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Abstract. The convergence of waveform relaxation techniques for solving functional-differential
equations is studied. New error estimates are derived that hold under linear and nonlinear conditions
for the right-hand side of the equation. Sharp error bounds are obtained under generalized time-
dependent Lipschitz conditions. The convergence of the waveform method and the quality of the a
priori error bounds are illustrated by means of extensive numerical data obtained by applying the
method of lines to three partial functional-differential equations.
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1. Introduction. Waveform relaxation is an iterative method for systems of
ordinary differential equations. It differs from classical iterative methods in that it
iterates with functions in a function space, instead of with finite sets of discrete un-
knowns. The method dates back to the end of the last century, where it was used
by Picard and Lindelof to prove the existence of solutions to ordinary differential
equations, see [12], [10]. As a practical numerical method it was first proposed by
Lelarasmee et al. [9] in the context of electrical system simulation. Since then, the
method has been considered for various applications by many authors. For a re-
cent state-of-the-art we refer to the book by Burrage [3] and the overview paper by
Miekkala and Nevanlinna [11].

In this paper we study the application of the waveform relaxation (WR) technique
for functional equations. Such problems arise for example in population dynamics, in
the modelling of visco-elastic materials and in the study of nonlinear materials with
memory. These equations include differential integral equations, delay differential
equations as well as ordinary differential equations as special cases.

The numerical properties of the method as an iterative solver for delay equations
were studied, e.g., by Feldstein, Iserles and Levin in [4], and by Bjgrhus in [1]. The
latter paper also includes error estimates of the continuous-time waveform method
for nonlinear delay equations. The discrete-time waveform technique for ordinary
differential equations is studied by Bjgrhus in [2], for the forward and backward Euler
methods with strict (i.e., constant) Lipschitz conditions imposed on the ODE right-
hand side. The error estimates presented in our paper apply to the more general
class of differential functional equations. The estimates are sharper than those of the
above references, for two reasons. First, we consider generalized (i.e., time-dependent)
Lipschitz conditions instead of strict Lipschitz conditions. Such type of condition
was also employed by Sand and Burrage in [14], but in that reference differential
equations without functional argument were considered. Next, even in the case of
strict Lipschitz conditions we obtain sharper results because of a different use of the
one-sided Lipschitz condition (in the case of a negative constant). A similar technique
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2 B. ZUBIK-KOWAL and S. VANDEWALLE

was used by Zennaro in [15], for equations without functional argument. The error
bounds in our paper are given in an arbitrary norm.

The convergence of the waveform relaxation technique for functional equations of
neutral type is studied by Jackiewicz, Kwapisz and Lo in [7]. Their general results can
be applied to the type of equations considered in the present paper, yet that would
lead to weaker estimates. We also mention the paper by Jackiewicz and Kwapisz
[6], where the convergence of WR is studied when applied to differential-algebraic
equations. Their proving technique is different from ours, however, as it is based on
contraction mapping principle. Also, that paper does not deal with error bounds. In
our work we also include results of actual computations, and validate the quality of the
theoretical estimates by extensive numerical data. This is done by several examples
from partial functional-differential equations of parabolic type.

The structure of the paper is as follows. The type of equation that we consider is
defined in §2, and the application of the WR method for such problems is illustrated
by means of three examples. Convergence of the iterative scheme under very general
and nonlinear conditions is studied in §3, where also a very general error estimate
is derived. The method’s convergence under a generalized, time-dependent Lipschitz
condition is analysed in §4. Error bounds for various special cases are derived, and
compared to error estimates that are obtained under strict Lipschitz conditions. The
quality of the different error estimates is illustrated graphically and compared to actual

errors obtained in numerical experiments. We end with some concluding remarks in
§5.

2. The waveform relaxation method.

2.1. General iteration scheme. We consider the following Cauchy problem
for a system of ordinary differential-functional equations

y(t) = F(t,y(t),w:), tel0,T),
y(t) = yo(t), t€[—70,0].

Here, F : [0,T] x B™ x C([—70,0], R™) — R", with T > 0 and 75 > 0, is a continuous
function. The function y; : [-70,0] — R™ for ¢t € [0,7] and y € C([—70,T],R") is
defined as

(2.2) y(s) =yt +s), s€[-70,0].

Equation (2.1) is a very general type of equation and includes for example ordinary
differential equations,

(2.1)

y(t) = F(t,y(2),
delay equations,
y(t) = F(¢,y(8),y(6(t)), with — 7o+t <6(t) <t,

and also integro-differential equations,

0

y(t) = F(t, y(t),/ y(t + s)ds).

The general WR method for (2.1) is an iteration scheme of the following form
g = HL ), 05 (@), v, te 0T,

(2.3) L) = yo(t), t € [~70,0],
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where k = 0,1, 2, ... and where 3° is a given starting function. The function H, which
is called the splitting function, is chosen to attempt to decouple system (2.1) into
easily solvable independent subsystems, which may then be solved separately. In the
present paper, we will study a somewhat more restricted class of methods, namely

() = GG, yET(R), 4R (2), F), te (0, T,

(2.4) yk+1(t) =yo(t), te€[-7,0].

That is, the functional argument is always taken from a previous iterate. In this
way we completely avoid having to solve any functional equations at all during the
iteration. The splitting function G is minimally assumed to satisfy a consistency
condition, which ensures that the solution to (2.1) is a fixed point of (2.4).
AssuMPTION 1. The function G : [0, T]|xR™xR"x C([—7o, 0], R™) — R™ satisfies

(2'5) G(t,p(t),p(t),pt) = F(t,p(t),pt),

for any function p € C([—70,T], R™).
For example, the Jacobi/Picard WR scheme

(2.6) ETH(t) = Fit, yF (), ooy w1 (8), wE T (2), wEa (B), s 0B (8), ), i =1,

and the Gauss-Seidel/Picard WR scheme

(2.7) yf"'l(t) = Fi(t, y’f"’l(t), ) yf"'l(t), yf_l_l(t), ) yﬁ(t), yf), 1=1,..n,

can be obtained for particular choices of the splitting function G in (2.4). Scheme
(2.6) is parallel; (2.7) is sequential. As the functional term is taken from the previous
iteration, we have added the term ‘Picard’ to the names of the schemes.

2.2. Three numerical experiments. In order to illustrate the WR procedure
we will consider three examples. They are problems of type (2.1), that are derived by
replacing the spatial derivatives in a partial differential-functional problem by finite
difference methods. The convergence of this numerical method of lines for differential-
functional problems, i.e., convergence of the solution of the functional-ODE to the
solution of the functional PDE, is studied for instance in [16] and [17].

2.2.1. Example 1: An integro-differential equation with an integral in
time. We apply the numerical method of lines to the following initial-boundary value
problem for (¢,z) € [0,10] x [—L, L],

08 Dulte)= g )+ g [ (et e)ds + oft2)
' ot T T g(1rat) az2 0T T g J T HRIEETILE)

-1

with the following initial and boundary conditions,
u(t,z) =tz?, (t,2) € [-1,0] x [-L,L] and wu(t,+L)=tL*, t€(0,10].

The right-hand side function g(¢, ) is chosen in such a way that the solution of the
equation is known exactly and equal to u(¢,z) = tz?. After spatial discretization a
system of ordinary differential-functional equations results,

. Y 1(t) — 2Ui(t) + Ui_l(t) 1 0
(29) ()= = 8h2(1 + 2t) + 1—|—2t/

v;(t + s)ds + g:(t) ,
—1
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fori=—-M+1,...,M — 1, with given initial and boundary values
vi(t) =ti*h?® , t € [-1,0] and w_p(t) =vae(t) =t L*, t€(0,10].

Here, h is the spatial step; M is a natural number such that Mh = L; g;(t) = g(¢, th),
and v;(t) is meant to approximate the solution of (2.8) at the point (¢, ih).
We consider three different iteration schemes: Jacobi/Picard,

gy = Ya(t) — 200 + ol () l,f
' 8h%(1 + 2t) 142t

vE(t 4 s)ds + gi(t)
-1

Gauss-Seidel /Picard,

g = B =2 O 1R | 1 f
' 8h%(1 + 2t) 142t

vE(t 4 s)ds + g:(t)
-1

and a third scheme that treats the functional part of the equation in a Picard way,
but does not split the ODE part ,

1)1°+1(t) _ “54-'—11(75) - 2“5“(75) + “zlcjll(t) 1 /0
' 8h%(1 + 2t) 142t

v (t 4 s)ds + g:(t) .

-1

We refer to the latter as the ‘direct/Picard’ scheme. For each iteration we have in
addition that the iterates satisfy the initial and boundary conditions

vETI(t) = ti®h?, t € [-1,0] and v*E}(t) = o1 (t) =t L?, ¢t € (0,10] .

The starting function is selected as vQ(t) = ¢ L%, ¢ € [0, 10].

The exact solution of problem (2.8) is a low order polynomial; the spatial dis-
cretization is such that no discretization error is made. Hence, the exact solution to
(2.9) is given by v;(t) = ti%h2. Let 9*(¢,4h), denote the k-th numerical approximate
solution of either of the three waveform methods obtained with application of numer-
ical integration for the time integral and a numerical method for solving the systems
of ODEs. We define the numerical error as
(2.10) é¥(t) = max {|9*(t,4h) — u(t,ih)|}, t€[0,T].

i=—M,...,.M
This error has a discretization error component and a WR iteration error component.
Upon convergence of the iteration scheme the latter will obviously vanish; in this
particular example also the discretization error becomes zero.

The evolution of the error at time-point t = 10 for the three different waveform
schemes is illustrated in Figure 2.1. For the computation in the picture to the left,
we selected L =1, M =10, and hence h=0.1. We used the composite trapezoidal rule
for computing the integral and the explicit Adams method of order four with time
step At=0.01 for numerical integration of the ODEs. In the second picture of Figure
2.1 we show analogous results obtained with different discretization parameters. In
that case, L = 10, M = 100 and h = 0.1. Numerical integration was again with
the composite trapezoidal rule but the ODE solution was done with the third order
(implicit) backward differentiation scheme (BDF3) with time-step At = 0.1. The
evolution of the error as function of time for ¢t € [0,10] for different values of the
iteration index k is shown in Figure 2.2. For these computations we used the composite
trapezoidal rule and BDF3 with At = 0.1. The numerical experiments from Figure
2.1 and Figure 2.2 are made for the infinity norm. The theoretical results from the
next sections will apply for arbitrary norms.
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L=1 M=10, h=0.1, At=001 L=10, M =100, h=0.1, At=0.1
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F1G. 2.1. Numerical error (2.10) at t=10 as a function of the iteration index k, for Ezample 1
and for three different WR methods: Jacobi/Picard (dotted), Gauss-Seidel/Picard (dashed), and di-
rect/Picard (solid). The two pictures correspond to different discretization parameters (e.g., system

of 21 ODEs (left), and system of 201 ODEs (right)).
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F1c. 2.2. Numerical error (2.10) as a function of t € [0,10] for Ezample 1, with L = 10,

M =100, h =0.1, At =0.1. The error ék(t) 18 plotted for different values of the iteration indezx
k=1,10,20,...,100.

2.2.2. Example 2: An integro-differential equation with an integral in

space and a constant delay in time. The next problem is defined for ¢ € [0, 10]
and z € [—10,10],

e—2t 92 1
5 wu(t,m)—i—e_zt/ u(t— 1,z + s)ds + g(t, z) ,

-1

(2.11) %u(t, z) =

with given initial and boundary values on the region

(2.12)  (t,3) € ([-1,0] x [—11,11]) U ([0,10] x ([—11,—10] U [10,11])) .
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The function g(¢,z) and the initial and boundary values are selected in such a way
that the exact solution becomes

u(t, z) = sin(wt) sin(wz) .

We apply the numerical method of lines and the composite trapezoidal formula
for the integral with respect to spatial variable. This leads to a discrete set of delay
differential equations of the form

—2t N-1
(1) = Zw[vwl(t)—%i(t)+vi—1(t)]+ge_2t D it (t=1)Fvigj 2 (t-1)]+9(t, 2) -
j=—N

Application of the Jacobi/Picard scheme (2.6), leads to the iteration formula
k41 e k+1 k
) = ok (0) - 2087 0) 4 oy 1)
N—

e Z [0 (8 = 1) + vt = D]+ g:(2)

(2.13)

for ¢t € [0, 10]. The initial-boundary condition of Dirichlet type is
vf"'l(t) = sin(nt)sin(wéh) , t1=—-M —N,... M+ N,

for any values of ¢ for which (¢,%h) is in the initial-boundary region (2.12). Here,
g:(t) = g(t,2h) and M, N are natural numbers such that Mh =10, Nh = 1. As
the initial iterate we select ¥ = 0 on [0,10] x [~10,10]. Note that, for fixed k,
system (2.13) is a trivially solvable system of decoupled, scalar ordinary differential
equations. In a similar way, one can immediately construct the Gauss-Seidel/Picard
and direct/Picard waveform methods.

In the first picture of Figure 2.3 we show the evolution of the numerical error
(2.10) at t=10 as a function of the iteration index k. The results were obtained with
h=0.1, M =100, N =10 and application of BDF3 with time step At=0.1. Note that
the method of lines applied to (2.11) is of second order accuracy. Hence, for large k
the discretization error remains, while the WR iteration error, defined as
(2.14) é¥(t) = max M{|vk(t,ih) —v(t,sh)|} .

1=—M,...,
vanishes. To illustrate this effect, we have in the second picture of Figure 2.3 separated
both error components and only plotted the iteration component of the error.

The evolution of the errors (either (2.10) or (2.14)) as functions of ¢ € [0, 10] for
different % is shown in Figure 2.4. The computation was performed with h = 0.1 and
BDF3 with At = 0.1.

2.2.3. Example 3: A delay differential equation with constant delay in
time. Next, we consider a partial differential equation with a constant delay argument
1 9?

m wu(t, m) + €_4t ’Ul(t — ]., m) + g(t, m) ;

7}
(2.15) au(t, z) =
for ¢ € [0, 10]. Initial and boundary conditions are imposed on the region

(2.16) (t,z) € ([-1,0] x [—10,10]) U ([0,10] x {—10,10}) .
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Numerical error (2.10)

WR iteration error (2.14)
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F1c. 2.3. Errors (2.10) and (2.14) for k =1,2,...,100, at t = 10 for Ezample 2 with Ja-

cobi/Picard (dotted), Gauss-Seidel/Picard (dashed), and direct/Picard (solid) waveform relazation
(M =100, N=10, h=At=0.1).
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F1G. 2.4. Errors as a function of time for t € [0,10] for Ezample 2 (h= At =0.1). The *’s

indicate values obtained for k=100.
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The function g(¢,z) and the initial and boundary values are selected in such a way
that the exact solution becomes

u(t, z) = te® .

After application of the numerical method of lines we obtain for the Jacobi/Picard
WR scheme the following iteration formula

h2 2
o () = m[vﬁ-l(t) — 207 (@) + ol ()] + e b (E - 1) + ailt)
fort€[0,10], i = —M +1,..., M — 1, with initial-boundary condition taken from the
true solution. In a similar way the Gauss-Seidel/Picard and direct/Picard schemes
can be defined.

We took h = 0.1 for the numerical method of lines and used BDF3 with At = 0.1
for the numerical integration of the ODEs. The evolution of the error obtained after
the computation as a function of k for fixed ¢ = 10 is shown in Figure 2.5. In the
second picture only the iteration error is plotted while in the first one the whole error
(2.10) is shown. The numerical error (2.10) and WR iteration error (2.14) as functions
of t € [0, 10] are presented respectively in the first and second rows of Figure 2.6.

3. A general assumption and error estimate. In the current and in the
next section we will derive theoretical estimates for the actual iteration errors defined
as e* () = y*(t) — y(t), where y(¢) is the solution to (2.1) and y*(t) is the k-th iterate
obtained with scheme (2.4). The estimates will be given for an arbitrary norm in R™.
The assumption below will be needed throughout the paper. In its formulation we
use the notation || - ||o, defined as

r = max ris .
Irllo =, max_[Ir(s)|

ASSUMPTION 2. The function G : [0, T]xR"xR"x C([—7o, 0], R™) — IR™ satisfies

(3.1) lp—p—v[G(t,p,q,7) — G(t, 8,9, 7)]l| > (1 — vpa(2))llp — 21,
(3.2) IG(t,p,a,m) — G(t,p,d,7)|| < pa(t)llg — 4ll;
(3'3) ||G(t,p, q, 7') - G(t,p, q, F)H < U(ti ||7' - FHO)i

forv >0, t € [0,T], p,b,g,;qd € R", r,7 € C([—70,0],R™); the functions p; :
[0,T] — R and pg : [0,T] — R, are continuous; the function o : [0,T] x Ry — R, 1s
continuous and nondecreasing with respect to the second argument; ||-|| is an erbitrary
norm in R™.

The splitting functions G for the three waveform schemes considered in the three
examples satisfy the above assumption for the functions p;, p2, and ¢ as given in
Table 3.1, and this for the infinity and the Euclidean norm. The same schemes also
satisfy conditions (3.1)-(3.3) with constant values for u; and pg, and with the time-
independent function o as given in Table 3.2. We will show that if ones chooses the
functions from Table 3.1 one arrives at substantially sharper error bounds than when
one selects the values from Table 3.2. We also want to point out that, thanks to
one-sided nature of the Lipschitz condition, the function p; is negative for the Jacobi
and the Gauss-Seidel schemes. We will show further on that negative values for u

make the error bounds a factor ezp (fot ,ul(s)ds) smaller than the ones given in [1].
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Numerical error (2.10)

WR iteration error (2.14)
10 : : : : : : : : : 10° : : : : : : : : :
! 10° N
\ R
\ .
, .
0 b il
\ \
\ \
\ .
\
- \ N
10 \ \
\ .
| \
\ )
\ \
\ .
S .
10k 1 \
\ \
. ,
\
\
\ \\
3 ! \
10 ¢ \‘ \
N/ \\
\
\
10" L L L L L L L L L L L L L L L L L
0 10 20 30 40 50 60 70 80 90 k 100 10 20 30 40 50 60 80

.
90 k 100

F1c. 2.5. Errors (2.10) and (2.14) for k =1,2,...,100, at t = 10 for Ezample 3 with Ja-
cobi/Picard (dotted), Gauss-Seidel/Picard (dashed), and direct/Picard (solid) waveform relazation
(M =100, h=At=0.1).
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TaBLE 3.1
Time-dependent functions pui, pz and o, satisfying conditions (3.1)-(3.3) for Jacobi/Picard,
Gauss-Seidel/Picard and direct/Picard schemes for Ezamples 1, 2, and 3.

| | Example 1 | Example 2 | Example 3 |
| Coeff. | Jac G-S dir | Jac G-S dir | Jac G-S dir |
_h-2 _h-2 _h-2 _h-2 _h-2 _h-2
l"l(t) 4(1+2¢) 8(142¢) 0 4e3t 8e3t 0 5(1+4t2) 10(1+4¢2) 0
-2 -2 h—2 h—2 =) R 2
”Z(t) (142e) 8(142¢) 0 2e2t 8e2t 0 5(1+4t2) 10(14+4¢2) 0
O'(t ,w) w w w 2w 2w 2w w w w
? 142¢ 142¢ 142¢ e2t e2t e2t e4t? e4t? e4t?
TABLE 3.2

Time-independent functions p1, us and o, that satisfy conditions (3.1)-(3.3) for Jacobi/Picard,
Gauss-Seidel/Picard and direct/Picard schemes for Ezamples 1, 2, and 3.

| | Example 1 | Example 2 | Example 3 |
| Coeff. | Jac G-S dir | Jac G-S dir | Jac G-S dir |
—h-2 —h-2 —h-2 —h-2 —h-2 —h-2
K1 4 5 0 4 5 0 B 10_ 0
R R R R R R
p2(t) | g 5 0 | 5 L o 0
o(t,w) w w w 2w 2w 2w w w w

REMARK 3.1. Consider a functional parabolic problem of type

8 a2
(3.4) au(t, z)= a(t)ﬁu(t, z) + f(t, 2, ug,q0)) -
By specializing the function f one can obtain equations (2.8), (2.11), (2.15). The
function w(;, o), for (¢,2) € [0,T] x [-L, L], is defined by

(3.5) U,(t,m)(T, s)y=ult+rz+s), (r,s) €[—70,0]x [T, To] -

After application of the method of lines and a linear interpolating operator T}, (the
properties of the operator in the multidimensional case are given in [17]) we obtain

. a(t .
66 () = D ua(t) — w0 + w0+ S, Thug)
where the function wu; ), for ¢ € [0, 7] and integer i such that ih € [~L, L], is defined
by

(3.7) U,(t,i)(T,jh) =u(t+ 7,0+ 5)h), (r,ih) € [—70,0] X [—To, To] -

In equation (3.4) we suppose that a € C([0,T],Ry) and f € C([0,T] x [-L, L] x
C([—70, 0] x[—70, To], R), R), 7o, To > 0, L > 0.If we consider the Gauss-Seidel/Picard
scheme for (3.6), then we have problem (2.1) with right-hand side G defined compo-
nentwise by

a(t .
Gi(t:p: q, T) = %[qi+l - 2Pi + pi_l] + f(t: 7'h: Th(Vﬂ“)) )
where V;(7)(, jh) = riy;(7) for such integers ¢, j that <h € [—L, L] and jh € [—7o, To]
and for 7 € [—70,0]. We choose the infinity norm for || - ||. One can then derive that
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pa(t) = _th), (t) = % If we also assume that the function f in the right-hand
side of (3.4) satisfies the condition

(3.8) |f(t, 2, w) — f(t,z,d)| < o2, max _|w(r,s) — w(7,s)]),
[—70,0]X[—T0,7o0]
for any w, w € C([—7o, 0] X [—70, To], R) then condition (3.3) is satisfied.
Assumption 2, together with the consistency condition formulated in Assumption
1, implies the following two Lemmas.
LEMMA 3.1. Under Assumptions 1 and 2, the WR iteration error satisfies, for
t€[0,T],

(3.9) D™ |le* 1 @)]| < pa(@)le* @) + p2(2)lle* ()] + o (2, llef o)

where D™ means the left derivative w.r.t. t, and where || - || is an arbitrary norm.
Proof. We begin by the observation that

D™ [[e***(¢)]| = lim %{Ile’““(t + )l = llef T (@)1}

v—0—

= lim l{Ilek“( t) +ve ()| - |l ()]}

v—0—

= lim —{[le*(E) + v[G (v THE), (t), 9e) — Gt u(t), u(t), ve)]

v—0— V

+v [G(t,yk+1(t) Y (t):yt) - G(t,yk-l'l(t),y(t),yt)]
G, ¥ H(R), ¥R (1), uF) — Gt y* (), v (8), w)lll — [l ()11}

which can be bounded from above by

JHm ;{||€k+1( ) + (G, y*T(2), y(t), 3e) — G, y(t), y(t), we )l

+u]|G(t, " (1), 4 (2), 3e) — Gt " (1), (t), we) |

)

|Gty (), 0F (8), ) — Gty (), R (8), )l — [l T ()13
3)-
(3.

Now (3.9) is clear from (3.1)-(3.3). O
REMARK 3.2. If f = 0 in (3.4), then one can obtain pq(t) = “9), wa(t) =
Jhg)‘ for the Gauss-Seidel/Picard scheme and pq(t) = ﬂﬂ wa(t) = %ﬂ for the

Jacobi/Picard scheme and o = 0 for both of the schemes in (3.9) with an arbitrary
norm || - ||

Having (3.9) we can apply Gronwall’s Lemma, and obtain the following result.
LEMMA 3.2. Under Assumptions 1 and 2, the WR iteration error satisfies, for
€ [0, 7],

(3.10) ||e'°+1(t)||S/0 emp[/ pa(s)dsl{m2(7)||e* (1)l + o (7, [leF|lo) Y -

With inequality (3.10) we can now proceed to prove convergence of the WR
scheme (2.4), if also the additional assumption given below is satisfied. In the formu-
lation of the assumption we use the notation |- |o which is defined as

(3.11) |flo = ,dnax I£(r)l -

_07
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AssuMPTION 3. The zero-function is the only solution of the problem

w'(t) = (pa(t) + p2(2)) w(t) + o (2, lwelo), ¢ €0, T,
(3.12)
w(t) =0, t € [~70,0].

This assumption is satisfled for example in the case of (¢, s) = us(t)s, where pus €
C([0,T],R;), (see [5, Th.2.3]). The convergence theorem for functional differential
equations is given next.

THEOREM 3.1. Suppose that Assumptions 1, 2, and 3 are satisfied. Then,

(3.13) lle*@®)|| < w®(t), t € [0,T], k=0,1,2,...,

where w*(t) = 0 for t € [—7o,0], and where w*(t) is given recursively for t € [0,T]
and k=0,1,2,... by

0'[} — 0 ,
w(t) = max [|e°(r)]

1 1
(14) w0 = [ eop{ [ mlo)dsHua(r)ut(r) +o(r, lutlo)}r
0 T
Furthermore, if for some naturel number ko
(3.15) who (1) < who(t), t € 10,77,

then limy_, o w*(¢) = 0 uniformly with respect to t € [0, T).
Proof. Obviously, (3.13) is satisfied for & = 0. The result for & > 0 follows from
(3.10) by induction. Indeed, we have for ¢ € [0, T],

le¥ @) < /0 ezp{ / p1(s)dsHua(T)w® (1) + o (7, [wilo) }dr = w**(2) ,

since by induction hypothesis we have ||e*(7)|| < w®(7) and ||e¥||o < |w’|o.
In order to prove the second part of the theorem note that from (3.14), one has
that the difference w**1(t) — w*(¢) equals

/0 ezp] / i1 (5)ds} (2 (r){wt (1) —wh= (1)} + o (r, [w]o) — o(r, [wh~|o)}) dr .

By using (3.15) and induction on k, it follows that this expression is negative for
k > ko, and hence

(3.16) wrt(t) < wh(t), for k=koko+1,... andt € [0,T].

Now we will show that limj_,o w*(¢) = 0, uniformly w.r.t. ¢ € [0,7]. Since
the function sequence {w*}$ , is uniformly bounded and equicontinuous on [0,T],
it contains (e.g., by Th. 7.25 in [13]) a uniformly convergent subsequence. From
(3.14) and Assumption 3, one derives that this subsequence is uniformly convergent to
zero. Hence, because of its boundedness and because of (3.16), the sequence {w*}$
converges itself to zero pointwise. Thus, we have a sequence of continuous functions,
that converge pointwise and monotonic to a continuous function on compact interval.
By Th. 7.13 in [13] we may conclude that this sequence converges to the zero-function
uniformly. O
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REMARK 3.3. If pi(t) + pa(t) > 0, for t € [0,T], then the w*-functions are
non-decreasing, and thus |w¥|o = w*(7). Hence, definition (3.14) can be replaced by

1 1
wrtl(t) = / exp[/ p1(s)ds] (,uz(T)wk(T) + U(T,wk(T))) dr
0 T
a definition without functional arguments, and equation (3.12) can be replaced by

w'(t) = ot w(t)) + (ua(t) + pa(t)) () -

REMARK 3.4. For the Jacobi/Picard and Gauss-Seidel/Picard schemes for (3.6)
the equation in problem (3.12) simplifies to

w'(t) = o(t,w(t)) .
For examples of the function o satisfying Assumption 3 we direct the reader to [8].

4. A generalized, time-dependent Lipschitz condition. Armed with the
general theory outlined in the previous section, we will now derive error estimates for
certain subclasses of problems. These estimates will be substantially sharper than the
ones that are traditionally derived by using constant Lipschitz conditions.

4.1. General error estimate. In this section we consider the following condi-
tion as a special case of the general nonlinear condition given in (3.3),

(4'1) ||G(t,p, a9, 7') - G(t,p, q, F)H < ,u,3(t)||7' - FHO;

with pug € C([0,T],Ry). As we assume that o(¢,s) is of the form ps(t)s, we know
from the remark following the statement of Assumption 3 that the latter is satisfied.
Additionally, we need the following assumptions on g1, p2, and ps.

AsSUMPTION 4. The function uy is either strictly positive, strictly negative, or
identically zero fort € [0,T]. Either py or ps (or both) does not have zeros in [0,T).

This assumption is satisfied by all of the iteration schemes considered in Examples
1, 2 and 3. With condition (4.1), we will be able to arrive at sharper bounds than
under condition (3.3). The bound is presented in Theorem 4.1 and is given explicitly,
whereas in Theorem 3.1 the error bound is given recursively. The proof is rather
technical, and requires the use of different special functions for several different cases.
The cases to be considered are

case a: pu1 Z0

case b:  pu1 =0, po has zeros, p3 has no zeros in [0, T
case ¢:  pu1 = 0, po has no zeros, p3 has zeros in [0, T
case d: pu3 =0, uo has no zeros, pz has no zeros in [0, T

The first set of functions needed in the analysis are the functions T'; : [0, T] — R,

(4.2) I‘l(t):/o pi(7)dr, I‘z(t):/o pa(7)dr, Fg(t):/o pa(7)dT .

We also need the functions A, Q, Ay : [0,T] — R, defined as follows:

case a:
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A4(t) = (—sign(u))* |1 - 20 Z

case b:

case C:

pa(7) (T>(#)*
Alt) =1, Q) = max ——=, Ag(t) = .
(¢) (¢) ref0,t] pa(T) +() k!
In case d, one may choose either one of the last two possibilities. Both of them
will lead to a correct error bound, though one may be sharper than the other.
In case a, it is easy to check that

A30) = o) L2

Thus, the function Aj is increasing as a function of ¢. This is immediately obvious
for cases b-d. This feature of the function A will become important in the proof of
the following theorem.

THEOREM 4.1. Suppose that Assumptions 1 and 2 are satisfied for a¢ function
o(t,s) = ps(t)s with uz € C([0,T],R}) and suppose that also Assumption 4 is satis-
fied. Then

(43) [l ()1l < (A1) + (1)) Ax(t) max 1e°(7)Il, t € [0,T], k=10,1,2, ...

Proof. Inequality (4.3) is trivially satisfied for k = 0. We will prove it for & > 0
by induction. First, we consider case a. From (3.10) we have

410y el1(t) —T:(7) p2(7) e ps(7) -
et < e [ e [ L2 oty g LD o] gy

(
< ers® [P (At (1] + (et )

Now we apply the induction hypothesis to bound the factors ||e*(7)|| and ||e%||o. Since
the right-hand side of inequality (4.3) is an increasing function of time, we may write

5l < (A() + R(2))* Ax(t) max. ()]

and obtain the following upper bound for ||e**+1(2)]| :

1
10 [ e TN () + () A () s (7l mma ()]
0 T€[0,t
This can then be bounded further by

t
(A(®) + 2(2))*+sign(un) ™) [ e O 4 (rys(r)ar max ()]
0 T
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dr max ||eo(7')||

T1(t) Bl
—(A(2) + Q(t))k+1(—sign(,ul))k"‘ler'l(t)/0 o Z% ( !)

J €[0,1]
k .
) _ —Ti(t))
= (A() + Q(t))k+1(—Slgn(,u,l))k-l_ler‘l(t) e~ T:(t) _ Z % Tlél[g'}g] ||60(T)||,
j=0 !

which proves the theorem.
In the other cases we have I'; = 0. Consider, e.g., case b. From (3.10) we have

el < [ [E2D ek (r) ) + bl ma(r)er

and by the induction hypothesis we obtain

¢ k+1 k
lle¥ 1 ()| < /0 (max ,uz_(s) + 1) 7@3(7—)) pa(T)dr max ||e°(7)|]

s€[0,7] ,11,3(3) k! T€[0,1]
k+1 E+1
pa(7) (T's(?)) 0
= 1 - .
(TI?[%,}%] pa(r) " ) (k+ 1)1 ~eloyn L

This, then, proves the theorem. A similar line of reasoning leads to the result for the
other cases. O

4.2. A special case. We now consider the case where the qualitative behaviour
of the functions p1(t), pa(t), pa(t) is similar. That is, they are multiples of the same
function w(t), with possibly differing multiplication constants. In the resulting error
bounds, the following function depending on three real parameters fi1, iz, and fs,
will be useful

(ﬁz+ﬁs)k 1_eﬂ1t§(—ﬁ1t)j B 20
ag(t) =

(4.4) —a pr L
pt°
(B2 + fi3) il =0
for piy, tis € R . It is easy to check that the expression for fi; = 0 is obtained by taking
the limit for i; — 0 of the expression for fi; # 0. Furthermore, when fi; + fiz > 0,
then we have that o}, (0) = 0 and «/(¢) > 0 for t € (0, T]. Thus, oy is increasing as a
function of ¢.
The following theorem is a special case of Theorem 4.1.

THEOREM 4.2. Suppose that the assumptions of Theorem 4.1 are satisfied with
:u’z(t) = :u’(t): 1=1,2,3,
where p € C([0,T],R,), fi1 € R and iz, fis € R;. Then

(4.5) lle* ()]l < ar(I(2)) max 1€°(7)]

?

fort€[0,T], k=0,1,2,..., where I'(t) = fot u(s)ds.
Proof. In case a, we apply Theorem 4.1 with A(t) = ‘:‘jl, Q) = ﬂsl, Ti(t) =
f1T(2). In the other cases, we can take either A(t) + Q(t) = fiaths T's(t)
_ fiatiis _ o~
AR+ Q) = ot To(t) = goI'(¢). O
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REMARK 4.1. The inequality in (4.5) originates solely from not keeping the term
max,eo,r] ||e®(s)|| under the integral, but bounding this term by maX,¢o,1] |1€°(s)]I-

REMARK 4.2. In previous analyses of waveform relaxation convergence, one often
considers only strict Lipschitz conditions, i.e., constant values for the functions u1, ua,
and ps. In that case, one has a similar expression as above but with I'(¢) replaced by
t. With time-dependent Lipschitz conditions one has I'(t) < t. Hence, because oy is
increasing, we have ax(L(1)) < ax(t).

If the function I' is bounded on [0, 400), as in Examples 2 and 3, then the function
a(T(t)) is also bounded on [0,+0c0). The WR error bound in such cases is not only
sharper but also independent of time (if the function ||e®(%)|| can be bounded by a
constant on [0, +00)). We formulate this observation as a corollary.

COROLLARY 4.1. Suppose that the assumptions of Theorem 4.2 are satisfied for
a function p such that fo s)ds < C1, where Cy is a constant. Then, for t € [0, 00),

(46) le* ()] < @x(C1) max ()],

If also ||e%(2)]| < C2, with Cy a constant, then, fort € [0, 00),
lle* (£)]] < C2ax(Ch) -

Inequality (4.5) leads, by Taylor expansion, to the bound

an o< (BERY W)Z R P e o)

T€[0,1]

When pq < 0, there is a factor e#:T() in (4.7), which is very small for long intervals
[0,%] and large values of |u1|, see Table 4.1. Such a factor was already mentioned
for differential equations without functional argument and under strict Lipschitz con-
ditions in [15]. For delay differential equations the factor e#'* also appeared in [1],
Theorem 4.3, but only for g1 > 0. The case g1 < 0 occurs, e.g., when (2.1) arises
from the method of lines applied to the partial differential-functional equation (3.4).
The magnitude of p; can be large because of small spatial steps in the difference
operators approximating the partial derivatives. For the more general non-constant
case considered in Theorem 4.1 this factor is equal to el*(?),

Note that the speed of convergence does not depend on el'*(!) or e#:T(*) as there
is no dependence on k in these factors. It depends on the factor I'y(¢) or I'(¢) which
is raised to the power k.

It is instructive to compare the actual error bounds for certain expressions for the
function wp(t). For further reference we mention 4 particular cases considered in the
examples in §2:

(45) i () = then [le¥(t)] < ak(t)TIél[g}g I
(@9) i m®) =B then (@] < an(Fin(i + X)) max ()]
i 1
(4.10) if p(t) = ﬁ then ||ek(t)|| < ak()‘ arctan At) Trél[g}g 1€ ()|
1
(4.11) if pi(t) = fze* then |le*(t)|| < ar(=(e** — 1)) max [|e°(7)| .

A T€[0,]
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TABLE 4.1
Values of some of the factors appearing in the error bound, corresponding to the p(t)-functions
that appear in the ezamples of §2.2, with h = 0.1, p; = —1/4h?, and t = 10.

| p(t) | Factor (¥ | Factor I'(¢) |

1 2.66 - 107 1°° 10
1 —17
o 2.96 - 10 1.52
o | 5:54-107° 0.76
e 2t 3.72-107° 0.5

Some values of certain factors appearing in the error bounds for the examples are
calculated and summarized in table 4.1.

4.3. Illustration and discussion. We will compare the quality of the estimates
obtained with different values for the generalized Lipschitz constants p1(2), p2(t), and
p3(t). We will compare them, in particular, to the actual error obtained in numerical
experiments, and to the classical error bounds, i.e., with u;(t) = f;.

By means of Example 1, we will compare the estimates for p;(t) = fi; to these

obtained for u;(t) = 11%. In order to illustrate the difference, we first consider the
Jacobi/Picard scheme. In that case A = 2 and ji; = %, o = #, bz = 1, and we
take h = 0.1. The actual error for ¢ = 10, together with the bounds from (4.8) and
(4.9), is shown in the top row of Figure 4.1; we used the Euclidean norm (left) and

the infinity norm (right). For these two norms we have

max ||eo(7')||oo = L% and max ||eo(7')||2 > 4.358 L%t .
T€[0,1] T€[0,t]

The same error and bounds, now as a function of ¢ for a fixed & = 20, are drawn for
the Gauss-Seidel scheme in the second row. In this case fi; = %, bo = #, bz =1,
where A = 0.1. The third row, shows results for the direct/Picard scheme, namely
the error and bounds evaluated at ¢ = 10.

Next, we consider error estimates for Example 2, which is associated with the
bound given in (4.11). In our example A = —2. For the Gauss-Seidel/Picard scheme
the bounds (4.8) and (4.11) are defined with i; = —1/8h?, fi; = 1/8h?, and fiz = 2
for h = 0.1. The error bounds are compared to the actual error in Figure 4.2. It
is worth pointing out that the function (e** — 1)/, which is the argument of oy, is
bounded by 0.5 on [0, +00).

For Example 3, we have the bound (4.10) with A = 2. Note that the argument
%arctan At is bounded by ﬁ on the whole of [0, 400). The bounds for the Gauss-
Seidel/Picard scheme, defined with fi; = —1/10A2, fi; = 1/10A2, and fiz = 1 for
h = 0.1 are drawn together with the actual error in Figure 4.3.

5. Concluding remarks. It is possible to derive sharp error bounds for the
waveform relaxation technique applied to differential or differential-functional equa-
tions with non-constant coeflicients. To arrive at these error bounds we considered
generalized Lipschitz conditions and derived error estimates by using time-dependent
Lipschitz constants. By considering one-sided Lipschitz conditions, we were able to

t
get an error bound that is a factor efo #1(8)4 o inaller than the classical error bounds, if
the generalized Lipschitz constant p1(t) is a negative function. This case occurs, e.g.,
in Jacobi/Picard or Gauss-Seidel/Picard schemes applied to ODEs systems obtained
after semidiscretization of parabolic functional equation of the form (3.4). Also, we
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Jacobi/Picard scheme, ¢t = 10

10 T T T T T T T T T 10 T T T T T T T T T

F1G. 4.1. Actual error and error bounds in the Euclidean norm (left) and the infinity norm
(right) for the Jacobi/Picard, Gauss-Seidel/Picard and direct/Picard schemes applied to Ezample 1
(L=10, M =100, h=At=0.1). Actual error: solid, bound (4.9): dotted, bound (4.8): dashed-dotted.
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Error as function of k£ for ¢ = 10 Error as function of ¢ for & = 30

F1c. 4.2. Actual error and error bounds in the infinity norm for the Gauss-Seidel/Picard scheme
applied to Ezample 2. Actual error: solid, bound (4.11): dotted, bound (4.8): dashed-dotted.

Error as function of k£ for ¢ = 10 Error as function of ¢ for & = 30
10*

7 8

L
9 t 10

F1c. 4.3. Actual error and error bounds in the infinity norm for the Gauss-Seidel/Picard scheme
applied to Ezample 3. Actual error: solid, bound (4.10): dotted, bound (4.8): dashed-dotted.

were able to produce error bounds that, under certain conditions, are independent of

time in the whole interval [0, +00).

By introducing the generalized Lipschitz constants and the one-sided generalized
Lipschitz condition, we were able to derive bounds that are much closer to the actual
error, than the ones obtain traditionally. These results were verified by extensive

numerical experiments.

Besides offering the potential for good parallel performance, the methods consid-
ered in this paper also proved to be very easy to implement. Hence, it is our belief that
the waveform relaxation method could become quite an effective numerical method
for solving functional differential equations, if the convergence could be improved by

using more sophisticated iteration schemes.
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