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A MODIFICATION OF NEWTON'S METHOD FORANALYTIC MAPPINGS HAVING MULTIPLE ZEROSPETER KRAVANJA AND ANN HAEGEMANSAbstract. We propose a modi�cation of Newton's method for computing multiple roots ofsystems of analytic equations. Under mild assumptions the iteration converges quadratically. Itinvolves certain constants whose product is a lower bound for the multiplicity of the root. Asthese constants are usually not known in advance, we devise an iteration in which not only anapproximation for the root is re�ned, but also approximations for these constants. Numericalexamples illustrate the e�ectiveness of our approach.1. IntroductionConsider a smooth function f : C ! C that has a zero of multiplicity � at the point z?. If� = 1, then Newton's method converges quadratically to z? if the initial iterate is su�ciently closeto z?. If � > 1, then the convergence is only linear. In the latter case, if � is known in advance,quadratic convergence can be regained by considering the iterationz(p+1) = z(p) � � f(z(p))f 0(z(p)) ; p = 0; 1; 2; : : : :(1)Van de Vel [35, 36] devised an iteration in which not only an approximation for the zero is re�ned,but also an estimate of its multiplicity. King [18] analysed Van de Vel's method and provedthat its order of convergence is 1:554. He improved the algorithm and obtained an iteration thathas order of convergence 1:618. In this paper we will generalize these results to the multivariatecase. We will consider systems of analytic equations, i.e., analytic mappings f : Cn ! Cn . Themultidimensional version of (1) is formulated in Theorem 5. Instead of � the iteration now involvesa diagonal matrix containing certain constants k1; : : : ; kn that are called orders. The product ofthese orders is a lower bound for � (Theorem 4). In Section 4 we present an algorithm in whichan approximation for the zero as well as approximations for the orders are re�ned iteratively. Alot of numerical examples illustrate our results.At a multiple zero the Jacobian matrix of f is singular. The set of points z 2 Cn such thatdet f 0(z) = 0 is a codimension one smooth manifold through the zero. As soon as an iterate lieson this manifold, the iteration breaks down. We will assume throughout this paper that this doesnot happen. In other words, we will assume that the initial iterate is such that the iteration iswell de�ned at every step.The behaviour of Newton's method in case the Jacobian is singular at the zero has been analysedextensively in the literature [30, 31, 32, 3, 4, 8, 5, 10, 11, 2, 17, 7, 9]. Many su�cient conditionsfor its convergence have been formulated. Under certain regularity and smoothness assumptions,the existence of special regions (cones, starlike regions) about the zero z? has been proven. TheJacobian f 0 is regular in every point of these regions except in z?. If the initial iterate lies in sucha region, then the Newton iterates will remain in this region and converge (linearly) to z?. Wehave not investigated the existence of such regions for the iterations presented in this paper.In [5] a modi�cation of Newton's method is proposed that produces a sequence fz(p)gp�0 suchthat the subsequence fz(2p)gp�0 converges quadratically to the zero. However, this method worksonly in case the dimension of the null space of the Jacobian at the zero is equal to 1 or 2, andthe projector onto this null space is known explicitely. Other modi�cations of Newton's methodDate: August 1997.1991 Mathematics Subject Classi�cation. 65H10. 1



2 PETER KRAVANJA AND ANN HAEGEMANShave been proposed in [2, 17]. These methods result in superlinear or quadratic convergence butagain require rather restrictive hypotheses to be satis�ed and need additional information (certainconstants, projectors, : : : ) that is usually not available.In [29, 27, 28] a so-called de
ation algorithm was proposed for computing multiple roots ofsystems of nonlinear algebraic equations. The system to be solved is replaced by another onehaving the same root but with a lower multiplicity. While the de
ation algorithm proceeds, themultiplicity is systematically reduced until it is equal to one and classical methods can be applied.However, this algorithm requires symbolic calculation and works only for systems of algebraicequations.Other approaches that have been proposed include so-called bordering methods [12, 13, 19, 20,14], enlargement methods [37, 26, 34] and homotopy continuation methods [24, 22, 23].All these methods require deciding whether the problem is singular: one should know in advancethat the zero is multiple. This probably makes these methods unsuitable for general purpose use.As we will illustrate in Example 7, our method also works in case the zero is simple. Moreover,it requires no additional information, works under mild assumptions, and provides a lower boundfor the multiplicity of the zero.2. Preliminaries and notationLet f = f(z) : Cn ! Cn be an analytic mapping, with z = (z1; : : : ; zn) and f = (f1; : : : ; fn).A point z? 2 Cn is called a zero of f if f(z?) = 0. An isolated zero z? of f is called simple if theJacobian matrix of f at z? is regular, det f 0(z?) 6= 0.The following material is taken from the well-known book by A��zenberg and Yuzhakov [1].Proposition 1. If the closure of a neighbourhood Uz? of a zero z? of f does not contain otherzeros of f , then there exists an � > 0 such that for almost all � 2 Cn , k�k2 < �, the mappingz 7! f(z) � �(2)has only simple zeros in Uz? and their number depends neither on � nor on the choice of theneighbourhood Uz? .The number of zeros of the mapping (2) in Uz? indicated in this proposition is called themultiplicity of the zero z? of f and is denoted by �z?(f). In other words, the multiplicity of anisolated zero of an analytic mapping is given by the number of simple zeros into which this zerodesintegrates under a su�ciently small perturbation of the mapping.The next result follows from the local invertibility of an analytic mapping at points where itsJacobian matrix is regular.Proposition 2. The multiplicity of a simple zero is equal to 1.Proposition 3. If z? is an isolated zero of f and det f 0(z?) = 0, then its multiplicity �z?(f) islarger than 1.This statement justi�es calling an isolated zero z? of f multiple if det f 0(z?) = 0.Now let z? = (z?1 ; : : : ; z?n) be an isolated zero of f = (f1; : : : ; fn) such thatfj(z) = Xj�j�kj cj;�(z � z?)�for j = 1; : : : ; n where � is a multi-index, � = (�1; : : : ; �n) 2 Nn, j�j = �1 + � � � + �n and(z � z?)� = (z1 � z?1)�1 � � � (zn � z?n)�n . We call kj the order of z? as a zero of fj . De�nePj(z) := Xj�j=kj cj;�(z � z?)�for j = 1; : : : ; n. The homogeneous polynomial mappingP = P (z) := (P1(z); : : : ; Pn(z))(3)is called the homogeneous principal part of f at z?. The following theorem by Tsikh and Yuzhakovrelates the multiplicity �z?(f) to the orders k1; : : : ; kn.



A MODIFICATION OF NEWTON'S METHOD 3Theorem 4. The multiplicity of an isolated zero z? of f is equal to the product of the ordersof z? as a zero of f1; : : : ; fn if and only if z? is an isolated zero of the mapping (3). Moreover, theinequality �z?(f) � k1 � � �kn always holds.3. A modification of Newton's methodTheorem 5. Suppose that z(0) is such that the iterationz(p+1) = z(p) � [f 0(z(p))]�1 diag(k1; : : : ; kn)f(z(p)); p = 0; 1; 2; : : :;is well de�ned for every p. If detP 0(z) 6� 0 and if z(0) is su�ciently close to z?, then z(p) convergesquadratically to z?. If detP 0(z) � 0, then the convergence is only linear.Proof. De�ne f̂j(z) := Xj�j�kj+1 cj;�(z � z?)�for j = 1; : : : ; n. As fj(z) = Pj(z) + f̂j(z) = Xj�j=kj cj;�(z � z?)� + f̂j(z)(4)for j = 1; : : : ; n, it follows that@fj@zk (z) = Xj�j=kj �kcj;�(z1 � z?1)�1 � � � (zk � z?k)�k�1 � � � (zn � z?n)�n + @f̂j@zk (z)for j; k = 1; : : : ; n. Let e(p) = (e1;p; : : : ; en;p) := z(p) � z?. Then the iteration can be written asf 0(z? + e(p))e(p+1) = f 0(z? + e(p))e(p) � diag(k1; : : : ; kn)f(z? + e(p)):(5)The jth component of the vector appearing in the right hand side of (5) is given bygj(e(p)) := nXk=1 @fj@zk (z? + e(p))ek;p � kjfj(z? + e(p))= nXk=1h Xj�j=kj �kcj;�e�11;p � � �e�nn;p + @f̂j@zk (z? + e(p))ek;pi� kjh Xj�j=kj cj;�e�11;p � � �e�nn;p + f̂j(z? + e(p))i= Xj�j=kj�j�j � kj�cj;��e(p)�� + nXk=1 @f̂j@zk (z? + e(p))ek;p � kj f̂j(z? + e(p))= nXk=1 Xj�j�kj+1�kcj;��e(p)�� � kj Xj�j�kj+1 cj;��e(p)��= Xj�j�kj+1�j�j � kj�cj;��e(p)��= Xj�j=kj+1 cj;��e(p)�� + Xj�j>kj+1�j�j � kj�cj;��e(p)��:It follows that jgj(e(p))j = O( ke(p)kkj+1 ) for j = 1; : : : ; n.One can easily verify that detP 0(z) is a homogeneous polynomial in z � z?. Now there aretwo possibilities: either all its coe�cients are equal to zero, detP 0 � 0, or detP 0 has degree



4 PETER KRAVANJA AND ANN HAEGEMANSPnj=1 kj � n. By using (4) we can write det f 0 as a sum of 2n determinants, including detP 0, andit follows readily thatdet f 0(z? + e(p)) = (O(ke(p)kPnj=1 kj�n) if detP 0 6� 0,O(ke(p)kPnj=1 kj�n+1) if detP 0 � 0.(6)By setting g := (g1; : : : ; gn) we can write (5) asf 0(z? + e(p))e(p+1) = g(e(p)):Cramer's rule implies that(7) e(p+1)j = 1det f 0(z? + e(p)) ��������� @f1@z1 (z? + e(p)) : : : @f1@zj�1 (z? + e(p)) g1(e(p)) @f1@zj+1 (z? + e(p)) : : : @f1@zn (z? + e(p))... ... ... ... ...@fn@z1 (z? + e(p)) : : : @fn@zj�1 (z? + e(p)) gn(e(p)) @fn@zj+1 (z? + e(p)) : : : @fn@zn (z? + e(p))��������for j = 1; : : : ; n. The denominator in the right hand side of (7) was examined in (6). One can easilyverify that the numerator is O(ke(p)k�) with � = (Pnj=1 kj�n)�(kj�1)+(kj+1) =Pnj=1 kj�n+2.This proves the theorem.In the following examples we have used Mathematica 2:2. All the calculations have been donein multiple precision arithmetic.Example 1. The mapping f = (f1; f2) = (z1 sin z1 + z32 ; z2 + z1 sin z2) has an isolated zero atz? = (0; 0). The orders are k1 = 2 and k2 = 1. The homogeneous principal part of f at z? isgiven by P = P (z1; z2) = (z21 ; z2). It follows that z? is an isolated zero of P and thus, accordingto Theorem 4, the multiplicity of z? as a zero of f is equal to k1 � k2 = 2. The Jacobian matrixof P is given by P 0(z1; z2) = �2z1 00 1�and thus detP 0(z1; z2) 6� 0. Therefore the iteration of Theorem 5 will converge quadratically. Thefollowing table illustrates this. The initial iterate was z(0) := (0:2; 0:2).p � log10 jz(p)1 j � log10 jz(p)2 j � log10qjz(p)1 j2 + jz(p)2 j20 0.7 0.7 0.61 2.0 1.5 1.52 2.8 3.6 2.83 8.4 6.4 6.44 11.1 14.8 11.15 27.1 26.0 26.06 1 1 1Example 2. The mapping f = (f1; f2) = (z1z2 + (sin z1)2 + z32 ; sin z1 sin z2) has an isolated zeroat z? = (0; 0). The orders are k1 = 2 and k2 = 2. The homogeneous principal part of f at z? isgiven by P = P (z1; z2) = (z21 + z1z2; z1z2). As P (z1; z2) = 0 if and only if z1 = 0 and z2 arbitrary,it follows that z? is not an isolated zero of P and thus, according to Theorem 4, the multiplicityof z? as a zero of f is strictly larger than k1 � k2 = 4. The Jacobian matrix of P is given byP 0(z1; z2) = �2z1 + z2 z1z2 z1�and thus detP 0(z1; z2) 6� 0. Therefore the iteration of Theorem 5 will converge quadratically. Thefollowing table illustrates this. The initial iterate was z(0) := (0:2; 0:2).



A MODIFICATION OF NEWTON'S METHOD 5p � log10 jz(p)1 j � log10 jz(p)2 j � log10qjz(p)1 j2 + jz(p)2 j20 0.7 0.7 0.61 1.5 1.4 1.32 3.1 3.0 2.93 6.3 6.3 6.24 12.9 12.8 12.65 25.8 25.7 25.66 1 1 1Example 3. The mapping f = (f1; f2) = (z1 + z2 + z21 + z1z2 + 2z32 + (sin z1)3; 2(z1 + z2)3 + z41)has an isolated zero at z? = (0; 0). The orders are k1 = 1 and k2 = 3. The homogeneous principalpart of f at z? is given by P = P (z1; z2) = (z1 + z2; 2(z1 + z2)3). As P (z1; z2) = 0 if and only ifz2 = �z1, it follows that z? is not an isolated zero of P and thus, according to Theorem 4, themultiplicity of z? as a zero of f is strictly larger than k1 � k2 = 3. The Jacobian matrix of P isgiven by P 0(z1; z2) = � 1 16(z1 + z2)2 6(z1 + z2)2�and thus detP 0(z1; z2) � 0. Therefore the iteration of Theorem 5 will converge linearly. Thefollowing table illustrates this. The initial iterate was z(0) := (0:2; 0:2).p � log10 jz(p)1 j � log10 jz(p)2 j � log10qjz(p)1 j2 + jz(p)2 j20 0.7 0.7 0.61 0.3 0.2 0.12 0.9 0.6 0.63 1.0 0.9 0.84 1.6 1.5 1.45 2.2 2.2 2.0... ... ... ...11 5.8 5.8 5.612 6.4 6.4 6.213 7.0 7.0 6.814 7.6 7.6 7.415 8.2 8.2 8.0... ... ... ...Remark. In the previous examples we did not consider the case that detP 0(z) � 0 and z? isan isolated zero of P . In fact, this situation cannot occur. Proposition 1 immediately impliesthat detP 0(z) cannot be identically equal to zero near z? if z? is an isolated zero of P . ThusdetP 0(z) � 0 implies that z? is not an isolated zero of P . 3Let d1; : : : ; dn 2 C 0 . Consider the iterationz(p+1) = z(p) � [f 0(z(p))]�1 diag(d1; : : : ; dn)f(z(p)); p = 0; 1; 2; : : : ;(8)or, equivalently,f 0(z? + e(p))e(p+1) = f 0(z? + e(p))e(p) � diag(d1; : : : ; dn)f(z? + e(p));(9)where e(p) := z(p)�z? for p = 0; 1; 2; : : : . Let gj(e(p)) be the jth component of the vector appearingin the right hand side of (9). Using the same reasoning as in the proof of Theorem 5, one caneasily show that gj(e(p)) = Xj�j�kj�j�j � dj�cj;��e(p)��:It follows that jgj(e(p))j = O(ke(p)kkj ) for j = 1; : : : ; n and thus the iteration (8) convergesonly linearly to z? (if detP 0(z) 6� 0 and if z(0) is su�ciently close to z?). The special choice



6 PETER KRAVANJA AND ANN HAEGEMANSd1 = k1; : : : ; dn = kn gives quadratic convergence. But of course, the orders k1; : : : ; kn are usuallynot known in advance. 4. The algorithmThe following proposition will help us to devise an iteration for the unknown orders k1; : : : ; kn.Proposition 6. Let e 2 Cn . ThenP 0(z? + e)e = diag(k1; : : : ; kn)P (z? + e):Proof. Suppose e =: (e1; : : : ; en). Then the jth component of P 0(z? + e)e is given bynXk=1 @Pj@zk (z? + e)ek = Xj�j=kj j�jcj;�e� = kjPj(z? + e)for j = 1; : : : ; n. This proves the proposition.Let K := diag(k1; : : : ; kn) and suppose z(p) is our current approximation to z?. Then, by theprevious proposition, P 0(z(p))(z(p) � z?) = KP (z(p)):The next iterate z(p+1) is de�ned asz(p+1) := z(p) � [f 0(z(p))]�1D(p)f(z(p))(10)where D(p) := diag(d(p)1 ; : : : ; d(p)n ) contains our current approximations to the orders k1; : : : ; kn.Then P 0(z(p+1))(z(p+1) � z?) = KP (z(p+1)):Suppose that the matrices P 0(z(p)) and P 0(z(p+1)) are regular. Thenz(p) � z? = [P 0(z(p))]�1KP (z(p))(11)and z(p+1) � z? = [P 0(z(p+1))]�1KP (z(p+1)):(12)By subtracting (11) and (12), and using (10) we obtain that[P 0(z(p))]�1KP (z(p))� [P 0(z(p+1))]�1KP (z(p+1)) = [f 0(z(p))]�1D(p)f(z(p)):If we replace P by f then this relation will be satis�ed only approximatively. We use the resultingequation to de�ne our next approximation D(p+1) to K:D(p+1)f(z(p)) � f 0(z(p))[f 0(z(p+1))]�1D(p+1)f(z(p+1)) = D(p)f(z(p)):This equation is solved for the diagonal matrix D(p+1) in the following way. LetF (z) := diag(f1(z); : : : ; fn(z)); d(p) := 2664d(p)1...d(p)n 3775and de�ne d(p+1) in a similar way. ObviouslyD(p)f(z(p)) = F (z(p))d(p); D(p+1)f(z(p+1)) = F (z(p+1))d(p+1); etc.Therefore �F (z(p)) � f 0(z(p))[f 0(z(p+1))]�1F (z(p+1)) �d(p+1) = F (z(p))d(p):(13)This is the formula that we will use to calculate d(p+1) from d(p), z(p) and z(p+1). If we de�ne thematrix-valued function U (z) := [f 0(z)]�1 diag(f1(z); : : : ; fn(z))for every z 2 Cn such that f 0(z) is regular, (13) can be written as�U (z(p))� U (z(p+1)) �d(p+1) = U (z(p))d(p):(14)



A MODIFICATION OF NEWTON'S METHOD 7This is a multidimensional version of the iteration formula discovered by Van de Vel [35, 36].Note the diagonal matrix in the de�nition of U (z). If n = 1 then U (z) = f(z)=f 0(z). In themultidimensional case it is tempting to consider the vector-valued function [f 0(z)]�1f(z) but, aswe have just found out, one should replace the vector f(z) by its corresponding diagonal matrix,to obtain a matrix-valued function U (z). Now the iteration (10) can be written asz(p+1) = z(p) � U (z(p))d(p):From the foregoing considerations we extract the following iterative procedure:d(p+1) = �U (z(p)) � U�z(p) � U (z(p))d(p)� ��1U (z(p))d(p)z(p+1) = �z(p) � U (z(p))d(p)�� U�z(p) � U (z(p))d(p)�d(p+1)for p = 0; 1; 2; : : :, starting with initial estimates z(0) for the zero z? and d(0) for the orders[k1 � � � kn]T . This is our generalization of Van de Vel's method. It is a two-point method withmemory. An equivalent formulation is the following:z(p+1=2) = z(p) � U (z(p))d(p)d(p+1) = �U (z(p)) � U (z(p+1=2)) ��1U (z(p))d(p)z(p+1) = z(p+1=2) � U (z(p+1=2))d(p+1)for p = 0; 1; 2; : : : . This leads to the following algorithm.Algorithm (two-point version).input z(0), d(0)for p = 0; 1; 2; : : :1. Solve f 0(z(p))�z(p) = � diag(d(p))f(z(p))z(p+1=2)  z(p) +�z(p)2. Solve �F (z(p)) � f 0(z(p))[f 0(z(p+1=2))]�1F (z(p+1=2)) �d(p+1) = F (z(p))d(p)3. Solve f 0(z(p+1=2))�z(p+1=2) = � diag(d(p+1))f(z(p+1=2))z(p+1)  z(p+1=2) +�z(p+1=2)This method can be improved by noting that after step 1 is completed the �rst time, there isno reason ever to return to it. Instead the estimate of the orders can be improved (step 2) beforeeach and every further quasi-Newton step (step 3). Thus the improved iteration may be writtenas d(p+1) = �U (z(p)) � U (z(p+1)) ��1U (z(p))d(p)z(p+2) = z(p+1) � U (z(p+1))d(p+1)for p = 0; 1; 2; : : : , with initial z(0) and d(0), and after one preliminary quasi-Newton step z(1) =z(0)�U (z(0))d(0). This is a one-point method with memory. It corresponds to King's improvementof Van de Vel's method [18].Algorithm (one-point version).input z(0), d(0)Solve f 0(z(0))�z(0) = � diag(d(0))f(z(0))z(1)  z(0) +�z(0)for p = 0; 1; 2; : : :1. Solve �F (z(p)) � f 0(z(p))[f 0(z(p+1))]�1F (z(p+1)) �d(p+1) = F (z(p))d(p)2. Solve f 0(z(p+1))�z(p+1) = � diag(d(p+1))f(z(p+1))z(p+2)  z(p+1) +�z(p+1)Example 4. Let us reconsider the mapping of Example 1. Table 1 compares the two-pointversion of our algorithm with the one-point version. The columns labelled \k1" and \k2" contain� log10 jd(p)1 � k1j=k1 and � log10 jd(p)2 � k2j=k2, respectively. The columns labelled \z?1" and \z?2"



8 PETER KRAVANJA AND ANN HAEGEMANSstep two-point version one-point version stepp k1 k2 kkk z?1 z?2 kz?k k1 k2 kkk z?1 z?2 kz?k p0 0.7 0.7 0.5 0.7 0.7 0.5 01/2 0.9 2.0 0.9 0.7 0.7 0.7 0.9 2.0 0.9 11 0.7 0.7 0.7 1.6 3.4 1.6 2.6 0.9 1.3 1.6 3.4 1.6 23/2 2.3 4.0 2.3 4.0 1.6 2.0 4.2 4.2 4.0 32 4.0 1.7 2.0 6.4 5.6 5.6 4.6 4.2 4.4 8.0 5.8 5.8 45/2 10.2 7.3 7.3 1.7 8.0 1.8 9.8 10.0 9.7 53 4.4 6.3 4.5 12.0 13.6 11.9 10.8 9.8 10.4 11.5 18.0 11.5 67/2 16.3 20.0 16.3 23.8 11.5 11.9 22.3 27.8 22.3 74 17.4 12.0 12.3 33.7 31.9 31.9 1 22.3 22.7 46.1 39.3 39.3 89/2 51.0 44.0 43.8 1 1 1 72.2 61.6 61.6 95 28.5 33.7 28.6 79.5 77.5 77.5 1 1 1 1011/2 1 1 1Table 1. Example 4.step two-point version one-point version stepp k1 k2 kkk z?1 z?2 kz?k k1 k2 kkk z?1 z?2 kz?k p0 1.0 1.5 1.3 1.0 1.5 1.3 01/2 1.3 1.8 1.7 1.5 2.6 1.6 1.3 1.8 1.7 11 1.5 2.6 1.6 2.6 3.1 2.9 2.0 3.1 2.2 2.6 3.1 2.9 23/2 5.6 5.5 5.5 1.8 5.6 1.9 5.5 6.5 5.9 32 1.8 4.2 2.0 7.0 6.8 6.9 7.3 9.1 7.4 7.4 8.4 7.9 45/2 8.1 8.0 8.0 9.5 15.6 9.6 14.6 15.6 15.0 53 6.1 6.8 6.2 13.8 13.6 13.6 16.3 25.8 16.5 24.2 25.2 24.6 67/2 19.2 19.0 19.0 1 1 1 74 12.8 17.7 13.0 1 1 1Table 2. Example 5.contain � log10 jz(p)1 j and � log10 jz(p)2 j, respectively. (Remember that z? = (0; 0).) The columnslabelled \kkk" and \kz?k" contain� log10s jd(p)1 � k1j2 + jd(p)2 � k2j2k21 + k22 and � log10qjz(p)1 j2 + jz(p)2 j2respectively. The initial iterates were z(0) := (0:2; 0:2) and d(0) := (1; 1). The one-point version issuperior. Intuitively this is not a surprise, of course.Example 5. Next we reconsider the mapping of Example 2, but shifted to the point z? = (1; 3).In other words, suppose f = (f1; f2) = (uv + (sinu)2 + v3; sinu sin v) where u = z1 � 1 andv = z2�3. Table 2 compares both versions of our algorithm. The columns labelled \z?1", \z?2" and\kz?k" are now related to the (componentwise or normwise) relative errors. The initial iterateswere z(0) := (1:1; 3:1) and d(0) := (1; 1). Again the one-point version is superior.Example 6. The mapping f = (f1; f2; f3) = (u2 + u2 sin v + u3 sinw; v+ uv + v2 + u2 sinu;w2+u3 + vw sinw + v4 + u5) where u = z1 � 1, v = z2 � 2 and w = z3 � 5 has an isolated zero atz? = (1; 2; 5). The orders are k1 = 2, k2 = 1 and k3 = 2. The homogeneous principal part of fat z? is given by P = P (z1; z2; z3) = ((z1 � 1)2; z2 � 2; (z3 � 5)2). It follows that z? is an isolatedzero of P and thus, according to Theorem 4, the multiplicity of z? as a zero of f is equal tok1 � k2 � k3 = 4. We have used the one-point version of our algorithm. Table 3 contains minus thelogarithm with base 10 of the (componentwise or normwise) relative errors. The initial iterateswere z(0) := (1:2; 2:2; 5:2) and d(0) := (1; 1; 1).



A MODIFICATION OF NEWTON'S METHOD 9p k1 k2 k3 kkk z?1 z?2 z?3 kz?k0 0.7 1.0 1.4 1.21 0.6 0.4 0.5 0.5 0.9 1.7 1.6 1.52 1.6 0.8 1.3 1.2 1.7 2.5 2.1 2.13 2.7 1.7 2.2 2.1 3.2 3.3 3.4 3.44 3.3 2.8 3.2 3.1 5.8 5.0 5.6 5.35 4.9 4.6 4.9 4.8 9.1 7.7 8.8 8.16 7.7 7.4 7.7 7.6 14.0 12.3 13.7 12.77 12.3 12.0 12.3 12.2 21.7 19.7 21.4 20.18 19.7 19.3 19.7 19.6 34.0 32.0 33.7 32.19 ... ... ... ... 54.0 51.0 53.3 51.4... ... ... ... ... ... ... ... ...Table 3. Example 6.p k1 k2 k3 kkk z?1 z?2 z?3 kz?k0 0.7 1.0 1.4 1.21 0.3 0.2 0.3 0.2 1.2 1.5 2.0 1.72 1.1 1.1 1.2 1.1 1.7 1.9 2.4 2.23 1.2 1.2 1.5 1.3 2.5 2.7 3.4 3.04 2.1 2.0 2.2 2.1 3.7 3.8 4.8 4.25 3.4 3.2 3.5 3.3 5.7 5.8 7.0 6.26 5.5 5.3 5.6 5.4 9.1 9.1 10.5 9.57 8.9 8.6 9.0 8.8 14.6 14.4 16.2 14.88 14.4 14.0 14.6 14.1 23.5 23.0 25.2 23.49 23.3 22.6 23.5 22.8 38.0 36.9 39.8 37.310 1 1 1 1 61.2 59.5 63.3 69.911 1 1 1 1Table 4. Example 7.Example 7. In our last example we consider a mapping that has a simple zero. The mapping f =(f1; f2; f3) = (u+u2+vw+sinu sinw+v3; v+uv+v2+vw+(sinu)3+vw2; w+uw+w2+u2 sin v+w3)where u = z1 � 1, v = z2 � 2 and w = z3 � 5 has an isolated zero at z? = (1; 2; 5). Theorders are k1 = 1, k2 = 1 and k3 = 1. The homogeneous principal part of f at z? is givenby P = P (z1; z2; z3) = (z1 � 1; z2 � 2; z3 � 5). It follows that z? is an isolated zero of P andthus, according to Theorem 4, the multiplicity of z? as a zero of f is equal to k1 � k2 � k3 = 1.Therefore det f 0(z?) 6= 0. The iteration of Theorem 5 reduces to the classical Newton's method.Table 4 shows the performance of the one-point version of our algorithm. The initial iterates werez(0) := (1:2; 2:2; 5:2) and d(0) := (1; 1; 1).Remark. As soon as the iterates d(p)1 ; : : : ; d(p)n are su�ciently close to integers, one can determinethe correct values of k1; : : : ; kn and use the iteration of Theorem 5, of course. 3Remark. King [18] analysed Van de Vel's method [35], improved it, and gave a convergence prooffor both iterations. He proved that Van de Vel's method has order of convergence 1:554, andthat his modi�cation (one-point version) has order of convergence 1:618. The previous examplesindicate that our multidimensional generalizations of these methods have the same correspondingorder of convergence. We have been unable to generalize King's proof to the multidimensionalsetting. This is the subject of ongoing research. 3
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