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Abstract

In this paper we discuss a method for accelerating the convergence of
continued fractions based on Taylor series expansions. This method
is due to Haakon Waadeland who used the first three terms of the
Taylor series expansion of the tails of a continued fraction to define
a (convergence accelerating) modification of this continued fraction.
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Some 10 years ago, at a conference in Antwerp organised by Annie Cuyt, Haakon Waadeland
gave a talk entitled ”Some recent results in the analytic theory of continued fractions” [10] (see
also [6], [7], [8], [9]). In this talk Waadeland discussed a method of convergence acceleration for
continued fractions based on Taylor series expansions. The idea is the following: we consider a

R (7 1)

n=1 1

continued fraction of the form

with z;, € €. Such an expression defines a function of infinitely many variables: to see this let

Z = (21,22, 2N, ZN+1,- - -)

and then define

H® : Ac@¢®— C: z— HO(z) = K (ZT")

n=1

where we assume that the continued fraction converges to a finite value for all z € A, an open
subset of €. Let us furthermore assume that

g: (517527---75N;5N+17---)

The function H®) has a Taylor series expansion which we can write in the following form:

-  9H©®) 1 & 6*HO
O — g% 2 Y Z\5.5.
HY(z46)=H"Y(z)+ ; o7 (2)é; + o 121 5207, (2)6:6; + ... (2)

If we use the notation:

Bz = (2
n=N+1

for the tails of the continued fraction (1), we can write down similar series expansions for these
tails. In the rest of this paper we assume that all these tails converge to a finite value.
The classical method of obtaining an approximation to the value of the continued fraction (1)
is by replacing the N-th tail H®) by zero. Here the choice of the value zero is a rather
arbitrary one: if an approximation to the value of the N-th tail is known, then it is better
to use this approximation. In some cases this will accelerate the convergence of the continued
fraction (1).
The partial sums of the Taylor series expansion of this N-th tail give us approximations for
the value of the N-th tail. The only problem is to calculate these partial sums. To do this we



have to calculate the partial derivatives in (2). In [10] this was done for the derivatives up to
the second order. Waadeland used
1) + 3 2 s,

=1

621'

and
© HH©) 1 = 92HO)
0) (% 3 6+ =Y S\ £
H (Z)—I— 621' (Z)(Sz—l- 2' 621'(923(2)515]

=1 tg,5=1
We will get expressions for the partial derivatives of the third order. For the notations used we
refer to [10].
Starting from

H(o) _ An ‘I’ An—lﬂ(n)
Bn + Bn—lﬂ(n)

and using
(n) — _ Pnil

14 H(+1)
An—an - Aan—l = (_1)11 H 2k
k=1

n

By + B H™ = T[(1 + H®))

k=1

B, .= Xn:(—l)"—k Cl:[: H(")> (Iﬁ(l + H("))>

k=1 v=1

(see [10]) and
6Bn—1

azm—l—l

B(m+1)

= POm-1DPn_m-2 (’)’L -1 Z m)

with B(_"f) = O,B((,m) =1, B,(::_L% = B™ 4+ zn_|_m_|_1B,(:2 (this is not difficult to prove using
induction), we’ve recalculated some of the partial derivatives of H(). Here they are, with

H®)
t, = T O
First order
o0H®© BnA,_1 — ApBn_q
0zns1 (1 + HO)(B, + B,  H™)?
H©) n

i
H®(1 + H ) kl;[l k

Second order

92 H(©) B,A, 1 — A,B, 1

= (=2 B,
0z 41 (1+ H™D)2(B, + B, Hm)3 "
—2H© ki H (k) 5
= H(n)(l + H(n-l—l))z kl;[1 _m Dp1
6H(0) 2 n n
pu— . . tu
(9zn+1 H(")(l + H(n—l—l)) Z H

k=1v=Ek
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and for n >m

92 H©) (=12 .o Zmy2 Zm e - 21 B,, — B,, H™
O02m3102np1 (L + HOEO)(1+ H®)Y. ... (1 + H )2 (B, + By H(™)3
oH©®) 1 ™ 1
= . — ). (B, — B,,_H™
62n+1 H(m)(l _I_H(m-l—l)) 1:[ (1 _I_H(k)) ( 1 )
oH®) 1
= . 1 2 tl,
Third order
63H(0) — 6 BnAn—l — Aan—l B2
055y L+ HOWP(By + By HOY ™
62H(0) 3 n n
= z ’ Z H ty
028, HM(1+ HC) o
and for n >m
93 H©) B 2) (=) 2o Zmy2  Zm e - 21
02m41022 4 N (1+ HEAO2[(1+ HM) - (1 4 HmH)))3
Bm - 2Brn—qu-(rn) (m+1) Zm+1
- Bn_ B 1B, ..~
[(Bm Y1) Tt ?(Bm + Bm_1 H)?

oH®) 2 1
Ozpnp1 HW(1 + HH))  Hm)(1 4 H(m+1)

(rrofflo) £He-£he S 1
k=1v=k k=1v=k k=1v=k =m+2 v=

93 H©) B (=1)"2n .o Zmy2  Zm e 21
022102011 (1 + HEOPD)(1+ HM™) .- (1 + HeHD)2(1 4 Hmt1))

—4B,, + 2B,, H™) B
(Bm + Brn—llq-(rn))4 m
OH©) 2

N (Hm)2(1 4 Him+1)2 [2 #3311 t"] 2 1:[ b

Oznt1 k=1v=k

and for n >m > p

53 H©)
6Zp_|_1 62m+1 62n+1

= ... too complicated

OH©) 1
Ozni1 Hm) HE@)(1 + HmA))(1 + H(p+1))'

LSRN i(AREER) ) I (T

k=1v=Ek k=1v=k

23 11t pfﬁtu]

k=1v=k k=1v=Ek



With these expressions we can now try to accelerate the convergence of a continued fraction of

% ("’"ﬁ") 3)

n=1

the form

if we know the values of all the tails of the 'nearby’ continued fraction
£ (F)
o1 \1
As an example Waadeland uses
zi=a, a€ C\]—o0,—1/4]

In this case we have:
—14++1+4a

H™(z) =T with T = :

Setting

GM)(z) = K <a+517”+NZ> ze @

n=1

we can simplify things by using the Maclaurin series expansion of this function of the variable
z at the point z =1:

GM)(1) = GM(0) + Ek: l (digf)> (0)

|
—1 1.

The first three derivatives at the righthand side may be calculated from the expressions for the
partial derivatives given above. We denote the partial sums of this series by wgn :

o =1+Y 5 (Y ) 0

For k=1 we find in [10] :

and for k£ =2:

1
wan = Prqip 2 (

r) ¢
(1 +21m)( 1—|—I‘2§:( 1—F|—I‘) [ (_ZL—I—LT)H](SfHNﬂ

=0
1 oo oo
Jr1“(1+21“)1+1“2Z 2




If we use the notation

02 H(©) 83 H(©)
Gn,n,n — (f Gm,n,n =\ a3, a2
0z, 1 021022 4
9*H©) 53 H©
Gm,m,n — (27 Gp,m,n —
62m+1 62n+1 6Zp_|_1(92m_|_1 62n+1
where ()o denotes evaluation at 23 = 29 =...=2; = ... = a, then we find for k=3

1 0@
W3,N = Nt = Z Gnnn53+N+1 + = Z Z Gmnn5m+N—|—15 +N+1
6n:0 m=0n=m+1
1 =@ oo
‘I’ 5 Z Z Gmmn m_|_N_|_15n—I—N—I—1 —I' Z Z Z Gpmn5p+N—|—15m—|—N—|—15n+N—|—1
m=0n=m+1 p=0m=p+1 n=m+1

We used MAPLEV to calculate the extra terms in this expression, for the special case
bp=C-TF

Here is a transcript of the MAPLE session:

> tl:=t"n*(1-t"n) "2*T"(3#*n);
t1 ;=" (1 —¢")273n)

> tl:=expand(tl);
im (TP — 2 P (17 () (TP

> tl:=sum(t1,n=0..infinity);
1 1 1

t1] = — 2 —
tT3—1+ 273 -1 373 -1

> tl:=subs(t=(-Gamma/(Gamma+1)),t1):
> tl:=simplify(t1);

t1 ::(F+1)FT3(1+6F+13F2—|—4F4T3—|—4F4—|—12F3—|—4F3T3—|—F2T3)/(
(TT?+T+1)(T?*T°—T? - 2T —1)(IP* T +T% +3I* + 3T +1))

> terml:=1/(Gamma+1) " 3%1/(1+2%Gamma) ~"2*t1:
> terml:=simplify(terml);
terml = (T*T® + T2 42T +1)I' T /((I*T® + T+ 312+ 37 +1)(T +1)?
(T +T+1)(T?T%~T? - 2T — 1))

> t2:=t " n*(1-2*t "n+(1+Gamma) *t "~ (n-m)+2*Gamma*t "m-3*Gammax*t ™ (n+m) ) *T "~ (2*n+m) ;

t2 :=1"(1—2¢"+ (D +1)¢ln™) poar¢m — 3T ¢(ntm) ) pl2ntm)



> t2:=expand(t2);

82 =" (T )P T™ = 2(" )’ (T ) T™ + (tn)z(f,:)szF + (tn)z(tin)sz

+ 2t (TP T™Tt™ —3(t" ) (T ) T™T¢™

> t2:=sum(t2,n=m+1..infinity):

> t2:=sum(t2,m=0..infinity);

10— tT? 0 2T N 27?7
C(tT?2—1)(tT3 1) (£2T2 —1)(2T3—1)  (#2T2—-1)(tT3—-1)
272 tT?T 2 T2T
+ + 2 -3

(2T2—1)(¢T3—1)  “(tT?—1)(2T3—1) ~(22T2—1)(#T3—1)

> t2:=subs(t=(-Gamma/(Gamma+1)) ,t2):

> t2:=simplify(t2);

2 :=(—1—10T — 104T% — 37273 - 22T3T® — 43T% — 64T* T® — 155T* + 417 T*
+4T7T5 — 117875 —20T5 7% — 28T 7% — 731673 — 0415 T3 — 213 1%
+T8T8 —11T*T° — 2877 — 851 — 146T° + 418 T8 —4T® 4 4T8T° —4T8 T3
T +1)0T? [((T3T2+T%+3T? +3T +1)(I?T° -T2 -2 — 1)

(T?*T? -T2 2T —1)(TT*+T+1)(TT*+T +1))

> term2:=-1/(Gammax*(1+Gamma) ~3* (1+2*Gamma) ~2)*t2:
> term2:=simplify(term2);

term2 := —T*(T°T® —T® + I°T° —T°T° —6T° —61°T° - 121* T° - 31* T° — 15T*
—20T% — 1013 7% —2T° 75 — 312 T% — 15T% — 6T — 1) /((T +1)°
(TT>+T+1)(PT>+ T +1)(I?T?-T%-2T —1)(T?*T>-T? -2T — 1)
(T3T°+T°+3T% 43T +1))

> t3:=t " n*(1-t"m) *(1+2/Gamma+3*t"m) *T " (n+2*m) ;

1
t3 :=t" (1 —t™) (1—|—2f—|—3t’") T(n+2m)

> t3:=expand(t3);

tnTn Tm 2 tnTn Tm 2tm
9= (e y 2 DI e (e g (r )
_3tnTn(Tm)2(tm)2
> t3:=sum(t3,n=m+1..infinity):
> t3:=sum(t3,m=0..infinity);
tT tT tT

B G oD — 1) AT T ) (P —1) 2T —1)(£T° 1)




» tT . tT
T(tT —1)(£2T° 1) (4T —1)(£2T°—1)

> t3:=subs(t=(-Gamma/(Gamma+1)),t3):
> t3:=simplify(t3);
t3:=(P+1)(-2—110 - 11T+ T°T% —20T% + AT*T° + AT* +4T° T° +-47°) T*
F/((F3T3+F3+3F2+3F+1)(F2T3—F2—2F—1)(FT3+F+1)
(TT+T+1))

> term3:=-1/((1+Gamma) ~3* (1+2*Gamma) "2) *t3:
> term3:=simplify(term3);

term3 := —TT*(T® +T°T% —3T7 —2) /((TT+T +1)(TT*+T +1)
(P27° —T? —2T — 1) (I T°+ 1%+ 312+ 3T +1) (I +1)?)
> t4:=t"n*(1+4*Gamma*t m+2*Gamma 2%t~ (m-p-1) +2*Gamma*t " p+6*Gamma~2*t~ (m+p) ) *

> T~ (p+m+n) ;
t4 = 1" (14+4T™ 4 272 ¢(m7P=1) L 9T 4P 4 12 ¢(m+p) ) plptmin)

> t4:=expand(t4);

trTPT™ T T2 g™
t =" TPT™ T+ 4" TPT™T T t™ 4 2 o + 2" TPT™T™ TP
+ 6" TPT™ T I t™ P
> t4:=sum(t4,n=m+1..infinity):
> t4:=sum(t4,m=p+1..infinity):
> t4:=sum(t4,p=0..infinity);
b = 2T L t*T3T
T (T -1)(tT2-1)(tT3 1) T (tT—-1)(#2T2—-1)(2T3—1)
0 t? T3 T2 0 ?T°T
(ET — 1) (T2~ 1)(¢T3 —1) (4T —1)(¢T% —1)(£2T% 1)
3312
—6

(tT —1)(#2T2—1)(&2T% 1)

> t4:=subs(t=(-Gamma/ (Gamma+1)),t4):

> t4:=simplify(t4);

t) ;= (1+9T +61T°+13T" T +6T°TC +T°T° — 6117 T% —85T°T* —70T° T?
—34T*T? —9I®T? —4T° 4 AT T8 4+ 4T°T° —4T° T2 + 1273 T° — 24T8 T
+T2T3 4 4T3T3 43372 —2T* T3 4 51T* — T2 T2 4 T7 T8 — 60" T°®
—65T6T° —30T5T5 —44T7 T3 — 59T T3 — 32T T3 — 5T T° — 5717 —61T°®
—OT® 4 4T8T% — 24T® — 20T° T° — 1275 T%)(T + 1) T2 T* /{(

(T*T3 4T3 4312430 4 1)(IM?T* -T2 2T —1)(I?7T? -T2 -2T - 1)

7



(TT°4+T+1)(TT*+T+1)(TT+T+1))

> term4:=1/(Gamma”2* (1+Gamma) ~3* (1+2*Gamma) ~2) *t4:

> term4:=simplify(term4);

termf = T3*(1 + 50 + 513 + 7T + 2T T+ T°T® —T"T% - 5T°T? — 10T° T*?
—10T*T? - 53 T2 + T2 T2 +9T% —6T* T3 —5T* —T?T?> 4 T"T® - 5T° T°
—10T° 7% —3T°T% — 8T5T° —5T* 75 —T7 — 51° —9I%) /((TT+T +1)
(TT?>+T+1)(TT*+T +1)(I?T?-T% - 2T —1)(T*T>—-T?-2T — 1)
(P3T°+T°+ 372+ 3T +1)(T +1)°)

> Total:=terml+term2+term3+termé;

total (213 +T2+2r+ 1)1
%1(T +1)2(TT34+T +1)(I2T3 -T2 -2T 1)
—T°T° —6T° —6T°T% —12T* 7> —3T*T° —157* —20T% — 10T T° — 21 T°
—3I27°— 1572 — 6T — 1) /((T+1)*(T T2+ T +1) (I T+ T +1)
(F27? —T? - 2T — 1) (I 7% —T? - 2T — 1) %1)
B IT4(T3+T37% -3 —2) 73
(TT+T4+1)(TT34T+1)(I27T3-T2-2T —1)%1 (L' +1)2
+ 50+ 5T + 7T + 2T T+ T°T° —T7T? —5T°T% — 10T° T2 — 10T* T?
— BT 4273 4 9T% — 6T*T° —5T* —T?T? + T7 7% - 5T°T° — 10T° T°
~3I°T% —8T5T% — 5T 75 —T7 —51° —9T%) /((TT + T +1) (T T2 +T +1)
(FT3—|—F—|—1)(F2T2—F2—2F—1)(F2T3—F2—2F—1)%1(F+1)2)

%1 :=T3T34+T3+3I?+307+1

— T*TT® —T® 4+ T°T"

> simplify(total);
T*(T +1)
(TT+T+13(T'T*4+T+1)(I'T2+T+1)

. T3N-|—3

The last expression, multiplied by C* , glves us

W3,N — W2 N
for this special case. So, combining this with the results from the paper [10], we finally get
CTN-|—1 02T2N+3
TT+T+1 (TT+T 4+ 1)%(TT +T +1)
CB(T + 1)T3N+5
(TT+T +1)3(T?T+T+1)(T°*r+r+1)

There is of course another method to calculate these Taylor-Waadeland modifications. For
instance for k = 4. We start with the recurrence relation for the tails:

Zni1 — H(”)(l + H(n+1)) =0

wsy = I+

_|_

8



and we assume that:

Wap = Wyp + K - T

We put this into the equation for the tails, we expand the result and we choose K in such a
way that all the terms of the form c¢-T%" cancel out.
Here is a transcript of the MAPLE session:

> wi:=n->Gamma+CxT~ (n+1) / (1+Gamma+Gamma*T) -C~2*T~ (2*n+3) / ((1+Gamma+Gamma*T) ~
> 2% (1+Gamma+Gamma*T~2) )+C"3*T™ (3*n+5) * (1+4T) / ((1+Gamma+Gammax*T) ~3* (1+Gamma+Gamma
> *T72)* (1+Gamma+Gamma*T~3) ) +K*T~ (4*n) :
> w(n)*w(n+1)+w(n)-Gamma-Gamma*Gamma-C*T" (n+1) :
> expand("):
> normal("):
> expand (numer (") /T~ (4*n)):
> subs(T " n=0,"):
> solve("=0,K):
> factor(");
(T°T + 2T T* 4+ 20 T34+ T3+ 2T T2+ T*+ 2T T+2T +141)C*T”
(14T +4+TT3)(TT*+14T)(14+T+TT22(1+T+TT)
Hence:

(TST + 20 T* +2T T3 + T3+ 2T T+ T? + 2T T + 2T + 1 + ') C* T*N+7
(14T +TT3)(TT4+1+T)(1+C+TT2)2(14+T+TT)*

W4,N = W3,N —

EXAMPLE: Here are the results if we use these modifications in an example:

N=15 T=0.999 C=1 A=30 GAMMA=b

exact 5.090121200305656
k=0 5.0961963614170
k=1 5.0900725866929
k=2 5.09012198821566
k=3 5.0901211843188
k=4 5.0901212006691

NOTE: There is an easier way to get wgn in this special case. For instance for k = 4, we
replace H(™ in the lefthand side of the recurrence relation for the tails by ws,,, we expand and
take the coefficient of T%" in the result. This expression divided by 1+T'4I'T* gives us Wan, :

w:=n->Gamma+C*T" (n+1)/(1+Gamma+Gammax*xT)-C~ 24T~ (2*n+3) / ((1+Gamma+Gamma*T) ~2
* (1+Gamma+Gamma*T"~2) ) +C~3*T" (3*n+5)* (1+T) / ((1+Gamma+Gamma*T) ~3* (1+Gamma+Gammax*T
~2)* (1+Gamma+Gamma*xT"3)) :

u:=Gamma* (1+Gamma) +C*T" (n+1)-w(n)*(1+w(n+1)):

vV V V V V

u:=expand(u):



> u:=normal (u):

> u:=u/(T " (n))"4:

> u:=subs(T"n=0,u):

> u:=simplify(u):

> u:=u/(1+Gamma+Gamma*T"~4) ;

_ C*TT(TPT+2T* T+ 2T T+ 2T T? 4+ 2T T+ T4+ T2+ 14 2T + T?)
B (14T +TT3)(1+T+TT)*(14+T+TT2)2(14+T+T4T)

N

This method is related to the one described in [1, 2]. (See also [4, 5])

To understand why the numerator in wy4 x is such a complicated expression, we have to make
a link with the method described in [3].

We go back to the general case and we consider two continued fractions:

mE (2 & (2

n=1

We assume that we know the exact values of all the tails H(™) (we omit the argument Zz) of
the continued fraction (1), and that the second is in some sense near to the first one. We want
to use this information to accelerate the convergence of (3). To do this the standard procedure
is to replace the n-th tail of (3) by H®™:

Won = H™

We try to get a better approximation for the tails of (3), and therefore we assume that the n-th
tail h(”)(: H(”)(E + 6) is of the form

B = HO) 4 )

(an idea developed in [9]), with €{!) in some sense small compared with H™). Now the tails
of (3) satisfy the equation

Zng1 4 bnpr — B 4+ BT = 0
Substituting gives us
Znir + Epr — (H™ + (1 4+ HOH 1+ )y =0
or, using the fact that H™ is the n-th tail of (1):
o~ HO, (14 BV 0, —

We leave out the last term on the left, assuming it will be small compared with the others, and
rewrite the equation:

HOE), + (1 + HE)eD = 6,

with &) an approximation to e(!).
Hence ég) 1s a solution of the recurrence relation:

H(n)yn—l—l —I' (]— ‘I’ H(n+1))yn = On+41

10



We assume that &) is the minimal solution of this recurrence relation, and we calculate it
using backward recursion starting from

YN+1 = 0
We get
by
YN = 1+ g@+) T O+
and
bn H(N_1)5N+1

YN-1 = T H@) - (1 + H(N))(l n H(N+1))

Continuing in this way we find:

LS H® n I (m+i)
Yi = nz::O H49)(1 + Hnti+1)) "El T11 HmE Ontit1

We now let N — oo to find égl):

D = goy ! S HE N
€ = nz:% H(n+i)(1 + H(n+i+1)) TrHl _m ntidl

For 72 =0 this gives us:

oo n (m)
A(1) . (0) ]_ N H
€ — H nz::() H(n)(l + H(n—l—l)) "El ( 1+ H(m)> 5n+1

Hence our new modification is given by:

Win = H®™ 4+ &)

This is exactly the result given in [9]. It reduces to wi, if 21 =22 = ... =2z = ... = a.
Using an argument similar to that in [2, 3] it is possible to prove convergence acceleration in
this case.

NOTE 1: If the series above converges to a finite value, then &) is the minimal solution of
the first order recurrence relation, in the sense that é!)/y, — 0 for n — co for every other
solution 1y, of the recurrence. This is easy to prove.

NOTE 2: The generalization to the case of a more general continued fraction of the form
K(an/bn) is straightforward.

We now try to improve our approximation for the tails. Let us assume that the n-th tail of
the continued fraction (3) is of the form

A = H 4 &) 4 (2)
with €?) small compared with é(). Substituting into the equation for the tails gives us:

Znt1 + Ong1 — (H(") + é,(ll) + 67(12))(1 + H é7(11-|21 + 57(12-21) =0

11



or, using the recurrence relation for &{):
—H®EN, — (1+ B — d0el), — &el), — el — Dl = 0

We leave out the three last terms on the left, assuming they will be small compared with the
others, and rewrite the equation:

HOER), 4 (1 + HE)e® = — el

with é2) an approximation to €2),
Continuing in the same way as above, we find:

n (m+)
() 00) 1 __H (1) A1)
“ —H Z H49)(1 4 H(ntit1)) "H1 ( 1+ H(m-l-i)) CntiCntitl
Our new modification is given by:
Wapn = H™ 4 &) + &)

It is possible to prove that W,, = wy, in the special case 21 =20 =... =2, =... =a.

EXAMPLE: Let us look at the following example from [9]:
Zn=n(n+2), p=(n+1)y

it is easy to see that

H® =ntl,  Win=n+1+g

We find for égz):

[>%] : 2
A(2)_ 1 ]_ _1n Z+2 y_
— 2_: n—l—z—l—l)(n—l—i—|—3)( )n—l—i—|—24

which can be simplified (using partial fractions) to:
05 G+ 1)E+2 : : 1
égz) = i + i %(_1)1 (1112 _ Z(_l)k—l %> -y

k=1

If we use the corresponding modifications for the case y = 1, we find

N=25
exact 1.444713868
k=0 1.447170660
k=1 1.444691157
k=2 1.444714294

It is clear that we can iterate the process described above: in each step we get a first order
recurrence relation of the form

H(”)yn+1 +(1+ H(”""l))yn =r.h.s.
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In the next step the r.h.s. will be equal to
—eel, — el

These are some of the terms that we neglected earlier on. Note that so far each term of &*)
contains a product of &k §’s (Compare this with the Taylor-Waadeland modifications!). If we
take the expression above as the r.h.s. in the recurrence relation, then the solution é®) will
be an infinite sum and its terms contain 3 (=142=2+1) factors §. The r.h.s. in the next step
will be

—eel), — Ve, — e,

since 2+2=1+3=3+1=4.

So the r.h.s.’s get more complicated, and so do the &),
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