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Abstract

The behaviour of perturbations around trajectories of variable
structure systems is studied and a sensitivity formula is derived.
This formula is used to adapt classical shooting algorithms for com-
puting periodic solutions to piecewise smooth systems. The influ-
ence of switching boundaries on the stability of periodic solutions is
studied within a control theory approach.



1 Introduction

In this paper we discuss some properties of variable structure systems. We
use this general term to denote systems which switch between several config-
urations, each of them modelled by an (non) autonomous ODE. The switch-
ing of the structure can occur when a trajectory of the system crosses a
(possibly time-varying) boundary (figure 1-a) or when the value of a dis-
crete state changes. This usually occurs when the continuous state satisfies
a spatial condition. In the latter case the systems are usually denoted by
hybrid systems due to the mixture of discrete and continuous states. The
difference between the two mentioned cases is rather subtile: hybrid systems
can have trajectories which return after switching to the same side of the
boundary (see figure 1-b). The theory derived in the next sections can also
easily be adapted to systems where once a boundary is hit, an additional
mapping in the state space occurs (see figure 1-c¢). The unifying property
of all the described system types is the geometrical aspect of the switching
from one structure into another.

Variable structure systems are not only interesting from a theoretical
point of view, but they also play an important role in many engineering ap-
plications varying from static power convertors, the steady state-behaviour
of which can be considered as switched limit cycles, over electrical diode
network to mechanical systems with forbidden regions. The latter type of
systems covers the well studied class of impact oscillators.

In this paper we calculate the sensitivity of points on a switched tra-
jectory to changes of the starting point. The resulting sensitivity formula
can be seen as an extension of the classical sensitivity formula. This is an
interesting result on its own, and is of importance for several applications.
Some of these applications are discussed in this paper.

First we deal with the calculation of periodic solutions of variable struc-
ture systems using a shooting method. This technique is based on time
integration and allows to deal relatively easy with changes in the struc-
ture of the system. It will be shown that classical shooting algorithms,
i.e. developed for smooth systems, may not give rise to a (quadratically
converging) Newton process, but can easily be adapted using the sensitivity
formula derived in this paper. A related issue is the calculation of Lyapunov
exponents.

Secondly, we start from a periodic solution which is switched at a time-
varying boundary and take a control theory point of view: we investigate
whether the position of the boundary can be used to control perturbations
around the limit cycle. This covers in fact some major aspects of the linear
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Figure 1: Variable structure systems. (a) Switching occurs when a trajectory

crosses a boundary. (b) Hybrid system: the discrete state 7 changes on
the hypersurface D(z,t) = 0 where z is the continuous state. (c¢) On the
boundary an additional mapping of the state occurs.

control theory used in many practical applications such as static power con-
vertors, but now it is described from a more abstract mathematical point
of view, reasoning in terms of limit cycles, monodromy matrices, switching
surfaces, etc., instead of starting from the specific properties of an applic-
ation dependent model. Consequently, this way of discussing the problem
unifies concepts and methods used in different engineering disciplines.

2 Sensitivity formula

2.1 Derivation

In this section we discuss the sensitivity of a point on a switched trajectory
to changes of the initial point. We consider a hybrid system. The analysis
is exactly the same for the other types of variable structure systems, except
when an additional mapping on the boundary is performed. The latter case



is discussed in the appendix. During the derivation a distinction is made
between driven and non-driven systems but both cases lead to the same
sensitivity formula.

We consider a non-autonomous hybrid system of the form

:i:zfi(:c,t)
it=2 if i—=1

o1 i—Z} when D(z,t) =0, (1)

where z € R” is the continuous state, ¢ € {1,2} the discrete state and
fi(z,t) : R* x R — R™ are smooth mappings. D(x,t) = 0 represents the
time-varying boundary on which the discrete state ¢ and consequently the
system dynamics change. By i~ resp. i* we denote the value of the discrete
state just before resp. after the switching.

Consider a part of a trajectory starting in x( at time ¢y integrated over
a fixed time T reaching point yo at time t; = to + T with D(z,t9) # 0 and
D(zq,t1) # 0. This is depicted in figure 2. Suppose this trajectory hits the
boundary at time %y in # in a non-tangential way relative to the (moving)
plane D. This can be expressed mathematically as

oD
<gradDTf1 + —>

= £0. (2)

(%0,i0)

Now the sensitivity of the end point yo to changes of the initial point zy will
be investigated under the following conditions:

e the total integration time T remains constant,

e the starting time #y is constant. For reasons of simplicity of the for-
mulae derived next, this time is set to zero, without loosing generality.

We define functions
y=¢i(r,7,t) :R" x Rx R - R" (3)

which map z into y by integrating the differential equation & = f;(z,t)
starting in z at time ¢ over a time interval 7. Obviously

{ To = 901(550;5050)5 (4)

Yo = pa2(T0, T — to,to).

Now assign to each = in an open e-ball B(z,e) around zg, € > 0, a vector

{

% and a time t such that

= <p~1(x7
)=

0 (5)

g =
8
S T



Such an e always exists due to (2) and the smoothness assumption on f;
and D. Integration of the differential equations from arbitrary = € B(z,¢)
at time t = 0 over a fixed time T delivers:

y(@) = pa2(i(), T — H(x), (). (6)

At this point the desired sensitivity of y w.r.t. x at xy under the mentioned
conditions can be calculated by differentiating (6) using the chain rule and
evaluating the result at the values corresponding to the central trajectory:
(w9, 40,t0). Applying this to the i-th component of y, y;, gives:

o

Opa;  Opa;
1,0+( ot or )
(7)
i,

The partial derivatives 7% and 83_:5 follow from differentiating the defining
J J

= Oy
_Za_xk

o k=1

856.7 (:io,Tffo,fo (507T*£07£0

equations for & and £ (5):

Shoa 2| g 4 92| | =0

k=1 oz (Fo,%0) ox; o ot |(zo,tg) Ox;j zo (8)
iy | _ Opuk 991,k ot
ox; o ox; (xo,fo,o) or (wo,fo,o) ox; o

Combining (7) and (8), for all 7 and j, the following result is obtained (in a
compact notation):

dy| Oy Jp1
p7 R = DA vl B
T 2o T (@0, ~t0,b0) “F l(20,0,0)
(o2 _ 92 _ 92 9p1
or (%0,T—t0,t0) ot (£0,T—t0,t0) T (#0,T—10,0) or (z0,t0,0)
T . 91 oD _
gradD"[; iy 57 (ro,fo,0)+ a1 ‘(i’:o,to)
Oy
T 1
gradD ‘~ p (9)
(Fodo) 3 |3, f,0)
where
M, = % i € Rnxn My = % o € Rnxn
(20,t0,0) (Z0,T—to,to) (10)
R =% e R R, = %2 e Rx!
1 or ; 2 or |/~ P
(%0,0,0) (Zo,T—to,to)

From the definition of ¢ and ¢4 it follows that M; would be the sensitivity
of £ w.r.t. changes of x when spatial perturbations were integrated with



righthand side f; over a fixed time ¢y . In other words, M; is the result
of integration of the variational equations corresponding to = = fi(z,t),

namely & = % " x with z,(t) = ¢1(x0,t,0) the solution of (1), the unity
T (t

L4

matrix as initial condition, over fixed time %y starting in zo at time ¢t = 0.
Similary, My is the result of integration of the variational equations around
& = fy(x,t) starting in &g at o over a time interval T — ty. Ry and Ry are
the velocity vectors of the central trajectory at the end of the first and the
second segment respectively. In other words

Ry = fi(d0,t0), Ro= fa(yo, T). (11)

Equation (9) now becomes (for simplicity evaluation points are omitted):

Ry — 2¢2 — MyR;)grad DT
@ ( 2 (#0,T—to,t0) 2 1)g

dx |, gradDT R + %

M,y (12)

At this moment we will distinguish between two cases: driven and non-
driven systems. By driven (non-driven) systems we denote systems with
piecewise dynamics described by equations in the form z = f;(z,t) (¢ =
fi(x)). The analysis will show that both cases will lead to the same sensit-
ivity formula (18). In section 4 we will use the term autonomous to denote
systems with trajectories which are invariant w.r.t. time-shifts i.e. non-
driven systems switched at fized boundaries.

Case 1: mon-driven systems

The second term between brackets in the numerator of (12) van-
ishes and because of the invariance of the trajectories w.r.t. time-
shifts in the ’free’ areas.

Ry = MRy (13)

where Ry is the velocity vector at the beginning of the second
segment, fo(&g,%0). Therefore (12) can be simplified to (18).

Case 2: driven systems

In this case, (13) is not valid because a perturbation in the dir-
ection of the trajectory (parallel to Ry) would disturb the phase
relation between source and state.



However when one couples spatial perturbations of the start-
ing point o on the original trajectory with perturbations in the
initial time (i.e. source-phase) f; in such a way that the new
starting point is consistent (in time and space) with the original
trajectory, the perturbed trajectory wil exactly track the ori-
ginal, a property analogous to non-driven systems. Mathematic-
ally, according to figure 3 one can first assign to each t € [to, T
a corresponding vector

2(t) = pa(To, t — to, 10) (14)

Thus z(t) is the point on the original trajectory corresponding to
source-phase t. Next one can look at the end point of a trajectory
starting at time ¢ in z(t) integrated over T — fq:

w(t) = a(2(t), T —to, 1) (15)

Since then z(t) and w(t) exactly track the original trajectory,
the derivative of w with respect to t in g is the velocity vector
Rs. Differentiating (15) delivers

dw _ dpo dz 0p2
dt |iy 0% |(aig)=io, T—ioio) iy O |(a(io)=ito,T—in i)
(16)
Because %‘E = % = foFo,t0) = R, this equation
0 T 1(%0,0,t0)
can be rewritten as:
. 0
Ry = MyRi + % B (17)
(Z0,T—to,to0)

Combining (17) with (12) yields a formula which is valid for driven as well

as for non-driven systems:

(Ry — Ry)grad DT
oD

gradDT Ry + St

dy
dx

- M,

o

I+ My = M,TIM; (18)

2.2 Properties of the sensitivity formula

consists of a product of three factors My, IT and M,
o
where the M; can be calculated by integrating variational equations over

The sensitivity j—g



Figure 2: Switched trajectory

w(t)
Yo -t (T-T))
z(t)

%, t

Figure 3: Driven systems. When spatial perturbations are coupled with
perturbations in the starting time the original trajectory is tracked.



fixed times and where

(Ry — Ry)grad DT
oD
grad DT Ry 4+ 57

=1+ (19)

is a rank-1 matrix which can be seen as a correction for the non-smoothness
of the trajectories at the boundaries. The matrix II has following properties:

e Only in the case of ’hard’ discontinuities, where f(z,t) is not con-
tinuous at the boundaries, IT differs from unity. In the rest of the
paper this kind of discontinuities is assumed. For systems where the
righthand side of the equations is continuous (but possibly with dis-
continuous derivates) no adaption of the classical sensitivity formula
is needed. The underlying fact is that, due to the integration process,
the trajectories have continuous velocity vectors.

e II is not defined when grad DT R + %—? = 0 i.e. when the trajectory
is tangent to the discontinuity surface. That condition is known in
literature as the grazing condition (see for example [5]). The fact that
the components of the correction matrix II tend to infinity when a
grazing point is approached reflects the locally infinite stretching of
the vector field approaching a grazing point from inside (i.e. from the
side at which the boundary is effectively hit). Obviously the nonlinear
mapping © — ¢(z,7,t) (following definition (3)) is discontinuous in
each & where % is chosen so that the corresponding trajectory gives
rise to the grazing phenomenon (i.e. will somewhere be tangent to a
boundary).

3 Application to the computation of periodic solu-
tions by a shooting method

3.1 Classical shooting method

The sensitivity formula derived in the previous section can be used in the
context of solving arbitrary two-point boundary value problems by a shoot-
ing methed. A shooting method (see for example [3]) is based on time integ-
ration and allows to deal relatively easy with changes in the structure of the
system. In thie section we focus on the computation of periodic solutions of
dynamical systems described by ordinary differential equations

&= F(z,(t), «€cR. (20)
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When the system is non-autonomous the righthand side of the equation is
assumed to be periodic with period T, i.e. f(z,t) = f(z,t+T). The (single)
shooting method can be summarized as follows: denote by ¢(xg, T,t9) the
mapping consisting of integrating the differential equations from =g at ¢
over a time 7. Then a periodic solution with period T satisfies

o — @(x07T7 tO) =0 (21)
with unknown z( for forced systems and

{ o it (22)

with unknowns zg and T for autonomous systems. The ’phase-condition’
p(zo,T) has to be added for uniqueness of the solution due to the invari-
ance of the trajectories with respect to time shifts. The shooting process
consists of solving the nonlinear equations (21) and (22) using Newton’s
method. Therefore, in order to calculate the Jacobian matrix, in both

cases, g—i is needed. In classical shooting algorithms developed

(z0,(t0),T)
for smooth system its elements are usually calculated using finite differ-

ences, or more accurately, by integrating the variational equations around a
trajectory z,(t) = p(zo,t,ty) passing in z( at time ty:

&, = F(x,,t)
55&1 = % z 5561
ow ler(®) (23)
3 ,
0T, = % o (t) 0Ty,

over fixed time T starting from n independent perturbations dx;(tg).

3.2 Shooting methods for variable structure systems
3.2.1 Problems with classical shooting software

When one uses shooting algorithms based on the integration of the vari-
ational equations (23) for the calculation of periodic solutions of variable
structure systems, a failure may occur although the underlying integration
process can easily deal with jumps in the righthand sides of the equations.
This can be seen as follows: suppose the system © = F(z,t) has the struc-
ture of (1) and one integrates the variational equations from z( at time o,

11



then the last equation of (23) can be written as

5In:8_f1‘31 ()5ITL7 t < o,

T (t

T ) (20)
Sin = 52| o 1>

x,(t

because the derivates of F' with respect to = are evaluated at x,(t) which
switches at ty. In fact equation (23) calculates My M, (defined in (10)). But
this implies that all perturbed trajectories would reach the switching surface
D(z,t) at the same time £ which contradicts with the geometrical aspect of
the switching: the trajectories should switch when they ’hit’ the boundary.

3.2.2 Adaptation of the algorithm

In order to calculate correctly the Jacobian matrix one should use formula

(18) for g—i (o (t0)) Because (18) is well separated into the two terms M;
zo,T',(to

and Ms (which can be calculated by integrating the variational equations
over fixed times dictated by the central trajectory) and a correction IT at
the boundary, the following algorithm can be used:

Algorithm 3.1 Calculation of g—i :

(zo,(t0),T)

step 1 J =1 (unity matriz) and i =1

step 2 Integrate the variational equation corresponding to f;, mat-
rix J as initial condition. Stop when the total integra-
tion time is T or when a boundary D; is detected (i.e.
Di(z(t),t) =0) The result is stored in J. When the accu-
mulated integration time is T go to step 5.

step 8 Calculate the correction mapping 11;; set J = I1;J
step 4 1 =1+ 1. Go to step 2

%2 | (20,(t0),T)

Consequently classical shooting algorithms are extremely simple to adapt to
piecewise-smooth systems. One just has to build in a detector of the bound-
aries and the correction matrices II; can be calculated with hardly extra cost.

Remark:

When switching is always performed at fixed times, for example at a
prescribed phase of a periodic reference signal, the correction matrices II are

12



unity and one doesn’t have to interrupt the integration process if switching
occurs. Mathematically, time switching can indeed be seen as switching on
an infinitely fast moving switching plane: % = oo. This result is logical
because as shown in (24) applying shooting algorithms for smooth systems
(which calculate [], M;) to variable structure systems implies switching at
fixed times.

Because the correction matrix IT only depends on information about
the central trajectory z,(t) and not on the whole perturbation behaviour
in the neighbourhood of the switching plane, calculating the evolution of a
perturbation along a trajectory passing a boundary just requires one extra
time integration.

3.3 Eigenvectors and eigenvalues of the monodromy matrix

3.3.1 Properties

When the Newton process of the shooting method converges, g_tp

€xr
(zo0,(t0),T)
tends to the monodromy matrix the eigenvalues of which determine the

stability of the solution. We will show some interesting properties of the
monodromy matrices of variable structure systems.
According to figure 4 we define the ’sensitivity’ matrices

ox;
M; =
ox; 1

(25)

for integration over time intervals ¢,,.1 —t; starting in z; at ¢;, without taking
switching into account. Now we establish relations between the eigenvectors
of the monodromy matrices in ¢ and xs, lying on different segments of the
cycle. The obtained results are generally valid but the terminology of figure
4 is used for simplicity.

Denote by E; the eigenvector with eigenvalue (Floquet multiplier) A of
the monodromy matrix M) of the original trajectory starting in zg, in
other words

MWE, = \By, (26)
or using (25) and (18)

(M T, M3 MoTT, M) By = AE, (27)

for the situation shown in figure 4. In this equation II; and Ils are the
correction mappings defined in the previous section in order to obtain correct

13



sensitivity formulae. Then it follows after multiplication of both side of (27)
with M2H1M1 that
M®E, = \E, (28)

where By = M,I; M E; and M® = M,II; M, M,II,M; the monodromy
matrix calculated in x9 with starting time t5. This means that, as in the case
of an overall smooth vector field, the Floquet multipliers are independent of
the point in which the monodromy matrix is calculated. Furthermore, the
eigenvectors corresponding to the same Floquet multiplier are mapped into
each other by the sensitivity matrices, with corrections on the boundaries.
However, the manifold of those eigenvectors is not smooth when passing the
boundary. In fact the eigenvectors can only be defined in each point not on
the boundary and the limits of these eigenvectors on each side of the bound-
ary are mapped into each other by the correction matrices I;. An illustration
of this property are the velocity vectors (eigenvectors corresponding to the
trivial Floquet multiplier) which indeed change discontinuously.

When the switching boundaries are not time-varying (i.e. % = 0), using
. (R — R)grad D™

E=1|1 E 29

< + grad DT R (29)

one can show that

RgradDT RgradDT'\
poBewdDTN po (] ReadDT) g
grad D" R grad DT R
projection on grad DTe=0, direction R projection on gr“ad‘DrTz::O7 direction R
(30)

which states that the projection of E on the plane tangent to the boundary
in the direction of the velocity vector R equals the projection of E on the
same plane, in the direction R. Hence we have proven the following result.

Theorem 3.1 Denote by M(x) the monodromy matriz calculated in a point
x of a limit cycle x(t) switching in & at t on the fized boundary D(x) = 0.
Let E be an eigenvector of M~ = lim, ,; M(xz(t)). Then

E =11E is an eigenvector of M+ = lim, ,;, M(x(t)), wz’t’h I+ %.

Furthermore PgE = PgE = E, where Pg respectively Pg are the projection
matrices on gradDT‘j x = 0 in the direction of R respectively R.

Suppose that the system is autonomous and instead of working with
monodromy matrices, the (n — 1)-dimensional surface D(z) = 0 is used as

14



t M;

{ D(x,t1)=0

Figure 4: Switched limit cycle of a variable structure system. II; and I,
are the correction mappings at the swithching boundary. D(zy,t;) = 0 and
D(CEg, t3> =0.

Poincaré-section to determine stability, i.e., one considers the eigenstructure
of the linearized map mapping successive intersection points of the traject-
ories with the surface into each other. Then E, would be an eigenvector
of this linearized Poincaré-map with section gradDTz = 0 except for the
velocity vectors (=eigenvectors corresponding to the trivial eigenvalue 1 of
the monodromy matrix) which are projected into zero. This is shown in
figure 5. This relation between the eigenvectors of the monodromy matrix
and those of the linearized Poincaré-map is a natural extension of the results
for smooth systems: in that case R= R, E =FE and obviously FE, = Pg“E.

3.3.2 Consequences for stability analysis

e It is possible that the spectral radius of M) is greater than one al-
though the product MyMsMsM; indicates stability, in other words
that the geometrical component of the switching, expressed mathem-
atically by the mappings II;, destabilizes the limit-cycle. A practical
example can be found in [4]. It concerns a static DC-to-DC buck-
convertor where switching between two possible configurations occurs
when a feedback signal concerning information about voltages and cur-

15



D(x)=0

Figure 5: If the boundary D(z) = 0 is fixed, the projections of the eigen-
vectors coincide. ), is an eigenvector of the linearized Poincaré map with
section D = 0.

rents (state variables) equals an externally generated sawtooth time
signal. In a particular situation chaos was detected in the output
signal (normally a switched periodic signal) but the underlying peri-
odic orbit could be stabilized by replacing the feedback control by
pure time-switching. Mathematically the elimination of the geometric
component is expressed by the fact that the corrections II; become
unity.

e Also the opposite is true: sometimes an unstable switched cycle can
be stabilized by manipulating the boundaries. This is extensively ex-
plained in the next section but the underlying idea is the following:
when the angle between the normal vector of the surface and the outgo-
ing trajectory is close to m/2, the mapping II performs strong contrac-
tion on the vector field which can possibly compensate the diverging
behaviour between switching instants. This phenomenon is mentioned

in [7].

3.4 Calculating Lyapunov exponents of variable structure
systems

Lyapunov exponents (see for example [2]) play an important role in the
characterization of the long term behaviour of dynamical systems. They
give useful information about the converging/diverging behaviour of per-
turbations around a trajectory and can be used to classify attractors of the
dynamical system (periodic, quasiperiodic, chaotic, hyperchaotic,...). For
variable structure systems they are even more important because chaotic
behaviour is often observed.

16



The problem of the calculating the Lyapunov exponents is strongly re-
lated to the previous one because the long term evolution of perturbations
around a trajectory (involved with the calculation of Lyapunov exponents)
can be calculated by integrating the variational equations and when the
structure of the system changes, the algorithm has to be adapted. In [10]
this is applied to an impact oscillator.

4 Control theory point of view

4.1 Introduction

In this section we investigate the influence of the geometric position of the
switching planes on the eigenvalues of the monodromy matrix and con-
sequently on the stability of the periodic solution. Thereby links with clas-
sical linear control are made.

In linear control theory one considers systems of the form

© = Az + Bu (31)

where € R is the state and w € R the input. Controllability of the
system is expressed mathematically by the non-singularity of the control-
lability matrix 7= B AB A?B ... A" !B ]. Using a suitable state
feedback u = KTz with K € R"*!| the poles (i.e. eigenvalues) of the closed
loop system & = (A + BK")x can be chosen arbitrary.

The starting point of this discussion is a switched limit cycle of an
(non)autonomous system & = f(z,t). The influence of the position of the
plane D = 0 is investigated. As depicted in figure 6, we denote by P the
point on the limit cycle just before switching occurs. The monodromy mat-

rix in P can thus be calculated as MII with II = I + %. Hereby
t

we consider a fixed matrix M, i.e. we investigate the influence of the geo-
metric postion of the switching plane near the intersection point P while
the geometric structure in the other switching points remains unchanged.
Define §z* as the mapping of a n-dimensional perturbation §z° around
P after a time k7T with T the period of the limit cycle. Then the following
holds:
Skl = MTIs2*, (32)

or
gradDT i

x”, 33
grad DT R + % (33)

szF 1t = Mok + M(R - R)

17



Figure 6: Switched limit cycle. The influence of the intersection near P is
investigated, M = M,IIM;.

which can be seen as a standard linear control system

Saktt = Azk + Bu, A= M, B=M(R-R), (34)
with a static state feedback law v = KT §zk = %&vk.

Now we suppose that the position and the ’velocity’ of the switching
plane at the intersection point are free parameters and we investigate how
they can be determined to result in a desired behaviour of perturbations
around the limit cycle, i.e. in a desired position of the Floquet multipliers.

From (34) it is clear that the possibility of choosing all the Floquet

multipliers is expressed by the controllability of the pair (M,M(R — R))

but the set of all possible feedback matrices K satisfies a parametrization
constraint:

dD
KeW={K:3D(z,t)>K=— " (35)
gradDTR + %—?

e When the plane is fixed (i.e. % = 0) the set W is a hyperplane:
W={K>K'R=1} (36)

e When the plane is allowed to vary in time (%—? # 0) we have W = R".

18



4.2 Case 1: time-varying boundary (i.e. %—? #0)
The following theorem holds:

Theorem 4.1 When the boundary is time-varying and (M, M(R — R)) is
controllable, all the Floquet multipliers can be placed arbitrary.

Proof 4.1 The set W of all admissible controls s the whole space. Com-
bining with the controllability property proves the statement of the theorem.

O

Generally, i.e. in the non-degenerate case, (M,M(R — R)) is controllable,
also in the case when the piecewise dynamics are described by equations of
the form # = f;(x). Indeed, due to the time-varying boundary the system
is non-autonomous and therefore there is no trivial Floquet-multiplier and
thus no constraint on the position of the Floquet multipliers.

The following algorithm, based on Ackermann’s formula [1] can be used
to solve the pole-placement problem. Thereby the simplest case is considered
where all desired poles are separated.

Algorithm 4.1 Pole-placement method

e calculate
K'=[00 -+ 0 1]T 'a.(M)

where T is the controllability matriz [ M(R— R) MZ?*(R—R) --- M"(R—R) |
and (M) = M™ + a1 M™ 1 + agM™ 2 4 .- 4+ o, I the polynomial
with the desired Flogquet multipliers as roots.

o calculate

gradDT = cKT
oD
E = C(l — KTR)

for some ¢ #0

. 3 oD _
4.3 Case 2: fixed boundary (i.e. 5 = 0)

In non-degenerate cases the system (M,M(R— R)) is controllable, but

there is a parametrization constraint on all admissible feedback gains K,

KTrR=1
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which prohibits the free choice of all the Floquet multipliers. This can be
considered as a new form of uncontrollability.

However when the system is autonomous the parametrization constraint
is natural and corresponds to the fact that each ’control’ should create the
trivial Floquet multiplier and its corresponding eigenvector (the velocity
vector), as stated in the following theorem.

Remark
When the system is autonomous, this implies that

e the piecewise dynamics are governed by equations in the
form # = f;(x) (non-driven systems),

e all the boundaries are fixed.

Using the notation of figure 6 this can be expressed mathemat-
ically by the following invariance property:

MR = R.

Theorem 4.2 When the system is autonomous, the parametrization con-
straint KTR =1 is equivalent with: R is the eigenvector of the monodromy
matrix corresponding to the trivial Floquet multiplier 1.

Proof 4.2 Because R # R and consequently MR # R:
KTR=1
MR(1-K"R)+ R(IKTR-1)=0
M(I+(R—R)KT)R:R

MIIR =R
O

From theorem 4.2 it follows that each control which satisfies the para-
metrization constraint creates the trivial Floquet multiplier. Now we prove
the opposite: each control which creates an eigenvalue 1 satisfies the para-
metrization constraint i.e. the control can be realized by a suitable geometric
position of the switching plane.
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Theorem 4.3 All feedback gains K (taken the control theory point of view)
creating an eigenvalue 1 satisfy the parametrization constraint (36).

Proof 4.3 Take an arbitrary fized position of the switching plane (expressed
by a choice of I1). This implies that R is an eigenvector of MII with eigen-
value 1. Then because of the controllability the system

S2* ! = MTIsa* = Moz + M(R — R)K" 52"

can be transformated using the (linearized) state transformation

6zF = L715z"
[0 -~ 0 1]T Mt
with L~ = |
[0 -~ 0 1]|T7'M
[0 -~ 0 1]TH
and T the controllability matriz [ M(R — R) M?*(R—R) --- M™(R—R) |

into the control canonical form:

cl1 Cy ... Cp
5okt — 1 54| | KTLs (: L_IMHL52k>
1 0

X =1 is also an eigenvalue of L~*MTIL and the corresponding eigenvector
wn the z-space s given by

[ant a2 ooy 1] =11 11"

for some a.
Because the transformation matriz L only depends on M, R and R (not
on K!) and the eigenvector corresponding to the eigenvalue 1 is always

[ 1 --- 1 ]T wn the z-space, each feedback gain K creating an eigenvalue
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1 automatically creates as corresponding eigenvector the wvelocity vector R.
But following theorem 4.2, this implies that K satisfies the parametrization
constraint. EI

Now we can prove the key result of this section:

Theorem 4.4 If the system is autonomous and (M, M(R — R)) 18 control-

lable, then (n — 1) Flogquet multipliers can be chosen arbitrary.

Proof 4.4 Because of the controllability of (M,M(R - R)) there exists a

feedback K for each desired position of the Floquet multipliers. When one
Floquet multiplier is set to one and the other are chosen arbitrary, due to
theorem 4.3, the corresponding feedback K automatically satisfies the para-
metrization constraint and is realizable by a fixed position of the switching
plane. O

In the autonomous case algorithm 4.1 can be modified as follows: choose 1
as one root of o, and gradD is a multiple of K. Because K has to satisfy
the parametrization constraint, one can use KT R =1 as a test.

4.4 Applications

As already mentioned in the introduction we have given a rather mathem-
atical point of view reasoning in terms of limit cycles, Floquet multipliers,
etc. There are many engineering disciplines where one implicitly uses the
theory developed in this paper. Let us focus on the domain of static DC-to-
DC convertors. Such systems switch between several configurations, each of
them described by a (mostly linear) ODE. Their steady state solutions can
be seen as switched limit cycles.

As we have seen in the previous sections, for the system’s (small gain)
behaviour to be completely determined by interaction with the boundary
(i.e. free choice of all Floquet multipliers), a necessary condition is that the
(equivalent) switching boundary is time-varying. This condition holds for
most practical applications which enables the application of optimal control
strategies [6], pole placement techniques, sliding mode control [8], etc. to
control perturbations around the limitcycle.

Example: PWM-techniques
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Feedback signal
f{x)

Reference signal g(t)
(sawtooth)

time t

Figure 7: Principle of PWM: the state of the system is determined by the
sign of f(x) — g(t)

In PWM (pulse width modulation) controlled convertors switching com-
mands are given when an externally generated reference time signal (usually
a sawtooth) equals a feedback control signal containing information about
the state of the system. This is schematically shown in figure 7. In such
systems the solution is in fact a limit cycle switched in the phase plane on
the time-varying boundary D(z,t) = f(z) — g(t). Two different types of
switching occur, namely one pure time switching (point A) and a switching
with a geometrical component (point B). Because the slope of the reference
signal, i.e. %—?, is nonzero, the dynamics of the system can generally be

controlled by a (designed) value of % _ with = the intersection point B.
T

Ty and o can be

Usually f(z) is linear. Thus f can be written as f(z) = «
chosen according a designed pole position or an optimal control strategy.
Another frequently used control design technique for switched DC-to-DC
convertors is based on state space averaging [9] of the linearized power stage
model leading to a transfer function from the duty-rate (ON-time/switching
period) to the filtered (i.e. averaged) output voltage. Next the duty rate
is used to control the output via (averaged) output feedback. When the
averaged system’s dynamics are sufficiently slow compared to the period
of the reference signal, one actuallly changes the position of the ’switching

plane’ in order to control the output.

5 Conclusion

In this paper we have studied properties and algorithmic issues of variable
structure systems. A general formula has been derived, which describes the
evolution of perturbations around a solution of a variable structure system.
This formula plays a crucial role in the adaptation of many algorithms based
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on simulation and developed for smooth systems to the piecewise smooth
case. This is illustrated for the shooting method for computing periodic
solutions. The clear structure of this formula allows an investigation of
the geometric aspect of switching with respect to the stability of periodic
solutions. We have taken a mathematical viewpoint by reasoning in terms
of the theory of dynamical systems and a theoretical framework is developed
in which many practical applications are unified, as illustrated for switched
power convertors.

Further work will include the investigation of superstable limit cycles:
when the switching plane contains the outgoing velocity vector, one Floquet
multiplier is set to zero and consequently some perturbations can disappear
in a finite time which implies superstability.
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A Mapping in the state space

In the article one basically has taken into account the geometric aspect of
switching. A slight extension of the problem is formed by systems where,
once a boundary is hit, a mapping in the state space is performed. Examples
are mechanical systems where moving masses can interact with obstacles
(hard constraints). For such systems the mapping in the state space at
the boundary is determined by the kind of collisions involved (for example
perfectly elastic collisions give rise to a reversal of the (relative) velocity).
Generally consider the following system where T denotes the mapped

state:
= fi(z,t)
it =2 it i =1
it = if i— =2 3 when D(z,t)=0 (37)
xt =F(a)

The last equation describes the smooth mapping of the state vector to be
performed at the boundary D(z,t) = 0. Consider a trajectory starting in
zo (i = 1) at t = 0 which reaches the boundary in a non-tangential way at
to in 7o where swichting occurs (i = 2) and reaching yg in a time T > to.
For each x in a sufficiently small neighbourhood of xy define point y as the
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point reached by integrating the differential equations (37) from z over fixed
time 71" with the same starting time ¢ = 0. Then using the definition of ¢;
(3), y satisfies:

y:‘p2(F(a~7)7T_t~7t) (38)
where t and & satisfy:
D(&,t) =0
{ T = pi(x,1,0) (39)

Then analoguously as done in section 2 the sensitivity of ¥ to changes of =
at zo can be calculated as:

d Rygrad D" RygradD”
2=y | s g — s M (40)
T, grad D* Ry + 57 gradD* Ry + 57
where My, Ms, Ry are defined in (10), R, = % _ and J is the
(F(Z0),0,t0)
. . . : dF(z)
jacobian matrix of the map F(z) evaluated at o, “7.~ .

Formula (40) would equal My.JM; when all the trajectories would reach
the surface D in the same time. The other terms thus reflect once again the
influence of the true geometrical position of the boundary.

26



