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SMOLYAK'S CONSTRUCTION OF CUBATURE FORMULAS OFARBITRARY TRIGONOMETRIC DEGREERONALD COOLS, ERICH NOVAK, KLAUS RITTERAbstract. We study cubature formulas for d-dimensional integrals with a hightrigonometric degree. To obtain a trigonometric degree ` in dimension d, we needabout d`=`! function values if d is large. Only a small number of arithmetical oper-ations is needed to construct the cubature formulas using Smolyak's technique. Wealso compare di�erent methods to obtain formulas with high trigonometric degree.1. IntroductionWe study cubature formulas Qn(f) = nXi=1 ai f(xi)for the approximation of d-dimensional integralsId(f) = Z[0; 1]d f(x) dx: (1)A trigonometric monomial in the variable x = (x1; x2; : : : ; xd) is a function of the formf : Rd ! C : x 7! e2�{�1x1e2�{�2x2 � � � e2�{�dxd;where �1; �2; : : : ; �d 2 Z and {2 = �1. The degree of this monomial is Pdj=1 j�jj. Theset of all linear combinations of trigonometric monomials of degree at most ` is denotedby T(`; d). A cubature formula Qn has trigonometric degree ` if it is exact on T(`; d)but not on T(` + 1; d), i.e.,8 f 2 T(`; d) : Qn(f) = Id(f)and 9 f 2 T(` + 1; d) : Qn(f) 6= Id(f):We de�ne Nmin(`; d) = minfn 2 N : 9Qn : Qn = Id on T(`; d)gto be the minimal number n of knots needed by any cubature formula Qn of trigono-metric degree at least ` in dimension d. (We use N to denote the set of positive integers.)Date: April 8, 1998.1991 Mathematics Subject Classi�cation. Primary 41A55, 41A63; Secondary 65D32.1



2 R. COOLS, E. NOVAK AND K. RITTERThe search for Nmin(`; d) was pioneered by Noskov (1985) and Mysovskikh (1988a).Cools and Sloan (1996) include the known results on lower bounds and minimal cu-bature formulas. Also the following facts can be found in their paper. The numbersNmin(`; d) and corresponding cubature formulas are only known in exceptional cases.More exactly, they are known if d = 1 or d = 2 or if ` 2 f1; 2; 3g. Only one more caseis known, namely Nmin(5; 3) = 38. Thus one is interested in upper and lower bounds forthis quantity, as well as in \simple" formulas that have a \high" trigonometric degree.It is known that dimT(b`=2c; d) � Nmin(`; d) � dimT(`; d); (2)where dimT(`; d) = dXj=0 dj! j̀! 2j:For odd degree ` the lower bound in (2) can be improved to(`+1)=2Xj=1  d� 1j � 1! `+12j ! 2j � Nmin(`; d):For �xed degree ` and large dimension d the upper bound in (2) is of the order2``! d`:This upper bound is constructive but, in general, for such Tchakalo�-type upper boundsno construction is known which is feasible for large d. In contrary, the method fromSection 5 only uses about 1̀! d`knots to achieve trigonometric degree `, and there is a very simple expression for thecorresponding cubature formula. The cost to compute all the knots and weights isproportional to the number of knots, in each dimension d.For more motivation and information about minimal formulas see Cools (1997). Thenonperiodic case (with algebraic polynomials instead of trigonometric polynomials) isstudied in Novak and Ritter (1997b), with surprisingly di�erent results. See Section6.5 for a discussion. 2. The MethodWe construct cubature formulas A(q; d) to approximate the integral (1) as follows.First we select quadrature formulas U1; U2; : : : to approximate the one-dimensionalintegral Z 10 f(x) dx:Then we use Smolyak's construction to obtain formulas for the d-dimensional integral.This construction has product formulas U i1
� � �
U id as building blocks. Let ni denote



SMOLYAK'S CONSTRUCTION OF CUBATURE FORMULAS OF TRIGONOMETRIC DEGREE 3the number of knots of U i. Clearly the above product formula needs ni1 : : : nid functionvalues, sampled on a grid. The Smolyak formulas A(q; d) are linear combinations ofproduct formulas with the following key properties. Only products with a relativelysmall number of knots are used and the linear combination is chosen in such a waythat an interpolation property for d = 1 is preserved for d > 1. The formula A(q; d) isde�ned by A(q; d) = Xq�d+1�jij�q(�1)q�jij �  d� 1q � jij! � (U i1 
 � � � 
 U id); (3)where q � d, i 2 Nd , and jij = i1 + � � �+ id. Henceforthn = n(q; d)denotes the total number of knots used by A(q; d).Numerical integration with the Smolyak construction was already studied in Smolyak(1963). Other papers include Baszenski and Delvos (1994), Frank and Heinrich (1996),Genz (1986), Lyness and Sloan (1997), Novak and Ritter (1996, 1997a, 1997b), Temlya-kov (1992, 1994), and Wasilkowski and Wo�zniakowski (1995).In this paper we always take rectangle rulesU i(f) = 1ni ni�1Xj=0 f(j=ni) (4)to build the formulas A(q; d). It remains to select a sequence (ni)i to specify the formulasA(q; d) completely. We analyze two particular choices, namely,ni = 2i ; i 2 N ; (5)in Section 4 as well as ni = 2i�1 ; i 2 N ; (6)in Section 5.Error bounds for both methods are known, see Section 6.1. In this paper we studythe trigonometric degree of these formulas. For `; d 2 N we de�neN(`; d) = minfn(q; d) : q � d; A(q; d) = Id on T(`; d)g:Hence N(`; d) = n(q; d) for the minimal q such that A(q; d) has trigonometric degreeat least `. We study the numbers N(`; d) for both sequences (5) and (6).The results from this paper also hold for another choice of univariate formulas, themidpoint rules. The latter are based on knots j=ni + 1=(2ni).



4 R. COOLS, E. NOVAK AND K. RITTER3. General FactsLet A(q; d) denote a cubature formula (3) with univariate formulas U i of the form(4). Rectangle rules (4) have trigonometric degree ni � 1, and we haveNmin(ni � 1; 1) = ni:Hence these formulas are optimal for d = 1. In the following we put n0 = 0.Lemma 1. If ni � ni�1 for all i 2 N thenA(q; d)(f) = Id(f)for all polynomials f 2 Xjij=q(T(ni1 � 1; 1)
 � � � 
 T(nid � 1; 1)):For a di�erent kind of formulas U i the proof is given in Novak and Ritter (1996).In that paper the algebraic degree was studied. The proof depends on the fact thatthe spaces of exactness of U i are embedded if ni � ni�1, and that is true also forT(ni � 1; 1), the case we are here investigating.Now we consider the classical spaces T(`; d), and we requireni+1 � ni � ni � ni�1 (7)for all i 2 N . This convexity property holds in both cases, (5) and (6).Theorem 1. Assume (7). De�ne `(q; d) by`(q; d) = n��1(d� � � 1) + n�(� + 1)� 1where q = �d+ �for some � 2 N and � 2 f0; : : : ; d� 1g. Then A(q; d) has at least trigonometric degree`(q; d).Proof. The proof is very similar to the proof of Theorem 1 of Novak and Ritter (1997b).In that paper the algebraic degree was studied. Assume that the (algebraic or trigono-metric) degree of U i is mi. Then, following Novak and Ritter (1997b), the degree ofA(q; d) is at least̀(q; d) = (m��1 + 1)(d� � � 1) + (m� + 1)(� + 1)� 1if the convexity assumption mi+1 �mi � mi �mi�1holds for all i 2 N , where m0 = �1. The latter condition is satis�ed in our case becauseof (7) and mi = ni � 1.



SMOLYAK'S CONSTRUCTION OF CUBATURE FORMULAS OF TRIGONOMETRIC DEGREE 5By X i we denote the set of knots that are used by U i. Recall that ni = #X i, andput X0 = ;. Clearly X i�1 � X i (8)for all i 2 N in both cases, (5) and (6). We derive a simple recursion for the numbern(q; d) of knots used by A(q; d).Lemma 2. Assume (8). Thenn(q + 1; d+ 1) = q�d+1Xs=1 n(q + 1� s; d) � (ns � ns�1):Proof. By (3) and (8) the formula A(q; d) is based on the setH(q; d) = [jij=qX i1 � � � � �X idof knots. We haveH(q + 1; d+ 1) = q�d+1[s=1 [jij=q+1�sX i1 � � � � �X id � (Xs nXs�1)= q�d+1[s=1 H(q + 1� s; d)� (Xs nXs�1):Hereby the recursion follows.4. The Meritorious RuleIn this section we study the sequenceni = 2i ; i 2 N ;which gives the so-called meritorious rules, see Lyness and Sloan (1997). The notionof merit is based on another order on the set of trigonometric monomials e2�{�x =e2�{�1x1 : : : e2�{�dxd. Instead of the degreePdj=1 j�jj the number �(�) = Qdj=1max(1; j�jj)is used, and the merit of a cubature formula Qn, which is exact for constants, is de�nedas minf�(�) : 9� 2 Zd : Qn(e2�{�x) 6= Id(e2�{�x)g:Theorem 2. Let q = �d + � with � 2 N and � 2 f0; : : : ; d � 1g. Then A(q; d) hastrigonometric degree `(q; d) = 8<:2(q � d) + 1 if q < 3d2��1(d+ � + 1)� 1 otherwise. (9)



6 R. COOLS, E. NOVAK AND K. RITTERProof. Let ` = `(q; d) for arbitrary q � d. As a consequence of Theorem 1 we see thatA(q; d) is exact on T(`; d).It remains to �nd a polynomial f 2 T(`+1; d) such that A(q; d)(f) 6= Id(f). We �rstconsider the case q < 2d and letf(x) = exp(2�{ 2x1) � � � � � exp(2�{ 2xr);where r = q � d+ 1. Then f 2 T(` + 1; d) and(U i1 
 � � � 
 U id)(f) = 8<:1 if i1 = � � � = ir = 10 otherwisefor every i 2 Nd . Put I = fi 2 f1gr � Nd�r : jij � qgto obtain A(q; d)(f) =Xi2I(�1)q�jij �  d� 1q � jij!:If r = d then I = f(1; : : : ; 1)g andA(2d� 1; d)(f) = (�1)d�1 6= 0:If 1 � r < d thenA(q; d)(f) = q�rXj=d�r(�1)q�r�j �  d� 1q � r � j! �  j � 1d� r � 1!= q�dXj=0(�1)j �  d� 1j ! �  d� j � 22d� q � 2!= kXj=0(�1)j �  m+ 1j ! �  m� jm� k!;where k = q � d and m = d� 2. The identity (27) in Netto (1927, p. 252) yieldsA(q; d)(f) = (�1)k:Hence A(q; d)(f) = (�1)q�d 6= Id(f) = 0Now consider the case q � 2d. Note that for 2d � q < 3d both expressions on theright side of (9) are identical. Take � � 2 and � 2 f0; : : : ; d� 1g such that q = �d+ � .Put r = � + 1 and letf(x) = exp(2�{ 2�x1) � � � � � exp(2�{ 2�xr) � exp(2�{ 2��1xr+1) � � � � � exp(2�{ 2��1xd):Then f 2 T(` + 1; d) and(U i1 
 � � � 
 U id)(f) = 8<:1 if i1; : : : ; ir � � and ir+1; : : : ; id � � � 10 otherwise



SMOLYAK'S CONSTRUCTION OF CUBATURE FORMULAS OF TRIGONOMETRIC DEGREE 7for every i 2 Nd . PutI = fi 2 f1; : : : ; �gr � f1; : : : ; � � 1gd�r : q � d+ 1 � jij � qgto obtain I = f�gr � f� � 1gd�r andA(q; d)(f) =Xi2I(�1)q�jij �  d� 1q � jij! = (�1)d�1 6= Id(f) = 0:Clearly 2d = n(d; d) � N(`; d):Hence, for �xed degree ` and large dimension d, the numbers N(`; d) increase expo-nentially with d. In the following table we give some explicit values for N(`; d) indimensions d = 5, 10, 15, 20 and 25. This table can easily be computed by means ofLemma 2 and Theorem 2. Table 1` N(`; 5) N(`; 10) N(`; 15) N(`; 20) N(`; 25)5 832 77 824 4 947 968 263 192 576 1.262 �10107 3 072 425 984 35 586 048 2.339 �10 9 1:334 � 10119 10 272 2 013 184 214 990 848 1:715 � 1010 1:148 � 101211 32 064 8 579 072 1:147 � 109 1:095 � 1011 8:515 � 101213 95 104 33 820 672 5:568 � 109 6:281 � 1011 5:627 � 10135. A Modified Rule with Polynomial BoundsWe want to modify the method from Section 4 such that N(`; d) increases for �xeddegree ` like a polynomial in the dimension d. Since n(d; d) = nd1 we requiren1 = 1: (10)It turns out that X2 n X1 should also be small in order to obtain a slowly growingsequence n(k + d; d) in d. Hence we require#(X2 nX1) = 1 (11)for j = 1; : : : ; d. Therefore we use the modi�ed sequenceni = 2i�1 ; i 2 N ;in this section.



8 R. COOLS, E. NOVAK AND K. RITTERTheorem 3. Let q = �d + � with � 2 N and � 2 f0; : : : ; d � 1g. Then A(q; d) hastrigonometric degree `(q; d) = 8<:q � d if q < 3d2��2(d+ � + 1)� 1 otherwise. (12)Proof. Let ` = `(q; d) for arbitrary q � d. As a consequence of Theorem 1 we see thatA(q; d) is exact on T(`; d).Let q = �d+ � with � 2 N and � 2 f0; : : : ; d� 1g. Put r = � + 1 and letf(x) = exp(2�{ x1) � � � � � exp(2�{ xr)if q < 2d andf(x) = exp(2�{ 2��1x1) � � � � � exp(2�{ 2��1xr) � exp(2�{ 2��2xr+1) � � � � � exp(2�{ 2��2xd)if q � 2d. Then f 2 T(` + 1; d) and similar to the proof of Theorem 2 we obtainA(q; d)(f) 6= Id(f).Now we derive an estimate on the number n(q; d) of knots used by A(q; d). We use� to denote the strong equivalence of sequences, i.e.,vn � wn i� limn!1 vn=wn = 1:Lemma 3. Assume (10) and (11). For d!1 and �xed `n(`+ d; d) � 1̀!d`:Proof. This is very similar to Lemma 2 of Novak and Ritter (1997b).Corollary 1. Let ` < 2d. Then A(`+ d; d) has degree ` and the corresponding numberof knots satis�es N(`; d) = n(`+ d; d) � 1̀!d`:Here, as in Lemma 3, ` is �xed and d tends to in�nity.The upper bound (2) yieldsNmin(`; d) � dimT(`; d) = dXj=0 dj! j̀! 2j � 2``! d`:We conclude that the polynomial dependence on d for the modi�ed method is the sameas in the upper bound (2) but better by a constant of 2`.We use Lemma 2 and Theorem 3 to compute the following table. The table givesexplicit values for N(`; d) in the same range as in Table 1.



SMOLYAK'S CONSTRUCTION OF CUBATURE FORMULAS OF TRIGONOMETRIC DEGREE 9Table 2` N(`; 5) N(`; 10) N(`; 15) N(`; 20) N(`; 25)5 1 002 8 378 35 004 104 380 253 7567 8 472 122 468 765 314 3 158 460 10 105 8569 62 912 1 462 563 13 049 304 72 053 110 295 574 20611 165 504 15 157 188 186 519 138 1:343 � 10 9 6:921 � 10 913 427 264 141 264 528 2:333 � 109 2:146 � 1010 1:367 � 10116. Discussion6.1. Error bounds. It is known that both sequences (5) and (6) lead to cubatureformulas A(q; d) that are universal, i.e., they are almost optimal for many di�erentclasses of periodic functions. If f has bounded derivatives up to order r thenjId(f)�Qn(f)j = O�n�r=d(logn)(d�1) r=d�: (13)If f has a bounded mixed derivative f (r;:::;r) thenjId(f)�Qn(f)j = O�n�r(log n)(d�1) (r+1)�: (14)These two estimates are optimal { up to logarithmic factors { in both smoothness scalesand hold for all r 2 N . The bound (14) follows from general estimates in Smolyak(1963), see also Wasilkowski and Wo�zniakowski (1995) and Novak and Ritter (1996).See Temlyakov (1994, Section IV.6) for the estimate (13). The Korobov classes arestudied in Baszenski and Delvos (1994), and a result similar to (14) is obtained.6.2. Comparison between meritorious and modi�ed rules. Let Nmod(`; d) de-note the number of points needed by a modi�ed rule to obtain trigonometric degree ` indimension d. In the sequel we compare some other constructions of cubature formulaswith the modi�ed rules. To this end we compute ratiosr(`; d) = N(`; d)Nmod(`; d) ;where N(`; d) denotes the number of points used by a respective construction to obtaintrigonometric degree at least ` in dimension d.We begin with a comparison between meritorious and modi�ed rules. The recursionfrom Lemma 2 is valid in both cases but with a di�erent sequence ni. From this followsimmediately that nmer(q; d) = 2d nmod(q; d): (15)



10 R. COOLS, E. NOVAK AND K. RITTERHere nmer(q; d) and nmod(q; d) denote the number of points used by the meritorious andmodi�ed rules, respectively. In Lyness and Sloan (1997) it is shown thatnmer(q; d) = 2q�d+1 pd�1(q � d+ 1) (16)where pd�1 is a polynomial of degree d� 1.From Theorems 2 and 3 follows that for a given d and ` � 2d+1, a meritorious ruleA(q; d) will have the same odd degree ` as a modi�ed rule A(q + d; d). Hencer(`; d) = nmer(q; d)nmod(q + d; d) = 2q�d+1pd�1(q � d+ 1)2q�d+1pd�1(q + 1) :Here q of course depends on ` but is the same for both methods. Consequentlylim`!1 r(`; d) = 1for every dimension d.We use � to denote the weak equivalence of sequences, i.e.,vn � wn i� c1 vn � wn � c2wn; 8n 2 N ;with two constants ci > 0. Let d 2 N be �xed. From Theorem 3 we have `(q; d) � 2q=d,and hence log `(q; d) � q. Using (15) and (16) we getnmod(q; d) � 2qqd�1 � (`(q; d))d(log `(q; d))d�1:Given ` 2 N , choose q(`) minimal such that `(q(`); d) � `. Then `(q(`); d) � `, andtherefore Nmod(`; d) = nmod(q(`); d) � `d(log `)d�1: (17)For degree ` = 2k + 1 or ` = 2k with k < d we obtainr(`; d) = nmer(k + d; d)nmod(`+ d; d) = 2d nmod(k + d; d)nmod(`+ d; d) :For �xed k and large d, Lemma 3 yieldsr(`; d) � `!k! 2dd`�k :Hence we obtain limd!1 r(`; d) =1for every degree `.Although in this paper we focus on cubature formulas for large dimensions d, incomparisons we consider values of ` and d which make sense in practical computation.The corresponding number of points must not be too large, say, must not exceed 109.Thus, if N(`; d) and Nmod(`; d) are greater than 109, instead of the ratio r(`; d) a `�'is shown in the following tables.For the meritorious rule some values of r(`; d) are listed in the next table. Based onfurther computations we conjecture that the modi�ed rule is better whenever d > `.



SMOLYAK'S CONSTRUCTION OF CUBATURE FORMULAS OF TRIGONOMETRIC DEGREE 11Table 3` r(`; 5) r(`; 10) r(`; 15) r(`; 20) r(`; 25)5 0.83 9.3 141 2 521 49 7187 0.36 3.5 46 741 13 2019 0.16 1.4 16 238 3 88511 0.19 0.57 6 � �13 0.22 0.24 � � �6.3. Comparison with minimal formulas. Minimal formulas are known for degree` 2 f1; 2; 3g as well as for dimension d � 2. See Cools and Sloan (1996) for results andreferences; see also Section 6.4. We haveNmin(1; d) = 2; (18)Nmin(2; d) = 2d+ 1; (19)and Nmin(3; d) = 4d (20)for every d, while Nmod(1; d) = d+ 1;Nmod(2; d) = 12 d2 + 52 d+ 1;and Nmod(3; d) = 16 d3 + 2 d2 + 296 d+ 1holds for the modi�ed rule. Moreover,Nmin(2k + 1; 2) = 2 (k + 1)2 (21)for every k � 0. One has, for instance, Nmin(11; 2) = 72 while Nmod(11; 2) = 256. Ameritorious rule needs 192 points for trigonometric degree 11 if d = 2.6.4. Comparison with copy rules. For dimensions d > 2, all the known minimalformulas are lattice rules. The copy construction is a simple way to derive a sequenceof lattice rules from a basic lattice rule, see, e.g., Niederreiter (1992) and Sloan andJoe (1994).Consider a basic lattice rule in dimension d that uses t0 knots and has trigonometricdegree `0. Let m 2 N . The corresponding m-copy rule is constructed by subdividing[0; 1]d into md congruent subcubes and scaling the basic rule onto these subcubes. Them-copy rule uses t0md knots, and its trigonometric degree is given by (`0 + 1)m � 1.Therefore we have N(`; d) = t0d(` + 1)=(`0 + 1)ed



12 R. COOLS, E. NOVAK AND K. RITTERfor the copy construction. For �xed degree ` the number N(`; d) increases exponentiallyin d. In particular, limd!1 r(`; d) =1:On the other hand, for �xed dimension d the number N(`; d) is of order `d, whileNmod(`; d) is of order `d(log `)d�1, see (17). Thereforelim`!1 r(`; d) = 0:The simplest copy rules are product rectangle rules. In this case t0 = 1 and `0 = 0,and therefore N(`; d) = (`+ 1)d.The lattice rule with knots (0; : : : ; 0) and (1=2; : : : ; 1=2), which is probably �rstmentioned as such in Mysovskikh (1988b), has trigonometric degree one. By (18) it isa minimal formula. The corresponding copy rules are sometimes called body-centeredcubic rules, and they yield N(2k + 1; d) = 2(k + 1)d:These copy rules are minimal formulas for dimension d = 2, see (21). This result isprobably �rst obtained by Noskov (1985). Moreover, the rules are better than themodi�ed rules for small dimensions. Speci�cally, r(`; d) < 1 for d � 6. The followingtable shows superiority of the modi�ed rule for larger dimensions.Table 4` r(`; 5) r(`; 10) r(`; 15) r(`; 20) r(`; 25)5 0.49 14.1 820 66 809 6:6 � 1067 0.24 17.1 2 806 696 233 2:2 � 1089 0.10 13.3 4 677 2 647 143 2:0 � 10911 0.09 8.0 5 042 � �13 0.08 4.0 � � �The lattice rule whose lattice is generated by 14d; 34d; : : : ; 2d� 14d !has trigonometric degree 3 and uses 4d knots. It is a minimal formula due to (20). Thisresult is due to Noskov (1988). The corresponding copy rules yieldN(4k + 1; d) = N(4k + 3; d) = 4d(k + 1)d:For ` = 4k + 3 with k 2 N these copy rules are better than the modi�ed rules inmoderate dimensions. Speci�cally, r(`; d) < 1 for d � 12 and ` = 4k+3. The followingtable shows superiority of the modi�ed rule for large dimensions. To further illustrate



SMOLYAK'S CONSTRUCTION OF CUBATURE FORMULAS OF TRIGONOMETRIC DEGREE 13this fact consider the case ` = 7 and d = 40. Then Nmod(`; d) = 1:3 � 108 whileN(`; d) = 1:7 � 1014 for the copy rule. Table 5` r(`; 5) r(`; 10) r(`; 15) r(`; 20) r(`; 25)5 .64 4.89 56.2 804 132237 .08 .33 2.6 27 3329 .08 1.61 66.0 3871 28665811 .03 .16 4.6 � �13 .05 .30 � � �Note that the degree of m-copy rules increases proportional to m with slope `0 + 1.This causes N(`; d) to be constant on certain ranges of ` if `0 > 0. Theorems 2 and3 show that the same phenomenon is present for the modi�ed and meritorious rules.Since the plateaus of N(`; d) and of Nmod(`; d) appear in di�erent ranges, one obtainsthe irregular behavior illustrated in Table 5.6.5. Are the periodic and nonperiodic cases really di�erent? A comparisonbetween the periodic and the nonperiodic case, i.e., with algebraic instead of trigono-metric degree, reveals the following facts. In both cases� the bounds (2) hold with the respective spaces of polynomials;� for degree ` and large dimension d, the upper bound is of order d` while the lowerbound is of order dk where k = b`=2c.What we achieve so far by constructive methods, however, is di�erent. In the non-periodic case, see Novak and Ritter (1997b), one has methods with about dk knots,which also is the order of the lower bound. In the periodic case, studied in this paper,we only obtained methods with about d` knots, which is the order of the upper bound.Looking at (18) and (20), we conjecture that about dk knots are always su�cient alsoin the periodic case.It is not clear to us whether the methods of ideal theory, as presented in Temirgaliev(1991), can be developed to a point where similar (or even better) results can be proven.Acknowledgments. The formulas on which Table 1 is immediately based were previ-ously known to James Lyness. We thank him for making available to us his independent(and di�erent) derivation and for his version of this table.One of the authors (E.N.) was supported by a Heisenberg scholarship of the DFG.
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