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Some 10 years ago, at a conference in Antwerp organised by Annie Cuyt, Haakon Waadelandgave a talk entitled "Some recent results in the analytic theory of continued fractions" [10] (seealso [6], [7], [8], [9]). In this talk Waadeland discussed a method of convergence acceleration forcontinued fractions based on Taylor series expansions. The idea is the following: we consider acontinued fraction of the form 1Kn=1 �zn1 � (1)with zi 2 C. Such an expression de�nes a function of in�nitely many variables: to see this letz = (z1; z2; : : : ; zN ; zN+1; : : :)and then de�ne H(0) : A � C1 ! C : z 7! H(0)(z) = 1Kn=1 �zn1 �where we assume that the continued fraction converges to a �nite value for all z 2 A, an opensubset of C1. Let us furthermore assume that� = (�1; �2; : : : ; �N ; �N+1; : : :)The function H(0) has a Taylor series expansion which we can write in the following form:H(0)(z + �) = H(0)(z) + 1Xi=1 @H(0)@zi (z)�i + 12! 1Xi;j=1 @2H(0)@zi@zj (z)�i�j + : : : (2)If we use the notation: H(N)(z) = 1Kn=N+1 �zn1 �for the tails of the continued fraction (1), we can write down similar series expansions for thesetails. In the rest of this paper we assume that all these tails converge to a �nite value.The classical method of obtaining an approximation to the value of the continued fraction (1)is by replacing the N -th tail H(N) by zero. Here the choice of the value zero is a ratherarbitrary one: if an approximation to the value of the N -th tail is known, then it is betterto use this approximation. In some cases this will accelerate the convergence of the continuedfraction (1).The partial sums of the Taylor series expansion of this N -th tail give us approximations forthe value of the N -th tail. The only problem is to calculate these partial sums. To do this we1



have to calculate the partial derivatives in (2). In [10] this was done for the derivatives up tothe second order. Waadeland used H(0)(z) + 1Xi=1 @H(0)@zi (z)�iand H(0)(z) + 1Xi=1 @H(0)@zi (z)�i + 12! 1Xi;j=1 @2H(0)@zi@zj (z)�i�jWe will get expressions for the partial derivatives of the third order. For the notations used werefer to [10].Starting from H(0) = An +An�1H(n)Bn +Bn�1H(n)and using H(n) = zn+11 +H(n+1)An�1Bn �AnBn�1 = (�1)n nYk=1 zkBn +Bn�1H(n) = nYk=1(1 +H(k))Bn�1 = nXk=1(�1)n�k  n�1Y�=kH(�)! k�1Y�=1(1 +H(�))!(see [10]) and @Bn�1@zm+1 = Bm�1B(m+1)n�m�2 (n� 1 � m)with B(m)�1 = 0; B(m)0 = 1, B(m)n+1 = B(m)n + zn+m+1B(m)n�1 (this is not di�cult to prove usinginduction), we've recalculated some of the partial derivatives of H(0). Here they are, witht� = � H(�)1 +H(�)First order @H(0)@zn+1 = BnAn�1 �AnBn�1(1 +H(n+1))(Bn +Bn�1H(n))2= H(0)H(n)(1 +H(n+1)) nYk=1 tkSecond order @2H(0)@z2n+1 = (�2) BnAn�1 �AnBn�1(1 +H(n+1))2(Bn +Bn�1H(n))3Bn�1= �2H(0)H(n)(1 +H(n+1))2 nYk=1 � H(k)(1 +H(k))2! �Bn�1= @H(0)@zn+1 � 2H(n)(1 +H(n+1)) � nXk=1 nY�=k t�2



and for n > m@2H(0)@zm+1@zn+1 = (�1)nzn � : : : � zm+2 � zm � : : : � z1(1 +H(n+1))[(1 +H(n)) � : : : � (1 +H(m+1))]2 Bm �Bm�1H(m)(Bm +Bm�1H(m))3= @H(0)@zn+1 � 1H(m)(1 +H(m+1)) mYk=1� 11 +H(k)� � (Bm �Bm�1H(m))= @H(0)@zn+1 � 1H(m)(1 +H(m+1)) � "1 + 2 mXk=1 mY�=k t�#Third order @3H(0)@z3n+1 = 6 BnAn�1 �AnBn�1(1 +H(n+1))3(Bn +Bn�1H(n))4B2n�1= @2H(0)@z2n+1 � 3H(n)(1 +H(n+1)) � nXk=1 nY�=k t�and for n > m@3H(0)@zm+1@z2n+1 = (�2) (�1)nzn � : : : � zm+2 � zm � : : : � z1(1 +H(n+1))2[(1 +H(n)) � : : : � (1 +H(m+1))]3 �" Bm � 2Bm�1H(m)(Bm +Bm�1H(m))4 �Bn�1 +Bm�1B(m+1)n�m�2 zm+1(Bm +Bm�1H(m))3#= @H(0)@zn+1 � 2H(n)(1 +H(n+1)) � 1H(m)(1 +H(m+1)) �24(1 + 3 mXk=1 mY�=k t�) � nXk=1 nY�=k t� � mXk=1 mY�=k t� � nXk=m+2 nY�=k t�35@3H(0)@z2m+1@zn+1 = (�1)nzn � : : : � zm+2 � zm � : : : � z1(1 +H(n+1))[(1 +H(n)) � : : : � (1 +H(m+1))]2(1 +H(m+1)) ��4Bm + 2Bm�1H(m)(Bm +Bm�1H(m))4 �Bm�1= @H(0)@zn+1 � 2(H(m))2(1 +H(m+1))2 � "2 + 3 mXk=1 mY�=k t�# � mXk=1 mY�=k t�and for n > m > p@3H(0)@zp+1@zm+1@zn+1 = ::: too complicated= @H(0)@zn+1 � 1H(m)H(p)(1 +H(m+1))(1 +H(p+1))�"(1 + 2 mXk=1 mY�=k t�) � (1 + 2 pXk=1 pY�=k t�)+2 pXk=1 pY�=k t� � p+1Xk=1 mY�=k t�353



With these expressions we can now try to accelerate the convergence of a continued fraction ofthe form 1Kn=1  zn + �n1 ! (3)if we know the values of all the tails of the 'nearby' continued fraction1Kn=1 �zn1 �As an example Waadeland useszi = a ; a 2 Cn]�1;�1=4]In this case we have: H(n)(z) = � with � = �1 +p1 + 4a2Setting G(N)(z) = 1Kn=1  a+ �n+N z1 ! z 2 Cwe can simplify things by using the Maclaurin series expansion of this function of the variablez at the point z = 1: G(N)(1) = G(N)(0) + kXi=1 1i! �  diG(N)dzi ! (0)The �rst three derivatives at the righthand side may be calculated from the expressions for thepartial derivatives given above. We denote the partial sums of this series by wk;N :wk;N = � + kXi=1 1i! �  diG(N)dzi ! (0)For k = 1 we �nd in [10] :w1;N = � + 11 + � 1Xn=0�� �1 + ��n �n+N+1and for k = 2:w2;N = � + 11 + � 1Xn=0�� �1 + ��n �n+N+1� 1(1 + 2�)(1 + �)2 1Xn=0�� �1 + ��n "1 � �� �1 + ��n# �2n+N+1+ 1�(1 + 2�)(1 + �)2 1Xm=0 1Xn=m+1�� �1 + ��n "1 + 2�� �1 + ��m# �m+N+1�n+N+14



If we use the notationGn;n;n =  @3H(0)@z3n+1 !0 Gm;n;n =  @3H(0)@zm+1@z2n+1!0Gm;m;n =  @3H(0)@z2m+1@zn+1!0 Gp;m;n =  @3H(0)@zp+1@zm+1@zn+1!0where ()0 denotes evaluation at z1 = z2 = : : : = zi = : : : = a, then we �nd for k = 3w3;N = w2;N + 16 1Xn=0Gn;n;n�3n+N+1 + 12 1Xm=0 1Xn=m+1Gm;n;n�m+N+1�2n+N+1+ 12 1Xm=0 1Xn=m+1Gm;m;n�2m+N+1�n+N+1 + 1Xp=0 1Xm=p+1 1Xn=m+1Gp;m;n�p+N+1�m+N+1�n+N+1We used MAPLEV to calculate the extra terms in this expression, for the special case�k = C � T kHere is a transcript of the MAPLE session:> t1:=t^n*(1-t^n)^2*T^(3*n);t1 := tn ( 1 � tn )2 T ( 3n )> t1:=expand(t1);t1 := tn (T n )3 � 2 ( tn )2 (T n )3 + ( tn )3 (T n )3> t1:=sum(t1,n=0..infinity);t1 := � 1t T 3 � 1 + 2 1t2 T 3 � 1 � 1t3 T 3 � 1> t1:=subs(t=(-Gamma/(Gamma+1)),t1):> t1:=simplify(t1);t1 := ( � + 1 )�T 3 ( 1 + 6� + 13�2 + 4�4 T 3 + 4�4 + 12�3 + 4�3 T 3 + �2 T 3 ).(( �T 3 + � + 1 ) ( �2 T 3 � �2 � 2� � 1 ) ( �3 T 3 + �3 + 3�2 + 3� + 1 ) )> term1:=1/(Gamma+1)^3*1/(1+2*Gamma)^2*t1:> term1:=simplify(term1);term1 := ( �2 T 3 + �2 + 2� + 1 )�T 3 .�( �3 T 3 + �3 + 3�2 + 3� + 1 ) ( � + 1 )2( �T 3 + � + 1 ) ( �2 T 3 � �2 � 2� � 1 )�> t2:=t^n*(1-2*t^n+(1+Gamma)*t^(n-m)+2*Gamma*t^m-3*Gamma*t^(n+m))*T^(2*n+m);t2 := tn ( 1� 2 tn + (� + 1 ) t(n�m ) + 2� tm � 3� t( n+m ) )T ( 2n+m )5



> t2:=expand(t2);t2 := tn (T n )2 Tm � 2 ( tn )2 (T n )2 Tm + ( tn )2 (T n )2 Tm �tm + ( tn )2 (T n )2 Tmtm+ 2 tn (T n )2 Tm � tm � 3 ( tn )2 (T n )2 Tm � tm> t2:=sum(t2,n=m+1..infinity):> t2:=sum(t2,m=0..infinity);t2 := t T 2( t T 2 � 1 ) ( t T 3 � 1 ) � 2 t2 T 2( t2 T 2 � 1 ) ( t2 T 3 � 1 ) + t2 T 2 �( t2 T 2 � 1 ) ( t T 3 � 1 )+ t2 T 2( t2 T 2 � 1 ) ( t T 3 � 1 ) + 2 t T 2 �( t T 2 � 1 ) ( t2 T 3 � 1 ) � 3 t2 T 2 �( t2 T 2 � 1 ) ( t3 T 3 � 1 )> t2:=subs(t=(-Gamma/(Gamma+1)),t2):> t2:=simplify(t2);t2 := (�1� 10� � 104�3 � 3�2 T 3 � 22�3 T 3 � 43�2 � 64�4 T 3 � 155�4 + 4�7 T 8+ 4�7 T 5 � 11�6 T 5 � 20�5 T 5 � 28�7 T 3 � 73�6 T 3 � 94�5 T 3 � 2�3 T 5+ �6 T 8 � 11�4 T 5 � 28�7 � 85�6 � 146�5 + 4�8 T 8 � 4�8 + 4�8 T 5 � 4�8 T 3)( � + 1 ) �T 2 .( ( �3 T 3 + �3 + 3�2 + 3� + 1 ) ( �2 T 3 � �2 � 2� � 1 )( �2 T 2 � �2 � 2� � 1 ) ( �T 3 + � + 1 ) ( �T 2 + � + 1 ) )> term2:=-1/(Gamma*(1+Gamma)^3*(1+2*Gamma)^2)*t2:> term2:=simplify(term2);term2 := �T 2(�6 T 8 � �6 + �6 T 5 � �6 T 3 � 6�5 � 6�5 T 3 � 12�4 T 3 � 3�4 T 5 � 15�4� 20�3 � 10�3 T 3 � 2�3 T 5 � 3�2 T 3 � 15�2 � 6� � 1).�( � + 1 )2( �T 2 + � + 1 ) ( �T 3 + � + 1 ) ( �2 T 2 � �2 � 2� � 1 ) ( �2 T 3 � �2 � 2� � 1 )( �3 T 3 + �3 + 3�2 + 3� + 1 )�> t3:=t^n*(1-t^m)*(1+2/Gamma+3*t^m)*T^(n+2*m);t3 := tn ( 1 � tm ) �1 + 2 1� + 3 tm� T (n+2m )> t3:=expand(t3);t3 := tn T n (Tm )2 + 2 tn T n (Tm )2� + 2 tn T n (Tm )2 tm � 2 tn T n (Tm )2 tm�� 3 tn T n (Tm )2 ( tm )2> t3:=sum(t3,n=m+1..infinity):> t3:=sum(t3,m=0..infinity);t3 := t T( t T � 1 ) ( t T 3 � 1 ) + 2 t T� ( t T � 1 ) ( t T 3 � 1 ) + 2 t T( t T � 1 ) ( t2 T 3 � 1 )6



� 2 t T� ( t T � 1 ) ( t2 T 3 � 1 ) � 3 t T( t T � 1 ) ( t3 T 3 � 1 )> t3:=subs(t=(-Gamma/(Gamma+1)),t3):> t3:=simplify(t3);t3 := ( � + 1 ) (�2 � 11� � 11�3 + �3 T 3 � 20�2 + 4�4 T 3 + 4�4 + 4�5 T 3 + 4�5 )T 4�.( ( �3 T 3 + �3 + 3�2 + 3� + 1 ) ( �2 T 3 � �2 � 2� � 1 ) ( �T 3 + � + 1 )(T � + � + 1 ) )> term3:=-1/((1+Gamma)^3*(1+2*Gamma)^2)*t3:> term3:=simplify(term3);term3 := ��T 4 ( �3 + �3 T 3 � 3� � 2 ).�(T � + � + 1 ) ( �T 3 + � + 1 )( �2 T 3 � �2 � 2� � 1 ) ( �3 T 3 + �3 + 3�2 + 3� + 1 ) ( � + 1 )2�> t4:=t^n*(1+4*Gamma*t^m+2*Gamma^2*t^(m-p-1)+2*Gamma*t^p+6*Gamma^2*t^(m+p))*> T^(p+m+n);t4 := tn ( 1 + 4� tm + 2�2 t(m�p�1 ) + 2� tp + 6�2 t(m+p ) )T ( p+m+n )> t4:=expand(t4);t4 := tn T p Tm T n + 4 tn T p Tm T n � tm + 2 tn T p Tm T n �2 tmtp t + 2 tn T p Tm T n � tp+ 6 tn T p Tm T n �2 tm tp> t4:=sum(t4,n=m+1..infinity):> t4:=sum(t4,m=p+1..infinity):> t4:=sum(t4,p=0..infinity);t4 := � t2 T 3( t T � 1 ) ( t T 2 � 1 ) ( t T 3 � 1 ) � 4 t3 T 3�( t T � 1 ) ( t2 T 2 � 1 ) ( t2 T 3 � 1 )� 2 t2 T 3�2( t T � 1 ) ( t2 T 2 � 1 ) ( t T 3 � 1 ) � 2 t2 T 3 �( t T � 1 ) ( t T 2 � 1 ) ( t2 T 3 � 1 )� 6 t3 T 3�2( t T � 1 ) ( t2 T 2 � 1 ) ( t3 T 3 � 1 )> t4:=subs(t=(-Gamma/(Gamma+1)),t4):> t4:=simplify(t4);t4 := (1 + 9� + 61�3 + 13�7 T 6 + 6�6 T 6 + �5 T 6 � 61�7 T 2 � 85�6 T 2 � 70�5 T 2� 34�4 T 2 � 9�3 T 2 � 4�9 + 4�9 T 8 + 4�9 T 6 � 4�9 T 2 + 12�8 T 6 � 24�8 T 2+ �2 T 3 + 4�3 T 3 + 33�2 � 2�4 T 3 + 51�4 � �2 T 2 + �7 T 8 � 60�7 T 5� 65�6 T 5 � 30�5 T 5 � 44�7 T 3 � 59�6 T 3 � 32�5 T 3 � 5�4 T 5 � 57�7 � 61�6� 9�5 + 4�8 T 8 � 24�8 � 20�8 T 5 � 12�8 T 3)( � + 1 ) �2 T 3.(( �3 T 3 + �3 + 3�2 + 3� + 1 ) ( �2 T 3 � �2 � 2� � 1 ) ( �2 T 2 � �2 � 2� � 1 )7



( �T 3 + � + 1 ) ( �T 2 + � + 1 ) (T � + � + 1 ) )> term4:=1/(Gamma^2*(1+Gamma)^3*(1+2*Gamma)^2)*t4:> term4:=simplify(term4);term4 := T 3(1 + 5� + 5�3 + �7 T 6 + 2�6 T 6 + �5 T 6 � �7 T 2 � 5�6 T 2 � 10�5 T 2� 10�4 T 2 � 5�3 T 2 + �2 T 3 + 9�2 � 6�4 T 3 � 5�4 � �2 T 2 + �7 T 8 � 5�6 T 5� 10�5 T 5 � 3�6 T 3 � 8�5 T 3 � 5�4 T 5 � �7 � 5�6 � 9�5).�(T � + � + 1 )( �T 2 + � + 1 ) ( �T 3 + � + 1 ) ( �2 T 2 � �2 � 2� � 1 ) ( �2 T 3 � �2 � 2� � 1 )( �3 T 3 + �3 + 3�2 + 3� + 1 ) ( � + 1 )2�> Total:=term1+term2+term3+term4;total := ( �2 T 3 + �2 + 2� + 1 )�T 3%1 (� + 1 )2 ( �T 3 + � + 1 ) ( �2 T 3 � �2 � 2� � 1 ) � T 2(�6 T 8 � �6 + �6 T 5� �6 T 3 � 6�5 � 6�5 T 3 � 12�4 T 3 � 3�4 T 5 � 15�4 � 20�3 � 10�3 T 3 � 2�3 T 5� 3�2 T 3 � 15�2 � 6� � 1).�( � + 1 )2 ( �T 2 + � + 1 ) ( �T 3 + � + 1 )( �2 T 2 � �2 � 2� � 1 ) ( �2 T 3 � �2 � 2� � 1 )%1�� �T 4 ( �3 + �3 T 3 � 3� � 2 )(T � + � + 1 ) ( �T 3 + � + 1 ) ( �2 T 3 � �2 � 2� � 1 )%1 ( � + 1 )2 + T 3(1+ 5� + 5�3 + �7 T 6 + 2�6 T 6 + �5 T 6 � �7 T 2 � 5�6 T 2 � 10�5 T 2 � 10�4 T 2� 5�3 T 2 + �2 T 3 + 9�2 � 6�4 T 3 � 5�4 � �2 T 2 + �7 T 8 � 5�6 T 5 � 10�5 T 5� 3�6 T 3 � 8�5 T 3 � 5�4 T 5 � �7 � 5�6 � 9�5).�(T � + � + 1 ) ( �T 2 + � + 1 )( �T 3 + � + 1 ) ( �2 T 2 � �2 � 2� � 1 ) ( �2 T 3 � �2 � 2� � 1 )%1 ( � + 1 )2 �%1 := �3 T 3 + �3 + 3�2 + 3� + 1> simplify(total); T 2 (T + 1 )(T � + � + 1 )3 ( �T 3 + � + 1 ) ( �T 2 + � + 1 )The last expression, multiplied by C3 � T 3N+3, gives usw3;N �w2;Nfor this special case. So, combining this with the results from the paper [10], we �nally getw3;N = � + CTN+1T� + � + 1 � C2T 2N+3(T� + � + 1)2(T 2� + � + 1)+ C3(T + 1)T 3N+5(T� + � + 1)3(T 2� + � + 1)(T 3� + � + 1)There is of course another method to calculate these Taylor-Waadeland modi�cations. Forinstance for k = 4. We start with the recurrence relation for the tails:zn+1 �H(n)(1 +H(n+1)) = 08



and we assume that: w4;n = w3;n +K � T 4nWe put this into the equation for the tails, we expand the result and we choose K in such away that all the terms of the form c � T 4n cancel out.Here is a transcript of the MAPLE session:> w:=n->Gamma+C*T^(n+1)/(1+Gamma+Gamma*T)-C^2*T^(2*n+3)/((1+Gamma+Gamma*T)^> 2*(1+Gamma+Gamma*T^2))+C^3*T^(3*n+5)*(1+T)/((1+Gamma+Gamma*T)^3*(1+Gamma+Gamma> *T^2)*(1+Gamma+Gamma*T^3))+K*T^(4*n):> w(n)*w(n+1)+w(n)-Gamma-Gamma*Gamma-C*T^(n+1):> expand("):> normal("):> expand(numer(")/T^(4*n)):> subs(T^n=0,"):> solve("=0,K):> factor(");� (T 5 � + 2�T 4 + 2�T 3 + T 3 + 2�T 2 + T 2 + 2�T + 2T + 1 + � )C4 T 7( 1 + � + �T 3 ) ( �T 4 + 1 + � ) ( 1 + � + �T 2 )2 ( 1 + � + �T )4Hence:w4;N = w3;N � (T 5� + 2�T 4 + 2�T 3 + T 3 + 2�T 2 + T 2 + 2�T + 2T + 1 + � )C4 T 4N+7( 1 + � + �T 3 ) ( �T 4 + 1 + � ) ( 1 + � + �T 2 )2 ( 1 + � + �T )4EXAMPLE: Here are the results if we use these modi�cations in an example:N=15 T=0.999 C=1 A=30 GAMMA=5exact 5.0901212003055k=0 5.0961963614170k=1 5.0900725866929k=2 5.0901219882156k=3 5.0901211843188k=4 5.0901212006691NOTE: There is an easier way to get wk;N in this special case. For instance for k = 4, wereplace H(n) in the lefthand side of the recurrence relation for the tails by w3;n, we expand andtake the coe�cient of T 4n in the result. This expression divided by 1+�+�T 4 gives us w4;n :> w:=n->Gamma+C*T^(n+1)/(1+Gamma+Gamma*T)-C^2*T^(2*n+3)/((1+Gamma+Gamma*T)^2> *(1+Gamma+Gamma*T^2))+C^3*T^(3*n+5)*(1+T)/((1+Gamma+Gamma*T)^3*(1+Gamma+Gamma*T> ^2)*(1+Gamma+Gamma*T^3)):> u:=Gamma*(1+Gamma)+C*T^(n+1)-w(n)*(1+w(n+1)):> u:=expand(u): 9



> u:=normal(u):> u:=u/(T^(n))^4:> u:=subs(T^n=0,u):> u:=simplify(u):> u:=u/(1+Gamma+Gamma*T^4);u := � C4 T 7 (T 5 � + 2T 4 � + 2�T 3 + 2�T 2 + 2�T + � + T 3 + 1 + 2T + T 2 )( 1 + � + �T 3 ) ( 1 + � + �T )4 ( 1 + � + �T 2 )2 ( 1 + � + T 4 � )This method is related to the one described in [1, 2]. (See also [4, 5])To understand why the numerator in w4;N is such a complicated expression, we have to makea link with the method described in [3].We go back to the general case and we consider two continued fractions:(1) 1Kn=1 �zn1 � (3) 1Kn=1  zn + �n1 !We assume that we know the exact values of all the tails H(n) (we omit the argument z) ofthe continued fraction (1), and that the second is in some sense near to the �rst one. We wantto use this information to accelerate the convergence of (3). To do this the standard procedureis to replace the n-th tail of (3) by H(n):W0;n = H(n)We try to get a better approximation for the tails of (3), and therefore we assume that the n-thtail h(n)(= H(n)(z + �) is of the formh(n) = H(n) + �(1)n(an idea developed in [9]), with �(1)n in some sense small compared with H(n). Now the tailsof (3) satisfy the equation zn+1 + �n+1 � h(n)(1 + h(n+1)) = 0Substituting gives us zn+1 + �n+1 � (H(n) + �(1)n )(1 +H(n+1) + �(1)n+1) = 0or, using the fact that H(n) is the n-th tail of (1):�n+1 �H(n)�(1)n+1 � (1 +H(n+1))�(1)n � �(1)n �(1)n+1 = 0We leave out the last term on the left, assuming it will be small compared with the others, andrewrite the equation: H(n)�̂(1)n+1 + (1 +H(n+1))�̂(1)n = �n+1with �̂(1)n an approximation to �(1)n .Hence �̂(1)n is a solution of the recurrence relation:H(n)yn+1 + (1 +H(n+1))yn = �n+110



We assume that �̂(1)n is the minimal solution of this recurrence relation, and we calculate itusing backward recursion starting from yN+1 = 0We get yN = �N+11 +H(N+1)and yN�1 = �N1 +H(N) � H(N�1)�N+1(1 +H(N))(1 +H(N+1))Continuing in this way we �nd:yi = N�iXn=0 H(i)H(n+i)(1 +H(n+i+1)) nYm=1 � H(m+i)1 +H(m+i)! �n+i+1We now let N !1 to �nd �̂(1)i :�̂(1)i = H(i) 1Xn=0 1H(n+i)(1 +H(n+i+1)) nYm=1 � H(m+i)1 +H(m+i)! �n+i+1For i = 0 this gives us:�̂(1)0 = H(0) 1Xn=0 1H(n)(1 +H(n+1)) nYm=1 � H(m)1 +H(m)! �n+1Hence our new modi�cation is given by:W1;n = H(n) + �̂(1)nThis is exactly the result given in [9]. It reduces to w1;n if z1 = z2 = : : : = zi = : : : = a.Using an argument similar to that in [2, 3] it is possible to prove convergence acceleration inthis case.NOTE 1: If the series above converges to a �nite value, then �̂(1)n is the minimal solution ofthe �rst order recurrence relation, in the sense that �̂(1)n =yn ! 0 for n !1 for every othersolution yn of the recurrence. This is easy to prove.NOTE 2: The generalization to the case of a more general continued fraction of the formK(an=bn) is straightforward.We now try to improve our approximation for the tails. Let us assume that the n-th tail ofthe continued fraction (3) is of the formh(n) = H(n) + �̂(1)n + �(2)nwith �(2)n small compared with �̂(1)n . Substituting into the equation for the tails gives us:zn+1 + �n+1 � (H(n) + �̂(1)n + �(2)n )(1 +H(n+1) + �̂(1)n+1 + �(2)n+1) = 011



or, using the recurrence relation for �̂(1)n :�H(n)�(2)n+1 � (1 +H(n+1))�(2)n � �̂(1)n �̂(1)n+1 � �̂(1)n �(2)n+1 � �(2)n �̂(1)n+1 � �(2)n �(2)n+1 = 0We leave out the three last terms on the left, assuming they will be small compared with theothers, and rewrite the equation:H(n)�̂(2)n+1 + (1 +H(n+1))�̂(2)n = ��̂(1)n �̂(1)n+1with �̂(2)n an approximation to �(2)n .Continuing in the same way as above, we �nd:�̂(2)i = �H(i) 1Xn=0 1H(n+i)(1 +H(n+i+1)) nYm=1 � H(m+i)1 +H(m+i)! �̂(1)n+i�̂(1)n+i+1Our new modi�cation is given by: W2;n = H(n) + �̂(1)n + �̂(2)nIt is possible to prove that W2;n = w2;n in the special case z1 = z2 = : : : = zi = : : : = a.EXAMPLE: Let us look at the following example from [9]:zn = n(n + 2) ; �n = (n+ 1)yit is easy to see that H(n) = n+ 1; W1;n = n + 1 + y2We �nd for �̂(2)i : �̂(2)i = �(i+ 1) 1Xn=0 1(n+ i+ 1)(n + i+ 3)(�1)n i+ 2n+ i+ 2 y24which can be simpli�ed (using partial fractions) to:�̂(2)i = i4 + 58 � (i+ 1)(i+ 2)2 (�1)i  ln 2 � iXk=1(�1)k�1 1k! � y2If we use the corresponding modi�cations for the case y = 1, we �ndN=25exact 1.444713868k=0 1.447170660k=1 1.444691157k=2 1.444714294It is clear that we can iterate the process described above: in each step we get a �rst orderrecurrence relation of the formH(n)yn+1 + (1 +H(n+1))yn = r.h.s.12



In the next step the r.h.s. will be equal to��̂(1)n �̂(2)n+1 � �̂(2)n �̂(1)n+1These are some of the terms that we neglected earlier on. Note that so far each term of �̂(k)ncontains a product of k �'s (Compare this with the Taylor-Waadeland modi�cations!). If wetake the expression above as the r.h.s. in the recurrence relation, then the solution �̂(3)n willbe an in�nite sum and its terms contain 3 (=1+2=2+1) factors �. The r.h.s. in the next stepwill be ��̂(2)n �̂(2)n+1 � �̂(1)n �̂(3)n+1 � �̂(3)n �̂(1)n+1since 2+2=1+3=3+1=4.So the r.h.s.'s get more complicated, and so do the �̂(k)n .References[1] Jacobsen L., Waadeland H.: 1990, 'An Asymptotic Property for Tails of Limit PeriodicContinued Fractions', Rocky Moutain J. Math. 20(1), pp. 151{163.[2] Jacobsen L., Waadeland H.: 1988, 'Convergence Acceleration for Limit Periodic ContinuedFractions under Asymptotic Side Conditions', Numer. Math. 53, pp. 285{298.[3] Levrie, P.: 1989, 'Improving a Method for Computing Non-Dominant Solutions of CertainSecond-Order Recurrence Relations of Poincar�e-Type', Numer. Math. 56, pp. 501{512.[4] Lorentzen L., Waadeland H.: 1992, Continued Fractions with Applications, North-Holland,Amsterdam.[5] Lorentzen L.: 1995, 'Computation of Limit Periodic Continued Fractions. A Survey', Nu-mer. Algor. 10, pp. 69{111.[6] Waadeland, H.: 1986, 'A Note on Partial Derivatives of Continued Fractions', LectureNotes Math. 1199, Springer-Verlag, Berlin, pp. 294{299.[7] Waadeland, H.: 1987, 'Local Properties of Continued Fractions', Lecture Notes Math.1237, Springer-Verlag, Berlin, pp. 239{250.[8] Waadeland, H.: 1987, 'Derivatives of Continued Fractions with Applications to Hyperge-ometric Functions', J. Comput. Appl. Math. 19, pp. 161{169.[9] Waadeland, H.: 1987, 'Linear Approximations to Continued Fractions K(zn=1)', J. Com-put. Appl. Math. 20, pp. 403{415.[10] Waadeland, H.: 1988, 'Some Recent Results in the Analytic Theory of Continued Frac-tions', in Nonlinear Numerical Methods and Rational Approximation (A. Cuyt ed.), D.Reidel Publ. Co., pp. 299{333. 13


