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So what really happens is that the solution will be an approximation of this impulse by afunction from H. If we solve this problem for subspaces of H with increasing dimension,then the reproducing kernels for these subspaces will approximate the Dirac impulse betterand better, hence will be \narrower" near the peak at z = w and will oscillate more bya Gibbs-like phenomenon. Thus the better we localize the function in the z-domain, theworse it will be localized in the frequency domain. This is a manifestation of the Heisenberguncertainty principle.This shows that two main ingredients of a wavelet analysis are present: localized func-tions (and it will turn out that they can indeed be used to generate basis functions) and amultiresolution idea where a function can be represented at increasing resolution levels.This is the idea which will be elaborated in this paper. It is inspired by the paper ofFischer and Prestin [20] where a similar construction was used for orthogonal polynomialson the real line.2 The function spacesIn this paper, we consider spaces of rational functions analytic in O where O is either the unitdisk or the upper half plane. The inner product is given by an integral over the boundary@O which is the unit circle or the real line. The poles of the rational functions are �xed inadvance. There are two possibilities: either the poles are all inside O or they are all locatedon the boundary @O.In order not to complicate the notation too muchwe will consider only two cases explicitly.In the case of the circle the poles are among the points P = f1=�k : k = 1; 2; : : :g with all�k 2 D = fz 2 C : jzj < 1g and the inner product is given byhf; gi = ZTf(t)g(t)d�(t); t = ei�;where T = fz 2 C : jzj = 1g is the unit circle and R d�(t) = 1. Thus if �n denotes thepolynomials of degree at most n, and if we set �0 = 1 and �n(z) = Qnk=1(1 � �kz) forn = 1; 2; : : :, then we consider spaces of rational functionsLn = �pn(z)�n(z) : pn 2 �n� :In the case of the real line, we assume that the poles are among the points P = f1=�k :k = 1; 2; : : :g with all �k 2 R. In this case, we assume that the functions are real valued onR̂= R[ f1g and the inner product is given byhf; gi = ZR̂f(x)g(x)d��(x);with d��(t) = (1 + x2)�1d�(x) and RR̂d��(t) = 1. The factor (1 + x2) originates from the factthat by mapping the unit circle T to the extended real line R̂ via a Cayley transform � , ameasure d�(t), t 2 T is mapped onto the measure d��(x), x 2 R̂ with x = � (t).Thus, again using �n to denote the space of polynomials of degree at most n and setting�0 = 1 and �n(z) =Qnk=1(1 � �kz) for n = 1; 2; : : :, the spaces we consider are of the formLn = �pn(z)�n(z) : pn 2 �n� :2



Note that unlike the polynomial case, a function in Ln can be �nite at 1, so that � canhave a mass point at 1.We isolate these two cases because if we set all �k = 0, then Ln = �n, and the polynomialcase is recovered.The orthonormal rational functions on the circle and on the line, i.e., the functionsf�0; �1; : : :g such that �n 2 Ln n Ln�1, �n ? Ln�1 and k�nk = 1 were studied by M.M.Djrbashian [14, 13, 15, 16, 17, 18], (see also [24]), later by Bultheel, K. Pan, Xin Li, and ina long list of papers by the authors and they are the subject of a forthcoming monograph[9]. They are related to polynomials orthogonal with respect to varying measures as studiedin several papers by L�opez-Lagomasino.3 Reproducing kernels and orthogonal rational func-tionsAssume that, whatever the case, i.e., the circle or the real line, we have available the or-thonormal rational functions f�0; �1; : : :g as introduced above. The following propertiesconcerning the reproducing kernels are well known (see for example [2, 23, 19])Theorem 3.1 We consider an m-dimensional subspace K of Ln. Assume that its reproduc-ing kernel is given by k(z;w). Then1. For any orthonormal basis fe1; e2; : : : ; emg of K, the reproducing kernel is given byk(z;w) = mXk=1 ek(z)ek(w):2. For any set of distinct points fw1; w2; : : : ; wmg among the points of analyticity for K,hk(z;wj); k(z;wi)i = k(wi; wj)and the matrix M = [k(wi; wj)]mi;j=1is positive semi-de�nite.3. The orthogonal projection of f 2 Ln onto K is given byPKf = hf(z); k(z;w)i :4. For any point w where it makes sense,inff2Kfkfk : f(w) = 1g = [k(w;w)]�1and the minimizer is f(z) = k(z;w)=k(w;w).Also the following lemma is easy to verify. 3



Lemma 3.2 Let f�0; : : : �ng be the orthonormal basis for Ln as introduced above, then forany set of distinct points x = fx0; x1; : : : ; xng which are points of analyticity for functionsin Ln, the matrix �n(x) = 264 �0(x0) � � � �0(xn)... ...�n(x0) � � � �n(xn) 375 (3.1)is regular.Proof. If it were not regular, then there would exist a nonzero vector c = [c0; : : : ; cn] suchthat c�n(x) = 0. In other words, the function �(z) = Pnk=0 ck�k(z) 2 Ln would vanishat n + 1 distinct points fxkgnk=0. Because � is rational of degree at most n, it would beidentically zero and this would imply that the functions f�kgnk=0 were linearly dependent,which is impossible. 2This lemma shows the unisolvence (Haar condition) of the system f�kg. See Davis [12, chap.II, Sect. 2.4]. This lemma entails immediatelyCorollary 3.3 If kn(z;w) is the reproducing kernel for Ln and the x = fxkgnk=0 are n + 1distinct points of analyticity for Ln, then the functions f'nj(z) = kn(z; xj)gnj=0 form a basisfor Ln.Proof. Since, with the matrix �n(x) as in the previous lemma:264 kn(z; x0)...kn(z; xn) 375 = �Hn (x)264 �0(z)...�n(z) 375 ; (3.2)the statement follows because f�kgnk=0 is a basis and �n(x) is regular. 24 MultiresolutionNow we want a multiscale representation of a function. If we use the orthonormal basis �nand consider the Fourier expansionf(z) � c0�0 + c1�1(z) + c2�2(z) + � � � ; ck = hf; �ki ;then as we add more and more terms, we shall add more and more details to the lowresolution approximation. We shall consider the spaces L2s for s = 0; 1; : : : and set Vs = L2s.The orthogonal complement of L2s in L2s+1 is denoted by Ws. Thus if we assume from nowon that n always has the meaning of 2s, then we can de�ne the nested spaces Vs and theorthogonal complementsWs in Vs+1 asV�1 = L0; W�1 = V0 	 V�1; Vs = Ln and Ws = Vs+1 	 Vs; s = 0; 1; : : :We call the orthogonal projection of a function onto Vs the representation of that functionat scale or resolution level s. For s = �1, for example, this is just a constant c0, which isthe weighted (by �) average of the function. 4



Obviously, Vs = spanf�kgnk=0 and Ws = spanf�kg2nk=n+1 can both be generated by ourorthonormal basis functions. However, these basis functions are in general not localized bothin the z and in the frequency domain.To give a trivial example, consider the case of the unit circle with all �k = 0 and with� the normalized Lebesgue measure on T. Then the rational functions are just polynomialsand the orthogonal polynomials are just the powers zk. They form the basis used in Fourieranalysis. Each basis function contains only one frequency, but jzkj = 1 on T. The kernelsk2n(z;w) =P2nk=0 zkwk for w 2 T arek2n(z;w) = � zw�n nXk=�n � zw�k = ein(��!) sin(n+ 12)(� � !)sin 12(� � !) ; z = ei�; w = ei!:Hence these kernels are complex exponentials modulated by the Dirichlet kernel, which islocalized around � = !. This can be veri�ed in the top row of Figure 1. For the spacesFigure 1: Circular case. The real and imaginary part of the functions kn(z; w) =Pnk=0(z=w)k (top) and ln(z; w) = P2nk=n+1(z=w)k (bottom) for z = ei� and w = 1,plotted as functions of �. The �gures on the left are for n = 4, the �gures on the rightfor n = 8. Note that the real parts are even functions, while the imaginary parts areodd functions. n = 4 n = 8
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Kn = L2n 	 Ln, the reproducing kernels are given by ln(z;w) = k2n(z;w) � kn(z;w) =P2nk=n+1 �k(z)�k(w). In our example this is just (zw)n+1Pn�1k=0(zw)k. The plots for thistrivial example are given in the bottom row of Figure 1. It is immediately observed thatthese oscillate more but otherwise have properties similar to the kernels for Ln.For further details about the orthogonal rational functions and the wavelet-like analysis,at several places we have to discuss the circle case and the real line case separately, inorder not to complicate the notation too much. However, if we can easily avoid a separatetreatment, we will give a uniform treatment. 5



5 The ORF basis5.1 The circle caseWe introduce the arti�cial point �0 = 0, the Blaschke factors for k = 1; 2; : : :�k(z) = zk z � �k1� �kz ; with zk = 1 if �k = 0 and zk = � �kj�kj otherwise;and the Blaschke productsB0 = 1; Bn = �1 � � � �n; n = 1; 2; : : :For any function f we set f�(z) = f(1=z) and if fn 2 Ln (it should be clear from the contextwhat space Ln is involved) we de�ne f�n(z) = Bn(z)f�(z).We can now give the Christo�el-Darboux relation which is a summation formula, ex-pressing the reproducing kernel as follows.Theorem 5.1 (Christo�el-Darboux) Let f�kgnk=0 with �k 2 Lk nLk�1 be an orthonormalbasis for Ln, then the reproducing kernels kn(z;w) for Ln satisfykn(z;w) = ��n+1(z)��n+1(w) � �n+1(z)�n+1(w)1� �n+1(z)�n+1(w) :The zeros of the orthogonal rational functions (ORF) are known to be in the open unitdisk D , so they are not suitable for the construction of the quadrature formulas representingintegrals over the unit circle T. We should rather have knots which are located on T. Suchknots are provided by the zeros of para-orthogonal functions. The para-orthogonal functionsare de�ned as Qn(z; �n) = �n(z) + �n��n(z)for �n 2 T, n = 0; 1; : : : and the zeros of these are simple and on T. We have the followingrational Szeg}o quadrature formula.Theorem 5.2 (Rational Szeg}o quadrature) The zeros of the para-orthogonal rationalfunction Qn+1(z; �n+1) are all simple and on T. Let us denote them by f�n;kgnk=0. Moreover,de�ning �nk = [kn(�nk; �nk)]�1, with kn(z;w) the reproducing kernel for Ln, then equalityholds in hf; gi = nXk=0 �nkf(�nk)g�(�nk); 8f; g 2 Ln:Conversely, if the above equality holds, then the �nk should be the zeros of the para-orthogonalfunction Qn+1(z; �n+1) for some �n+1 2 T and �nk = [kn(�nk; �nk)]�1.The n+ 1 zeros f�nkgnk=0 can also be characterized as follows.Theorem 5.3 Let kn(z;w) be the reproducing kernel for Ln. De�ne �n0 = w with w arbi-trary on T and f�nkgnk=1 the n zeros of kn(z;w). Then the numbers f�nkgnk=0 are the zerosof the para-orthogonal function Qn+1(z; �n+1) with�n+1 = ��n+1(w)��n+1(w) :6



Conversely, if f�nkgnk=0 are the zeros of some para-orthogonal function Qn+1(z; �n+1), thenthere exists a number w 2 T, such that �n0 = w and �n+1 = ��n+1(w)��n+1(w) , while f�nkgnk=1 are then zeros of kn(z;w).Proof. First note that neither �n+1 nor ��n+1 can be zero on T. Thus �n+1 is well de�ned andis on T for all w 2 T because j��n+1j = jBn+1jj�n+1j = j�n+1j on T. Thus it is immediatelyseen that the zeros of Qn+1(z; �n+1) are the zeros of��n+1(z)��n+1(w)� �n+1(z)�n+1(w):Obviously z = w is one of the zeros. In the Christo�el-Darboux formula, this zero iscanceled by the denominator and it is of course not a zero of kn(z;w). The n other zeros ofQn+1(z; �n+1) however are precisely the zeros of kn(z;w).Conversely, recall that all the zeros of �n+1 are in D and hence none of the zeros of ��n+1are in D [ T. Thus it follows that ��n+1=��n+1 has winding number n + 1, so that thereare n + 1 values of w 2 T such that �n+1 = ��n+1(w)=��n+1(w). Each of these values of whas to be a zero of Qn+1(z; �n+1), thus we can pick the one which is �n0. The other zeros ofQn+1(z; �n+1) have to be zeros of kn(z;w) as was explained above. 25.2 The case of the real lineThe development for the case of the real line is similar to the development given for the unitcircle, except that we now require that the points �k are all in R, such that the poles 1=�kare all on R̂ n f0g.De�ne as elementary factors�k(z) = z1� �kz ; k = 0; 1; : : :and set B0 = 1 and Bn = �1 � � � �n for n = 1; 2; : : : and Ln = spanfB0; B1; : : : ; Bng. Thesubstar is de�ned by f�(z) = f(z). Note that the basis functions Bk satisfy Bk� = Bk so thatf 2 Ln ) f� 2 Ln. Let the orthonormal functions �k be generated by orthonormalizingthe basis B0; B1; : : :, then it is easily checked that the coe�cients of the �k with respectto the basis Bk are real. We remark that if all the �k = 0, then Bk(z) = zk and hence,Ln = �n, the set of polynomials of degree at most n. We say that �n is regular (or thatn is a regular index) if pn(1=�n�1) 6= 0 where pn is the numerator polynomial of �n, i.e.,�n = pn=�n with �n(z) = Qnk=1(1 � �kz). We say that the system f�kg is regular if �k isregular for all k = 0; 1; : : :. If the system is regular, then the following generalization of thethree-term recurrence relation for orthogonal polynomials exists [9].Theorem 5.4 Suppose that the orthonormal system f�kg is regular, then there holds a re-currence relation of the following form�n(z) = �An�n(z) +Bn �n(z)�n�1(z)��n�1(z) + Cn �n(z)�n�2(z)�n�2(z); n = 2; 3; : : :with initial conditions �0(z) = 1; �1(z) = (A1�1(z) +B1)�0(z):7



Moreover An and Cn are all real and nonzero, and An = �CnAn�1, n = 2; 3; : : :Conversely, if the functions �k are given by such a relation, then they will be orthonormalwith respect to some positive measure �� on R̂.This theorem can also be found in several pieces and in slightly varying forms for examplein [6, 8] where analogs are given for the unit circle.The relation An = �CnAn�1 monitors the norms. This means that �k, k = 2; 3; : : : willbe normalized to norm 1 if we choose �0 and �1 to be normalized. Recall that �0 = 1 isnormalized because we assumed that R d�� = 1. So, if all the numbers Cn are given, thenall the An will be uniquely de�ned once that A1 is �xed. This value of A1 is related to theorthonormality of �1. From the viewpoint of the Favard theorem, given all the Cn and theBn, we can choose A1 nonzero and then all the remaining An will be �xed. Thus all theorthogonal functions are �xed, and therefore also the orthogonality measure is �xed to alarge extend. In this sense, A1 will impose a certain condition on the orthogonality measure.The meaning is as follows.Lemma 5.5 The value of A1 in the above recurrence is related to the orthogonality measureby a generalized standard deviation, i.e.,A1 = �1s ; with s2 = m22 �m21; m22 = ZR̂j�1(x)j2d��(x); m1 = ZR̂�1(x)d��(x):Proof. First assume that B1 = 0, then h�0; �1i = 0 implies that the generalized meanm1 = R �1(x)d��(x) = 0. The normality condition k�1k2 = 1 then gives A21m22 = 1.If B1 6= 0, then the condition h�0; �1i = 0 gives A1 = �B1=m1, while k�1k2 = 1 leads toB21(m22 �m21) = m21:In both cases, this gives the desired formulas. 2Recall that in the polynomial case where all �k = 0, then �1(x) = x and we then get theusual de�nition of standard deviation.Thus, if d��(x) = w(x)dx, in some sense we can say that a larger jA1j will correspond toa smaller s which means that the graph of w will be wider, a small jA1j will correspond toa more peaked w.A useful property we shall need later is that An = 0 i� �n is not regular (see AppendixA).Like for the circular case, we also have a Christo�el-Darboux type formula, which can beformulated as follows.Theorem 5.6 (Christo�el-Darboux) Let f�kgnk=0 with �k 2 Lk nLk�1 be an orthonormalbasis for Ln, then the reproducing kernels kn(z;w) =Pnk=0 �k(z)�k(w) for Ln satisfyAn+1 z � wzw kn(z;w) = "��n(w)�n(w)���n+1(z)�n+1(z)����n(z)�n(z)���n+1(w)�n+1(w)�# :Like in the polynomial case, one can prove [9]Theorem 5.7 The zeros of the numerators of �n are simple and are in R̂. If �n is regular,then the numerators of �n and �n�1 have no common zeros.8



Note that the presence of poles can disrupt the classical property for polynomials which saysthat the zeros of the orthogonal polynomials are real and interlace with the zeros of theneighboring orthogonal polynomials. In the rational case, the numerators of the orthogonalfunctions have simple zeros which are all in R̂, but it is not a priory sure that none ofthe zeros of the numerators coincides with with one of the numbers in P̂ = P [ f1g =f1=�0; 1=�1; : : :g. A zero at 1 means here that the polynomial has a defective degree.Therefore, one should consider zeros of quasi-orthogonal functions to construct quadratureformulas.Quasi-orthogonal functions are de�ned byQn(z; �n) = �n(z) + �n �n(z)�n�1(z)�n�1(z) 2 Lnwhere �n 2 R̂. For �n =1, this should be read as Qn(z; �n) = [�n(z)=�n�1(z)]�n�1(z). Thenumerator of this function, will have n simple zeros in RnPn with Pn = f1=�1; : : : ; 1=�ng,except for at most n values of �n 2 R. Let us denote by En the set of these exceptionalpoints for �n. We call �n regular if �n 2 R nEn. We call Qn(z; �n) regular if �n is regular and�n is regular. Note that if Qn(z; �n) is regular, then Qn(z; �n) has n simple real zeros, whichare not in f1=�1; : : : ; 1=�ng. Also observe that �n =1 can never be a regular value becausez = 1=�n�1 will always be a zero of the numerator of Qn(z;1) by construction. In fact theexceptional points En+1 are among the points of the formEn+1 � ���n+1(w)=�n+1(w)�n(w)=�n(w) ; w 2 Pn+1� :We have with Pn+1 = f1=�1; : : : ; 1=�n+1gTheorem 5.8 If Qn+1(z; �n+1) is regular, then it has n+1 simple and real zeros in RnPn+1.Let us denote them by f�n;kgnk=0. Moreover, de�ning �nk = [kn(�nk; �nk)]�1, with kn(z;w) thereproducing kernel for Ln, then equality holds inhf; gi = nXk=0 �nkf(�nk)g�(�nk); 8f; g 2 Ln:We know that in the polynomial case �n+1 = 0 is a regular value since the n + 1 zeros of�n+1 are simple and real. Moreover we have the Gaussian quadrature formulaZR̂f(x)d��(x) = nXk=0 �nkf(�nk); 8f 2 �2n+1:Also this can be generalized to the rational case: if �n+1 = 0 is a regular value, then thezeros of �n+1 can be used in a quadrature formula which will be exact in a slightly largerspace Ln+1 � Ln, and not just in Ln � Ln.Concerning the zeros f�nkg, we can show an analog of Theorem 5.3. Namely �n0 can bechosen arbitrarily in R nPn+1 and the other zeros are then given by the zeros of kn(z; �n0).Theorem 5.9 Let kn(z;w) be the reproducing kernel for Ln and assume that �n+1 is regular.Choose w arbitrary in R nPn+1 and de�ne�n+1 = ��n+1(w)=�n+1(w)�n(w)=�n(w) : (5.1)9



Then, if �n+1 is �nite (i.e. w is not a zero of the numerator of �n), then de�ning �n0 = wand f�nkgnk=1 as the n zeros of kn(z;w), we have that the numbers f�nkgnk=0 are the zeros ofthe regular quasi-orthogonal function Qn+1(z; �n+1).Conversely, if f�nkgnk=0 are the zeros of some regular quasi-orthogonal function Qn+1(z; �n+1),then there exists a number w 2 RnPn+1, such that �n0 = w and �n+1 is given by (5.1), whilef�nkgnk=1 are the n zeros of kn(z;w).Proof. Note that w 62 Pn+1 implies �n+1 62 En+1 unless �n+1 = 1. In that case w shouldbe a zero of the numerator of �n, but since it is not one of the �k, it has to be a zero of�n. In that case, it follows from the Christo�el-Darboux formula that, as a function of z,kn(z;w) 2 Ln�1, and thus, it can never have n + 1 zeros. However, if �n+1 is �nite, andthus regular, then it follows easily from the Christo�el-Darboux relation that the n zerosof kn(z;w) coincide with n zeros of Qn+1(z; �n+1). The remaining zero of Qn(z; �n+1) isobviously z = w.The converse statement follows along the same lines. By Lemma 12.7 in Appendix A,there are n + 1 values of w for which �n+1 as de�ned in (5.1) will give the value of �n+1Because Qn+1(z; �n+1) is regular, w has to be in R n Pn+1 and because �n+1 6= 1, w willnot be a zero of �n. Now the Christo�el-Darboux relation can be applied again to give theresult. 26 The ORK basisWe discussed the ORF basis for Ln, but this has in general not the property of being a localbasis. For a wavelet analysis, one would rather have a basis of kernel functions, which, ifpossible, should be chosen orthogonal.By Corollary 3.3, we know that fkn(z; xj)gnj=0 forms a basis for Ln for almost any set ofdistinct points x = fxjg. The question is whether it is possible to choose the points in xsuch that this basis is orthogonal. In that case we would have a basis of orthogonal rationalkernels (ORK).6.1 The circle caseIt turns out that if we choose xj = �nj , j = 0; : : : ; n the zeros of a para-orthogonal functionQn+1(z; �n+1), then the basis f'nj(z) = kn(z; �nj)gnj=0 is orthogonal.Theorem 6.1 Let kn(z;w) be the reproducing kernel for Ln and let �n = f�njgnj=0 be thezeros of a para-orthogonal function Qn+1(z; �n+1) for some �n+1 2 T. Then the basis for Lnde�ned by 'nj(z) = kn(z; �nj); j = 0; 1; : : : ; nis orthogonal.Proof. Let �n = �n(�n) be de�ned by (3.1) then it follows from (3.2) and fromh'ni; 'nji = hkn(z; �ni); kn(z; �nj)i = kn(�nj ; �ni); i; j = 0; : : : ; nthat f'njgnj=0 will be an orthogonal basis if and only ifkn(�nj ; �ni) = �ijkn(�ni; �ni); i; j = 0; : : : ; n:10



In terms of the matrix (3.1) this reads�Hn �n = ��1n or equivalently �n�n�Hn = Iwith �n = diag (�n0; : : : ; �nn) a diagonal matrix with �ni = 1=kn(�ni; �ni). Writing �n�n�Hn =I explicitly gives nXk=0 �nk�i(�nk)�j(�nk) = �ij; i; j = 0; : : : ; n:Because also h�i; �ji = �ij for i; j = 0; : : : ; n, this means that the above quadrature formulais exact for the inner product of all basis functions in Ln, hence for the inner product ofany two functions in Ln. By Theorem 5.2, this means that it can only be the rational Szeg}oquadrature formula. Thus the theorem follows. 26.2 The case of the real lineFor the real line, a similar development can be given. The proof of the following theorem isexactly like the proof of Theorem 6.1.Theorem 6.2 Let kn(z;w) be the reproducing kernel for Ln and let f�njgnj=0 be the zeros ofa regular quasi-orthogonal function Qn+1(z; �n+1) for some regular �n+1 2 R n En+1. Thenthe basis for Ln de�ned by 'nj(z) = kn(z; �nj); j = 0; 1; : : : ; nis orthogonal.7 The WRK basisNow suppose that we know the function at resolution level 2n, i.e., we know f2n 2 L2n. Theproblem is to decompose the function into two orthogonal functionsf2n = fn + gn; fn 2 Ln; gn 2 Kn;where Kn = L2n 	 Ln is the wavelet space. This is a trivial problem if we know thedecomposition with respect to the ORF basis: if f2n = P2nk=0 ck�k, then fn = Pnk=0 ck�kwhile gn = P2nk=n+1 ck�k. However, for reasons that have been explained, we prefer not touse the ORF basis, but we use the ORK basis instead. We know how to express the functionfn in terms of an ORK basis. The remaining problem is to write gn in terms of a basiswhich is generated from the reproducing kernel ln(z;w) for Kn = L2n 	 Ln. Obviously thereproducing kernel for Kn isln(z;w) = k2n(z;w)� kn(z;w) = 2nXk=n+1 �k(z)�k(w):The main question in this respect is: Can we �nd n numbers f�njgn�1j=0 such that the functionsf nj(z) = ln(z; �nj)gn�1j=0 form a basis for Kn and if possible, can it be made orthogonal?11



This problem for the basis of Kn is not as trivial as it was in Corollary 3.3 for the basisof Ln. There is indeed no guarantee that for an arbitrary set of distinct points y = fykgn�1k=0on @O or not, the matrix 	n(y) = 264 �n+1(y0) � � � �n+1(yn�1)... ...�2n(y0) � � � �2n(yn�1) 375 (7.1)would be regular. However, using the following lemma, it is possible to prove that therealways exists a set of points fyjgn�1j=0 on @O which make this matrix regular.Lemma 7.1 Assume that Q 2 C (2n+1)�(2n+1) is a square matrix such that QHQ = D withD regular and diagonal. Assume moreover that this Q is subdivided asQ = � Q1 Q2Q3 Q4 �with Q1 2 C (n+1)�(n+1) and hence Q4 2 C n�n . If Q1 is regular and if Q3 2 C n�n+1 is of fullrank n, then Q4 is regular.Proof. Let D be subdivided into the two parts D1 2 R(n+1)�(n+1) and D2 2 Rn�n. We knowfrom QHQ = D that QH2 Q1 +QH4 Q3 = 0so that rank (QH2 Q1) = rank (QH4 Q3). Because Q1 is regular and rank (Q2) = n, we �ndthat rank (QH4 Q3) = n. Now if Q4 were singular, then there would exist a nonzero vectorc 2 C 1�n such that cQH4 = 0, hence also cQH4 Q3 = 0. In other words, rank (QH4 Q3) < n,which is a contradiction. 27.1 The circle caseIn the circle case we can proveTheorem 7.2 Consider the zeros �2n = f�2n;k : k = 0; 1; : : : ; 2ng of the para-orthogonalfunction Q2n+1(z; �2n+1) for some �2n+1 2 T. If we select yn = fyk : k = 0; : : : ; n � 1g tobe any n out of the 2n + 1 zeros in �2n, then the matrix 	n(yn) as de�ned in (7.1) will beregular.Proof. Since the ordering of the zeros �2n;k is completely arbitrary, we can always assumethat we select the yk to be the last elements of �2n = f�2n;j : j = 0; : : : ; 2ng. Now considerthe matrix �2n = �2n(�2n) of (3.1) where the evaluation is in the points of �2n, then 	n(yn)appears as the n � n right lower part of the matrix �2n. By Lemma 3.2, it follows thattaking the block of the �rst n + 1 columns in �2n, any selection of k di�erent rows from itwill result in a matrix of rank minfk; n+1g. Thus the conditions of the previous lemma aresatis�ed and the theorem follows. 2This theorem settles the question of the existence of a wavelet basis of reproducing kernels(WRK basis) of the form fln(z; yk)gn�1k=0 . It is however not clear how to choose these fykgn�1k=0to make the WRK basis orthogonal, if it is possible at all. The same problem was encountered12



for the polynomial case on an interval in [20] where an orthogonal WRK basis could only beconstructed for a Chebyshev weight of the second kind.For some particular cases, it is however possible to construct such an orthogonal WRKbasis. We give a trivial example. Consider again the case where all �k = 0 and whereorthogonality is with respect to the normalized Lebesgue measure of T. In that caseln(z;w) = 2nXk=n+1(zw)k:Note that Ln = �n and Kn = L2n 	 Ln = zn+1�n�1. Furthermore, for some distinct �nk,k = 0; : : : ; n � 1, all on T de�ne the functions  nk(z) = ln(z; �nk), k = 0; : : : ; n � 1. Inanalogy with Theorem 6.1, for these to be an orthogonal basis of Kn, we need the existenceof numbers �nk, k = 0; : : : ; n� 1 such thatn�1Xk=0 �nk�i(�nk)�j(�nk) = �ij; i; j = n+ 1; : : : ; 2n: (7.2)In other words, we need a rational Szeg}o quadrature formula which is exact in Kn =zn+1�n�1. Because f(z) = zn+1pn�1(z) and g(z) = zn+1qn�1(z) are both in Kn if pn�1; qn�1 2�n�1, we have hf; gi = hpn�1; qn�1i :The quadrature formula will be exact if and only if the nodes �nk are the zeros of thepara-orthogonal polynomial Qn(z; � ) = zn + � , � 2 T and the weights are given by�nk = 1kn�1(�nk; �nk) = 1Pn�1k=0 j�nkj2k = 1n:Thus in this case, one can take for example the nth roots of unity for �nk and the basis  nkwill be an orthogonal WRK basis.We can push this example a bit further in two directions. First by considering orthogonalpolynomials with respect to a rational modi�cation of the Lebesgue measure. A rationalmodi�cation of the Lebesgue measure is de�ned as a measure � satisfying for some aj 2 D ,j = 1; : : : ;m d�(t) = d�(t)jh(t)j2 ; h(t) = mYj=1(1� ajt); t = ei�where � is the normalized Lebesgue measure. Orthogonal polynomials for such a measureand corresponding quadrature formulas were considered in [21], see also [28, p.289-290].The orthogonal polynomials for such a measure are given by �k(z) = zk�mh�(z) = zkh�(z)for k � m (see [28, Thm. 11.2, p.289]). For the polynomial h(z) of degree m we haveused h�(z) = zmh�(z) = Qmj=1(z � aj). Thus for n + 1 � m, it follows that Kn =spanf�n+1; : : : ; �2ng = zn+1�mh�(z)�n�1. Therefore, if f; g 2 Kn, then they can be repre-sented as f(z) = zn+1�mh�(z)pn�1(z) and g(z) = zn+1�mh�(z)qn�1(z) with pn�1; qn�1 2 �n�1and we have hf; gi� = hpn�1; qn�1i�.If we want f nk(z) = ln(z; �nk)g to be an orthogonal WRK basis, then, as shown before,the numbers �nk should be chosen such that there exist positive numbers �nk such that (7.2)holds, hence such thatn�1Xk=0 �nk�i�jnk jh�(�nk)j2 = h�i; �ji� = 
zi�n�1; zj�n�1�� :13



This is clearly possible by choosing �nk to be the n zeros of the para-orthogonal polynomialzn + � , � 2 T (and the weights are �nk = jh(�nk)j2=n).A second generalization of the simple case which was �rst considered is to considerorthogonal rational functions with respect to the Lebesgue measure. Such a situation wasconsidered in [7]. In this case the orthogonal rational functions are given by�k(z) =p1� j�kj2 zBk(z)z � �k :Therefore Kn = L2n 	 Ln = spanf�n+1; : : : ; �2ng is given byKn = �n+1 ~Ln�1; �n+1(z) = zBn+1(z)z � �n+1and where ~Ln�1 is the space of rational functions associated with the points f~�j = �n+1+jgn�1j=1 .Thus, if f; g 2 Kn, then there exist ~pn�1; ~qn�1 2 ~Ln�1 such thatf(z) = �n+1(z)~pn�1(z); g(z) = �n+1(z)~qn�1(z);and therefore hf; gi� = ZTf(t)g(t)d�(t) = ZT~pn�1~qn�1(t)d�(t) = h~pn�1; ~qn�1i� (7.3)with d�(t) = jt � �n+1j�2d�(t). Note that this is a rational modi�cation of the Lebesguemeasure which is, up to the factor 1 � j�n+1j2 equal to the Poisson kernel P (t; �n+1) =(1 � j�n+1j2)=jt � �n+1j2. In [7, Section 3] weights and abscisses were given for this casewhich give an n-point rational Szeg}o quadrature formula which is exact in ~L(n�1)� � ~Ln�1,hence for which the inner product (7.3) is evaluated exactly. Thus also in this case we canconstruct an orthogonal wavelet basis f k(z) = ln(z; �nk)gn�1k=0.In Figure 2 we give an example where the �k are located near the unit circle and whereorthogonality is with respect to the normalized Lebesgue measure.In general however, for an arbitrary positive measure � on T, it is not clear how oneshould construct an orthogonal wavelet basis of reproducing kernels.7.2 The case of the real lineTo construct a wavelet basis of reproducing kernels in the case of the real line, we can copythe proofs of Section 7.1. So we haveTheorem 7.3 Consider the zeros �2n = f�2n;k : k = 0; 1; : : : ; 2ng of the regular quasi-orthogonal function Q2n+1(z; �2n+1) for some �2n+1 2 R n E2n+1. If we select yn = fyk : k =0; : : : ; n � 1g to be any n out of the 2n + 1 zeros in �2n, then the matrix 	n(yn) as de�nedin (7.1) will be regular and hence f nj(z) = k2n(z; yj) � kn(z; yj)gn�1j=0 will form a basis forthe wavelet space L2n 	 Ln.In the polynomial case, another possibility exists to construct a WRK basis by choosingyn = fykgn�1k=0 to be the zeros of the polynomial �n. This was proved [20]. We give analternative proof. 14



Figure 2: Circular case. The real and imaginary part and the modulus of the functionsk8(z; w) (top) and l8(z; w) (bottom) for z = ei� and w = 1, plotted as functionsof �. The measure is the normalized Lebesgue measure and the �k are chosen as�k = 0:9ei2k�=8 for k = 1; : : : ; 8 and �k+8 = 0:9ei(2k+1)�=8 for k = 1; : : : ; 8. These �k'sare plotted in the �gure on the right.
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Theorem 7.4 Assume that yn = fykgn�1k=0 are the zeros of the orthogonal polynomial �n,then fln(z; yk)gn�1k=0 forms a basis for Kn = L2n 	 Ln.Proof. If it were not a basis, then the matrix 	n(yn) would be singular, and thus therewould exist a nonzero vector c = [c1; : : : ; cn] such that 	n(yn)cT = 0. Consider the function�(z) =Pnk=1 ck�n+k. This function vanishes in the zeros of �n. Thus it has to be of the form� = �npr where pr is a polynomial of strict degree r with 0 � r � n. On the other handh�; �ki = 0 for any k = 0; : : : ; n. In particular h�; �n�ri = hpr�n�r; �ni = 0. This is howeverimpossible because pr�n�r is of strict degree n and can thus not be orthogonal to �n. Thuswe have a contradiction and the ln(z; yk) have to be independent. 2Let us give an example. The Hermite polynomials (all �k =1) are given by the recur-rence relation �n(z) = (Anz +Bn)�n�1(z) + Cn�n�2(z); n = 2; 3; : : :with �0 = 1, �1(z) = p2z, andAn =r2n; Bn = 0; Cn = �rn� 1n ; n = 2; 3; : : : :These are orthogonal with respect to the weight w(x) = ��1=2e�x2 , thus in our notationd��(x) = p�(1 + x2)e�x2 dx�(1 + x2) :15



Figure 3: Case of the real line. The scaling and wavelet functions k32(z; w) (left) andl32(z; w) (right) multiplied by the weight function in the case of Hermite polynomials.In Figure A: w = 0, in Figure B: w = 1.A: k32(z; 0) and l32(z; 0) B: k32(z; 1) and l32(z; 1)
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The scaling functions and wavelet functions multiplied by the weight are plotted in Figure3. For the Chebyshev polynomials of the �rst kind we have plotted Figure 4. Of course thiscorresponds to the real part of the polynomial circular case where the weight is the Lebesgueweight on the circle. Indeed, the real part of Pnk=0 zk is given by Pnk=0 cos k� and this is atransformation of Pnk=0 Tk(x) where Tk is the normalized Chebyshev polynomial. Of coursethis is directly related to the trigonometric bases studied in [11, 25].Figure 4: Case of the real line. The scaling and wavelet functions k32(z; 0) (left) andl32(z; 0) (right) in the case of Chebyshev polynomials.
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8 Interpolation and biorthogonal basesRecall the de�nition @O which means the boundary of O, that is in our case T or R. Thepole set for Ln is given by Pn = f1=�1; : : : ; 1=�ng. None of these is on T for the circle, whilethey are all real for the case of the line. 16



Let us de�ne the Lagrange polynomials in �n for the interpolation points xn = fxkgnk=0(all distinct and on @O nPn) bylnk(z) = Qnj=0;j 6=k(z � xj)Qnj=0;j 6=k(xk � xj) ; k = 0; : : : ; nand de�ne Lnk(z) = lnk(z)�n(xk)�n(z) ; k = 0; : : : ; nwith �n = nYj=0(1� �jz):Then obviously Lnk(xj) = �kj, k; j = 0; : : : ; n while Lnk 2 Ln. We call these Lnk thefundamental Lagrange interpolating functions (FLIF) of Ln for the points xn = fxkgnk=0. Itimmediately follows that for any function f 2 Ln we may writef(z) = nXk=0 f(xk)Lnk(z):De�ning the discrete inner product in Lnhf; gixn = nXk=0 f(xk)g(xk);it is directly seen that hLnk; Lnjixn = �kj. Thus the FLIF are an orthonormal basis forLn with respect to this inner product. So, by the general theory of reproducing kernels, itfollows that the solution of the problemminfkfk2xn : f 2 Ln; f(xk) = 1gis given by Pnj=0 Lnj(z)Lnj(xk) = Lnk(z). Moreover, if we set 'nk(z) = kn(z; xk) and~'nk(z) = Lnk(z), then because of the reproducing property of 'nkh ~'nk; 'nji = �kj:In other words, 'nk and ~'nk are biorthogonal bases for Ln.Note that we can characterize ~'nk in another way. We may write ~'nk = Pnj=0 c(k)j �jwhere c(k) = [c(k)0 : : : c(k)n ] is de�ned by c(k)�n = ek where ek = [0 : : : 0 1 0 : : : 0] is the kthunit vector and �n = �n(xn) is the matrix (3.1). Thus c(k) is row k in the inverse of �n, sothat we have 264 ~'n0...~'nn 375 = 264 c(0)0 � � � c(0)n... ...c(n)0 � � � c(n)n 375264 �0...�n 375 = ��1n 264 �0...�n 375 : (8.1)It is clear that if the xk are the zeros of a para-orthogonal polynomial (the case of thecircle) or the regular quasi-orthogonal (the case of the real line) Qn+1(z; �n+1), then the'nk are orthogonal and h'ni; 'nji = �ij'ni(xi). In that case we have of course Lnk(z) ='nk(z)='nk(xk). 17



Similarly, given yn = fykgn�1k=0 , one can construct a biorthogonal basis for  nk(z) =ln(z; yk), on condition that the matrix 	n = 	n(yn) of (7.1) is regular. Indeed, let ek =[0 : : :0 1 0 : : : 0] be the kth unit vector, then if 	n is regular, there is exactly one solutiond(k) = [d(k)n+1 : : : d(k)2n ] to the equation d(k)	n = ek, for each k = 0; : : : ; n � 1. The function~ nk(z) =P2nj=n+1 d(k)j  nj(z) is obviously in Kn and we have ~ nk(yj) = �kj, k; j = 0; : : : ; n�1.Thus these ~ nk form the FLIF of Kn for the interpolation points yn = fykgn�1k=0 . We can writefor any function f 2 Kn that f(z) = n�1Xk=0 f(yk) ~ nk(z):The ~ nk are orthonormal with respect to the discrete inner producthf; giyn = n�1Xk=0 f(yk)g(yk)and ~ nk is the solution to the problemminfkfk2yn : f(yk) = 1; f 2 Kng:Moreover, they form a biorthogonal basis for the  nk in Kn because by the reproducingproperty of  nk we have D ~ nk;  njE = �kj, k; j = 0; : : : ; n � 1. The relation between thebases f�kg2nk=n+1 and f ~ nkgn�1k=0 is given by264 ~ n0...~ n;n�1 375 = 264 d(0)n+1 � � � d(0)2n... ...d(n�1)n+1 � � � d(n�1)2n 375264 �n+1...�2n 375 = 	�1n 264 �n+1...�2n 375 (8.2)with 	n = 	n(yn).9 Decomposition and reconstructionTo do the wavelet analysis of a function we should be able to decompose a function f2n 2 L2ninto a sum f2n = fn + gn where fn 2 Ln and gn 2 Kn = L2n 	 Ln. This is a matter of achange of basis. Assume that for each n, we select a number of distinct points xn = fxnkgnk=0on @OnPn and a number of points yn = fynkgn�1k=0 distinct and on @OnP2n such that 	n(yn)of (7.1) is regular. We write in short hand �n = �n(xn) and 	n = 	n(yn). In that case'nk(z) = kn(z; xnk) forms a basis for Ln and  nk(z) = k2n(z; ynk)� kn(z; ynk) is a basis forKn when kn(z;w) is the reproducing kernel for Ln. Let the coe�cients with respect to theappropriate bases be de�ned byf2n = 2nXk=0 p2n;k'2n;k; fn = nXk=0 pnk'n;k; gn = n�1Xk=0 qnk n;k:Then setting p2n = [p2n;0 : : : p2n;2n], pn = [pn0 : : : pn;n], and qn = [qn0 : : : qn;n�1], we getf2n = p2n�H2n 264 �0...�2n 375 ; fn = pn�Hn 264 �0...�n 375 ; gn = qn	Hn 264 �n+1...�2n 375 :18



Equating coe�cients of the corresponding basis functions in f2n = fn + gn leads top2n�H2n = [pn qn] � �Hn 00 	Hn � :This relation allows us to compute pn and qn from p2n and conversely to reconstruct p2nfrom pn and qn.For example, using the relation pnr = hf2n; ~'nri and the biorthogonality relations, we getpnr = 2nXk=0 p2n;k ~'nr(x2n;k); r = 0; : : : ; n:Similarly, it is seen from qnr = Df2n; ~ nrE thatqnr = 2nXk=0 p2n;k ~ nr(x2n;k); r = 0; : : : ; n� 1:In the special case where the 'n;k are orthogonal, i.e., when the xn;k are the zeros �n;k ofQn+1(z; �n+1), then ~'n;r = 'n;r='n;r(�n;r) we get for the �rst of the analysis formulaspnr = 1'n;r(�n;r) 2nXk=0 p2n;k'nr(x2n;k); r = 0; : : : ; n:In general, the  nk are not orthogonal, but if we choose fynrgn�1r=0 to be the last n zerosf�2n;n+1+rgn�1r=0 , then by de�nition ~ nr(yns) = �rs, r; s = 0; : : : ; n � 1. Thus, the secondanalysis formula reduces toqnr = nXk=0 p2n;k ~ nr(�2n;k) + p2n;n+1+r ; r = 0; : : : ; n� 1:For the reconstruction formula, we have by p2n;r = hfn + gn; ~'2n;ri,p2n;r = nXk=0 pnk h'nk; ~'2n;ri + n�1Xl=0 qnl h nl; ~'2n;ri ; r = 0; : : : ; 2n:When the '2n;r are orthogonal, i.e., when the x2n;k are the zeros �2n;k of Q2n+1(z; �2n+1), then~'2n;r = '2n;r='2n;r(�2n;r), and the reconstruction formula becomes as in [20],p2n;r = 1'2n;r(�2n;r)  nXk=0 pnk'nk(�2n;r) + n�1Xl=0 qnl nl(�2n;r)! ; r = 0; : : : ; 2n:10 Dilation and translationThe nested spaces fVsg1s=�1 are a special case of a second generation multiresolution analysis[27], but they can be interpreted in a way which is much closer to the classical de�nition ofa multiresolution analysis. This is what we shall do here.Before we start checking the MRA properties, we should �rst adapt the notion of a shiftwhich is essential in the de�nition of an MRA.19



10.1 Generalized shiftRecall that several of the properties in de�nition of classical MRA refer to shifted functions.In our case, this shift has to be given a more general meaning. It was also introduced in thepolynomial case [20], and we follow here the same lines.To introduce the idea, it is easiest to consider the circle case and write F (�) for f(ei�).Then F (�) is a 2�-periodic function. In classical MRA for 2� periodic functions, the orthog-onal basis is the Fourier basis �k(t) = eikt, a shift F (�+� ) has the e�ect that the kth Fouriercoe�cient of F is multiplied with �k(� )=�k(0) = e�ik� . Translating this to the functionsf de�ned on T with orthogonal basis �k(z) = zk, then a shift has the e�ect that the kthFourier coe�cient is multiplied with �k(�)=�k(1) = ��k where � = ei� . Similarly, for thecontinuous Fourier transform, the basis functions are �!(t) = ei!t and a shift f(t + � ) hasthe e�ect that the Fourier transform f^(!) is multiplied by �!(� )=�!(0) = e�i!� .The generalization we need is to consider a shift operator which is de�ned as above butnow with respect to our orthonormal basis �k which in general is not the basis of classicalFourier analysis. So we consider the Fourier transform with respect to the basis �k namelyF(f) = ffk̂ g1k=0 with fk̂ = hf; �ki. A shift operator S� will be de�ned as the operator whosee�ect is that (S�f)k̂ = fk̂ � �k(� )=�k(�0);where � 2 T and �0 = 1 for the circle, while � 2 R and �0 = 0 for the real line. In fact thechoice of a speci�c �0 2 @O is not really crucial and if another point is more appropriate,one can use it. This �0 is just a reference point with respect to which the shift is taken.If we consider F(f) for f 2 Ln as a �nite dimensional vector of dimension n+1, then wecan describe the shift operator restricted to Ln as a multiplication with a �nite dimensionaldiagonal matrix: So we de�ne the shift restricted to Ln as Sn;� , then for f 2 Lng = Sn;�f , F(g) = F(f)Dn;�where Dn;� is a diagonal matrix de�ned in terms of the orthogonal basis functions f�kgnk=0of Ln. Dn;� = diag � �0(� )�0(�0) ; : : : ; �n(� )�n(�0)�HThus if an = [a0; : : : ; an] and f = an[�0; : : : ; �n]T 2 Ln, then Sn;�f = bn[�0; : : : ; �n]T withbn = [b0; : : : ; bn] = anDn;� . Note that this corresponds to the classical shift if the �k are theclassical Fourier basis of complex exponentials.Now we turn to the MRA properties.10.2 Nesting propertyThis one is trivial to verify. De�ning V�1 = L0, it is immediately seen thatV�1 � V0 � V1 � � � � � Vs � Vs+1 � � � � :10.3 The completeness conditionIf K is a subspace of the Hilbert space H, then for the fVkg to form a MRA of K, one shouldhave that closH 1[s=�1Vs! = K:20



In our case, this means that we should verify in which spaces the system fBkg1k=0 iscomplete. There are several possibilities.In the circle case we have in this respect the following properties.Theorem 10.1 ([1, p.244-246], [9, Corollary 7.2.4])If P1k=1(1 � j�kj) = 1 then the system fBkg1k=0 is complete in H2(T) (with respect tothe Lebesgue measure) as well as in H2(T; �).If R log �0(t)dt = �1 and P1k=1(1 � j�kj) =1 then the system fBkg1k=0 is complete inL2(T; �).R log �0(t)dt > �1 is known as Szeg}o's condition whileP1k=1(1� j�kj) =1 means that theBlaschke product B(z) =Q1k=1 �k(z) diverges to zero. Thus the �k should not approach theboundary T too fast.In the case of the real line we will avoid a long discussion of whether the rational functionsconsidered are are not dense in H2(R̂;��) or L2(R̂;��), and we will just de�neL = closL2(R̂;��) 1[s=�1Ln! :We then have a multiresolution of the space L.10.4 Scaling propertyThe scaling property in a classical MRA says that if one doubles the frequency then onemoves from Vs to Vs+1. Interpreting frequency again in a generalized sense as being theFourier coe�cients with respect to the basis �k, then this can be reformulated as follows. IfF denotes the Fourier transformF(f) = ffk̂ g1k=0; fk̂ = hf; �ki ;then f 2 Vs , suppF(f) = f0; 1; : : : ; n = 2sg. Thus moving from Vs to Vs+1 is equivalentto doubling the support of this Fourier transform10.5 Shift invarianceThe shift invariance, in the classical MRA de�nition says that a shifted version of a functionremains at the same resolution scale, i.e., stays in the same space Vs: f 2 Vs ) S�f 2 Vsfor all shifts � . With our de�nition of general shift, this is obviously true because (n = 2s)f = nXk=0 fk̂ �k 2 Vs ) S�f = nXk=0  �k(� )�k(�0)fk̂ ! �k 2 Vs:10.6 Riesz basisThe �nal condition for a stationary multiresolution is that there should exist a Riesz basisfor V0 which consists of translates of one scaling function. By the scaling property, one canthen generate bases at all resolution levels. Here we shall have one scaling function perresolution level. Indeed, using again the general shift operator de�ned as above, then it is21



clear that if 'nk(z) = kn(z; xnk), k = 0; : : : ; n = 2s is a basis of reproducing kernel scalingfunctions (orthogonal or not) for Vs, then we can write them as 'nk(z) = Sxnk'n(z) with'n(z) = nXk=0 �k(�0)�k(z) = kn(z; �0):Thus all the scaling basis functions 'nk are generalized translates of a unique (for Vs) scalingfunction 'n.Similarly  nk = Synk n where n(z) = 2nXk=n+1 �k(�0)�k(z) = ln(z; �0):The bases used also have a Riesz property, i.e. there are constants A 6= 0 and B suchthat Akpnk � kfk � Bkpnkwhere the norms are 2-norms and f 2 Vs is given by f = pn['n0; : : : ; 'nn]T . It follows from(3.2) and Parseval's equality thatkfk2 = kpn�Hn [�0; : : : ; �n]Tk2 = kpn�Hn k2and this implies that 1k��1n kkpnk � kfk � k�nkkpnk:Similarly, it holds that 1k	�1n kkqnk � kfk � k	nkkqnkwhen f 2 Ws with f = qn[ n0; : : : ;  n;n�1]T .10.7 Consequences of the generalized shiftThis generalized shift operator implies that the functions in the ORK basis look like (cyclic)shifts of each other. The same holds for the functions in the WRK basis. This can be veri�edin Figure 5. If one introduces poles which are close to the unit circle T, then this will havean in
uence on the form of the shifted ORK and WRK functions. For example in Figure6, �1 = 0:9 while all other �k = 0. This gives a pole near z = 1, i.e., near � = 0. Thispole forces the peak near � = 0 to be more pronounced, but it also implies oscillations ofthe ORK and WRK functions in the neighborhood of that pole (here near � = 0). Theseoscillations disappear for w = 1 in kn(z;w) and ln(z;w), but they do show when w movesaway from the pole. This is almost not visible in Figure 6. However this oscillation e�ectincreases when the pole is given more weight by making it a multiple pole. This implies avisual distortion of the simple shift-like property as in Figure 7 where we took all �k = 0:9,k � 1. The peak at � = 0 is now more pronounced than in Figure 6, and the shifted versionsare heavily perturbed and do not look much like being shifted now.22



Figure 5: Circular case. The real and imaginary part of the functions kn(z; w) =Pnk=0(z=w)k (top) and ln(z; w) =P2nk=n+1(z=w)k (bottom) for n = 16. All �k = 0. InFigure A, we took w = 1, and in Figure B, we took w = exp(i4�=17).A: k16(z; 1) and l16(z; 1) B: A \shifted" version of A
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Figure 6: Circular case. The real and imaginary part of the functions kn(z; w) (top)and ln(z; w) (bottom) for n = 16. Here �1 = 0:9 while all other �k = 0. In Figure A,we took w = 1, and in Figure B, we took one of its shifts: w = ei4�=17.A: k16(z; 1) and l16(z; 1) B: A \shifted" version of A
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Figure 7: Circular case. The real and imaginary part of the functions kn(z; w) (top)and ln(z; w) (bottom) for n = 16. Here �k = 0:9 for k � 1. In Figure A, we tookw = 1, and in Figure B, we took one of its shifts: w = ei4�=17.A: k16(z; 1) and l16(z; 1) B: A \shifted" version of A
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11 Symmetry11.1 The circle caseWe have observed in several of the examples that the real part of the scaling and waveletfunctions were symmetric while the imaginary parts showed an antisymmetric property. Wecan explain this as follows. Suppose that the measure � is real and symmetric in the sensethat �(S) = �(S) where S = fei� : 0 � �0 � � � �1 � �g is an arc of the upper half ofthe unit circle and S is the corresponding arc on the lower half circle: S = fz : z 2 Sg.Moreover assume that the poles 1=�k are chosen symmetrically, that is the poles used in Lnare either real or they appear in complex conjugate pairs. In that case the symmetry thatwas observed will take place.Theorem 11.1 Under the above conditions about symmetry of the measure and of the poles,the kernels k2s(z; 1) and therefore also the kernels l2s(z; 1) = k2s+1(z; 1) � k2s(z; 1) have asymmetric real part and an antisymmetric imaginary part.Proof. Suppose n = 2s. We �rst observe that kn(z;w) is given by Pnk=0 fk(z)fk(w) whereffkgnk=0 is any basis of orthogonal functions such that Ln = spanffk : k = 0; : : : ; ng. Nowconsider the measure d�n(t) = d�(t)=j�n(t)j2 where t = ei� and �n(t) = Qnk=1(1 � �kt).De�ne the polynomials qk, k = 0; 1; : : : ; n by orthogonalizing the functions f1; z; : : : ; zngwith respect to �n. Because �n is real and symmetric on T, the coe�cients of the pk willbe real. Hence pk(z) = pk(z). In particular pk(1) 2 R. The reproducing kernel ~kn(z; 1) =Pnk=0 pk(z)pk(1) for the polynomial space �n with respect to �n will thus satisfy ~kn(z; 1) =~kn(z; 1). Furthermore, because of the symmetry of the �k, it holds that �n(z) = �n(z).The theorem now follows by observing that the kernel ~kn(z; 1) can be transformed into a24



Figure 8: Circular case. The real and imaginary part and the modulus of the functionsk8(z; 1) (top) and l8(z; 1) (bottom) where all �k = 0 and �1 = �2 = �0:4 and allother �k = 0. This corresponds to a weight which is plotted in the lower right corner.In Figure B, we plotted the same functions (real and imaginary parts and modulus)multiplied by the weight. A: k8(z; 1) and l8(z; 1)
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10B: Same functions as in A, multiplied by the weight
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reproducing kernel for Ln with respect to � by setting kn(z; 1) = ~kn(t; 1)=[�n(t)�n(1)] andobviously kn(z; 1) = kn(z; 1). 211.2 The case of the real lineHere we can proceed in a similar manner. Assume again that the measure is symmetric withrespect to x = 0 and let the poles de�ning Ln be chosen symmetric with respect to x = 0,thus they appear in pairs (1=�k;�1=�k).Theorem 11.2 Under the above conditions about symmetry of the measure and of the poles,the kernels k2s(z; 0) and therefore also the kernels l2s(z; 0) = k2s+1(z; 0) � k2s(z; 0) are sym-metric w.r.t. x = 0.Proof. As in the case of the circle, we can write the reproducing kernel kn(z; 0) as ~kn(z; 0)where ~kn(z; 0) is the reproducing kernel for the space of polynomials �n with respect tothe measure d��n(x) = d��(x)=j�n(x)j2. Because this measure is symmetric, it follows thatthe orthogonal polynomials for this space are even for an even index and odd for an oddindex. In particular for odd k, we have pk(0) = 0. Hence ~kn(x; 0) = Pnk=0 pk(x)pk(0) =Pk even pk(x)pk(0) is an even function. Therefore kn(x; 0) is even and hence also ln(x; 0) asa di�erence of even functions. 212 Computation12.1 The circle caseTo compute the kernels, one can make use of the recurrence relation that exists for theorthonormal functions. We have [4, 5]Theorem 12.1 The orthonormal functions �k are given by �0 = ��0 = 1 and for n � 1.they satisfy the recurrence relation� �n(z)��n(z) � = en1 � �n�1z1� �nz � 1 �n�n 1 � � ~�n�1(z) 00 1 � � �n�1(z)��n�1(z) �with~�n�1(z) = znzn�1 �n�1(z) = zn z � �n�11� �n�1z ; zn = � �nj�nj ; for �n 6= 0; zn = 1; for �n = 0:The number en is positive and satis�ese2n = 1 � j�nj21� j�n�1j2 11 � j�nj2 :The re
ection coe�cients �n are in D .Conversely, for arbitrary �n 2 D , the functions generated by the previous recurrencerelation will be orthogonal with respect to some probability measure on the unit circle.26



We note that there also exists a recurrence relation of a similar form for the reproducingkernels kn(z;w). However, this will degenerate as soon as w 2 T, so that it can not beapplied for practical computations in the present context.Furthermore, de�ning Kn(z) = kn(z; 0)=pkn(0; 0), then we have [9]Theorem 12.2 With Kn(t) = kn(t; 0)=pkn(0; 0) we havehf; gi = ZTf(t)g(t)d�(t) = ZTf(t)g(t)d�n(t); 8f; g 2 Lnwhere d�n(t) = d�2�jKn(t)j2 ; t = ei�Moreover, if d�(t) = w(t)2� d�, t = ei� and logw is integrable over T with respect to theLebesgue measure, then jKn(t)j�2 converges to w(t) [3]. Thus in our examples for thecircular case, one can plot jKn(t)j�2 for t 2 T and n su�ciently large and this will give anidea about the underlying weight. This is used in Figure 8. We took all �k = 0 and chose�1 = �2 = �0:4 and all other �k = 0. We have plotted k8(t; 1) and l8(t; 1) and their modulus.The rightmost pictures show the unit circle with the position of the �k = 0 and below it,we have plotted the approximation for the weight. In the �gure B below, we plotted k8(t; 1)and l8(t; 1) multiplied by the weight (pictures at the bottom).If one wants to start from a given positive weight and compute the corresponding kernelsfrom it, thus compute the re
ection coe�cients, then the procedure is as follows. First oneshould compute the positive real part of that weight, i.e., the Carath�eodory function
(z) = Z t+ zt� zd�(t); t 2 T;and then it is in principle possible to compute by a Nevanlinna-Pick algorithm [4] all there
ection coe�cients �n. Computing these numerically is not as simple as it seems. Supposethat the �k are mutually di�erent from each other. The inner product in Ln, and thereforealso the re
ection coe�cients �k, k = 1; : : : ; n are completely de�ned by the values of 
(�k),k = 0; : : : ; n, or equivalently by the numbers �0(�k), k = 0; : : : ; n with �0 = (
�1)=(
+1).So one should start with these numbers and transform them by the successive steps ofthe Nevanlinna-Pick algorithm. To compute kn(z;w), one should perform a general stepas follows: Compute 
k = �k�1(�k) and set �0k(z) = (�k�1(z) � 
k)=(1 � 
kz). Then\de
ate" �k by setting �00k(z) = �0k(z)=�k(z) and �nally compute �k = �00k(w) and set �k(z) =(�00k(z)� �k)=(1� �kz). The de
ation step discontinues the successive transformations of thedata �0(�k), so that the number of data to be transformed decreases by one in every step,resulting in a triangular table of numbers. Such an implementation can be found in [10].If however some of the �k are repeated, then the algorithm becomes intractable, since onehas to give values of the derivatives of 
 in �k and if 
(z) is only known numerically, thenthis results in a much more complicated algorithm. The de
ation step would indeed requirethe evaluation of a division [f(z)� f(�)]=[z � �] for z = � which is only possible if one canevaluate the derivative.12.2 The case of the real lineFor reasons similar to the ones given in the circle case, it will be di�cult to write for examplea general matlab code to generate the coe�cients An; Bn and Cn given the measure and the27



points �k. However, given the coe�cients A1, Bn and Cn and the points �n, it is relativelysimple to generate the ORF basis and with these, the kernels and hence also the scalingfunctions and the wavelets can be generated.Like in the circular case, one can de�ne the functions Kn(x) = kn(x; i)=pkn(i; i) withkn(z;w) the reproducing kernels and i the imaginary unit and it holds thatTheorem 12.3 With Kn(x) = kn(x; i)=pkn(i; i) we havehf; gi = ZR̂f(x)g(x)d��(x) = ZR̂f(x)g(x)d��n(t); 8f; g 2 Lnwhere d��n(x) = d��(x)jKn(x)j2 = dx�jKn(x)j2(1 + x2) :Moreover, if all the generalized momentsmn = R xn=�n(x)d��(x) with �n(x) =Qnk=1(1��kx)are �nite for all n and if log �0 is integrable with respect to the normalized Lebesgue measured��(x) = [�(1 + x2)]�1dx, then 1=Kn(z) will converge to the spectral factor �(z) of themeasure � uniformly in compact subsets of the upper half plane, but in general a reasonableconvergence then also holds for z 2 R. This is for example the case when we consider thecase of the Hermite polynomials. However there are many important examples where themeasure is only supported on a half line or on a �nite interval. In that case, log �0 will not beintegrable and simple convergence will not hold in the support of the measure. Fortunately,if one replaces Kn(x) by the (C; 1) Ces�aro sumsSn(x) = 1n+ 1 nXj=0 Kj(x)then we do have convergence and we can get a reasonable picture of the weight functionw(x) in d�(x) = w(x)dx by plotting 1�(1 + x2) 1jSn(x)j2for n su�ciently large.This strategy is used for example to see what the in
uence is when poles are introduced.It is illustrated in Figure 9. We took the recurrence relation for the Hermite polynomials andintroduced poles. In �gure A, the only pole was 1=�1 = 0 and in �gure B we chose two poles1=�1 = 1 and 1=�3 = �0:5. The corresponding weight is plotted together with the scalingfunctions k16(x; 0) and l16(x; 0) both multiplied by the weight function. For comparison, theoriginal Hermite weight is plotted in dashed lines.
28



Figure 9: Case of the real line. The functions k16(z; 0) and l16(z; 0) multiplied by theweight function and the weight function itself. They are generated by the recurrencerelation of the Hermite polynomials, but now with �3 =1 and all other �k = 0 (�gureA) or �1 = 1, �3 = �2 and all other �k = 0 (�gure B). The dashed line shows theHermite weight function. A: �3 =1 and all other �k = 0
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Appendix A: Proofs of some auxiliary resultsIn this appendix we prove some of the results for the case of the real line that were used inthe text. First we proveLemma 12.4 Consider the orthogonal rational function on the real line �n+1 = pn+1=�n+1with �n+1(z) =Qn+1k=1(1��kz). Then �n+1 will be singular, i.e. pn+1(1=�n) = 0 i� An+1 = 0.Proof. First assume An+1 = 0. De�ne fk(z) = �k(z)=�k(z). Then it follows from theChristo�el-Darboux relation thatzw(z � w) [fn+1(w)fn(z)� fn+1(z)fn(w)] = An+1kn(z;w) = 0:Therefore fn+1(w)=fn(w) = fn+1(z)=fn(z) for all z and w, so that fn+1(w)=fn(w) is a con-stant. Thus� (w) = fn+1(w)fn(w) = �n+1(w)=�n+1(w)�n(w)=�n(w) = (1 � �n+1w)�n+1(w)(1 � �nw)�n(w) = pn+1(w)(1 � �nw)pn(w)is a constant. Taking w = 1=�n, it follows pn+1(1=�n) = 0. Thus An+1 = 0 implies that�n+1 is singular.Conversely, assume �n+1 is singular. It follows from the recurrence relation thatpn+1(z) = [An+1z +Bn+1(1 � �nz)]pn(z) + Cn+1(1� �nz)(1� �n�1z)pn�2(z):Substituting z = 1=�n and using pn+1(1=�n) = 0, this impliesAn+1=�n � pn(1=�n) = 0:Because pn(1=�n) can not be zero, we must have An+1 = 0. 2Lemma 12.5 Let �k be the orthogonal rational functions on the real line. De�ne fn(z) =�n(z)=�n(z) and � = fn+1=fn. If An+1 6= 0 then the derivative � 0 does not change sign onthe real line.Proof. First note that fn(x) is real for x 2 R nPn+1, where Pn+1 = f1=�1; : : : ; 1=�n+1g.So when in the Christo�el-Darboux formula we take w 2 R nPn+1 we getzwAn+1(z � w) [fn+1(w)fn(z)� fn+1(z)fn(w)] = kn(z;w):Note that An+1 6= 0 means that �n+1 is regular. Now let z ! w, thenw2An+1 [fn+1(w)f 0n(w)� f 0n+1(w)fn(w)] = kn(w;w) > 0:On the other hand � 0 = �fn+1fn �0 = fnf 0n+1 � f 0nfn+1f2n :Thus it follows that depending on the sign of An+1, � 0(w) is positive or negative for all realvalues of w such that fn(w) 6= 0. 230



Lemma 12.6 Let �k be the orthogonal functions on the real line. De�ne the function hkby hk(z) = (1 � �kz)�k(z). If �n+1 is regular, then the functions hn+1 and hn can have nocommon zeros.Proof. Like in the proof of the previous lemma, we get from the con
uent form of theChristo�el-Darboux formula that1An+1 [h0n+1(w)hn(w)� h0n(w)hn+1(w)] = kn(w;w) > 0:Therefore a common zero of hn and hn+1 is impossible. 2Lemma 12.7 Let �n = pn=�n with �n(z) =Qnk=1(1� �kz) be the orthogonal rational func-tions on the real line. De�ne� (w) = �n+1(w)=�n+1(w)�n(w)=�n(w) = (1 � �n+1w)�n+1(w)(1 � �nw)�n(w) = pn+1(w)(1 � �nw)pn(w) :Then if �n+1 is a regular, � (w) will run n+ 1 times through all values of R as w runs overall values in R.Hence, for a given value ~� 2 R, there are n + 1 values of wk 2 R, k = 0; : : : ; n such that~� = � (wk).Proof. Because the numerator and the denominator of � will have no zeros in commonby the previous lemma, and because pn(z) has at least n simple zeros in R, and because� 0(w) 6= 0 wherever the derivative exists, the conclusion of the lemma follows. 2
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Appendix B: Matlab codeWe include the matlab code for the routines that compute the scaling functions Kn(z;w) =kn(z;w)=pkn(w;w) and the wavelet function Ln(z;w) = ln(z;w)=pln(w;w) in the case ofthe circle and in the case of the real line.In the case of the circle, the weight w(t) in d�(t) = w(t)d�2� , t = ei�, can be approximatedby 1=jKn(t; 0)j2, it can be computed by the same routine.In the case of the real line, assuming thatd��(x) = �w(x)d��(x) = �w(x) dx�(1 + x2) = w(x)dx;then the weight �w(x) can be approximated by 1=jKn(x; i)j2, but because this gives prob-lems when �0 is not in L1(R̂), we have replaced 1=jKn(x; i)j2 by Ces�aro means to give theapproximants �wn(x) for �w(x). Obviously, the weight w(x) can then be approximated by�wn(x)=[�(1 + x2)].Code for the circle:function [kns,knw]=k2n(z,w,n)% function [kns,knw]=k2n(z,w,n)% computes kernel k_n(z,w) and wavelet k_{2n}(z,w)-k_n(z,w)% in the case of the circle.% If w==0 then compute the weight as 1/|K_n(z,0)|^2 (normalized kernel)% z may be a vector, w is scalar%% Uses recursion% |fie_k(z)| |1 rho(k)'| |Z_{k-1}(z) 0| |fie_{k-1}(z) |% | |= E_k(z)| | | | | |% |fi*_k(z)| |rho(k) 1| |0 1| |fi*_{k-1}(z) |%% E_k(z)=e(k)*(1-z*alpha(k-1))/(1-z*alpha(k)')% e(k)= (1-|alpha(k)|^2)/(1-|alpha(k-1)|^2)/(1-|rho(k)|^2)% Z_n(z)=bz(n,z)=sz(n+1)*(z-alpha(n))/(1-z*alpha(n)')% sz(n)=1 if alpha(n)==0; sz(n)=-alpha(n)'/|alpha(n)| otherwisenz=size(z);compute_weight= (w==0); % if w==0 then computation of the weightknzw=ones(nz);knww=1;fienz=ones(nz); fienzs=ones(nz); fienw=1; fienws=1;if(compute_weight) cknz0=ones(nz); end;for k=1:2*nhz0=fienz.*bz(k-1,z); hw0=fienw.*bz(k-1,w);hz1=hz0+rho(k)'*fienzs; hw1=hw0+rho(k)'*fienws;hz2=hz0*rho(k) +fienzs; hw2=hw0*rho(k) +fienws;32



facz=e(k)*(ones(nz)-alpha(k-1)'*z)./(ones(nz)-alpha(k)'*z);facw=e(k)*(1 -alpha(k-1)'*w) /(1 -alpha(k)'*w);fienz=hz1.*facz; fienzs=hz2.*facz; fienw=hw1*facw; fienws=hw2*facw;% knzw=knzw+fienz.*fienw';knww=knww+fienw *fienw';if(compute_weight) cknz0=cknz0+ones(nz)*knww./(abs(knzw).^2); end;% if( k==n & ~compute_weight)kns=knzw/sqrt(knww); % scaling fctknzw=zeros(nz); knww=0; % reinitialize for waveletend;endif (compute_weight) % compute weight bykns=cknz0/(2*n+1); % Cesaro mean% kns=ones(nz)*knww./(abs(knzw).^2); %no Cesaro meanknw=0; % not usedelse % compute the waveletknw=knzw/sqrt(knww);endCode for the real line:function [kns,knw]=rk2n(x,w,n)% function [kns,knw]=rk2n(x,w,n)% computes kernel kns=k_n(x,w) and wavelet knw=k_{2n}(x,w)-k_n(x,w)% x can be a vector; w is scalar% If w==i then compute the weight by Cesaro mean of normalized 1/|K_n(x,i)|^2%% Uses recursion for ORFs% fie_{k+1}(x) = [Ak Z_k(x) + Bk Z_k(x)/Z_{k-1}(x)] fie_k(x)% + Ck Z_k(x)/Z_{k-2}(x) fie_{k-1}(x)%% Z_k(x)=x/(1-x*ralpha(k))% rb(k)=Bk, rc(k)=Ck, ra(1)=A1, Ak=-Ck*A{k-1}nx=size(x);compute_weight= (w==i); % if w==i then compute weight% fie_0(x), fie_0(w), k_0(x,w), k_0(w,w)fienx=ones(nx); fienw=1;knxw =ones(nx); knww =1;if(compute_weight) cknxi=ones(nx); end; 33



% fie_1(x), fie_1(w), k_1(x,w), k_1(w,w)Ak=ra(1); Bk=rb(1);fienx1=(Ak*x./(ones(nx)-x*ralpha(1))+Bk*ones(nx)).*fienx;fienw1=(Ak*w /(1 -w*ralpha(1))+Bk ) *fienw;knxw=knxw+fienx1*fienw1';knww=knww+fienw1*fienw1';if(compute_weight) cknxi=cknxi+ones(nx)*knww./(abs(knxw).^2); end;for k=2:2*nBk=rb(k); Ck=rc(k); Ak=-Ck*Ak;fienx2=(Ak*x+Bk*(ones(nx)-x*ralpha(k-1)))./(ones(nx)-x*ralpha(k)).*fienx1...+(Ck*(ones(nx)-x*ralpha(k-2))./(ones(nx)-x*ralpha(k)) ).*fienx;fienw2=(Ak*w+Bk*(1 -w*ralpha(k-1))) /(1 -w*ralpha(k)) *fienw1...+(Ck*(1 -w*ralpha(k-2)) /(1 -w*ralpha(k)) ) *fienw;fienx=fienx1;fienw=fienw1;fienx1=fienx2;fienw1=fienw2;% knxw=knxw+fienx2*fienw2';knww=knww+fienw2*fienw2';if(compute_weight) cknxi=cknxi+ones(nx)*knww./(abs(knxw).^2); end;% if( k==n & ~compute_weight)kns=knxw/sqrt(knww); % the scaling functionknxw=zeros(nx); knww=0; % reinitialize for waveletend;endif(compute_weight) % Compute weight bykns=cknxi/(2*n+1); % Cesaro mean% kns=ones(nx)*knww./(ans(knxw).^2); % no Cesaro meankns=kns./(1+x.^2)/pi;knw=zeros(nx); % not usedelseknw=knxw/sqrt(knww); % the wavelet functionend;
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Appendix C: The recurrence in the circular caseThis appendix serves to give a note of warning about the recurrence relation in the circularcase.Assume that the orthonormal functions �n are normalized such that their expansion inthe basis Bk is given by �n(z) = an0 + an1B1(z) + � � �+ annBn(z):We call ann = �n the leading coe�cient. The function �n can be made unique by imposingthe condition �n > 0. With this normalization, we shall denote the functions with a hat.These �̂n satisfy the recursion� �̂n(z)�̂�n(z) � = en1� �n�1z1 � �nz � �n1 00 �n2 � � 1 �n�n 1 � � �n�1(z) 00 1 � � �̂n�1(z)�̂�n�1(z) �The numbers �n are in D and �n1 and �n2 are on T such that the appropriate normalizationis obtained and en is as de�ned in Theorem 12.1.To get rid of these �n1 and �n2 (which depend on �̂n itself), we can consider the \rotated"functions �n = �n�̂n with �n 2 T. If �0 = 1 and �n = �n�1�n2 for n � 1, then these �n willsatisfy a recurrence relation as given in Theorem 12.1 with the relation �n = �2n�1znzn�1�nand where as before zn = 1 is �n = 0 and otherwise zn = ��n=j�nj. (See [9].) Thus �n is arotated version of �n.There is however a price that we pay for the simpler form of the recurrence in Theorem12.1. If the orthogonality measure is the normalized Lebesgue measure on T, then all �n = 0and hence also all �n = 0 no matter what �k we choose. But if the �n are signi�cantlydi�erent from zero, then we loose continuity in the neighborhood of �n = 0. Indeed, if�n = �n�1 = 0, then �n = �n�n because zn = zn�1 = 1. For small �n and �n�1, zn and zn�1will remain to be 1 als long as these �n and �n�1 are real. However, for other small values of�n and �n�1 which are not on R, the zn and zn�1 become important and they will de�ne aquite di�erent (rotated) �n. The consequence is that the plots for small, non real �k's maybe quite di�erent from the plots for �n = 0.
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