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ient thresholding is a popular method in wavelet based noiseredu
tion. A wavelet de
omposition is typi
ally a sparse representation ofnoise-free signals: the essential information is 
aptured by a limited num-ber of large, important 
oeÆ
ients, while the main part of 
oeÆ
ients is
lose to zero. Repla
ing these small 
oeÆ
ients by zero is a straightfor-ward way to redu
e noise varian
e without a�e
ting the noise-free signaltoo mu
h. Re
ently, algorithms have been developed for wavelet de
om-positions of non-equidistant samples, using the so 
alled lifting s
hemeand se
ond generation wavelets. We investigate how to apply these algo-rithms to redu
e noise in signals on a non-equidistant grid. The paperalso illustrates that the method of generalized 
ross validation in thesesettings still su

eeds in �nding good thresholds.Unlike other methods, we do not `pre
ondition' the input, but use thelifting s
heme to deal with the irregularity of the grid. This approa
hseems more natural and shows promising results. However, instabilityproblems arise from the a
tual s
heme. This arti
le des
ribes the methodand explains in what 
ases problems may o

ur.keywords:Noise redu
tion, se
ond generation wavelets, lifting, thresholding, 
ross valida-tion.1 Introdu
tionClassi
al wavelet theory and algorithms [2, 10℄ are based on Fourier analysis, asa tool for �lter design. A wavelet de
omposition writes a fun
tion as a linear
ombination of dilations and translations of one fun
tion  (x). This pro
edurealgorithm requires equidistant samples. Re
ently, a new algorithm for wavelettransforms has been developed, 
alled the lifting s
heme [11℄. Not only thisalgorithm is faster, but it also allows an extension of wavelet theory to the 
aseof data on an irregular grid [12℄. 1
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Figure 1: De
omposition of a �lter bank into lifting steps. The �rst type oflifting is 
alled dual lifting or a predi
tion step. The other type is primal liftingor update.A wavelet threshold pro
edure [4℄ starts with a dis
rete wavelet transform ofthe input. In a se
ond step, 
oeÆ
ients beneath a 
ertain threshold are repla
edby zero. Inverse transform yields the result. The main issue in this pro
edureis the sele
tion of the threshold. This parameter should be 
hosen so that theeventual result is as 
lose as possible to the unknown noise-free signal. Here weuse the method of generalized 
ross validation [14, 15, 9℄, whi
h does not needan estimate of the amount of noise.This paper investigates how to adapt a wavelet threshold pro
edure for 
o-eÆ
ients on a non-equidistant grid. Unlike other methods [7, 1℄, we do not`pre
ondition' the input, but use the lifting s
heme to deal with the irregularityof the grid. This approa
h seems more natural and shows promising results.However, instability problems arise from the a
tual s
heme.2 Lifting and non-equidistant dataA 
lassi
al wavelet de
omposition algorithm has the stru
ture of a repeated�lter bank algorithm. In the �rst instan
e, the lifting s
heme de
omposes a�lter bank operation in a number of 
onse
utive lifting steps [3℄. This seriesstarts by splitting the input ve
tor into points with odd and points with evenindex (Figure 1).There exist two kinds of lifting operations. The �rst, 
alled dual lifting,subtra
ts a �ltered version of the \even" input from the \odd" input. These
ond, 
alled primal lifting, adds a �ltered version of the dual lifting output tothe so far untou
hed \even" input. One way to interpret the dual lifting step, isthe following: we assume that the \even" input and the \odd" input are highly
orrelated. This is 
ertainly true in the �rst lifting step, where the \even" andthe \odd" input are dire
tly originating from one input signal. We now try topredi
t the odd samples by a predi
tion operator (a �lter) on the even ones. Bysubtra
ting this predi
tion from the odd samples, we redu
e 
orrelation. Thesedi�eren
es are high-pass 
oeÆ
ients. The se
ond lifting step is an update step.It 
an be interpreted as a way to preserve the average (and higher moments) inthe low-pass 
oeÆ
ients.Although a general de
omposition into lifting steps may 
onsist of severalstages with primal and dual lifting, this study restri
ts itself to two simple2
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Figure 3: Lifting s
heme based on average interpolation. This is a Haar trans-form, followed by one more predi
tion step. A se
ond update step (not shownon �gure) is also possible.
ases. The �rst s
heme is based on interpolating subdivision: it 
onsists ofone predi
tion step followed by one update step. The predi
tion formula is aninterpolating polynomial, see Fig. 2 The se
ond s
heme is average interpolation:it is a Haar predi
tion and update, followed by one more predi
tion step, seeFig. 3 This se
ond predi
tion step ensures that if the input are averages ofpolynomials on the intervals between the data points, all detail 
oeÆ
ients arezero. An extra update may follow to enhan
e the number of vanishing momentsof the dual wavelets.This lifting philosophy is by no means limited to equidistant samples. Theidea of interpolation, for instan
e, 
an be extended to an irregular grid, as showsFig. 4 in the 
ase of linear interpolation.
Figure 4: Linear predi
tion operator on an irregular grid.
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Figure 5: Soft-thresholding: CoeÆ
ients below a threshold value � are repla
edby 0, whereas others are shrunk.3 Thresholding se
ond generation wavelets3.1 Thresholding, bias and varian
eSuppose we have the following model of dis
rete data, 
orrupted by noise:y = f + �:The �rst step of a threshold algorithm is a forward wavelet transform of thenoisy data ve
tor y: w = ~Wy;where ~W is the forward wavelet transformation matrix. CoeÆ
ients below athreshold value � are repla
ed by 0, whereas others are shrunk, as illustrated inFig. 5: this is soft-thresholding. We denote byw� the ve
tor of thresholded 
oef-�
ients. An alternative for this pro
edure would be hard-thresholding: a hard-threshold leaves 
oeÆ
ients with magnitude above the threshold untou
hed.While at �rst sight hard-thresholding may seem a more natural approa
h, soft-thresholding is a more 
ontinuous operation, and it is mathemati
ally moretra
table. Moreover, hard-thresholding often leads to a result with more spikesand artifa
ts. The noise redu
tion algorithm 
on
ludes with an inverse trans-form: y� =Ww�;where W = ~W�1 is the inverse wavelet transformation matrix. Thresholdingredu
es noise at the pri
e of introdu
ing bias. The optimal threshold �nds thebest 
ompromise, e.g. in `2-sense: it minimizes the mean squared error withrespe
t to the unknown data:�MSE = argmin� kw� � vk2;Intuitively, it is 
lear that the optimal threshold is (approximately) proportionalto the amount of noise on the wavelet 
oeÆ
ients. This is 
on�rmed by theasymptoti
 behavior of this threshold. Under mild 
onditions it behaves like:�MSE �p2 logN �:(Note that this is also the value of the \universal" threshold [5℄.)4



If we know that these data are de�ned on an irregular grid:yi = f(xi) + �i; i = 1; : : : ; N;where the xi are not equistant, then we may apply a se
ond generation trans-form. Sin
e this transform takes into a

ount the latti
e of the data, the noisestandard deviation is di�erent for ea
h 
oeÆ
ient, even if the noise on the inputdata had a 
onstant standard deviation. This la
k of stationarity makes thresh-olding diÆ
ult: if the amount of noise is di�erent for ea
h 
oeÆ
ient, it is hardto remove it de
ently by only one threshold.However, if we know the 
ovarian
e stru
ture of the input noise, we 
an
ompute the varian
e 
u
tuation:D = ~WC ~W T ;where C = E��T is the 
orrelation matrix of the input, and D is the 
orrelationmatrix in the wavelet domain. If C is a banded matrix, D 
an be 
omputedin a linear amount of time. In pra
ti
al 
ases, the exa
t values of C are oftenunknown, but the stru
ture of C may be known, i.e. C may be known up to a
onstant. The 
ase of white noise, for instan
e, 
orresponds to: C = 
I , with Ithe unit matrix.The normalised 
oeÆ
ients ~wi = wi=pDiido have a 
onstant varian
e and thresholding these 
oeÆ
ients makes more sensethan thresholding the original ones.3.2 Threshold sele
tionThe matrix D may not 
ontain the exa
t varian
es, but only the stru
ture of the
ovarian
e matrix. This is the 
ase if we know the stru
ture of the 
orrelationof the input noise. In many pra
ti
al situations, for instan
e, it is reasonableto assume that the noise is white and stationary without spe
ifying the exa
tnoise level.To �nd a good threshold without using an estimate for this noise level, weapply the method of generalized 
ross validation (GCV) [14, 15, 9℄. GCV isa fun
tion of the threshold value whi
h mimi
s the MSE-fun
tion. Unlike thisMSE, GCV only uses known variables and there is no noise deviation involved:GCV (�) = 1N k ~w � ~w�k2[N0N ℄2 :In this equation ~w� is the ve
tor of thresholded normalised 
oeÆ
ients andN0=N is the fra
tion of 
oeÆ
ients repla
ed by zero by this parti
ular thresholdvalue.The minimizer of this fun
tion is an asymptoti
ally optimal threshold in `2-sense, i.e. for N suÆ
iently large, the minimizer of GCV (Æ) also minimizes themean square error of the result, as 
ompared to the unknown, noise-free wavelet
oeÆ
ients [9℄. This property still holds if the 
oeÆ
ient noise is 
orrelated [8℄.5
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Figure 6: Example 1: Top: noisy \heavy sine" fun
tion on a \not too" irregulargrid. The grid was obtained as an ordered set of randomly 
hosen points onthe interval [0; 1℄. Middle: result of a threshold algorithm on a 
lassi
al wavelettransform. We run the lifting s
heme but tell the algorithm that the grid isregular. The result is noisy, be
ause the regular grid transform does not 
or-respond to the real grid. Bottom: result of the same algorithm based on thea
tual grid. In both 
ases, we use GCV to estimate the MSE-threshold.3.3 Two examplesWe illustrate the e�e
t of using se
ond generation wavelets with two examples.In the �rst example, the grid was obtained by sele
ting N = 2048 points xkat random between 0 and 1. These points were ordered and used as samplingpoints for the \heavy sine" fun
tion [6℄:f(x) = 4 sin(4�x)� sign(x � 0:3)� sign(0:72� x)yk = f(xk) + �k; k = 1; : : : ; N[6℄. The �gures show a detail of 600 points. The algorithm used a lifting-s
heme,based on 
ubi
 interpolation for predi
tion and a two-taps update �lter. We 
annegle
t the grid stru
ture, i.e. we run the algorithm with an equidistant grid,this means that we are smoothing the data (k; yk) instead of xk; yk. The resultis noisy, be
ause the regular grid transform does not 
orrespond to the real grid.The spikes in the result are inherent for this simple threshold algorithm. Moresophisti
ated algorithms should be able to remove them. However, the 
urve inbetween these spikes is mu
h smoother if we use se
ond generation wavelets.A se
ond example is a damped sine (f(x) = e�x sin 4�x) on an extremelyirregular grid. This grid was 
onstru
ted as follows: we 
hoose approximately6
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Figure 7: The grid of Example 2: this very irregular grid was 
onstru
ted asfollows: we 
hoose approximately 100 samples at random between 0 and 0.2,about 10 samples between 0.2 and 0.4 and about 1940 samples between 0.4 and1.100 samples at random between 0 and 0.2, about 10 samples between 0.2 and 0.4and about 1940 samples between 0.4 and 1. Figure 7 plots the grid point versusthe point number. If we add white and homos
edasti
 (se
ond order stationary)noise to this fun
tion, we get the upper plot of Figure 8. The left part of this plotlooks less noisy, but this is be
ause data points in the right tail are mu
h 
loserto ea
h other. As for the previous example, se
ond generation wavelets give agenerally smoother result, but in this 
ase, this s
heme introdu
es a tremendousbias, not only in the region with few data points, but also at pla
es where dataare given 
lose to ea
h other. One 
ould argue that this example is somehowarti�
ial. Moreover, the phenomena seem to appear mostly at 
oarse s
ale, andit is a 
ommon pra
ti
e to leave 
oeÆ
ients at 
oarse s
ales untou
hed. However,if we run the same algorithm pretending the grid to be regular, the result is quitefair, apart from the grid irregularities, of 
ourse. We now investigate where thisbias 
omes from and what we 
an do to make the se
ond generation algorithmperform at least as well as the \�rst" generation wavelets.4 The bias4.1 The problemThe bias 
omes from the fa
t that the se
ond generation wavelet transformmay be far from orthogonal. This appears in several e�e
ts, whi
h sometimesenhan
e ea
h other.1. A small 
oeÆ
ient may have a wide impa
t, espe
ially when it is relatedto a region with only a few samples. Thresholding it 
auses an importante�e
t in the original domain.2. Basis fun
tions sometimes have a large overlap, espe
ially in the neighbor-hood of boundaries. Large individual 
oeÆ
ients may then 
ompensate7
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Figure 8: Example 2: Top: noisy signal (f(x) = e�x sin 4�x) on the grid ofFigure 7. Middle: result of a threshold algorithm on a 
lassi
al wavelet trans-form. The la
k of smoothness in this result re
e
ts the irregularity of the grid.Using se
ond generation wavelets leads to a mu
h smoother result, but for thisexample, this s
heme 
auses an una

eptable bias.
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ea
h other, resulting in a signal with a relatively small energy. Threshold-ing these 
oeÆ
ients destroys the balan
e between the large 
oeÆ
ientsand 
auses artifa
ts: hidden 
omponents suddenly be
ome visible.3. A transform has a bad 
ondition number if it is sensible to errors on theinput. As a matter of fa
t, thresholding 
an be 
onsidered as an arti�-
ial error on the input, and typi
ally, the threshold is mu
h larger thanma
hine-pre
ision! If the transform is not stable, there is no guaranteethat the output is 
lose to the input, even if it is so in wavelet-domain.4. The threshold is proportional to the standard deviation of a 
oeÆ
ient.Unlike in the stable 
ase, 
oeÆ
ients with large varian
e may 
orrespondto basis fun
tions with large energy. Or, equivalently, dividing wavelet
oeÆ
ients by their standard deviation may 
ause important 
oeÆ
ientsto be
ome relatively small.The bad 
ondition of su
h a wavelet transform plays a role in other appli
ationstoo, of 
ourse. From the statisti
al point of view, we are spe
i�
ally interestedin the intera
tion between varian
e normalization and bias, as des
ribed in ourlast item of this enumeration. In short, a bad 
onditioned transform makes itdiÆ
ult, if not impossible, to predi
t the e�e
t of a threshold on a 
oeÆ
ient.4.2 Where does the bad 
ondition 
ome from?At this moment we have no exa
t theoreti
al explanation of this bad 
ondition.Possibly, the update step plays an important role in this phenomenon: it turnsout that an update �lter with two taps Aj;k and Bj;k+1 de�nes a wavelet fun
tionat s
ale j and pla
e k as a 
ombination of s
aling fun
tion at two s
ales [13℄: jk = 'j+1;2k+1 +Ajk'j;k +Bj;k+1'j;k+1:If the update �lter 
oeÆ
ients are large,  jk is 
lose to the subspa
e spannedby the s
aling fun
tions 'j;k at the same s
ale.It is 
lear that the lifting theory as su
h negle
ts the notion of s
ale: if asequen
e of dense samples is followed by a large gap, the transform operates onphenomena at di�erent s
ales in one single step. In one way or another, thetransform should be re-organized so that it deals with phenomena at one s
alein ea
h step. However, this reordering of downsampling the 
oeÆ
ients seemsnot trivial at all.We remark that at least the Haar transform remains orthogonal on an irreg-ular grid. For the CDF 2,2-transform, whi
h 
orresponds to linear interpolationpredi
tion and a simple update, the problems remain marginal. In both 
ases,there is almost no mixture of s
ales possible: one (for Haar) and even two(CDF 2,2) predi
tion points never show a stru
ture with two di�erent s
ales. Ina 
ubi
 interpolation s
heme, however, the four interpolation points may re
e
tphenomena at two di�erent s
ales, for instan
e, if three points are 
lose to ea
hother and the fourth is at a long distan
e from this 
luster.Figure 9 illustrates that a small error in one of the interpolation points may
ause a serious error in the points where this interpolating polynomial is usedas a predi
tion. The �gure shows the errors 
aused by a unit error in oneof the interpolation points: this fun
tion is the di�eren
e between the 
orre
t9
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Figure 9: E�e
t on the interpolating polynomial of an error in the �rst inter-polating point. This fun
tion is the di�eren
e between the 
orre
t interpolatingpolynomial (not shown here) and the polynomial that 
omes out if the error inthe �rst interpolating point (0:01) equals one. This illustrates the problem thatthese error fun
tion may be
ome large if the interpolating points are far fromequidistant.interpolating polynomial (not shown here) and the polynomial that 
omes out ifthe error in the �rst interpolating point (0:01 in the example) equals one. Thisdi�eren
e or error fun
tion itself is a Lagrange interpolating polynomial.5 How to deal with the bias?Essentially, there are two possible ways to over
ome the problem of the bad
ondition. The �rst is trying to modify the transform so that it be
omes morestable. Sin
e at this moment we do not 
ompletely understand the origin ofthe instability, and be
ause we believe that reorganizing the algorithm wouldbe a rather hard job, we prefer an alternative solution. We examine whi
h
oeÆ
ients are dangerous to threshold, and how to �nd an appropriate valuefor these 
oeÆ
ients.5.1 Computing the impa
t of a thresholdIn the �rst instan
e we try to save the 
oeÆ
ients that 
orrespond to largeenergy basis fun
tions from thresholding. We examine for ea
h 
oeÆ
ient thein
uen
e of a threshold proportional to its noise level � = k�i. We have that�i =q( ~WC ~W T )ii:We assume that the input noise is un
orrelated (white) and homos
edasti
:C = �2I . Ea
h 
oeÆ
ient wi 
orresponds to a basis fun
tion. The 2-norm ofthis fun
tion 
an be 
omputed as:Ei = Z 1�1  2i (x) dx =q(W TSJW )ii =rh( ~WS�1J ~W T )�1iii;
10
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Figure 10: Result if we preserve 
oeÆ
ients with a large impa
t from threshold-ing. The most serious bias has gone, but the result has lost smoothness and it isdiÆ
ult to de�ne a threshold between 
oeÆ
ients with large and small impa
t.where SJ is a diagonal matrix 
ontaining the squared norms of the s
alingfun
tion at the initial, �ne resolution:SJ;kk = Z 1�1 '2J;k(x) dx � Z (xk+xk+1)=2(xk�1+xk)=2 12 dx:This norm Ei is a measure for the e�e
t of a \unit-threshold". The total e�e
t�y of thresholding is given by the following expression of impa
t:�y = kr( ~WC ~W T )ii h( ~WS�1J ~W T )�1iii:For orthonormal transforms on a regular grid and with un
orrelated, homos
edas-ti
 noise, this e�e
t would be independent ofW : it only depends on the thresholdvalue �y = k� = �. Figure 10 shows the result if we preserve 
oeÆ
ients with alarge impa
t from thresholding. The most serious bias has gone, but the resulthas lost smoothness and it is diÆ
ult to de�ne a threshold between 
oeÆ
ientswith large and small impa
t.5.2 Correlation between 
oeÆ
ients and hidden 
ompo-nentsThe 
omputation in the previous se
tion only takes into a

ount the 2-normof separate basis fun
tions. The inner produ
t of two fun
tions, whi
h is re-sponsible for inter-
oeÆ
ient 
orrelations, does not appear in the algorithm.The peaks in the result are the 
onsequen
e of this approa
h, as illustrates thefollowing example. Figure 11 shows an experiment where one parti
ular se
ond-generation wavelet 
oeÆ
ient of the noisy signal was repla
ed by zero. Inversetransform reveals a tremendous e�e
t. The 
oeÆ
ient had a rather large magni-tude, and apparently also a wide impa
t, but 
omparison of the results in Figure11 and Figure 8 indi
ates that the same 
oeÆ
ient was 
lassi�ed as not impor-tant by the threshold algorithm. This is be
ause not only its magnitude waslarge, but so was its varian
e. If we remove the same threshold from the noise-free wavelet 
oeÆ
ients, we get the re
onstru
tion in Figure 12. The di�eren
ewith the original fun
tion is hardly visible. The threshold algorithm was rightto remove it. A simple example in IR3 makes 
lear what happens. Supposewe have the basis ve
tors f(�1=2;p3=2; 0); (�1=2;�p3=2; 0); (1; 0; ")g. If " issmall, this basis has an extremely bad 
ondition. Suppose the noise is (0; 0; ")11
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Figure 11: Re
onstru
tion after removing one 
oeÆ
ient from the noisy trans-form. The e�e
t is enormous, but the 
oeÆ
ient was rather big.
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Figure 12: Re
onstru
tion after removing the same 
oeÆ
ient as in Figure 11from the noise-free transform. The e�e
t is quasi nihil.in the 
anoni
al basis, then its 
oordinates in this oblique basis are (1; 1; 1). Ifone or two of these 
oordinates are thresholded, \hidden 
omponents" be
ome
lear. This bad 
ondition 
an only be dete
ted with a global analysis: none ofthe basis ve
tors is 
lose to another one. In the example of Figure 11, the noisemade small 
oeÆ
ients big, be
ause it did not �t well into the oblique basis.Removing some of these 
oeÆ
ients un
overs these hidden 
omponents. Theresult of Figure 10 does not 
ontain the same bias as in Figure 11. This meansthat the 
omputation of the impa
t of the 
oeÆ
ients saved the 
oeÆ
ient ofFigure 11 from being thresholded. This is not what we want: not only it doesnot 
orrespond to what the noise-free 
oeÆ
ient says (this is what Donoho andJohnstone 
all the \Ora
le"), but also, if we keep this large, purely noisy 
o-eÆ
ient, we have to keep all the others that 
ompensate for its e�e
t. Theseare hard to �nd, and if we �nd them, we end up with a result without anynoise-redu
tion at this pla
e. We would like to remove all of these large noise
oeÆ
ients and therefore we want a reliable estimation of the noise-free signal:this estimation does not have to be smooth, but it should learn us whi
h ofthe big 
oeÆ
ients are really important and whi
h are due to noise. Unlike the
lassi
al (bi-)orthogonal transform, the se
ond-generation transform no longerguarantees that 
oeÆ
ients with a large magnitude are important.Another unpleasant 
onsequen
e is the fa
t that s
aling 
oeÆ
ients whi
hare not further transformed may 
arry a lot of noise too. Most algorithms donot threshold s
aling 
oeÆ
ients, and this may un
over, on
e more, hidden noise
omponents. A reliable estimation of the noise-free signal 
ould give us an ideaof the e�e
t of the noise on the low-resolution s
aling 
oeÆ
ients.
12



5.3 Starting from a �rst-generation solutionWe know that if the transform negle
ts the grid stru
ture, the result re
e
ts theirregularity of the grid. The result is non-smooth, whi
h means that it has nosparse representation in a se
ond-generation basis. Apart from that, the resultis fairly reliable, in the sense that bias is restri
ted by the Riesz-
onstants ofthe transform: if we are thresholding in the wavelet domain, we know whatwe are doing in the original signal domain. Let w(1) be the se
ond generationwavelet 
oeÆ
ients of this �rst generation solution y(1). Our obje
tive is to �nda sparsely represented signal 
lose to y(1). To this end, we use the thresholded
oeÆ
ients w� of the se
ond-generation transform of the noise.If a 
oeÆ
ient wi 
orresponds to a wavelet that lies on an interval where these
ond-generation solution y� shows no bias, we 
an 
hoose as output:ŵi = w�iTo do so, we have to de�ne in whi
h data points y� is biased and we have tomark the 
oeÆ
ients that 
orrespond to these points. We say that y�i is biasedif jy�i � y(1)i j > �̂;where: �̂ =vuut 1N NXi=1(yi � y(1)i )2is an estimate of the noise varian
e (we suppose that the noise is stationary).This de�nition is subje
t to the remaining noise and the irregular grid e�e
ts iny(1)i . Be
ause we expe
t that bias has typi
ally a range of more than one datapoint, we �rst �lter out isolated points that were 
lassi�ed as biased, before thea
tual marking of the 
orresponding wavelet 
oeÆ
ients.For all these marked 
oeÆ
ients wi we 
ompute the value of(w�i � w(1)i )2 Z 1�1  2i (x) dx = (w�i � w(1)i )2(W TSJW )ii;whi
h quanti�es the e�e
t on the output if we repla
e w(1)i by w�i. If we 
omputethe sum of these e�e
ts over all marked 
oeÆ
ients, we see that a few of themare responsible for the major part of the bias. These 
oeÆ
ients, together withthe untou
hed s
aling 
oeÆ
ients, keep their value w(1)i . All others undergo thesame pro
edure as the unmarked 
oeÆ
ients.This pro
edure eliminates all large 
oeÆ
ients that do not interfere withbiased re
onstru
tion points. This is how the algorithm gets rid of most hiddennoise 
omponents.Instead of marking wavelet 
oeÆ
ients that 
orrespond to intervals with bias,we 
an also 
ompute for all 
oeÆ
ients the value of:Bi = (w�i � w(1)i )2 Z 1�1  2i (x)�bias(x) dx:�bias(x) is an indi
ator fun
tion whi
h is one on all intervals with bias. Theabove value measures the parti
ipation of wi in the bias. If M is a diagonal13



matrix with Mkk = 1 if the 
orresponding data point xk has been marked asbiased and Mkk = 0 otherwise, Bi 
an be 
omputed as:Bi = (w�i � w(1)i )2(W T (SJM)W )ii:Marking the 
oeÆ
ients with the highest values gives results very 
lose to the�rst sele
ting pro
edure.5.4 The proposed algorithmThe obje
tive of the algorithm is to 
ombine the smooth re
onstru
tion of ase
ond-generation pro
edure with the reliable estimation of the 
lassi
al trans-form. We 
all ~W and W the forward and inverse se
ond generation transform,as before, and ~U and U are the transform matri
es if we do not take into a

ountthe grid stru
ture. The algorithm goes as follows:1. Compute w = ~Wy and u = ~Uy.2. Compute the stru
ture of the 
ovarian
e matrix of the wavelet 
oeÆ
ients:D = ~WC ~W T ;and similarly for ~U . C 
ontains the 
ovarian
e matrix of the input (up to
onstant; we do not use an estimate of the noise varian
e). We assumethat the noise is homos
edasti
 and un
orrelated: C = I . In that 
ase,the 
omputation of D has linear 
omplexity.3. Normalize the 
oeÆ
ients with these varian
es and sele
t for both sets ofwavelet 
oeÆ
ients a threshold � and �, e.g. by minimizing GCVw(�) andGCVu(�). And apply a soft-threshold to get the thresholded ve
tors w�and u�.4. Compute y(1) = Uu� and w(1) = ~Wy(1). Use the not further trans-formed s
aling 
oeÆ
ients in w(1) as an estimate for the 
orrespondingnoise-free s
aling 
oeÆ
ients. Repla
e the noisy s
aling 
oeÆ
ients in w�by these values and 
ompute y� =Ww�.5. Estimate the noise standard deviation by:�̂ =vuut 1N NXi=1(yi � y(1)i )2:Among all data points i = 1; : : : ; N we mark those for whi
h jy�i�y(1)i j >�̂, y�i as biased. We �lter out isolated labels, sin
e we 
onsider bias as amore-than-one-point phenomenon. We mark all 
oeÆ
ients 
orrespondingto basis fun
tions on intervals with bias.6. Compute the 2-norm of ea
h basis fun
tion, these 
an be found in thediagonal of the matrix W TSJW . The 
omputation of this diagonal is oflinear 
omplexity. 14
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Figure 13: Result of the proposed algorithm. It is smooth and 
lose to thenoise-free signal.7. Among all marked 
oeÆ
ients w�i, unmark those for whi
h(w�i � w(1)i )2(W TSJW )iiis too small. Make sure that all s
aling 
oeÆ
ients are marked.8. For all 
oeÆ
ients i = 1; : : : ; N sele
t the appropriate value:(a) If a 
oeÆ
ient is marked, let: ŵi = w(1)i ;(b) for the others, sele
t: ŵi = w�i:9. The output is: ŷ =W ŵ:This algorithm requires 3 forward and 3 inverse transforms, but the order of
omplexity is still linear. The 
omputation of W TSJW and ~WC ~W T are themost time 
onsuming steps.5.5 Results and dis
ussionFigure 13 
ontains a plot of the result of the proposed algorithm. It is smoothand 
lose to the noise-free signal. Figure 14 fo
uses on a detail and illustratesthe importan
e of the grid: if negle
t the grid stru
ture, the result is non-smooth. The wavelet transform used a 
ubi
 interpolation as predi
tion �lter,followed by a two taps update-�lter, designed to 
reate the dual wavelets withtwo vanishing moments. The input signal had N = 2048 data points, and weleave 8 s
aling 
oeÆ
ients untransformed, and so untou
hed by the threshold.For the re
onstru
tion, only 18 from the 2048 wavelet 
oeÆ
ients, in
luding the8 s
aling 
oeÆ
ients, were taken from w(1), all the others were based on thethresholded se
ond generation 
oeÆ
ients.6 Con
lusionThis paper dis
ussed the appli
ation of se
ond generation wavelets to redu
enoise in irregularly spa
ed data. Bad 
onditioned transforms may 
ause prob-lems, espe
ially where the grid is very irregular and in the neighborhood ofthe boundaries. We have proposed an algorithm that starts from a reliable,but non-smooth solution based on a transform that negle
ts the grid stru
ture.The algorithm then 
arefully sele
ts 
oeÆ
ients that 
an be repla
ed by the15
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Figure 14: Left: detail of Figure 13. Right: the re
onstru
tion of 
lassi
alpro
edure (no grid stru
ture) on the same interval. This re
onstru
tion 
arriesthe irregularity of the grid.more sparse representation obtained by dire
tly thresholding se
ond generationwavelet 
oeÆ
ients. A
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