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Abstract

In this paper we investigate the sensitivity of the stability of neut-
ral functional differential equations with respect to changes in the
delays. This sensitivity is caused by the behaviour of the essential
spectrum which, in turn, is determined by the roots of an expo-
nential polynomial. In [1], Avellar and Hale considered the case of
multiple fixed and nonzero delays. In a first part of this paper we
visualize and interpret their results by means of computed spectral
plots. In a second part we extend the theory of [1] to the important
limit case of arbitrarily small delays and show that this can lead to
eigenvalues with arbitrary large positive real part. Necessary and
sufficient conditions are provided. We conclude with two illustrative
examples. The first of these is the analysis of the robustness of a
boundary controlled partial differential equation in the presence of
small feedback delays.
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1 Introduction

In this paper we study the behaviour of the zeros of the exponential polynomial

HN21-Y aje™™¥, 7, €RY, a;€R, j=1,...,N (1)
in the complex plane. H(A) = 0 is the characteristic equation of the functional
difference equation z(t) = Z;V:1 ajz(t — 7;) which determines the essential spectrum

of the solution operator of the neutral functional differential equation (NFDE),

N N
Za]x t—1;) | = box(t) Z z(t — 75)

J=1

for which it was proven that the sensitivity to infinitesimal changes of the delays is
caused by the behaviour of the essential spectrum (see e.g. [7]). More specifically, it
was shown that the smallest upper bound ¢ = sup {R(A) : H(A) = 0} is not continuous
w.r.t. the delays 7;, 7 = 1,...,N. Consequently it is possible that arbitrary small
changes in the delays destabilize the system [1, 7].

NFDEs arise for example in models of distributed networks [10, 9], combustion [13]
and the control of structures through delayed forcing depending on the acceleration
[2].

The lack of robustness w.r.t. small changes in the delays is also observed for bound-
ary controlled hyperbolic partial differential equations [7, 6, 5, 4, 11, 12]: small delays
in the application of the boundary forces, which are inevitable in practise due to meas-
urement delays, AD-DA conversion, ..., can lead to instability of the stable undelayed
system and therefore it is of extreme importance to include all possible delays in the
model. In [11, 12] frequency domain techniques are used to analyse the problem:
the system is rewritten as an input-output mapping with delayed unity feedback and
conditions are formulated on the open loop transfer function for robustness w.r.t. the
delays. For a class of these problems the characteristic equation (of the closed loop
system) corresponds to the characteristic equation of a NFDE or is of the form (1).

In [1] a theoretical framework is developed for the analysis of the solutions of (1)

and their dependency on the delays. This theory starts from the assumption that all
the delays are fixed and nonzero. In §2 we repeat the important results of [1].
83 we visualize and interpret these results by means of plots of the solutions. We
show that the sensitivity of ¢ to arbitrary small changes of the delays is caused by
zeros with large imaginary part. In §4 we treat the new limit case of vanishing delays.
We show that this may lead to solutions with real part going to +o0o and we prove
necessary and sufficient conditions. We conclude in §6 with two illustrative examples
of the theory developed throughout the paper.

2 Analysis with fixed delays

In this section we describe the main results of [1].



2.1 Definitions and notation

We study the zeros of exponential polynomials of the form,

N

H(\) 21-) aje 7, (2)

j=1
where the delays 7; are fixed and satisfy 0 <7 <7 <... < 7n.
Define the collection of the real parts of all the solution of (2) as Z,

Z = {R(\): H(\) = 0},

and denote its closure by Z. The smallest upper bound of Z, which is important for
stability considerations, is

c=sup{R(A): H(A) =0}.

Assume that the IV delays 7;, 7 = 1,..., N, depend on M < N so called inde-
pendent delays r1,...,7p:

M
Ti= D L VikTE =T (3)
k=1
whereby v; = (vj1,...,7viMm) € NM are nonzero vectors with positive integer coeffi-

cients and 7 € RM with » > 0. Dependency of the kind (3) often appears in difference
equations arising from practical applications, as for example in (delayed) boundary
controlled wave equations (see §6). The same holds when dealing with vector valued
difference equations. Indeed, the characteristic equation of

w(t) = S0l Apa(t — ) x € R, Ay € R

is given by

M
det <I - ZAkem> —0
k=1

which is seen, using an explicit formula for the determinant, to be an exponential
polynomial with dependent delays.

2.2 Rationally dependent and rationally independent delays

The numbers 71, 79,...,7)s are rationally independent if and only if,

M
anrk =0, nz€eN
k=1

implies ny, =0, k=1,...,M. For example two numbers are rationally independent
if their ratio is irrational.

In order to provide useful characterizations of Z we need the Hausdorff metric
which is defined as follows: for any two sets ' and FF C R and any p € R, let

d(p7 E) = inftEE |p - t|7
§(E,F) = sup,cpd(p, F) and
D(E,F)=max{§(E,F),0(F,E)}.

The number D(FE, F) is the Hausdorff distance between the sets E and F.



Theorem 2.1 If the components of r are rationally independent then the following
statements are equivalent:

a€Z
i
30 = (61,...,00r) with O € [0,27], k=1... M, such that
1-— Z;vzl aje_‘”f're_i”’f'o =0

Corollary 2.1 Z is the union of a finite number of intervals.

This means that the real parts of all the eigenvalues fill up these intervals in a dense
way.

Corollary 2.2 Z(r) is continuous in the Hausdorff metric w.r.t. the delays v when
they are rationally independent.

This corollary is important because it implies the continuity of the supremum c(r) of
Z(r) w.r.t. 7. In many examples in this paper it will be shown that Z is not continuous
w.r.t. the delays when one allows both rationally independent and rationally dependent
delays. However in that case the following theorem holds:

Theorem 2.2 Z(r) is lower semicontinuous in r, that is, for each rq,

lim 6(Z(ro), Z(r)) = 0.

T—7rQ

The combination of corollary 2.2 and theorem 2.2 is very important for control
problems because the rightmost eigenvalues determine stability: suppose for example
that rg is given with rationally dependent components and denote the maximum of
Z(rg) by ¢(rg). On the other hand, consider a sequence of rationally independent
delays {ry},~, with limit 79 and denote by ¢(ry,) the maximum of Z(r,). Then from
corollary 2.2 and theorem 2.2 it follows that

c(rg) < nl;r{:o c(ry).

In other words, the supremum of Z is always higher when one considers the given
delays as independent. This means that when the delays in the characteristic equa-
tion modelling a physical system are results of independent phenomena (for example
independent measurements) one has always to consider the delays as rationally inde-
pendent in order to obtain a reliable upper bound on the real parts of the spectrum.
In §3 it will be explained what happens with the individual eigenvalues when one deals
with rationally independent delays close to rationally dependent delays.

2.3 Special cases

Fully independent delays This corresponds to the case where M = N, v; = e,
the j-th unity vector in RY and the delays 7, 79,..., 7y are rationally independent.
Theorem 2.1 can be rewritten as:



Theorem 2.3 When the delays are rationally independent ¢ = sup {R(\) : H(\) = 0}

satisfies
N

1= " ajle™ =0. (4)
j=1

The solution ¢ of (4) also serves as a (non-strict) upper bound in the case of rationally
dependent delays.

Commensurate delays This is the case when M = 1. Thus delays 7q,...,7, are

commensurate if and only if there exists a real number r such that 7; = n;r with

n; €N, j =1,...,N. Le. all the delays are integer multiples of a same number. In
—Ar

this case equation (2) can be rewritten as a polynomial in e™"". As a consequence

Z(r) consists of a finite numbers of points and the spectrum is periodic with period

2r ;.
!

3 Visualization and interpretation

In the previous section the delays r were considered fixed. When one approaches
rationally dependent delays ro with independent delays, the supremum of the real
parts of the solutions can have a discontinuity at » = rq. First, we illustrate how this
discontinuity is compatible with the continuous movement of individual eigenvalues
as r approaches rg. Secondly, we discuss the consequences for control applications.

3.1 Non-uniform convergence

Consider, as an example, the characteristic equation
H(\R) 21+ 1.1e7 +0.2e7 2340 = ¢ (5)

with delays 1 and 2 + h. When A is zero, (5) is a quadratic equation in e~ and the
eigenvalues are: A = —1.4704+ (214 1)m, | € Z,and A = —0.1391+4(2[+ 1)7, [ € Z.
When h > 0 and irrational (and therefore the two delays rationally independent), the
supremum c(h) = sup{R(\) | H(A) = 0} satisfies:

1—1.1e M) —0.2¢ MR — (6)

which yields limp_,oc(h) = 0.2302 > ¢(0) ~ —0.1391. Hence c¢(h), and the corres-
ponding stability of the associated essential spectrum, changes discontinuously with
respect to h. Individual (single) eigenvalues however move continuously with respect
to the delays. From

14 L.le ™ +0.2e 22+ — g,

one derives
d\ —0.2) e MZHh)
dh ~ 1.le X + 0.2(2 + h)e—A2+h)

But this ’sensitivity’ of the individual eigenvalues increases to infinity as their modulus

|A\| = oo. Figure 1 shows part of the spectrum of (5) on two different scales when
h = 0.01. When h is reduced to zero, the spectrum converges point-wise and non-
uniformly to the limit case h = 0, as shown in figure 2.
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Figure 1: Part of the spectrum of (5)
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Figure 2: Part of the spectrum of (5) for h = 0.01 and h = 0.002.
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Figure 3: Part of the spectrum of the uncontrolled system (8) and the controlled
system (9) for A = 0.01.

3.2 Unstable difference equations can not be stabilized
Consider the neutral functional differential equation

d

%(m(t) +22(t — 1)) = ax(t) + bx(t — 7) + u(t), (7)

obtained from linearizing a control system with input u(¢). When u(¢) = 0 the differ-
ence equation
z(t)+2x(t—1)=0 (8)

determines the essential spectrum of the semigroup associated with (7). The zero
solution of (8) is clearly unstable: all eigenvalues have real part log(2).

When applying the velocity feedback u(t) = %x(t —1—h), the difference equation
is modified to

(1) + 2t — 1) — ga:(t 1—h)=0 )

where h models the estimation error of the delay. For h = 0 the difference equation is
clearly stabilized: all eigenvalues have as real part —log(2). However for irrational A
the supremum c(h) of the real parts of the spectrum can be calculated from

1 9eclh) _ gefc(h)(lJrh) _0

From which follows limj,_,o c(h) = log(3.5) > log(2). Thus the feedback destabilizes
the original system even more. This is shown in figure 3.

Because sensitivity to small changes of the delays is caused by roots of (2) with
large modulus and because the set of the real parts of the roots of (2) is contained in
a finite number of intervals, such roots have large imaginary part. Thus sensitivity to
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Figure 4: When h — 0, the spectrum of (9) converges pointwise to the spectrum of
z(t) + 3x(t — 1) = 0.

infinitesimal changes in the delays is caused by modes of very high frequency. This is
shown in figure 4. Note, that the control of (7) works for low frequency modes while
it does not for high frequency modes (see figure 3). We remark that the question
arises whether the model used is a valid description of the modelled reality for such
frequencies. In reality one (usually) expects larger damping for larger frequencies.
Whether this damping occurs strong and soon enough depends on the particular
application. In section 4 we will see that our generalisation leads to situations where
sensitivity is mot necessarily caused by high-frequency modes.

4 Vanishing delays

The analysis in §2 is valid under the assumption that all the delays are fixed, different
and nonzero. These assumptions can be relaxed to the requirements that firstly the
smallest delays are not arbitrary close to zero and secondly that the largest delays
are not arbitrary close to each other. In this section we explicitly deal with these
limit cases. We show that vanishing delays can give rise to solutions with unbounded
positive real parts, and, that, in a similar way, coinciding largest delays can give rise
to solutions with unbounded negative real part. Since the latter is of less importance
for applications we only briefly mention the occurrence of this phenomenon.

4.1 Introductory example

As an introductory example we investigate the zeros of,

1
H(\h)=1+2e M — 564, (10)

as h — 0+.
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Figure 5: Zeros of (10) for h = 0.01 in two different regions of the complex plane.

If we set h to 0 in (10) all zeros of H (), 0) are of the form A = —log(6)+i2xl,l € Z
and the collection of real parts of the zeros of H(),0) is Z(0) = {—log(6)}. However,
from the analysis of section 2, we know that for h and 1 rationally independent (i.e.

h irrational), Z(h) consists of all solutions « of
. 1 .
14 2ehe=i01 _ ie—ae—“’? = 0. (11)

Letting h go to 0 in (11) we are led to the conclusion that

lim Z(h) = [ log(6), — log(2)], (12)
h—0+
i.e., that, although the real part of each individual zero of H (A, h) approaches —log(6)
as h goes to zero, at the same time the collection of all the real parts of all zeros
converges to (12).

Figure 5 (a) shows part of the zeros of equation (10) for A = 0.01. At first sight
this confirms the above conclusions. However, if we look at a larger region in the
complex plane (see figure 5 (b)) we see that there exist additional zeros of H(\,h)
with quite different behaviour. When A is further reduced the real part of the zeros
at R(A) ~ 69.3 move off to +00, approximately as the solutions of

142 M =0. (13)

Indeed, if the real part of A is large we cannot set Ah to zero. Rather we can neglect
1e=* leading to (13) and

1
A= E(10g2+i(21+1)7r), leZ. (14)

Formula (14) clearly illustrates that arbitrary small delays (0 < h < 1) can lead to
arbitrary unstable eigenvalues (R(\) > 1).

10



The situation can be summarised as follows. When h tends to zero the spectrum
consists partly of eigenvalues with bounded real part, which can be analysed along
the lines of §2, and partly of ’diverging’ eigenvalues whose real part grows without
bound as the solutions of the ‘small-delay part’ (13) of equation (10). In the rest of
this section these properties will be generalized to the multiple delay case.

4.2 Notation

The general form of the exponential polynomial studied within this section is,
H(M\rs)=1- Z aje i — Z bje_Mf, (15)
il jeg
where
Viel:my=~-r,VjeJ:rj=7-r+v-s.

and where
I={1,2,....Ni}, J={N1+1,N1 +2,...,N; + Ny}

are used for notational convenience. The components of r» € [0,+oo)M and s €
[0, +00)" are the independent delays; v; € NM | vj € NM and v € N are vectors with
positive integer coefficients. 7; and v; are nonzero vectors, that is both have at least
one nonzero element for all ¢ and j. Splitting the independent delays into r and s
opens the possibility to deal with a combination of 'normal’ and arbitrary small delays
by letting 7 — 0 combined with constant s > 0.

We also extend the definition of the inner product ’- to the situation with v; € NM
and R € [0, 4+00]M. Then

M
vi-R=Y 7i;Rj,
i=1

has the usual meaning, except that ; ; times R; = +o0 is taken to be 0 when 7; ; = 0
and +oo otherwise. The underlying rationale for this is that R; = +o0o will be the
result of some limit while the «; ; are fixed.

4.3 Arbitrary unstable eigenvalues
The ’small-delay part’ of (15) is
1-— Z ae i
i€l
We now prove how its solutions determine when arbitrary small delays can lead to
arbitrary unstable eigenvalues.

Theorem 4.1 The following statements are equivalent:

36 € [0,27]M, 3R € [0, +00]M such that 1 — Sier ae Vi Be=iif —

3 {T”}nZI ) {Cn}n21 ) {dn}n21

with lim, ye0 ¢ = 00, 7, > 0 and lim,_, ||7n]| = 0 and such that
limy, 00 H(cy + idy, 7y, ) = 0 for fixed s > 0.

11



Proof of ||: Consider a (re)ordered partition of R = (Ry,..., Rk, Rx+1,.--, Ry
such that Ry,..., Rk are finite and Rg1,..., Ry are infinite. That is, let R
(R, Ry with R = (Ry, R,,...,Rg) € RK and RP = (00,00, ...,00) = co™ K,
Accordingly, consider the following partition for 6 and ~;: 8 = (0[1],9[2]) and v; =

~—

=l

(2

the remaining M — K components of 6 and similar for 7[1] and 71[2], 1 € I. Define the

)

set of indices I; C I whereby for ¢ € I; the last M — K components of ~; are zero,
that is, where ’y[z] = 0M-K, and set Iy = I\ I;. Obviously

A
1-— Z aje Vi femi0 =
el
can be written as: " "
_~HLROT A gll]
1_2%6 v B 0 — g,
1€l
Because the components of R[!l may be rationally dependent, consider a sequence

{ug]}nzl that converges to RI' but whereby the components of u e (0, +00)¥
are rationally independent for each n. Choose a (strictly positive) sequence of real
numbers {e,}, ~; with lim,_, €, = 0, such that

Jufl = RY| < .

(1]

Because uy," has rationally independent coefficients, due to Kronecker’s theorem, there
exists, for each n, a sequence of real numbers {v, ,} -, such that

. i1 11_ph1 .
Tr}gnoo eZ’yi .(U'n,,mun 9[ ]) — 1, VZ c Il,

| [1] .
hence Im*(n) such that |e/% (Vnm*m)tn -0t _ 1 < en, Vi € I1. Set vy, = Vp e (n)-

We have created {ug]} . and {vp},>; with

1
[1] [ﬂHu,L‘] - R[I]H =
| (vnun -0t _ 1] < €, Vi € I;, and

lim,, o €, = 0.

Choose further {ug]} with u,[f] € (0, —I—oo)M_K and with lim,,_,oo u,[f] = oMK,
n>1

and define {u,},~, as u, = (ug],ug]) € (0, +00)M.

We are now in a position to choose a sequence of real parts c,. Choose {c,}, <,
with ¢, € (0,4-00) such that ¢, goes to infinity faster than every component of u,,, that
is, such that lim,_,., ¢, = 400 and lim,_, iun = 0M. Secondly define a sequence
of imaginary parts {d,}, -, as d,, = ¢,vy, and a sequence of vanishing delays, {7},
as rp, = éun

We now have

H(cy, +idy, 1, 8)
=1-3c; aje=CnYiTng=idnYiTn _ Zje] bje*cn(Vj'TnJruj-S)efldn(w-rnJruj-S)

_ e i _ . 8 —ido (- .
-1 Zie[ a;e Vitn g1V Untn _ ZjEJ bje cn (7 - Tn+v; s)e idn (77 -Tn+v; s)_

12
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The second term can be split in firstly Zieh aze”Yitn e~ ivntn whereby the last M —K
S IEY

components of v; are zero and thus ~;-u, = v; "-upn" and secondly Zielz aze” YitneT¥YiUntin
whereby lim,, oo ¥ - Uy, = 400.

Hence H(cp, + idy, Ty, 8)

= 1= o=t MR il {8 ufl R i 1. (o, o)1)
o TiUn —1 1 UnlUn . ,—Cn O E 7.dn v -
- ZiGb aje” Ttn e Untin — ZjEJ bge en (V5 Tntv; S)e idn (v rn+v;-s)

- 1 Zieh aie*’Yi[ﬂ'R[l]e*”i[l]'a[l] 67%[1]'(“g]7R[1])Jg*i7i[1]'(v”“g]fa[l]l

~

—1 . —1
——

Vit w i i CpVj- 8§ i ( +v;-5)
_ o ;" _Z"Yi'vnun _ ., Ctn ;o _Cn"y""'n —10n "Y"Tn v;*S
ZiEIg ae” Ti " Ung Zjejb]e 7 %e i e i g

tends to zero as n approaches infinity which completes this part of the proof.
Proof of {: The lim, o H(c, + idy, 7y, s) = 0 implies

lim 1 — Z aje”YienTng=MidnTn — (16)

n—00
el

because the other term vanishes at infinity.

Consider the sequence {c,7p},~; with elements c,r, = (¢urn,1,...,¢nrn,nm). For
each sequence of the k-th component, {enrn i}, > > there are two possibilities as n
tends to infinity: the sequence is unbounded (with or without limit), or the sequence
is bounded (with or without limit). Suppose that {c,7, 1}, -, is unbounded. Then
there exists a subsequence with limit infinity. When, on the other hand, {c,r, x}
is bounded, a subsequence with finite limit exists.

This way one can recursively construct subsequences to obtain an infinite set of
indices S; such that for each k € {1,2..., M}, lim, 00 nes, Cnrnk exists in [0, +o0].
We still have,

n>1

lim 1- Z aje VitnTne=Widnn — ) (17)

n—o00,ncS
=t il

and because each ; is a vector of integer coefficients, e~ '@ equals ¢ =% "((dnrn) mod 2m)
and thus
Iim 1 — e YitnTn —i%;+((dnrn) mod 2) _ 0.
n—00,nES1 Z i€ €
el

Consider the sequence of vectors {(d,rn) mod 27}, s, g which is bounded and thus
contained in a compact set, (w.r.t. some norm). Consequently it must have a converging
subsequence, denoted by the indices Sy C S;. Finally

lim 1— § aie_%"cnrne_l%'-((dnTn)m0d27") =0,
n—00,nES> 2
i€l

and we define
Ry= lim  cprpy € [0,400], k=1,2,..., M,

n—o00,n€ESa

13



and
O, = lim (dpry,,)mod2m € [0,27], k=1,2,...,M.

n—o00,n€Ss

Hence we have defined every component of R and 6 and by its construction it follows
el

which completes the proof. [

In the following theorem we make the results of the previous theorem stronger:
we prove the existence of a sequence of solutions A, of H(\,r,,s) =0 with real part
tending to 400, in other words, that arbitrary small delays cause eigenvalues with
arbitrary large real part.

Theorem 4.2 Consider the statements:
(a) 30 € [0,27]™, 3R € [0,+00] such that 1 — >, aze " Re=i0 =0,
(b) Ji € I such that ;- R # 0 and v; - R # 400,

(c) 3 {rn}n21 A =en + ifn}n21 with lim,_,s €, = +00, 7, > 0 and limy, _yo0 7y, =
0Msuch thatH (A, rp,s) = 0.

Then the following holds:
1. (a) and (b) = (c)
2. (¢) = (a)

Proof of 2. Trivial (theorem 4.1).

Proof of 1. Following theorem 4.1 there exist sequences {rp}, <, {¢n}t,>1s {dn},>1

with limy,_se0 ¢n = 400, 7 > 0 and lim,_,e0 7, = 0M such that

lim H(e, +idy,7mn,8) =0

n—o0

and the proof provided us with a way to construct such sequences.
Choose {€n},>1, {ug]} and {v,},~, as in theorem 4.1 and such that

S ey o gy [ 11 payy [0 1]y _
]-_Zaie v; ‘R e Vi 0 e i (ur," —R )e iy, (vnug, —01) <e ™.
i€l

Further requirements on the decay-rate, which can be chosen arbitrary fast, will be
given later in the proof (see formulae (18) and (19)). Choose {cp},~; as ¢, = n,

{u,[f]} as u,[f] =n(1,1,...,1), {dp},~, as dp = vpcn, {Un}, > as up = (u,[ll],ug]),
n>1 = 2
and {rp},~, as r, = iun

14



Consider the functions H,()\) = ¢, H(\, 7y, s). Using the particular choices above
it is straightforward to show that

_ dH,
lim Hy(cp +idp) =0, lim —=(cn +idn) = Q,

n—oo e
where o
Q= Zai%[ﬂ L Rl R il el C
i€l
and o
. d*H, '
Jim = (e +idn) = 0, k> 2.

Around ¢, + id,, the analytic function H,, can be expanded as
_ > dka,
Hn(A) = Z d)\Fk
k=0
and when defining u = X\ — (¢, +id,,),

~ = d*H,
k=0

(A = (e +1dp))F
Ccn+id,

k
U

cntidy

We will now show that H, (1) converges uniformly on |u| < 1 to the function H(u) =
Qu or equivalently that the function

Dy(p) = Hn(p) — Qu

converges uniformly to zero in |p| < 1. In the appendix it is shown (lemma A.1) that
this implies that H,(x) has a zero near u = 0 for sufficiently large n when Q # 0.
Hereby one should emphasize that u is in fact a local coordinate depending on n: we
compare the local behaviour of each function H, ()\) near ¢, + id,, with H(u) = Qpu.

To construct an upper bound on |D,(p)| for |p| < 1, first define strictly positive
numbers A;, Aj;, 3; and integer P such that for n > P,

’Yj'rnSAﬁjEJa
i+ CnTn SW’Z[H - RM + A, 1 € I,
Yi-rp <1, 1€l =1UlIly and
Vi CnTn > /Bz\/ﬁa i€I2-

Secondly the decay rate of {€,},>1 should have been chosen in such a way that
forn>P

. 1
n|l— Z aie_%'c”r"e_w'd”r” < — Z |a;] (18)
1€ " 1€l

and

. i 1
D aii- enrpe e T QL < =% ag| (- R 4 8. (19)

1€ly 1ely
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In this way we can compute bounds for D, (0) and its derivatives in y = 0, n > P.

Da(O)] < nfl= ey, e ot L | g T
T

< E Yen lail + Xier, ne VP ag] + 35 neT by

and concerning the derivatives:

1€1o

1 _ 3.
DO < ey, lail (- Rt 80) + g, me 5V ay
+ Zjejn(Aj +vj - 5)e”"i%by
and for k > 2,
k 1 —Bi/m
|dd/ﬁ‘n O < 3%ien |ai|(7z[ LR 4 A + Yier, ne” V" ay]

+ ZjEJ n(A]' +vj- S)ke_mjj's|bj|.

Finally, for each p with |u| <1,

k
Da(p)] < S5, ILD
1 00 Iy 00
< Zieh % ai|(%[ I. R +Ai) Yo kik' + Zie[z ne~fivn > ko |ai|ﬁ
. o) A;+v;-s
+ D jerme b Y5, ¢ ]Jrk!J )
< Siey, 2l R+ Aje + Xy, ne V7 a e

T3 e e e

can thus be bounded uniformly whereby the upper bound tends to zero as n — cc.

Because the series {H,,(1t)}n>1 converges uniformly to a function H(u) = Qu, due
to lemma A.1, there must be a number N € N such that for Vn. > N, H,(x) has a
zero which converges to zero as n — oo, whenever () # 0. Returning to the original
problem, this means that ¢, +id,, asymptotically coincides with a zero e, +if,, of H,()\)
which is of course a zero of H(\, 7y, s). ThusVn > N, e, +if, : H(ep+ifn,rn,s) =0
and lim,, (¢, — €,) + i(d,, — fn) = 0. By renumbering the sequences starting from
n = N the proof is complete in the case @ # 0.

We will now show that when Q = 0, there always exists an integer k£ such

that > ,cp ai(y[ll . R[l])le—%[ LRI —infol _ 0 foh 1 <k and Q= Y, aiwp] )

R[I])ke_”’i[l]'R[l]e_i”’i[l]'o[l] # 0. In this case ¥ H(\, r,, s) will converge locally to Q'(\ —
(cn +idy))E.

We now prove that if Q' does not exist, statement (b) is violated. For notational
. R L A . R
convenience, define a; = a;e RU =700 Given ZiGh a; = 1 and Zig[l (%[1] :

RMa; = o0, Y el (72[1} - RI)24; = 0,... (because Q' does not exist), multiply the
above equations with scalars and add them together to obtain:

p(0) =Y ap(+" - R (20)

1€l

for all polynomials p(A). In (20) it is possible that for some indices k, 1 € I, 7,[:] Rl =
’yl[l] - R or ’y,[:} - R = 0. We group these factors:

gop(0) + 3" gip(x{T - RIY) = 0.
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If we choose for p(A) an interpolating (complex) polynomial such that p(0) = gy and
p(yj[-l} - Rl = Gj, Vj, this leads to

.1]-

_ i
901> + ) lgilP =0 g0=0, g; =0, Vi = go+ Y _ gje™

- (1] g1
1 - Z a;e” i o0 0.

€1y

1]
R -0

or

This means that in 1 -, ; aje” Vi Be=0 = 0 for all i € I, 7; - R is zero or infinity,
which contradicts statement (b). O

For control applications the following theorem is important. It provides sufficient
and necessary conditions for equation (15) to have eigenvalues with arbitrary large
real part but small imaginary part in the presence of vanishing delays.

Theorem 4.3 Consider the statements:
(a) 3R € [0,+00]™ such that 1 — >, ; a;e™ " =0,
(b) Fi € T such that ;- R # 0 and v; - R # 400,

(c) 3 {Tn}nzla {)\n}n21 with A, € C, lim,00 R(Ap) = o0, limy 00 S(Ay) =
0, r, > 0 and lim,_, ||rs|| = 0 and such that H(\,,r,,s) =0.

Then the following holds:
1. (a) and (b) = (c)
2. (c) = (a)

The above result can be shown by following the lines of the proof of theorem 4.1 and
4.2.

4.4 Interpretation and illustration

When the delays r in equation (15) approach zero, the real part of each eigenvalue
remains bounded or moves to +0o0. We call the set of these eigenvalues the finite
respectively the infinite part of the spectrum.

The supremum of the real parts of the finite part of the spectrum, ¢¢, can be
calculated as the rightmost solution « of

1= aem 0 =N " pjemevinem i titvife) — (21)
il jeT

which corresponds to applying theorem 2.1 and putting ar to zero. This last step is
allowed because the delays r are arbitrary small and « finite.
The infinite part of the spectrum is empty if

1= aie 7 Reil =g (22)
el
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has no solution with R € [0,4+o0c]™. In the other case we can conclude arbitrary
unstable eigenvalues except in degenerate cases whereby all the positive solutions of
(22) (w.r.t. R) satisfy that Vi € I,7v; - R is zero or infinite. For these degenerate
cases, the small-delay part of the exponential polynomial does not provide enough
information about the existence of the infinite spectrum, as will be shown in 4.5.

We now illustrate how the solutions of (22) determine the structure of the infinite
part of the spectrum and raise and partially answer an important open question which
naturally arises from our analysis.

Consider the following example,

1 — 2 Amtr2) 4 go=A8r2 %e—“ =0, (23)

which has, when r; and r3 — 04, the following small-delay part:
1 —2eAMrit72) 4 ge=A8m2 — (24)

The supremum of the real parts of the finite part of the spectrum is ¢f = —% log2 < 0.
The infinite part of the spectrum is nonempty if and only if

1 — 267(R1+R2)677:(91+02) + 4678R2672’802 — 0, (25)

has solutions with Ry and Ry € [0, 400]. In figure 6 the area between curves A, B and
C is the projection on the (R, Ry)-plane of the solutions of (25). Using theorem 4.3,
equation (23) has solutions with real part tending to 400 but small imaginary part
if and only if (25) has a solution with Ry and R € [0, +oc] and 61 = 6 = 0. These
solutions form the curve C in figure 6.

Following theorem 4.2 the solutions of 1 — ), ; aje™ i Re=1i0 = ( determine the
existence of eigenvalues with large real part. When the delays approach zero with a
fixed ratio they will provide a complete characterization of the structure of the large
eigenvalues. This will be illustrated for the example discussed above. We will only
consider the solutions of (24), since one can show that these solutions asymptotically
coincide with solutions of (23) as (r1,r2) — (0,0) (proof similar to theorem 4.2).

Suppose (25) has a solution with

(Rl,Rz):a( ){,R;) 0<a <a<a

whereby we assume at the moment that R} and R} are finite and rationally independ-
ent. Then such a solution for each « satisfies

RY+RY RY
1 — Ze—ak 1k 2 e_(91+02) + 46—8akT26—892 =0

whereby 6; and 62 depend on «. Applying theorem 2.1 to this formula it is clear
that for delays (Ry, Ry) = (RTI, RTE) (24) has solutions with real part arbitrary close
to ka, a1 < a< as.

This leads us to the following conclusions: the intervals in figure 6 which form the
intersection of a line through the origin and the projected solution surface of (25)
correspond to intervals of Z which move to infinity (k — o) as the delays approach

zero in the ratio determined by the slope of the line. Secondly the number and
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Figure 6: Projection of solutions of (25)

lengths of these intervals, when existing, depend strongly on the way (ratio) the delays
approach zero.

Using the same kind of arguments, the intersection of a line through the origin
with curve C in figure 6 corresponds to a real eigenvalue going to infinity. As can be
seen from the picture, the occurrence of this phenomenon depends on the ratio of the
delays.

When % would be rational, the delays are commensurate and Z consists of a

number of points. However when the ratio is close! to an irrational number (due to
the lower semi-continuity of Z w.r.t. the delays) these points will fill up the intervals
(rat. independent case) quite well.

Figure 7 shows some of the zeros of (24) for the delays (R, Rs) = (1, %) which
corresponds to line D in figure 6. For computational convenience these delays are
chosen rationally dependent but the resonance is relatively weak: the two intervals
predicted by figure 6 are already visible. The two real eigenvalues correspond to the
intersection of curves D and C in figure 6.

Note that when the delays approach zero, the imaginary parts of the non real
eigenvalues increase to infinity. As already mentioned, when dealing with practical
control problems, the question arises whether the damping at very high frequencies is
underestimated in the model (— exponential polynomial) or not. In any case the large
real eigenvalues are important. When one can estimate the ratio of the delays in the
real system, one can predict whether such unstable behaviour occurs using diagrams
like figure 6.

Important Remark
The occurrence of arbitrary large real eigenvalues does not depend on the fact whether

the small delays are rationally (in)dependent.

A (positive) rational number a is close to an irrational number iff a = x—; whereby N7 and N2 € N

are large and coprime.
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Figure 7: Part of the spectrum of (24) for the delays (Ry, R2) = (1, 2), corresponding
to the dashed line D in figure 6

4.5 Degenerate cases

We call the exponential polynomial (15) degenerate iff all the positive solutions (w.r.t.
R) of
1= aje " RemMi0 = (26)
el
satisfy
v -R=0o0rv -R=+0c0, Vi€l

For example equation

1— Z a; (e—}\.r>l _ Z bje_x(ijruj.s) —0

i=1 jeJ

is degenerate iff the polynomial 1 — Zf\; a;x" has some zeros on and all other zeros
outside the unit circle. The two degrees of freedom equation 1 — aje M — gge A2 —
> jer b;e~ 25 THi) = ( is degenerate iff |a;| 4 |ag| = 1.

By means of an example we show that the large delay-part plays a role in the
existence of arbitrary large eigenvalues for vanishing delays. Therefore, consider firstly

HA=c+idh) 21+ M 4722 — oA — (27)
which is clearly degenerate. With

By = — dy = (n+ 3),

15
n+3

we plot
H(cH+ idp, hy) =1 — ¢ e — 726 — g~ (2Fhn)e (28)
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Figure 8: Plot of (28) for different values of n

in figure 8 for n = 100, 500,2500. The zero, caused by the negative coefficients of the
large-delay terms, tends to infinity as n does (H(c+id,, hy) = 0 & e "¢ = tanh(c)).
However when one modifies the equation to

1+ e~hA + e~ + e~ (2th)A _ g

degeneration is preserved while there are no solutions with arbitrary large real part:
when substituting A = ¢ 4 di the real part of the equation becomes

1+ e P cos(f1) +e > cos(f2) + e FT cos (0 + 6,), (29)

term A term B

whereby 61 = (dh)mod27 and 6y = (d2)mod27.

Case 1: 01 #m
There are no zeros with arbitrary large real part for vanishing h because term A is
greater than min(1,1 — |cos(f1)|) > 0, whereas term B tends to zero exponentially:
|e™2¢ cos(6;) + e~ (e cos (6 + 02)|
<e 2 ‘cos(ﬁg) + e P cos(6; + 02)‘
< e % (| cos(fy)| + | cos(1 + 02)]) .
Case 2: 0y =

The equation reduces to
(1—e~")(1 4 e % cos(hy)) =0

which has no solutions for vanishing h.
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5 Largest delays coincide

In the previous section we showed that in the presence of both normal and arbitrary
small delays there may exist eigenvalues with arbitrary large real part. Now we de-
scribe an analogous phenomenon: when the largest delays are arbitrary close together
there may be eigenvalues with real part moving to —oco. From a control point of
view this phenomenon is less important (no stability problem) and therefore we only
illustrate the phenomenon with an example and formulate a theorem analogous to
theorem 4.2.

5.1 Example

In the following characteristic equation,
1+4e™ —3e™2 42722+ — (30)

the largest delays 2 and 2 4 h coincide as b — 0. Multiplying this equation with e*?
yields
M et 3427 =0
and it is clear that the solutions of —3 + 2¢ ",
—log(3/2) + i2nl
h
approximate solutions of (30) as h — 0+ with R(\) — —oo.

=

, [ €N,

5.2 Theorem

In order to provide conditions for the existence of eigenvalues moving to —oco when
the small delays 7, approach zero, we introduce the following definitions:

e Take the general form of equation (15) and consider a partition of the index set
J into Jmax and J \ Jmax whereby for j € Jpax,

V;+-S =1maxvg - Ss.
J ke

e An index set J; C Jo is dominant w.r.t. Jo if and only if AR € [0, +00)M such
that
Vi,jeJi, Vke Jy: v R=7v;-R>y-R.

e An index set J* is a nested dominant set w.r.t. J if and only if there exists a
finite number of index sets, J; D Jy D J3 D ... D J; such that .J; is dominant
w.r.t. J, Ji4q is dominant w.r.t. J;, [ =1,... k—1, and J* is dominant w.r.t. Jj.

We can now formulate:
Theorem 5.1 The following statements are equivalent:
36 € [0,27]M, AR € [0, 4+00)M such that Zje]* bijetViBe=1i0 =0

whereby J* is a nested dominant set w.r.t. Jpax

i
3 {Tn}n21 , {An=en+ ifn}nZl

with lim, s €, = —00, 7, > 0 and lim,_, ||7»|| = 0 and such that

H(\,,ry,5)=0
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A proof can be found in appendix B.

6 Applications and examples

We illustrate the results obtained in this paper by means of two examples.

6.1 Boundary controlled PDE

This example and the phenomena which occur are also described in [6]. Consider
Wee =Wy, 0 <t <00, 0 <z<1, (31)

subject to the boundary conditions
=0
) (32)

where b > 0, £ > 0. Formulas (31) and (32) describe the transversal movement of a
beam clamped at one side stabilized by applying a force at the other side. h represents
a small delay in the velocity feedback. To calculate the spectrum of (31) one looks
for solutions of the form w(x,t) = e*z(z). Substituting such a solution in (31) and
taking the boundary conditions into account, the following characteristic equation is
obtained,

eM 4+ ktanh()) =0, (33)

which can be rewritten as

14+ 622 4 pe=Ah _ po—A2+R) _ (34)

6.1.1 Analysis of the undelayed case

When h = 0, the eigenvalues are

1 1+k
A= —-Log ("
Og(l—k

5 >+i7rl, leZ,

where Log denotes the principal value of the logarithm. Because ¢(0) = R(Log (%)) <
0 for k£ > 0 the undelayed system is stable, i.e. all eigenvalues lie in the left half plane.
When k approaches 1, the real part of the eigenvalues moves to —oo, which indicates
superstability. This can be explained as follows: the general solution of (31) can be
written as a combination of two travelling waves, a solution ¢(z — t) moving to the
right and a solution ¢(z + t) moving to the left. When k& = 1, ¢(x — t) satisfies
the second boundary condition, and thus the reflection coefficient at x = 1 is zero;
at x = 0 the wave ¢(z + t) is reflected completely. Consequently all perturbations
disappear in a finite time (at most 2 time-units).
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6.1.2 Analysis for arbitrary small delays

Equation (34) is very interesting from a theoretical point of view. The three delays h,
2 and 2 + h are function of only two independent delays, 2 and h. When h — 0 there
is both an arbitrary small delay and the largest delays asymptotically coincide.

When the delays 2 and h are rationally independent, ¢f can be calculated as the
rightmost solution a of

14 e 200 4 ko2 — e 20 i(01402) — (35)
which, after multiplication with e2®e?(?1+%2) can be rewritten as
17
G20t _ ke
k4 et

and can be interpreted for each « as the intersection points of two circles in the
complex plane. Note that in this case the obtained upper bound will equal the upper
bound calculated when all delays are considered independent:

|1 — k| — e 2% — ke 2 = 0. (36)

Indeed (35) is transformed in (36) when choosing 6y = 0, = 7w if £ < 1 and 6; =
0, 8 = w if £ > 1. Thus the upper bound ¢ in the case of rationally independent

delays satisfies
1 1+ k
=-L — . 37
it (57)

Following theorem 4.2 there are solutions with arbitrary large real part (for arbit-
rary small delays) if IR € (0, +00) and 0 € [0, 27] such that 1+ ke Fe~¥® = 0. This is
the case when k > 1. These solutions have nonzero imaginary part (no solution with
6 = 0). When k = 1 we are dealing with a degenerate case: equation (34) becomes
(27) for which the existence of an infinite spectrum is shown in 4.5.

Theorem 5.1 allows to check the possibility of having eigenvalues tending to —oo.
—keRe™® = 0 has no solution but 1 — kefle™ = 0 has a solution with R € [0, +o0)
when k£ < 1.

6.1.3 Discussion

The obtained results are summarized in figure 9 and one can make the following
conclusions:

e When one doesn’t take the delay h into account in the model, the spectrum lies in
the left half plane, although an infinitesimal delay leads to unstable eigenvalues
for each value of k. This illustrates once more that a controller design based on
an undelayed model is inherently unsafe.

e When k > 1 unstable eigenvalues with arbitrary large real part occur for arbit-
rary small delays.

e When k£ — 1 the supremum of the real parts of the finite part of the spectrum, c;,
moves to +0o. When k ~ 1 the predicted zeros based on a non-delayed model
are very stable while the positions of the actual zeros (small delays) indicate
strong instability.
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Figure 9: Upper bounds on the spectrum of (31): ¢(0) = ¢y is the real part of the
eigenvalues in the undelayed case, ¢ the upper bound on the finite part of the spectrum
for an arbitrary small delay, h = 0+.

6.2 Bifurcation diagram: parameter dependence

As a last example we discuss the position of the eigenvalues of the characteristic
equation
1+ ae M 4 pe 2 (38)

as a function of parameters a en b. Note that (5) is a special case of (38).
When h and 2h can be considered as dependent delays, the eigenvalues of (38) can

V. + Va2 —4b (39)
2b
Hence, when a?—4b < 0 (> 0) the spectrum is situated on one (two) vertical lines in the
complex plane. The position of these lines depend on the parameters. For a> —4b > 0
one can show that such a line crosses the imaginary axis when a = b + 1 and when
a = —b — 1, indicating a change of stability of the line under consideration. When
a®? — 4b < 0 the single line crosses the imaginary axis when b = 1. The corresponding
curves in two-parameter space (a,b) are shown in figure 10.
When h and 2h should be considered independent. the upper bound ¢(h) can be
calculated from

be calculated from:

1— |a|efc(h)h - |b|672c(h)h -0

b

and thus the system is stable if and only if |a| + |b] < 1.

Comparing the dependent with the independent case, one can see that the dan-
gerous area in parameter space, i.e. the parameter values for which small changes
in the delays destroy stability, is enclosed by the triangles (0,1),(1,0),(1,2) and
(0,—1),(1,0),(1,—2) (see figure 10).
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Figure 10: Stability areas of equation (38). When the delays are dependent, ’S’
denotes a stable vertical line of eigenvalues in the complex plane and U’ an unstable
line. When the delays are independent, the system is stable for parameter values
inside the curve |a| + |b| =1

The characteristic equation of (38) corresponds to the small-delay part of the more

general equation
14+ ae ™ 4+ be ™ 4 de™> =0 (40)

as h — 0. Tt is easy to see that in the case of independent delays (40) has eigenvalues
with real part — oo for parameter values a en b outside the curve |a|+|b] = 1 and that
there are arbitrary unstable eigenvalues with small imaginary part for (a + b+ 1 <
0)N (4b —a? < 0). The finite part of the spectrum tends to infinity when approaching
the curvesa =b+1,a=—b—1and b=1,-2 < a < 2. All eigenvalues of (40) are in
the left half plane if and only if |a| + [b] <1 and |d| <1 — |a| — |b].

7 Conclusions

Sensitivity of neutral functional differential equations to infinitesimal changes of the
delays is caused by the behaviour of the essential spectrum which is determined by the
zeros of an exponential polynomial. A remarkable conclusion of the theory developed
in [1, 7], concerning the zeros of exponential polynomials, is that the supremum of
the real parts of the spectrum can change discontinuously w.r.t. the delays whereas
the individual eigenvalues move continuously. In a first part of this paper the un-
derlying mechanisms are interpreted and explained by means of spectral plots. For
example, when rationally independent delays approach rationally dependent delays,
this gives rise to a pointwise and non-uniform convergence of the spectrum, whereby
the sensitivity of an eigenvalue increases as its modulus increases.

In a second part, we extend the theory developed in [1] to the case where some
of the delays are arbitrary small, which can result in eigenvalues with arbitrary large
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real part. Sufficient and necessary conditions are provided. Thereby we also treat the
special case of eigenvalues with large real part but small imaginary part. We further
show that when the small delays are brought to zero in a fixed ratio, the structure of
the set of eigenvalues with large real part depends strongly on this ratio. In the case of
eigenvalues with small real part it even determines the occurrence of the phenomenon.
Whether this is also in general the case is an interesting open question.

The paper ends with two illustrative examples. For instance the model described
in [6] is treated systematically.
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A Lemma

We formulate a lemma which is used in the proof of theorem 4.2.

Lemma A.1 Let f(\) and the sequence { fn(A)}n>1 be analytic functions on an (open)
domain D. Suppose that { fr,(A)}n>1 converges uniformly to f(X) on the disc {\ : |A| <
R} C D for some R € R" and that on this disc f()\) only has a zero in A = 0 with
multiplicity k.

Then there exists a number N € N such that Vn > N,

In(A) has exactly k zeros Ap1,..., An gk in |A] < R whereby lim, 00 A j = 0, Vj €

(1,... k).

This lemma is a modification of Hurwitz’s theorem, see e.g. [3].

Proof Consider for some 0 < 7 < R the curve ' : [0,27] — C : ¢ — ['(t) = re'.
The function |f(\)| attains a minimum M on I'" whereby M > 0.
Because the sequence of functions f,,(\) is uniformly converging,

AN such that Vn > N : |f,(A) = fF(N)] < M < |f(N)]

on I
Consequently
fn(N)

1-— <1
!

onI. .,

For each n > N the curve ~(t) = %, t € [0, 27| satisfies

11—y <1

and because it can be embedded in a closed disc not containing the origin the winding
number of the curve w.r.t. the origin, n(vy,,0), is zero:

1 A\ 1 [Pt
e 0) = —— [ L [Tl
2mi Jo, A 2w Sy ya(t)
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Using the definition of v, (), # 027r 7”5? dt can be written as % Jr (J; ;g f'(()\))) dX.

This integral is well defined because from the previous it follows that neither f,, nor
f are zero in {A:7 —€, < |\ <71 +¢,} for some ¢, € RT.

But this implies
f/

/fn dX\, Vn > N.
2me Jr " omi

Following the theorem of the principle of the argument (see for example [14]) , these
integrals correspond to the zero-pole excess of f and f, (number of zeros-number of
poles) inside I" and in this case to the number of zeros. When taking » = R the first
statement of the lemma is proven. The second statement follows from the fact that r
can be chosen arbitrary small. [

B Proof of theorem 5.1

Proof of || Suppose

S by e = g

JEJT*
whereby for simplicity we assume the following (defining) structure for J*: .J; is
dominant w.r.t. Jpnax with Ry, J* = J5 is dominant w.r.t. .J; with Ry. As will follow
from the proof this involves no loss of generality.
Define a sequence {uy, }n,>1 with

R R R
1 2,

Up = — + —
n n? nd

and a strictly positive sequence {e,},~; with lim,_,, €, = 0. Choose {r,},>1 with
rationally independent components such that

23 (rn — un)|| < €n.
Because {ry},>1 has rationally independent components, due to Kronecker’s theorem:

1 —17j-(Vn,mrn—0) _ y
EI{U,L,m}le such that n}gnooe W (nmrn =) — 1 V5 € J,
hence Im*(n) such that |e_i7f'(”ns’"*(n)r”_9) — 1| < e, Vj € J. Set dp, = vy, yye(n)- We
have created {u,}, ¢, {rn},>; and {d,},~, with

[0 (un = )| < en,
P (dnrn=0) _ 1| < €,, Vj € J,
lim, o €, = 0.

The decay rate of ¢, to zero, which can be chosen arbitrary fast, will be determined
later in the proof.

Define a sequence of real parts {¢,}, -, with ¢, = —n3. Let’s now focus on the
behaviour of the residual: -

HOvrns) = 1= Y a5 = 37 o imtvoncs) 5 om\Gyrts)

iel jE€Jmax FEI\ Tmax
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Obviously the scaled residual

. _ em3 4 . .
eVlllax-'S)\nH(Cn + ldn, Tn, S) — ¢ Vmax SN olVmax SdnH(Cn + ldn, Tps S)

= — Zje] bje—A(Vj-rn) + O(e—(vmax—tlz)-sn'g),

whereby v + 5 < Umax * s is the largest term in {v;-s: j € J\ Jmax}. By a suitable
choice of {€,}n>1 the first term which equals

J

=S by {enunti0) - (entin—enra) it (dnrn—0)

JE€Tmax ~7
converges arbitrary fast to
— Z ijVj'(R1n2+R2n+R)fz’7j-0.
JE€JImax

and thus {e,} can be chosen s.t.

. . L 2 i — — .sn3
pVmax san(cn tidy, T, s) = — Z b;ei (Rin®+Ron+R)—iv;-6 4 O(e (Vmax—v2)-sn

JE€Jmax

)

Ji is dominant w.r.t. Jyax with Ry, thus for some j € Jy,

. 2 -
eVmaX'S)‘n ef’y] Rin 11 (C’I’L + ldna TTH S)
_ ;- R27’L+R 72'7,.0 7&’!7,2
S S Jem 10 4 O(emom)

with o > 0. We can now repeat this procedure: J5 is dominant w.r.t J; with Ry, thus
for some 7 € Jo,

eymaXIS)\nei’Yj.Rln2ei’YiIRQnH(Cn + Zdn7 Tn, 3)
= — ZJZIJ* eFY]"Re_i’YJ"o —+ O(e_ﬁn) = O(e_ﬂn)

with g > 0.
Up to now we have proven that the function

H’I’L(A) = TL@Umax.SAnE_VJ.RanE_,Yj.Ran(Cn + Zd'n,a TTLa 5)

satisfies:

H,(cp +idy,) = O(neiﬂ”Q) — 0 as n — oo.
At this point the proof is not complete but if one can show that H,,(\) has a zero near
¢n + idy, for large n, so does H(A, 7y, s). This will be proven in the following way: we
will show that the local approximation of H,()\) around ¢, + id,, converges uniformly
(as n — o00) to a function H with a zero in order to apply lemma A.1. Let’s first
define H.

In the same way as we considered the asymptotic behaviour of H,(c, + id,) we

can show that %, k > 1 which equals

d" i,
d\k R
= peVmax sAn—ypRin®—yy Ron (_ Zie[ ai(—i - Tn)ke_”’i'rne—%"dn%

- ZjEJ b](_7_7 T —Vj- S)ke_'Yj'CnTne—i’yj-dnrn
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converges to

Z bJ’YJ . le(_Vmax . S)k_lew.Re_iwle — Qk(_ymax ) S)k_la k Z 1.
JjeJ*

for some complex number @ because nr, — Rj and n ZjEJ* bi(—Vmax-s)Feti B0 =
0.

Important remark

Hereby we implicitly assumed that @ # 0. (In the non generic case where
Q = 0 one can consider the behaviour nH,()\). When this gives rise to
derivatives tending to zero one can study n?H,()\)...)

Because for each n, H,()\) is an analytic function it has a Taylor-expansion around

A = ¢ + idy,:
oo k 17
.0\ = 1 d°H,

TLa k)
k=0

(A= A)F,

and when defining 1 £ XA — X, this can be written as:

0o _
- 1 d"H
Ho(p) =) =~ pk
" kz:;) kUodXe | g
We define H(p) in such a way that
d*H d*H,
— = k> 0.
daF |y " noee dNF | 0 T

H(p) is an analytic function and its Taylor expansion around p = 0 is given by

— k 17
H(u)=ZZ‘Lo% % O#k

=K% %k(_’/max ~s)F Ttk
— Kluefymax'sﬂ_

Thus the function H(x) has a zero in g = 0. In order to apply lemma A.1 we will
now show that the series of functions H,(u) converges uiniformly to H () in |p| < 1.
Hereby it should be emphasized that p is in fact a local coordinate which depend
on n; in other words we will prove that for large n the behaviour of H,()\) around
A\n = ¢y + id, corresponds to the behaviour of H(x). In the non generic case Q@ = 0
the functions nH(n) will converge to a function with a double zero in u = 0.)
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For each p with |p| < 1,

| Hy(p) — H(p)| )
— (ﬁn—ﬁ)\oJr%qu---

e}

P e i 1
S E neymax'SA'n*'Y] Rin Vi R2nai€ Vi Cnrne 1Y dnTn E E(_,YZ . TTZ)kuk
i€l k=0
A
1
Vmax'$An—75R1n%—v;5 Ran —cn (Vi rntvis) —iyj dnrp—iv;-dns k k
+ § ne Vil V5 It2 bje (vi j )e Vi j E y(_fyj Ty —Vj - 3) )
JjeEJ\J* k=0
B

+ Zje]* ne—umax-sns—'yj-RlnZ—'yj-Rgnb]_(e—cn(’yj-rn—i-uj-s)e—i’yj-dnrn _ e—('yj-cnun—l—u]--cns)e—i’yjﬂ)

o0

1
E(_W 1 — vy s)
N k:0 . o
c

+ ‘Zje]* nbjeW'Re—WJ"e Ziozo %(_vj “Tp — Vmax * S)k,uk

o0
R —ini. 1 _
+ E bjei Rg—iv;-0 E Eq/j-le(—umaX-s)k Lk
jeJ* k=0

D

and we will show that all these terms can be bounded uniformly on || < 1 whereby
this bound tends to zero as n — oo which proves the uniform convergence.

Thereby we use the following notation: because {Tn}n21 converges to zero, for all
i € I and J € J the sequences {v; - r,} and {v; - r,} can be bounded uniformly for
n > P with P a fixed integer number and we define A; and A; such that Vn > P,

Vit <A €]
'Yj'TnSAj Jj € g
Term A This term can be bounded by
Z ne_Vlnax'Sns |ai|6_7i'cn7‘n eAi
el
and this bound tends to zero as n — oo because ¢, 7, = O(—n?).
Term B Using the triangle inequality this term

00
§ : nel/max'S)\n*’yj-Rlnzf’Y]’-R2nbje*Cn(’Y]"Tn+Vj'S)e*i’Yj'dnTn*iVj'dns § :%(_'Vj Ty — V- S)k,u,k
JEJ\J* k=0
T

is smaller than

oo+l Y T+ > T

JEI\Tmax JE€Tmax\J1 JEJI\J2
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can be bounded by

ZjEJ\Jlnax T

3 . . .
§ ne*Vmax'vsn |b]_|€*’Yj'CnT’ne*Cnll]-Sell]-S#*A]

JET\ Tmax

and the bound approaches zero as n — oo because for j € J \ Jmax, Vj * 5 < Vmax - S.

ZjEJmax\Jl T iS bounded by

e 2 o~ .. .
§ : ne v5-Rin |bj|e vj cnrneuj s+A;

jeJmax\Jl

and this term tends to zero because lim, o0 v; - B1n® — |7 - cprp| = 00 (Jmax \ J1 is
is bounded by

not dominant w.r.t. Jyax with Ry). ‘Zjeh\h T

ST e R Ran o e 2 A
jeJi\J2

and because of the definition of .J; and no dominance w.r.t. Ry, lim,_,o ;- Rin? +
7v; - Ran — |epry| = 00. Consequently also this term vanishes.

Term C This term is bounded by

g nef'Yj'Rln27'Y]"'R2n|bj| ef'yj'cnrnefi'yj'dnrn _ ef'yj'cnunefi'yj'e eVI]]aX'S+Aj
JEJT*
and by a suitable choice of {e,},~; which determines the convergence u,, — r, and

d,r,mod2m — 6 this bound converges to zero.

Term D

ZjEJ* bjew'Re_mlen Zzi“;o %(_’Yj *Tn — Vmax - S)kﬂk

+ e bjei Fem M0 ST | hyy s Rik(—vimax - 8)M 7

— . . ’Yj'R 72”)’]"0 *('Yj'rn‘}”/max's)ll« .. “Vmax SH
Z]EJ* bjeli e ne + 5 - Ripe

= |2 je bjeli e i e Vmassht (n 4 e Tl — 1) 45 - Rlﬂ)‘

= ZjEJ* bje'Yj'Re*”f'ae*”m“'sﬂ (n(e= Tk — 1) 4 ;- Rl,u,)‘

Y jese |bjlei fevmes ek — 1) + ;- Rypl

IA

Once again this upperbound tends to zero as n — co. Indeed
limy, 00 |n(e_7j.rn“ - ]-) +5 R21:u'|
= lim, o0 ‘n(—fyj “Tp b+ %Mz +...) 4+ Rip
—Yj - TR+ Yj TR

. nk(y;-rn)* .
< limyoom 370, O 4 limy oo [y — ;- B
k
. 1 YiNTrn .
< limp oo £ 30020 DL - limy o |y — ;- Ry

1

< limy, 00 Ee’Yj.nrn + limy, oo |7j TNrp — 75" R1|

= 0.
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Concluding we proved that the sequence of functions H,,(u) converges unformly
on |u| < 1 to H(p) = Kpe V™* which has a zero in g = 0. When applying
lemma A.1, there must be an N € N such that for all n > N, dg,, + ¢h,, such that

H,(p = gn + ihy) = 0 and lim,, o0 g + 2h, = 0. But this implies that for n > N,
H((cn+gn)+i(cn+hn),mn,s) = H(Ay, 7y, s) = 0 which, after renumbering the indices,
completes the proof.

Proof of {f Consider the sequences

{enrn}nZM {fnrn}nZL

Define the index set I C {1, M'} whereby for all i € I not all ;;, j € Jmax, are zero
and the subset of row indices S; such that

{(farnk)mod27 }n>1 nes,

converges for each k € I,

lim e,7,
n—00
exists for all £ € I and
. €nTn,k
lim ———=

n—00,n€Sy €nTp |

exists for each value of k¥ and [ € I. This is always possible because firstly when a

sequence is unbounded there exists a subsequence with limit infinity and secondly when

a sequence is bounded there exists a converging subsequence (Weierstrass-Bolzano).
Starting from

Vmax-S€ _—(en+1 e _—(en+1 P 2R ]
eVmax n (1 _ ZZGI a;e ( n fn)'Yz n __ ng]max b]e ( n fn)('Y] n ' )_

D€\ Tuma bje—(e”“f”)(”'T”+"j's)> =0

and because

lim eYmaxsen [ 1 — Z aie—(en-l-ifn)’)‘i-rn _ Z bje—(en—l—ifn)('yj-rn-i—uj-s) -0

leI ]eJ\Jmax
we end up with
lim bje i Tne Gt = ) (41)
n—0o0
]GJD)ELX

Make a partition of index set I = into I1 and I5 such that for each 4,5 € I; and

k € I:

. €nTn,i .
lim ——=K;;> lim
n—00,n€Sy €Ty j ’ n—o00,n€S1 €nln j

EnTn,k

=0

and

lim  eprp; = oo.
n—o00,n€ES1
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with 0 < K;; < oco. Suppose at this point that such a (non empty) set I; exists.
Define Ry such that for i € {1, M} \ I, Ry ; =0 and for 4,5 € I,
Ry ;

- K, .
Ry ’

Now ngjmx bje enYiTne~ i can be split in 37 bjeen e
whereby Jq is dominant w.r.t. Jyax with Ry.

Consider the sequences { nlmi _ e"T"J} for ¢,7 € I; and define Sy C S7 such that

;e —enYj T e 1Y fnTn and Z

]GJ ]GJD)’LX\Jl

; EnTng  EnTn,;
n—00,nES> Rl,i RLj

exists for i, j € I} and define a k € I; such that lim;, 00 nes, (enr—”’; — %) < 0 for

Ry g Ry
all j € I.
To remove the fastest growing component one can multiply equation (41) with

Ry M en’y k
vi{enr, 5=}z 2= (- Ry
e J { n n,le,k i=1 —¢ Rl,k ( J )

(42)

which is an expression invariant over each j € J; because .J; is dominant with Ry.
Because (42) tends to zero as n — oo this yields

{ Ry
EnT —enT .
D D L T (43)
n—00,nESy *
JEJ1
Define now the sequences
Ry ;
!
{qTL,i}TLZI,nESg = {enrn,i - T kR }n>1 nESo 1€l
1,k

whereby index set I’ consists of all indices ¢ such that not all ~;;, j € J; are zero.
From the previous it follows that from a fixed number N € N on the components of ¢,
are positive. Once again one can define a subset of Sy, S3, such that for all 7,5 € I’,

Z”’f exist and define a partition of I’ into I] and I}
n,]

such that for 4,5 € I and k € I,

. n,i . dn,k
lim =L j > lim ==
n—o00,n€ESs qn,j ’ n—o00,n€ESs an,j

hmn%oo,nGSg qnis hmn%oo,nGSg

=0

and

lim  ¢,; = oo,
n—00,n€ES3

with 0 < L; j < oo.
If I{ is not empty one can define Ry such that for i € {1, M} \ I], Ry; = 0 and for

i,j €I, & R“
Ji with Rz. Furthermore take a subset S; of S3 such that limy, o nes, (Bt — Lui)

= L; ;. From index set J; one can split off J| which is dominant w.r.t.

Ray; Ra ;
ol (y;-Ro)
converges, Vi,j € I|. Multiplying equation (43) with e27 ! whereby for each
J € If, lim, o neS4(Rn lz — ?{” ) < 0 the following result is obtained:
2
M
[ S s tnim s iy furn _ g,
n—o00,nESy
JE(LNJY)
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By continuing the extraction of the fastest growing components, after a finite
number of steps, we end up with

111’I1 E e’yj'(yn)efivj'fnrn =0
n—o00,nES*
Jje(I*=JinJiN...)

whereby for all # € I*, the set of indices such that not all v;;, 5 € J* are zero,
lim,, o0 ¥n 18 a positive number. Finally we define

R,k = 1imn—>oo,n€5* Yn Kk kelI*
Ry=0 kel\I*

and because the components of v; are integer numbers, e~ i fnrn = =i (farn)mod2m

and we set
0= lim (fprp)mod2w
n—o00,n€eS*
By a continuity property we end up with
Z Vi Re=i7i0 — .

jerr

which completes the proof. [I
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