆ
ients are removed, there is no varian
e anymore, all the noise hasgone, but so has the signal: the bias equals the total energy of the noise-freeinput: lim�!1bias(�) = kvk2Figure 1 shows a typi
al behavior of these fun
tions. The minimum riskthreshold is the best 
ompromise (in `2) between varian
e and bias.3 The risk 
ontribution of ea
h 
oeÆ
ient (Gaus-sian noise)This se
tion puts some elementary 
al
ulations together. The results arene
essary for the next se
tions. From now on, we assume that the input4



noise is Gaussian and we 
all:�(!) = 1p2�� e!2=2�2 ;�(!) = Z !�1 �(u)du:Every 
lassi
al, linear wavelet transform preserves the normality of a density.If the input noise is not Gaussian, the density of the wavelet 
oeÆ
ients, ifat all 
omputable in pra
ti
e, would depend on the type of wavelets beingused.Some of the following results also appear in di�erent papers like [4℄. A�rst lemma gives an expression for the bias of one 
oeÆ
ient w = v+! (thenotation omits the index of the 
oeÆ
ient).Lemma 1E!� = �2[�(��v)��(�+v)℄+�[�(��v)��(�+v)℄+v[1��(��v)��(�+v)℄:(9)The proof is by simple 
al
ulations, using the fa
t that a Gaussian distribu-tion satis�es the following di�erential equation:!�(!) = ��2�0(!): (10)We denote by r(v; �) = E(w� � v)2 (11)the 
ontribution of 
oeÆ
ient w to the total risk fun
tion. Using Equation(10) and partial integration leads toZ !2�(!)d! = �!�2�(!) + �2 Z �(!)d!;whi
h allows to 
on
lude, after some 
al
ulation, that:Lemma 2r(v; �) = h2(�2 + �2)� v2i+ [�(�� v) + �(�+ v)℄ (v2 � �2 � �2)��2 [(�� v)�(�+ v) + (�+ v)�(�� v)℄ : (12)Plots of this 
ontribution as a fun
tion of the threshold � for various valuesof v show that 
oeÆ
ients with little information (v � 0) are best servedwith large thresholds, whereas important 
oeÆ
ients (v large) prefer littlethresholding. The overall optimal threshold is the best 
ompromise betweenthese two.To �nd the minima, we 
ompute the derivative. Again an trivial 
om-putation leads to: 5
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(
) (d)Figure 2: Contribution of individual 
oeÆ
ients to the total risk as a fun
tionof the threshold value. Small values of v (a) prefer large thresholds, be
ausebias is small. Large values of v (d) would 
ause 
onsiderable bias if thethreshold gets large. (b) and (
) are two typi
al, intermediate 
ases.
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Lemma 3�r�� (v; �) = 2� [1+�(�v��)��(�v+�)℄�2�2 [�(v+�)+�(�v+�)℄: (13)The proof uses the fa
t that���E(w� � v)2 = E ���(w� � v)2:An important 
ase is that of a 
oeÆ
ient without any information. Itturns out that if v = 0, the derivative �r�� is always negative (see Figure2, upper left). If � ! 1, the derivative approa
hes zero, but it remainsnegative. This means that the optimal threshold for this zero 
oeÆ
ientequals in�nity. This is 
on�rmed by the following asymptoti
 behavior:Lemma 4 �r��(0; �) � �4�4�(�)�2 : (14)Proof:From the previous lemma, we see that:�r��(0; �) = 4�[1 ��(�)℄� 4�2�(�):Three times De L'Hôpital's rule shows that:lim�!1 �[1� �(�)℄� �2�(�)�(�)�2 = �4:2To get an idea of how �r�� behaves more generally, we 
ompute the deriva-tive of this expression with respe
t to the un
orrupted 
oeÆ
ient value v:Lemma 5 ��v � �r�� (v; �)� = 2v [�(v + �) + �(�v + �)℄( � 0 if v � 0,� 0 if v � 0.Consequently, for a given threshold, �r�� has a minimum for v = 0. Figure 3shows �r�� as a fun
tion of v for two di�erent values of �. The plot on the left-hand side 
orresponds to a threshold � = 0:5�. This threshold is too smallfor all 
oeÆ
ients smaller than approximately 1:1�. If we 
hoose � = 2�,7
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Figure 3: Derivative of the risk in a given 
oeÆ
ient with respe
t to thethreshold value as a fun
tion of the noise-free 
oeÆ
ient value. Left: � =0:5�. For 
oeÆ
ients approximately below 1:1�, this threshold is too low.Right: � = 2�. This threshold is too large for 
oeÆ
ients above 0:5�. Thedistribution of noise-free 
oeÆ
ients determines the optimal threshold.only 
oeÆ
ients below 0:5� �nd this value too small. The value of theoptimal threshold depends on how the noise-free 
oeÆ
ients are distributed:the sparser the representation is, the larger the optimal threshold will be.Indeed, if the proportion of small 
oeÆ
ients in
reases, the threshold shouldbe large, be
ause all these small 
oeÆ
ients prefer large thresholds. The nextse
tions try to �nd an asymptoti
 behavior for this optimal threshold. Weassume that generating more samples from a given signal on a 
ontinuousline, introdu
es more redundan
y in the information. This 
auses moresparsity in the wavelet representation. We expe
t that the optimal thresholdin
reases as the number of samples N grows.4 The asymptoti
 behavior of the minimum riskthreshold for pie
ewise polynomials4.1 MotivationIt 
an be shown [10℄ that, in minimum risk sense, the GCV-method asymp-toti
ally yields the optimal threshold. This property motivates the use ofGCV in a threshold assessment pro
edure. For the proof of this asymptoti
optimality, we need to know how the optimal threshold itself behaves if thenumber of samples N ! 1. This se
tion assumes that the samples 
omefrom a pie
ewise polynomial on [0; 1℄:yi = f(�t � i) + �i;where f(t) is a pie
ewise polynomial and t 2 [0; 1℄. No real signal is of 
oursea perfe
t pie
ewise polynomial, but typi
al signals are pie
ewise smooth.Se
tion 5 investigates how the threshold behaves in this more general 
ase.8



4.2 Asymptoti
 equivalen
eBefore studying the asymptoti
s of the minimum risk threshold, we re
allthe de�nition of asymptoti
 equivalen
e:De�nition 1 Two fun
tions f(x) and g(x) are said to be asymptoti
 equiv-alent for x!1, i.e. f(x) � g(x), if and only iflimx!1 f(x)g(x) = 1:The study of the asymptoti
s of the minimum risk threshold uses a 
oupleof properties of this notion:Lemma 6 Let x!1: If f(x) � g(x), we have:1. f(x)h(x) � g(x)h(x).2. If f(x) � h(x), then h(x) � g(x).3. If h(x) = o(f(x)), then f(x)� h(x) � g(x).4. If limx!1 f(x) 6= 1 6= limx!1 g(x);and both fun
tions are di�erentiable, thenlog f(x) � log g(x):Proof:1. Trivialiter2. limx!1 h(x)g(x) = limx!1 h(x)f(x) f(x)g(x) ;and we may split the limit of this produ
t, sin
e both fa
tors have alimit.3. This is a
tually a spe
ial 
ase of the previous statement.limx!1 f(x)� h(x)g(x) = limx!1 f(x)g(x) �1 + h(x)f(x)� = limx!1 f(x)g(x) � limx!1�1 + h(x)f(x)�4. For limx!1 f(x) = 1, we use De L'Hôpital's rule in two dire
tions: weuse De L'Hôpital's rule:limx!1 log f(x)log g(x) = limx!1 f 0(x)=f(x)g0(x)=g(x) = limx!1 f 0(x)g0(x) limx!1 g(x)f(x)= limx!1 f(x)g(x) limx!1 g(x)f(x) = 1:9



For a �nite limit, we do not need the di�erentiability:limx!1 log f(x)log g(x) = limx!1 log f(x)limx!1 log g(x) = log � limx!1 f(x)�log � limx!1 g(x)� = 12We remark that the inverse impli
ation of the last statement de�nitely doesnot hold: if log f(x) � log g(x), f(x) and g(x) may be not asymptoti
allyequivalent. For instan
e, if log f(x) = x+px and log g(x) = x, thenf(x)g(x) = epx 6! 1:4.3 The asymptoti
 behaviorFor the pie
ewise polynomial 
ase, we assume that the wavelet analysis hasmore vanishing moments than the highest degree of the polynomials. As a
onsequen
e, wavelet 
oeÆ
ients are zero if they do not 
orrespond to a basisfun
tion whi
h interferes with a singularity. We assume that the number ofsingularities is �nite on [0; 1℄.We then have the following theorem for the asymptoti
 behavior of theminimum of ER(�) = Eky� � fk2:Theorem 1 If �� minimizes ER(�), then for N !1:�� � p2 logN� (15)Proof:We suppose that the wavelet transform is orthogonal, so the problem modelin the wavelet domain is the same as in the input (time or spa
e) domain:w = v + !;where ! is i.i.d. noise with varian
e �2. A wavelet 
oeÆ
ient vi or wi
orresponds to a basis fun
tion  j;k at resolution level j and pla
e k.We 
all: I0 = fi = 1; : : : ; N jvi = 0gI1 = fi = 1; : : : ; N jvi 6= 0gM0 = #I0M1 = #I1 10



M0 and M1 of 
ourse depend on N . Sin
e f(t) is a pie
ewise polynomial,at ea
h level only a 
onstant number of 
oeÆ
ients is not exa
tly zero. Thetotal number of non-zero 
oeÆ
ients is proportional to the number of levels:M1 � logN;and so: M1N ! 0:Using the notation from the previous se
tion, we may write:ER(�) = NXi=1 r(vi; �):And so: ER0(�) =M0 �r��(0; �) +Xi2I1 �r�� (vi; �):Lemma 3 learns that �r��(0; �) < 0. Call I 01 � I1 the indi
es of the non-zeros for whi
h �r��(vi; ��) is negative. These indi
es belong to the smaller
oeÆ
ients. The indi
es of the large 
oeÆ
ients are in I 001 = I1nI 01. We de�neM 01 = #I 01M 001 = #I 001 :We know that vi � pN ZIR f(t) j;k(t)dt;where the integral is a 
onstant value whi
h does not depend on N , sovi � pN , and we are looking for a �� whi
h does not in
reases faster. Thismeans that M 001 is a non-de
reasing fun
tion of N : if N ! 1, ever more
oeÆ
ients are 
lassi�ed as large, sin
e all non-zero 
oeÆ
ients grow at leastas fast as the optimal threshold. On the other hand, M 001 � M1 does notin
rease too fast. We now write the equation for ��: ER0(��) = 0 or:�M0 �r��(0; ��)�Xi2I01 �r��(vi; ��) = Xi2I001 �r��(vi; ��): (16)We 
onsider this equation as an equality of two fun
tions of N , and letN !1. Both sides of this equation have all positive terms. Lemma 5 saysthat 8i 2 I 01 : ���� �r��(vi; ��)���� � ���� �r��(0; ��)���� :Moreover M 01 � M1 � logN , so M 01M0 � logNN ! 0. From this, we may
on
lude that the sum Pi2I01 in Equation (16) 
an be negle
ted.11



If vi grows faster than �� for in
reasing N , the right-hand side behaveslike M 001 2��, as follows from letting v !1 in Lemma 3. We have:M0M 001 � 2��� �r��(0; ��) :If N ! 1, the left-hand side grows like N= logN ! 1. The right-handside is an in
reasing fun
tion of ��: it is easy to verify (from the proof ofLemma 4) that � �2r��2 (0; �) = �4 [1� �(�)℄ � 0;so the denominator is a positive, de
reasing fun
tion, while the numeratoris positive and in
reasing. To make this right-hand side grow to in�nity,we need �� ! 1: Therefore, we 
an use Lemma 4 and get the followingasymptoti
 equation: M0M 001 � 2����24�4�(��) ;�3M0M 001 � r�2 e��2=2�2��3;3 log � + logM0 � logM 001 � ��22�2 + 3 log �� + 12 log �2 :The left-hand side depends on N , the right-hand side depends on ��. Wekeep the essential on both sides:logM0 � ��22�2 ;log(N �M1) � ��22�2 ;2�2 logN � ��2: 24.4 An exampleFigure 4 shows the plot of a pie
ewise, linear polynomial. This fun
tionis sampled, and transformed into wavelet domain, using the orthogonalDaube
hies wavelets with two vanishing moments. We then 
ompute nu-meri
ally the minimum of ER(�)for di�erent sample rates, and � = 1. These values are listed in Table 1 andplotted in Figure 5.Both table and �gure illustrate that indeed�� � K +p2 logN� = K +p2 log 2pJ;where K is 
onstant and 2J = N . 12
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Figure 4: An example of a pie
ewise polynomial: in this 
ase, all pie
es arelinear or 
onstant.
J N = 2J ��7 128 1.005648871726778 256 1.123387081205469 512 1.2515056004297710 1024 1.4021251738794611 2048 1.5583701424814112 4096 1.7581813854703213 8192 1.9478956233719114 16384 2.1305138012717515 32768 2.3062085876822616 65536 2.4752177045083317 131072 2.6378987092317918 262144 2.7962701363328419 524288 2.9556779605575520 1048576 3.11403413842011Table 1: Minimum risk threshold for the pie
ewise polynomial in Figure 4as a fun
tion of the number N of samples.13
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Figure 5: Plot of minimum risk threshold for the signal in Figure 4 as afun
tion of the binary logarithm J of the number of samples (full line). Dedashed line is a plot of the predi
ted equivalen
e: p2 log 2pJ . The plotseems to 
on�rm this asymptoti
 behavior.4.5 Why does the threshold depend on the number of datapoints?To engineers it might look strange that the optimal threshold depends on thenumber of data points. They obje
t that the threshold should not 
hangeby putting two signals together?First, this obje
tion does not 
orrespond to the philosophy behind thisasymptoti
 analysis: we do not join two signals, but merely take more sam-ples from one fun
tion on a given interval. Se
ond, as Table 1 illustrates,we note that p2 logN is only a very weak dependen
e.And third, there is a 
omprehensive explanation for this behavior. Addingmore samples enhan
es redundan
y in the signal: there is less new informa-tion in new samples than there was in the �rst samples. In wavelet domain,this means that the number of important 
oeÆ
ients is hardly growing, andall information remains 
on
entrated in a limited number of 
oeÆ
ients. Ifwe suppose that the transform is normalized, the magnitude of these large
oeÆ
ients should in
rease, sin
e more samples mean a higher total energy(2-norm of the data ve
tor) and this energy is preserved by the wavelettransform, while all nearly zero 
oeÆ
ients hardly take any of it. On theother hand, the noise varian
e in all 
oeÆ
ients remains �2 all the time. Ifthe threshold would be independent of N , say � = k�, then the relativenumber of purely noise 
oeÆ
ients whi
h passes the threshold would 
on-verge to P(jZj > k), Z being a standard normal variable. So, the totalnumber of noise 
oeÆ
ients would be proportional to N . Sin
e the num-14



ber of important 
oeÆ
ients is approximately a 
onstant, the re
onstru
tionwould be
ome noisier. Therefore, it is better to let the threshold in
reaseslowly to 
at
h all noise 
oeÆ
ients, while leaving the faster growing signal
oeÆ
ients inta
t.4.6 Universal ThresholdOf 
ourse, the formula of the asymptoti
 behavior of the minimum riskthreshold does not tell everything about the a
tual, optimal threshold value.This a
tual value depends on all 
oeÆ
ients, while the asymptoti
 formulaonly depends on N and �. We did not say that one should use this asymp-toti
 formula as a real threshold. Nevertheless, the value�UNIV = p2 logN� (17)is well known in wavelet literature and it is used as a threshold value, notonly as an asymptoti
 equivalen
e. This is the so-
alled universal threshold.This name re
e
ts the idea that this threshold is \valid" for all signalswith length N , provided that these signals are \suÆ
iently" smooth: it is ageneral threshold value. Donoho, Johnstone and 
ollaborators have provena lot of optimality properties for this 
hoi
e [4, 2, 3, 5℄.5 Beyond the pie
ewise polynomial 
aseTheorem 1 investigated the asymptoti
 behavior of the minimum risk thresh-old �� for pie
ewise polynomials. We would like to generalize this result togeneral pie
ewise smooth fun
tions. The proof of the polynomial theoremintrodu
ed the idea that the optimal threshold is the best 
ompromise be-tween 
oeÆ
ients with a large un
orrupted value, for whi
h this thresholdis already beyond the optimum, ( �r��(vi; ��) > 0) and small 
oeÆ
ients, forwhi
h the optimal threshold 
ould be larger ( �r��(vi; ��) < 0). This dis-tin
tion impli
itly divides the 
oeÆ
ients into two groups, but we did not
ompute the boundary v� between them, be
ause for pie
ewise polynomials,we 
an 
ount on the important group of 
oeÆ
ients exa
tly equal to zero.For general pie
ewise smooth fun
tions, none of the 
oeÆ
ients is exa
tlyzero, and therefore we want to have an idea for whi
h and for how many
oeÆ
ients a given threshold �� is too large or too small. This 
ould giveus an impression of the behavior of the optimal 
ompromise.5.1 For whi
h 
oeÆ
ients is a given threshold too large/small?From Lemma 3, we learn that:�r�� (v; �) = 0, �2� = 1 + �(�v � �)� �(�v + �)�(v + �) + �(�v + �) : (18)15



We now 
onsider this as an equation in v and look for a lower bound forits solution v� as a fun
tion of �. Lemma 5 says that for a �xed thresholdvalue, �r�� (v; �) is a monotoni
ally in
reasing fun
tion of v if v > 0, and thisguarantees that Equation (18) has at most one solution.Let G(v; �) be the right-hand side of Equation (18):G(v; �) = 1 + �(�v � �)� �(�v + �)�(v + �) + �(�v + �) :It is trivial to see that limv!1G(v; �) =1:If we �nd a value v0 for whi
h G(v0; �) � �2� , we may 
on
lude that thesolution v� of (18) satis�es v� � v0.We evaluateG �2� ; �! = � 2� �1(u+ 1=u) � �1(u� 1=u)�1(u+ 1=u) + �1(u� 1=u) ;in whi
h u = �=� and �1;�1 are standard normal density and distribution:�1(x) = 1p2� e�x2=2:The next, te
hni
al se
tion argues that:u 2� �1(u+ 1=u)� �1(u� 1=u)�1(u+ 1=u) + �1(u� 1=u) � 1 (19)for all u � 1:7815, and so G �2� ; �! � �2�if � � 1:7815�.This allows us to formulate the following theorem:Theorem 2 If � � 1:7815�, and v� satis�es�r�� (v�; �) = 0then v� � �2� : (20)Figure 6 shows a numeri
al 
omputation of the 
urve v�(�). It demonstratesthat we have found a sharp lower bound.In the up
oming analysis we need the fa
t that �r��(v; �) is 
onvex as afun
tion of v for jvj � �2=�. Therefore, we formulate an additional lemma:16
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Figure 6: Full line: plot of v� as a fun
tion of �, where v� satis�es �r��(v�; �) =0. Dashed line: plot of �2=�. In this example we put � = 1.Lemma 7 If � � �, we have for v � �2=�:�2�v2 ��r��� � 0: (21)Proof:From Lemma 5 we 
ompute�2�v2 � �r��� = 2�(v + �) �1� v(v + �)�2 �+ 2�(v � �) �1� v(v � �)�2 � : (22)The fa
tor 1� v(v � �)�2is positive on "��p�2 + 4�22 ; �+p�2 + 4�22 # ;whi
h 
ontains the interval [0; �℄.Sin
e v � �2=� and � � � by assumption, we have v � �, and so:�2�v2 � �r��� � 2�(v + �) �1� v(v + �)�2 + 1� v(v � �)�2 �= 4�(v + �) "1� v2�2 # :From v � �2=� and � � �, it also follows that v � �, and so we knowthat this expression is positive. 2 17
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Figure 7: Plot of fun
tion H(u), de�ned in (23). Important to note is thatthis fun
tion is smaller than 1 for u > 1:7815:Corollary 1 For �!1, �r��(�22�; �)is negative and tends to 0, but not faster than�2�4�(�)�2Proof: This follows from the asymptoti
 behavior of �r��(0; �) in Lemma 4,the fa
t that �r��(�2� ; �) � 0;whi
h follows from Theorem 2, and from the previous lemma, stating that�r�� is 
onvex between 0 and �2=�. 25.2 Intermediate results for the risk in one 
oeÆ
ientThis leaves us with the question to prove the inequality in (19). This se
tionis purely te
hni
al, and may be skipped for understanding the rest of thispaper.Call H(u) = u 2� �1(u+ 1=u)� �1(u� 1=u)�1(u+ 1=u) + �1(u� 1=u) : (23)The plot of this fun
tion in Figure 7 seems to 
on�rm that indeed H(u) < 1for u > 1:7815: To make sure that this remains true for higher values of u,we start with the following lemma: 18



Lemma 8 The fun
tion H0(x) = 1� �1(x)�1(x) (24)tends to zero for x!1 and de
reases monotoni
ally for all positive x.Proof:The 
omputation of limx!1H0(x) is straightforward, using De L'Hôpital'srule.Next, it 
an be veri�ed that H0(x) satis�es the �rst order di�erentialequation: H 00(x) = xH0(x)� 1;and so H 000 (x) = xH 00(x) +H0(x):SupposeH 00(x) > 0. Sin
eH0(x) > 0, this means that H 000 (x) > 0. So, H 00(x)would be positive and in
reasing. This 
on
i
ts with the limit of H(x) tobe zero. 2As a 
onsequen
e of this lemma, and sin
e it follows from a=b � 
=d thata=b � (a+ 
)=(b + d) � 
=d, we have that for positive u:u 1� �1(u+ 1u)�1(u+ 1u) � u �1� �1(u+ 1u)�+ �1��1(u� 1u)��1(u+ 1u) + �1(u� 1u) � u 1� �1(u� 1u)�1(u� 1u) :It is easy to verify that both the left and the right of this inequalities tendto one if u!1, and so, we may 
on
lude thatlimu!1H(u) = 1: (25)We now use the fa
t that�1(u� 1u) = e2 �1(u+ 1u)to rewrite H(u) as:H(u) = ue2 + 1 2� �1(u+ 1u)� �1(u� 1u)�1(u+ 1u) :From this expression we 
al
ulate:H 0(u) = �u� e2 � 1e2 + 1 1u + �u+ 1u � 1u3�H(u):This allows us to prove that: 19



Lemma 9 The fun
tion H(u), as de�ned in Equation (23), satis�es:H(u) � 1; 8u � se2 + 12 � 2:048: (26)Proof:Suppose H(u) � 1, then H 0(u) � e2 + 12 1u � 1u3 :This expression is positive for u � q e2+12 , whi
h means that H(u) wouldin
rease and its limit 
ould never be
ome one. 25.3 Pie
ewise smooth fun
tionsIf the noise-free signal is an exa
t polynomial, and if the multiresolutionanalysis has suÆ
iently many vanishing moments, the signal 
an be writtenas a linear 
ombination of s
aling fun
tions at an arbitrary resolution. Thismeans that all detail 
oeÆ
ients, i.e., the wavelet 
oeÆ
ients, are exa
tlyzero. We used this property to des
ribe what happens with pie
ewise poly-nomials. To investigate pie
ewise smooth fun
tions, we follow the same way:we start with properties for wavelet 
oeÆ
ients of fun
tions with a 
ertaindegree of smoothness. Of 
ourse, these 
oeÆ
ients will not be exa
tly zero,but smooth fun
tions 
an be approximated by polynomials and this approxi-mation guarantees that wavelet 
oeÆ
ients are \suÆ
iently" small. All thismotivates the following de�nition of Lips
hitz 
ontinuity as a measure ofsmoothness:De�nition 2 A fun
tion f is 
alled (uniformly) Lips
hitz � over an interval[a; b℄ if for all x 2 [a; b℄ there exists a polynomial px(t), and there exists a
onstant K, independent of x, so that8t 2 [a; b℄ : jf(t)� px(t)j � Kjt� xj�: (27)A Lips
hitz 
ontinuous fun
tion 
an be lo
ally approximated by a poly-nomial. The e�e
t on the wavelet 
oeÆ
ients of su
h a fun
tion is des
ribedby the following theorem, due to Ja�ard [8, 12℄:Theorem 3 If a fun
tion f is uniformly Lips
hitz � over [a; b℄ and if thewavelet fun
tion  has p vanishing moments with p � �, then9C 2 IR+;8j 2 ZZ;8i = 1 : : : 2j : jhf;  j;kij � C2�j(�+ 12 ): (28)We now have all the elements to study the asymptoti
 behavior of theminimum MSE threshold �� for pie
ewise smooth signals, 
orrupted by20



white, stationary and Gaussian noise. We work on a bounded interval andassume that the number of singularities is �nite. Like in the pie
ewise poly-nomial 
ase, we 
all I0 the set of 
oeÆ
ients 
orresponding to basis fun
tionsnot interfering with one the singularities and I1 all the other 
oeÆ
ients. The
ardinal numbers of these sets are respe
tively M0 and M1.We 
all v� the 
riti
al untou
hed 
oeÆ
ient value, 
orresponding to theminimum MSE threshold ��: for noise-free 
oeÆ
ients below this value,�� is too small, for 
oeÆ
ients with larger magnitude, the threshold is toolarge. The minimum MSE threshold is the best 
ompromise between thesetwo groups and in Se
tion 5.1, Equation 20 we found a lower bound for the
riti
al 
oeÆ
ient value: v� � �2=�� � �2=2��: This means that if we 
allF0 = fi = 1; : : : ; N j jvij � v� g;and FL = fi = 1; : : : ; N : jvij � �2=2��g;then we know that FL � F0:We 
all K0 = #F0 the number of 
oeÆ
ients beneath the 
riti
al value andK1 = N �K0 the number of 
oeÆ
ients above this value. It is importantto note that vi 2 F0 , �r��(vi; ��) � 0;and so, we 
an write the equationER0(��) = 0as �Xi2F0 �r��(vi; ��) = Xi2F1 �r��(vi; ��); (29)and both sides in this equation have only positive terms.We suppose that the 
oeÆ
ients are 
omputed from a dire
t proje
tionof the 
ontinuous signal:vi = pNhf;  j;ki = 2J=2hf;  j;ki:In pra
ti
e, these values are approximated by a Fast Wavelet Transform onsample values, or pre-�ltered sample values.To have an idea of the asymptoti
 behavior of the sums in Equation (29),we 
ount the number of terms on the left-hand side:K0 = #F0 � #(F0 \ I0) � #(FL \ I0):The 
oeÆ
ients at the jth resolution level in I0 satisfy vi � C2J=22�j(�+1=2).So, if a given resolution level j satis�esC2(J�2j��j)=2 � �2=2��;21



we are sure that all I0-
oeÆ
ients at that level are in FL � F0. This 
ondi-tion on j 
an be worked out as:j � J � 2log 2 log �2 + 2log 2 log �� + 2log 2 log 2C2�+ 1 :In the expression on the right-hand side �� is expe
ted to depend on J , butwe assume that log �� 
an be negle
ted with respe
t to J . If this is not the
ase, this means that the optimal threshold would in
rease at least linearlywith N . This would not pose any problem to our further analysis, but it israther unlikely to happen, apart from some pathologi
al 
ases (a zero signal,for instan
e). We also drop the 
onstant terms in this right-hand side andwe express that K1 = N � K0 must be smaller than the total number of
oeÆ
ients at s
ales j not satisfying this 
ondition plus the total number of
oeÆ
ients in I1: K1 � M1 + bJ=(2�+1)
Xj=0 2j� M1 + 2J=(2�+1)+1 � 12� 1� 2 � 2J=(2�+1)= 2N1=(2�+1):So K1N � 2N1=(2�+1)�1 = 2N�2�=(2�+1):Taking the logarithm of these asymptoti
s gives:logK1 � logN2�+ 1 ;logK0 = log(N �K1) = logN + log�1� K1N � � logN � K1N � logN:A
tually, we have started from a lower bound forK0 to �nd this behavior.Obviously logK0 
annot grow faster than logN , sin
eK0 � N . On the otherhand, the behavior of logK1 is based on an upper bound. Theoreti
ally,logK1 may grow slower than logN=(2� + 1). Following the analysis below,it would turn out that in that 
ase, the minimumMSE threshold would grow(a little) faster. The asymptoti
 behavior that we will �nd is a minimal one.We are now ready to �ll in both sides of Equation (29). For the right-hand side, we assume that �� in
reases slower than vi, and from Lemma3 it then follows that this side behaves like K12��. For the left-hand side,we use lower bounds, both for the number of 
oeÆ
ients in F0 as for their22



asymptoti
 behavior. We only 
onsider the 
oeÆ
ients in FL � F0 for whi
hCorollary 1 gives a lower bound on the asymptoti
 behavior.K02�4�(�)�2 � K12��4�(�)�3 � K1N �K1�4�(�)�3 � 1NK1 � 1�4�(�)�3 � 112N2�=(2�+1) � 1�4 e��2=2�2p2���3 � 2N�2�=(2�+1):Taking the logarithm on both sides leads to the following theorem:Theorem 4 If a fun
tion f is Lips
hitz � on [0; 1℄, ex
ept in a �nite numberof points and the wavelet analysis has p vanishing moments with p � �, thenthe minimum MSE-threshold �� for denoising the 
orrupted observationyi = f(i=N) + �i i = 1; : : : ; Nbehaves asymptoti
ally as�� � s 2�2�+ 1 p2 logN�; (30)if the number of observations N in
reases.The fa
tor s 2�2�+ 1
omes from the fa
t that for pie
ewise smooth fun
tions, 
oeÆ
ients withno intera
tion with the singularities are not exa
tly zero. In our analysis,when estimating the number of 
oeÆ
ients K1 above the 
riti
al value v�,we even negle
ted the singularity 
oeÆ
ients, 
ompared to these non-zero
oeÆ
ients with no singularity intera
tion: the same behavior would appear(as a lower bound) for signals with no singularity at all.6 Con
lusionWe have proven that the minimum risk threshold is slowly growing if thesample size in
reases. For pie
ewise polynomials, the minimum risk thresh-old asymptoti
ally 
oin
ides with the universal threshold, for general pie
e-wise smoothness, the minimum risk threshold is lower, but it 
omes 
lose tothe universal threshold within a 
onstant fa
tor.23
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