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Abstract

The vertices of the secondary polytope of a point configuration corre-
spond to its regular triangulations. The Cayley trick links triangulations of
one point configuration, called the Cayley polytope, to the fine mixed sub-
divisions of a tuple of point configurations. In this paper we investigate the
secondary polytope of this Cayley polytope. Its vertices correspond to all
regular mixed subdivisions of a tuple of point configurations. We demon-
strate that it equals the Minkowski sum of polytopes, which we call mixed
secondary polytopes, whose vertices correspond to regular-cell configurations.
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DECOMPOSING THE SECONDARY CAYLEY POLYTOPE

TOM MICHIELS AND RONALD COOLS

ABSTRACT. The vertices of the secondary polytope of a point configuration correspond to its
regular triangulations. The Cayley trick links triangulations of one point configuration, called
the Cayley polytope, to the fine mixed subdivisions of a tuple of point configurations. In this
paper we investigate the secondary polytope of this Cayley polytope. Its vertices correspond
to all regular mixed subdivisions of a tuple of point configurations. We demonstrate that
it equals the Minkowski sum of polytopes, which we call mixed secondary polytopes, whose
vertices correspond to regular-cell configurations.

1. INTRODUCTION.

Regular triangulations and mixed subdivisions play an important role in algebraic geometry
(See [Stu94al,[Stu94b], [IR96],[LWIS] and [Vir84]) and are used in homotopy continuation
methods for solving polynomial systems (See [HS95] and [VVC94]). The vertices of the
secondary polytope (See [GKZ94]) are in a one-to-one correspondence to regular triangulations
of a point configuration. We show that for mixed subdivisions, this secondary polytope has
a degenerate structure: it can be Minkowski decomposed.

In Sections 2 and 3 a brief introduction is given to regular triangulations and regular
mixed subdivisions stressing the properties that are important to us. We define the /-mixed
secondary polytopes in Section 4 and proof in Section 5 that the sum of these [-mixed
secondary polytopes is the secondary polytope. The connection between bistellar flips and
the edges of the I-mixed secondary polytopes is explained in Section 6. We conclude with an
example in Section 7.

2. PRELIMINARIES ON TRIANGULATIONS

A triangulation T of a finite point configuration A C R? is a collection of cells I C A of
cardinality d 4 1 and dim(conv(/)) = d such that | J;cconv(l) = conv(A) and VI,.J € T :
conv(/ NJ) = conv(/) Nconv(J). A triangulation 7 is called regular (or coherent) if there
exists a lifting vector w € R4 such that {(a,w(a)) | a € I} with I € T are the upper convex
hull faces of {(a,w(a)) | a € A}. (See [Lee91] for more on regular triangulations.)

A circuit is an aflinely dependent point configuration Z with all proper subsets of Z affinely
independent. Consequently there exists, up to real multiple, a unique affine relation between
the points of the circuit: »° v,z = 0;3,c, 7 = 1. (See [Zie95].) In this paper we fix
|7x| = vol(Z \ {x}), where vol denotes a translation-invariant volume scaled to be 1 for the
unit-simplex.
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A circuit has two triangulations 7y = {Z\ {z} | 7, > 0} and 7_ = {Z\ {z} | 7. < 0}.
A triangulation 7 of A C R%is called flipable over Z C A if the simplices of T+(_) are faces
of simplices of 7 and if VI € T,VJ € Tooy: (J CI) = (VK € Ty : KU(I\J)eT).
This implies that 3FM, F@) F6) such that VI € T :if 3, € T4 with I, C I then
Jj:I=I,UFYD andVje{l,...,s" VI e T, : FOUI, €T.

Definition 2.1. Gliven a circuit Z and a triangulation T flipable over Z then the bistellar

flip of T over Z, flip;(T), is the triangulation obtained by replacing all cells I of T having
a cell Iy € T4 as a face of any dimension by (I'\ 14) U I_ with I_ € T_.

A cell T of T is involved in a bistellar flip flip, if I ¢ flip,(7), i.e., it #(Z\ 1) = 1.

Theorem 2.2. Given a circuit Z and two cells IV) = Z\{z"YUF and 1?) = 2\ {zP}UF,
not necessarily belonging to the same triangulation then

vol(conv(IM)) |+,
vol(conv(I())) "~ |7,

Proof. For notational convenience, a set of points is denoted by a (d+ 1) x (d + 1)-matrix
whose rows are the affine coordinates of these points. Since the volume of a unit simplex is

scaled to 1,
F

Where Z(1) represent the points in Z\{z(l)}. The points of I(1) are affinely independent and
thus there exists an orthonormal transformation U such that

F G "
(o) =(a 2 )

where Z/(Y) is a square matrix with the same number of rows as Z(!). Then

vol(conv(IV)) = |det(G)|.|det(Z' (D).

VOI(COHV(I(l))) = |det(I(1))| —

Observe that ‘Z’(l)‘ is the volume of Z() in its own dimension, i.e. |7, |. Since Z is a circuit
and thus affinely dependent, applying the same U to 1 gives

F G "
()= (0 7))

Combining all this proves

VOI(COHV(I(l))) B det(I(l)) B det(Z’(l)) v
vol(conv(1(2))) — |det(I@) | |det(Z/@)| |7, |
Note that if ' = () then it follows immediately that
vol(conv(IM)))  |det(ZM)| |7,
vol(conv(I(2))) — [det(Z@)| |7, | ]

Secondary polytopes were introduced in [GKZ94]. The vertices of a secondary polytope
correspond to the regular triangulations of a polytope. This property was used in [dL.95, T197,
MIK96] to enumerate all regular triangulations of point configurations. Secondary polytopes
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are generalized by fiber polytopes (See [BS92] and [Zie95, Lecture 9]) and universal polytopes
(See [dLHSS96]).

Definition 2.3. The characteristic function of a triangulation T of a point configuration
ACR?is!
pr:A—=-R:a— Z vol(conv([))
Ilael
where vol is a translation-invariant volume scaled to be 1 for the unit simplex.

Note that characteristic functions can be regarded as #A-dimensional vectors.

Definition 2.4. The secondary polytope of a point configuration A C R? is
Y(A) :=conv {7 | T a triangulation of A}).

Theorem 2.5 (Theorem 1.7, page 221 and Theorem 2.11, page 233 [GKZ94]). Let A C R?
be a point configuration then:

1. the vertices of X(A) correspond to regular triangulations of A, i.e., the normal cones of
Y(A) are exactly the cones of lifting vectors inducing the reqular triangulations;
2. the edges of X(A) correspond to the bistellar flips between regular triangulations.

3. PRELIMINARIES ON MIXED SUBDIVISIONS

A (regular) mized subdivision S of (Aq, Ay, ..., A,) with A; C R%is a collection of cells C' =
(Ch,Cq,...,Cy) with C; C A; such that the |JC; x {e(i_l)} make a (regular) triangulation
of JA; x {el=D}. This definition is equivalent with the usual definitions [Stu94b, GKZ94]
of fine mixed subdivisions due to the Cayley trick [Stu94a, Lemma 5.2], [GKZ94, Proposition
1.7, page 274],[VGC96, Proposition 3.9]. All properties of (regular) triangulations can be
formulated for (regular) mixed subdivisions.

A tuple Z = (Zy, Za, ..., Z,) is a mized circuit if |J Z; x {e(=D} is a circuit. We denote the
affine coefficients of this (mixed) circuit by v; , for z € Z;. Note that since Vi : EzeZ,' Yiz = 0,
Vi:#7Z; # 1. A mixed subdivision § is flipable over 7 if its corresponding triangulation is
flipable over | J Z; x {€(i=1}. Two mixed subdivisions are connected by a bistellar flip flip,

if their corresponding triangulations are connected by a bistellar flip over | J Z; x {e(*=D}.
A cell C of § is involved in a bistellar flip flip; if C' ¢ flip4(S), L.e., if D #(Z\C;) = 1.

Definition 3.1. For a mized subdivision S the characteristic function s
s = (995717 ©S5,2y - - - 7995,71)
with

psi: A+ Rra— Z vol (COHV (UCj X {e(j_l)})) .

C|a€0i

For notational convenience from now on we will denote the volume of the convex hull of
the simplex corresponding to a cell briefly with vol(C'). Clearly ¢s ~ @7 for a triangulation
T corresponding to a mixed subdivision S.

'With ZX|Y we mean the summation over all X for which Y holds.
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Definition 3.2. The secondary polytope of a tuple of point configurations (Ay, Az, ..., A,)
with A; C RY is
Y(A1, Ag, ..., Ay) = conv {ps | S a mized subdivision of (A1, Az,...,A)}).

As a consequence of Theorem 2.5 we have:

Theorem 3.3. For a tuple of point configurations (A1, Az, ..., An):

1. the vertices of (A1, Ag, ..., A,) correspond to regular mized subdivisions;
2. the edges of ¥(Aq, Az, ..., A,) correspond to bistellar flips between regular mized subdi-
vISIONS.

4. DECOMPOSING THE SECONDARY CAYLEY POLYTOPE

In this section we define I-mixed secondary polytopes and present our main theorem,
stating that their Minkowski sum equals the secondary polytope.

Definition 4.1. The type B(X) of a tuple of point configurations (cell or mized circuit)
X = (X1, X9y, X)) is B(X) = {i € {1,2,...,n} | #X; > 1}.

Definition 4.2. For I C {1,2,...,n} the I-mized characteristic function is
@‘é’i:Ai—}Rlxl—} Z vol(C).
Ces|B(C)uli}=1xeC;
Theorem 4.3. ps; = ZIC{L?,...,n} c,ofsﬂ»
Proof.

es,i(x) = Z vol(C')

CeS|xeC;

= Z Z vol(C)

Ic{1,2,...,n} CeS|xeC;AB(C)=I

= Z Z vol(C)

IC{1,2,...,n}|iel CeS|xeC;AB(C)u{i}=I

= Z @‘Is,i (x)

Ic{1,2,...,n}iel

= Z @‘Is,i (x)

Ic{1,2,...,n} O

Definition 4.4. The I-mixed secondary polytope of a tuple (A1, As,..., A,) of point con-
figurations with A; C R? is

YAy, Ay, ..., Ay) i= conv ({c,ofs | S is a regular mized subdivision of (A1, Az, .. An)}) .
The following theorem follows directly from Definition 4.2:

Theorem 4.5. YA, Ay, ... A,) = {0} frthetothion 5 (A x {0}Fitithaetothn yhere
k; =#A;.
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Theorem 4.6 (Main Theorem). The secondary polytope of a tuple of point configurations

(A1, Ag, ..., A,) can be decomposed in I-mized secondary polytopes
(1) S(A1, Ay, An) = Y B4, Ay, A,
Ic{1,2,...,n}

Note that the right inclusion C in (1) follows from Theorem 4.3. We will postpone the proof
of the left inclusion to the next section.

Theorem 4.7. If I C {1,2,...,n}, #I1 > d+ 1 then ©1(A;, Ay, ..., A,) = {0}.

Proof. Since a cell C' of a mixed subdivision S corresponds to a (n 4+ d — 1)-dimensional
simplex, we have Y #C; = n 4+ d and Vi : #C; > 1, thus #B(C) < d. If #I > d+ 1 then
there is no cell C' € § such that B(C) U {i} = I. O

5. MIXED SECONDARY POLYTOPES VERSUS BISTELLAR FLIPS.

In this section we will focus on the difference between the characteristic functions of two
neighbouring mixed subdivisions §() and §?) = flip,(S™M). From what we know of a bistellar

flip, there exist tuples of point configurations F(, F(2) . F() with Yk, j : F,gj) NZ,=10
such that de cells of M) and 8@ involved in the bistellar flip flip; can be written as

(2) Ck®) = (7, UFYD 2, UFY, . Z\{z}UFY ... Z,u FY)

with z € Zj, where v}, > 0 for cells of S and Yz < 0 for S@), Using Theorem 2.2 we can
write the volume of (2) as

vol(CUHR2)y = f0) |, |

where f) is a constant independent of z. Using these notations we formulate the following
theorem:

Theorem 5.1. Given a mized subdivision S and a neighbour S = Aflip ,(SM)) then

)

(3) P (%) = pse (X) = —Yix > fY).
7=1
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Proof. We only need the volumes of cells involved in the bistellar flip to express the difference
between the characteristic function:

ps(X) — s (x) = D 3" > sign(ye,).vol(CUT)
7=1 k=1 ZEZMXECl(J’k’Z)

S

- (YT Mt Y M)

=1 k=1litk e 7, xeFY 0z, z€Zi|xeFPUZ\ {2}
(4) = Zf(j).( Z Z Vi t+ Z 72}2)

=1 k=1li#k 4 7, |xeFY Uz, zeZi|xeFY uZ\{z}

=0

. IR SIS

j=1 s€Z;|xeFY) z€Z;|xeZ;\{z}

=0
S S
j=1 Z€Z;|z£XEZ;

= Yix: Zf(j) where v, x = 0 for x ¢ Z;.
j=1

The simplifications of (4) and (5) are based on the observation that »_,., k. = 0. 0

Observe that the factor 2;21 @) in (3) does not depend on x and thus, is a constant,
scaling the vector 7.

Theorem 5.2. Gliven a mized subdivision S and a neighbour S@ = Aflip ,(SM)) then
Pam (%) = e (%) = ( > f(j)) (=7ix)-
I I=B(FW)UB(Z)

Proof. The only cells that have influence on @é(l) (%)= 99£(2) .(x) are those that are involved

in the flip, and obey the restrictions of Definition 4.2, i.e., B(CU*%)) U {i} = I. Note that
B(CU*2)) is independent of the choice of z. Hence we can make the same simplifications as
done in Equations (4) and (5) of the proof of Theorem 5.1 :

Pim (%) — e (%) = ( > f(j))-(—%',x)-
FE{1,...,s}|B(CH2 ) u{i}=1

Since Vk : #7; # 1, from (2) follows B(CU4)) U {i} = B(Z) U B(FU)), and this completes
the proof. O

Corollary 5.3. Given a mized subdivision S and a neighbour S = ﬂipZ(S(l)) then for
al T C{1,2,...,n} there exists a cy € [0, 1] such that

I I
Ps) — P = €I (Pst) — Ps@) -
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Furthermore
Z cy = 1.
Ic{1,...,n}
Proof. This follows directly form Theorem 4.3, Theorem 5.1 and Theorem 5.2. O

We can now prove Theorem 4.6.

Proof. We only need to prove the right inclusion D. We will show that every vertex
f= Z‘P‘Is(l) of %1 (Ay, Ay, ..., A,) belongs to (A, Ag, ..., Ay,).

f is a vertex of 3. ¥/(Ay, Ay, ..., A,) maximizing the inproduct < - ,v > for some vector
von Y. NI(A, Ay, ..., A,). Let ps« be the vertex maximizing this inproduct < - ,v > on
Y(Aq, Ag, ..., A,). Using linear programming, for all I one can build a path of neighbouring
regular mixed subdivisions

S =gty g2 shs) = §*
such that
<c,95(1,]+1) - @S(I,J),v> >0 forj=1,2,...,s].
Applying Theorem 5.3 gives
<99‘IS(IJ+1) — @‘Is(u),v> >0 forj=1,2,...,s;
and thus
(6) {95+, v) 2 (@5, V).

Summing (6) over all I’s gives

(s v) 2 (Y5, v) = (£:v)

which proves that f € (A, As,..., 4,)

6. MIXED SECONDARY POLYTOPES VERSUS REGULAR MIXED-CELL CONFIGURATIONS.

In this section we will see that the vertices and edges of a I-mixed secondary polytope play
a similar role as for the secondary polytope.

Definition 6.1. A cell C' = (C1,Cy,...,C,) is called I-mixed if I = B(C). A (regular)

I-mixed-cell configuration is the set
ST = {C; = (Ck,;,Cryy ..., C) | C €S and B(C) =1 = {ky, ko, ..., ki}}
of a (regular) mized subdivision S.
This definition generalises the definition of [MV].
Theorem 6.2. Given a circuit Z, two neighbouring reqular mized subdivisions S1), 82 =

flip,(SM) and I C {1,...,n} with #I < d, then

(7) SO =8O e oL =L,
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Proof. We denote the cells involved in the bistellar flip flip; between SM and @) by Cli2)
as in (2).

s 4 s@1 g) i, j,2€ Z; i > O,B(C(M,Z)) — 7 and C}j,i,z) ¢ S@1
@ Eli7j7z € Z; Yz > 07B(C(]’Z’Z)) =Jlanderel
35 B(FOYUB(Z) = T and 3i : #(Z: U FY) > 2
W95 BFINUB@Z) =1

5)
& oLy #eky
1. A difference between S and S@ can only be caused by a cell C'U04%) involved in the
bistellar flip between S™) and 8(2).4 ' .
2. Since a bistellar flip only affects C’Z»(]’Z’Z) we have C}J’Z’z) ¢ SO o el
3. This follows from Ve : #7; # 1. 4
4. 1f B(FU)) U B(Z) = I then there is always an i such that #(Z; U FZ»(])) > 2 because
Y #(Z U FZ»(])) =n+d+1,Vi:#(Z; U FZ»(])) > 1 and the number of ¢’s for which
#(Z; U FZ»(])) > 1 is smaller than #1(< d).

O
5. This follows from Theorem 5.2.

Theorem 6.3. The set of regular mized subdivisions {8(1)78(2), e ,S(r)} whose [-mized-
cell configurations are equal for a given I C {1,2,...,n}, i.e. SO =@ — ... = §(1 g
interconnected by bistellar flips.

Proof. Consider the union of normal cones on the vertices ¢gu), 5@, ..., %gt - This union
is the set of lifting vectors inducing one I-mixed-cell configuration. One can in an ad-hoc-way
describe this set as the solution of a system of homogeneous linear inequalities. Consequently
this union of normal cones is convex, and thus all normal cones are interconnected by facets.
These facets correspond to the bistellar flips between the regular mixed subdivisions. O

Theorem 6.4. Given a set of all regular mized subdivisions {8(1)78(2), e ,S(r)} whose I-
mized-characteristic functions are equal for a given I C {1,2,...,n}, ie. @é(l) = 99£(2) =
= @é(r), then the vertices ¢gy, sy, ... ,Psr are interconnected by edges.

Proof. This follows directly from Theorem 4.6 and basic properties of Minkowski sums. O

Theorem 6.3 and 6.4 allows us to generalise Theorem 6.2 for non-neighbouring regular
mixed-cell configurations.

Theorem 6.5. Given two regular mized subdivisions SV, @) and I C {1,...,n} with
#1I < d, then
(8) S(I)I = 8(2)1 = SO‘IS(l) = SO‘IS(Q) .

Proof. It S = @) then Theorem 6.3 ensures that one can construct a path of regular
mixed-cell configurations from S to ) all sharing the same I-mixed-cell configuration.
Using Theorem 6.2 we know that they all have the same characteristic function. At the other
hand, if @é(l) = prs(?) then Theorem 6.4 ensures that one can construct a path of regular
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mixed-cell configurations from S() to §®) all sharing the same I-characteristic function.
Using Theorem 6.2 we know that they all have the same I-mixed-cell configuration. O

Theorem 6.6. Fora I C {l,...,n} with #I <d :

1. the

vertices of EI(Al,AQ,... ,Ap) correspond to the [-mized-cell configurations of

(Ah A27 s 7An);
2. the edges of X (A, Ay, ..., A,) correspond to bistellar flips involving [-mized cells.

Proof. This follows from Theorem 6.5. O

7. AN EXAMPLE

Consider the following point configurations 4; = A; = {(0,0),(1,0),(1,1)} and Az =
{(0,0),(1,0)}. Figure 1 shows the secondary polytope of (A1, Az, A3) with for each vertex,
a regular mixed subdivision. Figures 2, 3, 4, 5, 6, 7 and 8 denote the mixed secondary
polytopes. Note that L1} n{2} 5313} (Figures 2, 3 and 4) are singletons corresponding to
the only triangulation of Ay, A, and As. The vertices of pit2} vt} {23} (Figures 5,

6 and 7)

correspond to mixed-cell configurations stt2h {13} and $123}, The mixed-cell

configurations are depicted by drawing them as >, C;.
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