
Extending the notions of companionand in�nite companion to matrixpolynomialsMarc Van BarelVlastimil Pt�akZden�ek Vav�r��nReport TW261, July 1997

n Katholieke Universiteit LeuvenDepartment of Computer ScienceCelestijnenlaan 200A { B-3001 Heverlee (Belgium)



Extending the notions of companionand in�nite companion to matrixpolynomialsMarc Van BarelVlastimil Pt�akZden�ek Vav�r��nReport TW261, July 1997Department of Computer Science, K.U.LeuvenAbstractAn extended in�nite companion matrix ~C1(D) and an in�nitecompanion matrix C1(D) for a (nonmonic in general) matrix poly-nomial D is introduced and the �nite companion matrix C(D) isgeneralized to the nonmonic case. These matrices generalize allproperties of the in�nite and �nite companion (Frobenius) matrixcorresponding to a scalar polynomial. In particular, C1(D) is acontrollability matrix of a system whose inner behaviour is given byD, and C(D) is a compression of the shift operator (de�ned on vectorpolynomials) to the remainder subspace corresponding to D, withcharacteristic polynomial equal to detD. A factorization formulafor �nite-rank block Hankel matrices is proved.The generalization of the �nite companion matrix C(D) permitsto construct new linearizations of nonmonic matrix polynomials.These linearizations have considerably smaller dimension than thestandard ones. As a consequence, any system of linear di�erence ordi�erential equations with constant coe�cients can be transformedinto a �rst order system of dimension n = detD.Keywords : matrix polynomial, companion matrix, di�erence equationsAMS(MOS) Classi�cation : Primary : 15A21, Secondary : 26C99,39A10.



Extending the notions of companion and in�nitecompanion to matrix polynomialsMarc Van Barel�Katholieke Universiteit Leuven, Department of Computer ScienceCelestijnenlaan 200A, B-3001 Heverlee, BelgiumVlastimil Pt�aky and Zden�ek Vav�r��nyCzech Academy of Sciences, Institute of Mathematics�Zitn�a 25, 115 67 Praha, The Czech RepublicJuly 1997AbstractAn extended in�nite companion matrix ~C1(D) and an in�nite companion matrixC1(D) for a (nonmonic in general) matrix polynomial D is introduced and the �nitecompanion matrix C(D) is generalized to the nonmonic case. These matrices generalizeall properties of the in�nite and �nite companion (Frobenius) matrix corresponding toa scalar polynomial. In particular, C1(D) is a controllability matrix of a systemwhose inner behaviour is given by D, and C(D) is a compression of the shift operator(de�ned on vector polynomials) to the remainder subspace corresponding to D, withcharacteristic polynomial equal to detD. A factorization formula for �nite-rank blockHankel matrices is proved.The generalization of the �nite companion matrix C(D) permits to construct newlinearizations of nonmonic matrix polynomials. These linearizations have considerablysmaller dimension than the standard ones. As a consequence, any system of lineardi�erence or di�erential equations with constant coe�cients can be transformed into a�rst order system of dimension n = detD.1 INTRODUCTIONThe well-known and important notion of the companion (sometimes called also Frobenius)matrix dates back to Kronecker. Given a monic polynomial d of degree n, d(z) = d0+d1z+� � �+ dn�1zn�1 + zn, the companion matrix C(d) of d is de�ned viaC(d) = 26664 0 � � � 0 �d01 0 �d1. . . ...0 1 �dn�1 37775 :Besides its classical �elds of application, both the matrix and its related forms occur in themathematical theory of linear systems when looking for a \canonical" form of realization ofthese systems.�This research has been partially supported by the grant of the \Fonds voor WetenschappelijkOnderzoek-Vlaanderen" (FWO-Vl) under contract number G.0278.97yThis research has been partially supportedby the grant of the Academy of Sciences of the Czech RepublicNo. 1030701 1



The notion of the in�nite companion matrix of a scalar polynomial introduced by thesecond-named author arose in a natural manner in the course of his study of an extremalproblem in spectral theory [9]. Although the matrix was originally intended as a technicaltool only, it soon became evident that it has interesting connections with what is knowntoday as dilation theory, in particular that it is nothing more than a matrix representation Pof a projection operator which establishes the lifting relation between the classical companionmatrix C(d) of the polynomial d and the matrix representation S of the shift operator onthe space of all polynomials C(d)P = PS : (1)Equivalently,C(d) represents a compression of the shift operator to the space of polynomialsof degree at most n� 1.The idea of using compressions of the shift in interpolation problems appears �rst in theimportant paper of D. Sarason [12] and forms one of the starting points of dilation theorydeveloped later to such a perfection by Sz�okefalvi { Nagy and Foias. Recall the de�nitionof the in�nite companion matrix for scalar polynomials.The in�nite companion matrix of the polynomial d, denoted by C1(d), is the n�1ma-trix P = [tjk]n�1 1j=0 k=0 which may be described by each of the following equivalent conditions(see [11]):(1) The column of index r consists of the coe�cients of the polynomial obtained as re-mainder upon dividing sr by d(s)|in other words, sr �P0�j�n�1 tjrsj is divisible byd(s).(2) The jth row is the solution of the linear homogeneous di�erence equation with char-acteristic polynomial d and initial conditions tjj = 1 and tjk = 0 for 0 � k � n � 1,k 6= j.(3) For each r the submatrix of P consisting of the n consecutive columns r; r+1; : : : ; r+n� 1 equals C(d)r.(4) The matrix P satis�es the intertwining relation PS = C(d)P and the initial conditionstjj = 1 and tjk = 0 for 0 � k � n� 1, k 6= j.(5) The transpose of the matrix P represents the operator which assigns to each vec-tor (v0; : : : ; vn�1)T the in�nite sequence satisfying the linear homogeneous di�erenceequation with characteristic polynomial d and the initial conditions v0; : : : ; vn�1.The connections between the above �ve conditions are interesting. The intertwiningcondition (4) which says that the shift is a lifting of C(d) is essential. Iterating this relation,we obtain C(d)rP = PSr ;this immediately implies (3) and represents the matrix C1(d) in the form of a controllabilitymatrix: the rth column equals C(d)re0, where e0 = (1; 0; : : : ; 0)T :In the de�nition of the in�nite companion matrix of a polynomial d the conditions aboveare formulated in terms of the coe�cients of the polynomial. Explicit formulae for the entriesof the matrix expressed in terms of the zeros of d are given in [10].In view of the many important connections of these considerations with di�erence equa-tions, model operators, Hankel operators, convergence of iterative processes, linear controlsystems etc., it is desirable to extend the study of the in�nite companion matrix to matrixpolynomials.In a paper of M. Van Barel and A. Bultheel [13] on the minimal partial realizationproblem the authors used a certain factorization of the corresponding in�nite block Hankelmatrix. One of the factors turns out to be a particular case of the matrix to be de�nedhere i.e. in the case when the matrix polynomial is in the canonical form introduced byS. Beghelli and R. Guidorzi [3, 2]. In this case it is also possible to construct the �nitecompanion matrix from the in�nite one. 2



The algorithm considered in [13] leads to a matrix polynomial in the canonical formde�ned by Beghelli and Guidorzi [3, 2]. The corresponding �nite companion matrix to bede�ned here can easily be extracted from the in�nite one.When looking for a general approach to the in�nite companion matrix, an immediatereformulation of condition (1) yields a natural solution: The matrix C1(d) is the matrixrepresentation of the \remainder operator" R(d) given by R(d)p = r if p = dq + r, deg r <deg d.The generalized notion of division by a nonsingular matrix polynomial D (nonmonicin general) is well-known (see, e.g., [8]) and de�nes the \remainder operator" R(D). It isimportant to note that this operator has been studied by P. Fuhrmann in [5]. In contrast to[5], we are focusing on the matrices representing the division operator and on their propertiesanalogous to properties of the scalar in�nite companion matrix. Our natural choice of basisis such that any vector polynomial p(s) = Ppisi 2 Fq[s] is represented by the in�nitecolumn vector p̂ = col1i=0[pi]. (We put pi = 0 for i > deg p.)Considering the operator R(D) as a mapping on the space Fq[s], our de�nition results intothe s.c. extended in�nite companion matrix ~C1(D) of dimension1�1. It is necessary toimpose a special restriction on the matrix polynomialD, more speci�cally, to assume D rowreduced, if a de�nition of an in�nite companion matrix of dimension n�1 (n = deg detD)like in the scalar case is required. As a generalization of (1), the �nite companion matrixC(D) should now ful�l the lifting relation with the matrix Sq which represents the operatorof multiplication by s on the space Fq [s] (this operator will be denoted by S and called(block) shift): C(D)C1(D) = C1(D)Sq :This implies that C(D) is nothing more than the matrix representation of multiplication bys modulo D on the s.c. remainder space R(D). See De�nitions 3.1 and 6.2 for details.The purely algebraic background of dilation theory was outlined �rst by P. Fuhrmannin his paper [5]. The theory of the in�nite companion matrix in its scalar form [11] as wellas in its present more general form represents an algebraic analog of ideas used in dilationtheory. Consequently our work, although di�erent in form { since we concentrate on explicitmatrix forms of the operators { is close in spirit to the work of P. Fuhrmann.The ideas as well as the formulae obtained in the present paper will be applied to set upnew explicit expressions for solutions of systems of linear di�erence equations with constantcoe�cients; the authors intend to describe these in the paper [13], in preparation.The contents of our present paper is the following: In Section 3 we introduce the extendedin�nite companion matrix ~C1(D). Section 4 contains some necessary facts on matrix poly-nomials. In Section 5, we introduce the in�nite companion matrix C1(D) for row reducedD and we also describe the connection of the canonical form of D by Beghelli, Guidorziand of the Gauss-Jordan elimination for the matrix ~C1(D). In Section 6 the de�nition ofthe �nite companion matrix C(D) for any row reduced matrix polynomial D is given andboth the spectrum and the Jordan chains are described. In Section 7, a row reduced matrixpolynomial is \linearized", i.e., transformed into a monic matrix polynomial of degree 1.By this linearization a linear homogeneous system of di�erence, resp. di�erential equationswith constant coe�cients the characteristic polynomial of which is D(s) is transformed intoa larger monic system of �rst order. Section 8 contains a formula connecting the matrixC1(D) with the scalar in�nite companion matrix C1(d) where d = detD. In Section 9, itis shown that any block Hankel matrix H of �nite rank can be written as the product ofthe transpose of an in�nite companion matrix, a submatrix of H and, in general, anotherin�nite companion matrix.2 NOTATION AND PRELIMINARIESIn the sequel, the following notation will be used:� F denotes an arbitrary (�nite or in�nite) �eld.3



� Fq[s] denotes the set of the vector polynomials, i.e., the polynomials with coe�cientsbelonging to Fq.� Similarly Fp�q [s] denotes the set of all p� q matrix polynomials.� Fq(s) denotes the set of all vector rational functions.� The coe�cients of a matrix polynomial D 2 Fp�q [s] are denoted by Dk, i.e., D(s) =PkDksk with Dk = 0 for k > degD.� Stacking vector: We often need stacking vectors of coe�cients of polynomial vectors.We indicate these stacking vectors by a hat. For example, if a is a polynomial vector,then by â we mean the in�nite column vector obtained by stacking the coe�cients ofthe polynomial vector a and completing by zeros. Thus the value of a in the points equals a(s) = [Iq sIq s2Iq � � �]â. If b is a vector whose elements are strictly properrational functions, the stacking vector b̂ is de�ned so that b(s) = [s�1Iq s�2Iq � � �]b̂.Similarly, if we have a sequence of vectors fyig having �nite length, the stacking vectoris denoted by ŷ = [yT0 ; yT1 ; : : :]T .� S denotes the \shift operator" on the space Fq [s], given by Sp(s) = sp(s) for anyp(s) 2 Fq [s].� S = � �i;j+1 �1i;j=0 denotes the in�nite \shift matrix".Then Sq = � �i;j+q �1i;j=0 is the in�nite \block shift matrix".� In the sequel, the matrix polynomialD is always assumed to be nonsingular, i.e., detDis a nonzero polynomial which we shall denote by d.� If I is an index set and M an arbitrary matrix then we introduce the matrix M (I),resp. M(I), as the submatrix of M formed by columns, resp. rows of M with indicesbelonging to I.� Given two matrices A = (aij) and B, their Kronecker (tensor) product is de�ned asA
B = 264 a00B a01B � � �a10B a11B � � �... 375(see [1], page 415).3 EXTENDED INFINITE COMPANION MATRIXFOR MATRIX POLYNOMIALSNote that, for a scalar polynomial d of degree n, C1(d) is an n�1 matrix. It represents theoperator R(d) considered as an operator mappingF[s] onto Fn�1[s] (the \remainder space",consisting of all polynomials of degree less than n). In the matrix case, we have to impose aspecial restriction on the matrix polynomialD to obtain an n�1matrix (n = rankR(D)) ifwe use the monomial basis B de�ned in De�nition 3.2. The reason is that the range of R(D),though being n-dimensional where n = deg detD, is not necessarily spanned by n vectorsof the basis B. In this section we introduce the 1�1 s.c. \extended" in�nite companionmatrix. The number of its nonzero rows is �nite but greater than n in general. Section4 deals with the case of row reduced matrix polynomials D; in that case, the \remainderspace" is spanned by n elements of the basis B and the corresponding n nonzero rows of~C1(D) form the n�1 in�nite companion matrix C1(D) which is a complete analogy withthe scalar case.Let us start by recalling the generalized de�nition for division by any square nonsingular(nonmonic in general) matrix polynomial D (see [8], Theorem 6.3-15).4



Theorem 3.1 (Division theorem for matrix polynomials) Let D be any nonsingularmatrix polynomial and letR(D) = fr 2 Fq[s] jD�1r is strictly properg:Then the space Fq[s] may be written as a direct sum of DFq[s] and of R(D).proof. For any p 2 Fq[s], decompose the rational vector function D�1p into the polynomialand strictly proper rational part and then premultiply both parts by D to get the desired(unique) decomposition. 2We shall use the notation �� for the projection operator de�ned on Fq(s) which assignsto any rational function its strictly proper part.De�nition 3.1 (Remainder operator, remainder space) Given any nonsingular D 2Fq�q [s], we introduce the remainder operator R(D) on Fq[s] as the projection such thatRan(R(D)) = R(D) and Ker (R(D)) = DFq [s]. We call the space R(D) the remainderspace of the matrix polynomial D.Corollary 3.1 For any nonsingular D 2 Fq�q [s] and any p 2 Fq[s],R(D)p = D��D�1p: (2)De�nition 3.2 (Basis) In the space Fq [s] we choose the basisB = fbtg10 where bt(s) = eksj if t = jq + k; 0 � k < q:In this basis the vector polynomial p(s) =P pisi is represented by the stacking vector p̂.De�nition 3.3 (Extended in�nite companion matrix) Assume that D is nonsingu-lar. The 1 � 1 matrix representation of the operator R(D) with respect to the basis Bwill be denoted by ~C1(D) and will be called the extended in�nite companion matrix of thematrix polynomial D.The matrix ~C1(D) has a block structure which corresponds to the block structure ofthe basis B, ~C1(D) = [Cj;r]1j;r=0where the blocks Cj;r are square of order q. For any vector polynomialp(s) =Pr prsr ; pr 2Fq ; the action of R(D) onto p(s) can be written in the compact block form:(R(D)p)(s) =Xj  Xr Cj;rpr! sj :The following theorem relates the matrix ~C1(D) to the special block Hankel matrix corre-sponding to the matrix rational function D�1(s) and is nothing more than a restatement ofCorollary 3.1 in matrix form.Theorem 3.2 For any nonsingular matrix polynomial D(s) =PkDksk (we set Dk = 0 ifk > degD(s)), ~C1(D) = �(D)H(D�1)where �(D) = [D1+i+j ]1i;j=0.proof.The Hankel matrix H(ND�1) corresponding to the matrix rational function ND�1 isthe matrix representation of the Hankel operator which maps any polynomial p 2 Fq[s]onto the function v = ��ND�1p. In the particular case of H(D�1) we put N = I to get5



v = ��D�1p. If p(s) =P pisi, v(s) =P10 vjs�j�1 and if we use the notation for stackingvectors (see Section 2), we can write v̂ = H(D�1)p̂and it is easy to verify that �(D)v̂are the coe�cients of the vector polynomialD��D�1p = R(D)p : 24 ROWANDCOLUMNREDUCEDMATRIX POLY-NOMIALS, THE CANONICAL FORMTo study the properties of the matrix ~C1(D), we shall need some basic de�nitions concerningmatrix polynomials and their special forms.De�nition 4.1 (Degree, row/column degree, highest row/column degree coe�cient)If we considerD(s) as an element of F[s]q�q, D(s) = [dij(s)] then degD(s) = maxij deg dij(s):The row degrees are hi =maxj deg dij(s), i = 0; : : : ; q�1: The highest row degree coe�cientis the q � q matrix Dhrdc = [aij] where dij(s) = aijshi +O(shi�1), s!1.The column degrees and the highest column degree coe�cient Dhcdc are de�ned analo-gously.De�nition 4.2 We say that D(s) is row reduced if Dhrdc is nonsingular. Similarly, we saythat D(s) is column reduced if Dhcdc is nonsingular.Lemma 4.1 (See, e.g., [8]) The matrix polynomial D(s) is row reduced if and only ifPhi =deg detD.Observe that any row reduced (column reduced) D is nonsingular.De�nition 4.3 We introduce the relation of right equivalence �R byD �R D0 if and only if D0 = DUfor some unimodular U . We shall use the notation UR(D) for the class of polynomials rightequivalent to D.Similarly we can introduce the left equivalence �L and the class UL(D).Lemma 4.2 (Remainder operators for equivalent matrixpolynomials) Suppose that D;D0 are nonsingular.(1) If D0 = DM for some matrix polynomial M then KerR(D0) � KerR(D).(2) If D0 2 UR(D), i.e., D0 = DU for some unimodular U then(a) KerR(D0) = KerR(D),(b) R(D0) = R(D0)R(D) and ~C1(D0) = ~C1(D0) ~C1(D) ;(c) rankR(D0) = rankR(D) and R(D0)jR(D) is an isomorphism between R(D) andR(D0), 6



(d) span rows ~C1(D0) = span rows ~C1(D).(3) If D0 2 UL(D), i.e., D0 = UD for some unimodular U then R(D0) = UR(D).proof.(1) KerR(D0) = DMFq[s] � DFq[s] = KerR(D):(2) (a) follows by a double use of (1) sinceD = D0U�1 where U�1 is a matrix polynomial.(b) and (c) This is a consequence of a more general and well-known property;For any two projections P1; P2 such that KerP1 = KerP2 the following holds:P1 = P1P2 and, moreover, P1jRanP2 is an isomorphism between RanP2 andRanP1.proof. The range of I�Pi being KerPi, we have P1(I�P2) = 0 and P2(I�P1) =0, i.e., P1P2 = P1; P2P1 = P2 :Denote by T the restriction to RanP2 of the operator P1. The identity P1P2 = P1shows that T maps RanP2 onto RanP1, the identity P2P1 = P2 implies that Tis injective. 2(d) follows from the fact that Ker ~C1(D0) = Ker ~C1(D) :(3) p 2 R(D) if and only if D�1p is strictly proper, i.e., if and only if (UD)�1Up is strictlyproper which is if and only if Up 2 R(D0). 2Lemma 4.3 (Special elements in the class UR(D)) Assume Dnonsingular.(1) Each class of equivalence UR(D) contains at least one row reduced element. The se-quences of row degrees (hi) of such elements can be di�erent in general.(2) Each class of equivalence UR(D) contains at least one column reduced element. IfD0 and D00 are two column reduced elements of UR(D) and if (k0i) and (k00i ) are thecorresponding sequences of their column degrees then (k00i ) is just a permutation of (k0i).(3) Each class of equivalence UR(D) contains at least one column reduced element with anupper triangular highest column degree coe�cient. All these elements have the samesequence of column degrees (ki) (including the order).(4) Each class of equivalence UR(D) contains exactly one element which is both columnreduced with an upper triangular highest column degree coe�cient and row reduced withthe identity matrix as its highest row degree coe�cient.De�nition 4.4 For each D, we shall denote by Dc the unique element of the class UR(D)which possesses the properties sub (4) in the preceding lemma. Following S. Beghelli and R.Guidorzi [2], the matrix polynomial Dc will be called the canonical form of D and the matrixpolynomial D will be said to be in the (input-output) canonical form if D = Dc.In the proof of Lemma 4.3 we include an algorithm to construct the input-output canon-ical form of any nonsingular D. In fact this algorithm is very similar to the one describedin [2] which transforms not one but two polynomial matrices.7



proof. Let us show the uniqueness of the set of column degrees in (2). Take two columnreduced matrix polynomialsD0 = DU 0; U 0 unimodular andD00 = DU 00; U 00 unimodularwith column degrees k0i and k00i . Hence, D0 = D00Uwhere U = (U 00)�1U 0 is unimodular. We shall use the expressions:D00(s) = (D00hcdc +D00csp(s))E(k00)and D0(s) = (D0hcdc +D0csp(s))E(k0)where D00csp(s) and D0csp(s) are strictly proper rational matrices and E(l) = diag(sli ) andl 2 Zq . By assumption, both D00hcdc and D0hcdc are nonsingular. Now(D00)�1(s) = E(�k00)((D00hcdc)�1 +�sp(s))for a strictly proper rational �sp(s). We can now expressU (s) = (D00)�1(s)D0(s) = E(�k00)(UN + Usp(s))E(k0)where UN = (D00hcdc)�1D0hcdc is a constant nonsingular matrix and Usp(s) is strictly properrational. We can always �nd a permutation � with corresponding permutation matrix Psuch that UNP has all diagonal entries di�erent from zero. Comparing diagonal entries inU (s)P = E(�k00)(UNP + Usp(s)P )E(�k0);which are polynomials on the left, we get that(�k0)i � k00i :Since Pi(�k0)i = deg detD0(s) = deg detD00(s) =Pi k00i , we conclude (�k0)i = k00i .The uniqueness in (3) can be proved by similar arguments.Let us prove (4):Consider the following elementary polynomial transformation matrices:� Ei;j = the identity matrix in which column i and column j are interchanged;� Ei;j(q(s)) = the identity matrix in which column j is replaced by column j plusq(s) 2 F [s] times column i;� Ei(k) = the identity matrix where column i is multiplied by k 2 F n f0g.Suppose we have a nonsingular polynomial q � q matrix D(s). The coe�cient of degreek of element di;j(s) is denoted by di;j;k. The degrees of the columns of D(s) are denoted byk1; : : : ; kq.First of all, to make a nonsingular polynomial matrix column reduced, i.e., where thehighest degree coe�cients of the columns are linearly independent, we can use the followingalgorithm:� while not column reduced do{ Consider the set of linear equations264 d1;1;k1 � � � d1;q;kq... ...dq;1;k1 � � � dq;q;kq 375264 c1...cq 375 = 264 0...0 375which always has a nontrivial solution ci.8



{ De�ne l such that l = maxfkijci 6= 0g.{ Replace D by D�qi=1;i 6=lEi;l(�ci=clskl�ki) .{ By this transformation, the degree of column l of D has been decreased.Now we are going to makeD column reduced with the highest degree coe�cients forminga unit upper triangular matrix.� for i = q; q � 1; : : : ; 1 do{ De�ne l such that l = minfkjj1 � j � q; di;j;kl 6= 0g .{ Replace D by DEl;i.{ Replace D by DEi(1=di;i;ki).{ for j = 1; 2; : : :; i� 1� Replace D by DEl;j(�di;j;kjskj�ki).The last step makes D also row reduced where the highest degree coe�cients of the rowsof D form the identity matrix.� for j = 1; 2; : : : ; q do{ for d = kj; kj�1; : : : ; kmin do� for i = q; q � 1; : : : ; 1 do� if i 6= j and d � ki and Di;j;d 6= 0 then
 = d� ki.Replace D by DEi;j(�Di;j;ds
 ).Note that all transformations we used, are elementary polynomial, i.e., they are unimodular.Hence, their product is unimodular, too.Now we prove the uniqueness of this element: Suppose we have twomatricesD0(s); D00(s) 2UR(D) having the given properties. We know by Lemma 4.3(3) that k(D0) = k(D00) andthe properties of the canonical form imply that h(D0) = k(D0) = k(D00) = h(D00).Because D0(s); D00(s) 2 UR(D), we can writeD0(s) = D(s)U 0(s) ;D00(s) = D(s)U 00(s)or (D00)�1(s)D0(s) = (U 00)�1(s)U 0(s)= U (s)with U (s) unimodular. Now, using the row reducedness of D0(s) and D00(s),(D00hrdc +D00rpr(s))�1E�1(k00)E(k0)(D0hrdc +D0rpr(s)) = U (s):Because E�1(k00)E(k0) = Iq and D00hrdc = D0hrdc = Iq, we getIq +Drpr(s) = U (s)with Drpr(s) proper rational. Because U (s) is polynomial, we get U (s) = Iq. Hence,D0(s) = D00(s).Now, existence of special elements by (1){(3) is a consequence of (4). 29



5 INFINITE COMPANIONMATRIX FORROWRE-DUCED MATRIX POLYNOMIALSIn this section, we study the additional properties of the extended in�nite companion matrix~C1(D) when the matrix polynomial D is row reduced. The remainder subspace is a coor-dinate subspace with respect to the basis B, i.e., a subspace spanned by n elements of thebasis B with n = deg detD. This makes possible to restrict the in�nite companion matrixto an n�1 matrix.Lemma 5.1 Let r 2 Fq [s] and D row reduced with row degrees hi be given. Then D�1r isstrictly proper rational if and only if deg ri < hi; i = 0; : : : ; q� 1.This lemma can be found in [8, Lemma 6.3-11].De�nition 5.1 (Index set) For any nonsingular D(s) with row degrees hi, we introducethe index set I(D) by I(D) = ft j t = jq + i; 0 � j < hi; 0 � i < qg :Corollary 5.1 (Remainder space for a row reduced D) Let D be row reduced withrow degrees hi. Then the remainder space R(D) is spanned by feisj ; 0 � j < hig = fbt; t 2I(D)g.Lemma 5.2 If D is nonsingular thenrank ~C1(D) = rankR(D) = deg detD = n :In particular, if D is row reduced then the rows of ~C1(D) with indices in I(D) arelinearly independent and all other rows are zero.proof. If D is row reduced, the assertion follows from Corollary 5.1. In the general caseuse Lemma 4.3, (2)(c). 2De�nition 5.2 (In�nite companion matrix for a row reduced matrix polynomial)If D is row reduced then we introduce the in�nite companion matrix C1(D) as the matrixrepresentation of the operator R(D) : Fq[s]!R(D) with respect to the basis fbt j t 2 I(D)gin R(D). Equivalently, C1(D) = ~C1(D)(I(D)).Note that C1(D)(I(D)) = In because R(D)jR(D) is the n-dimensional identity operator.If D is not only row reduced but also in the canonical form, the in�nite companionmatrix C1(D) has additional structure. To describe this structure, we need the followingterminology.De�nition 5.3 (Row-echelon form) We say that a matrix M = [mik] has row-echelonform if the following two conditions are satis�ed:(i) If ji = minfk;mik 6= 0g then the jith column of M equals the canonical vector ei =col (�ij) for i = 1; 2; : : :.(ii) The sequence fjig is monotone increasing.Remark 5.1 If Dc is a canonical matrix polynomial then the in�nite companion matrixC1(Dc) has the row-echelon form. 10



Lemma 5.3 Let M be a nonzero k � l matrix (k; l � 1). Then there is a unique positiveinteger r (or in�nity) and unique matrices M0, G of dimensions k � r, r � l such that Ghas the row echelon form, the columns of M0 are linearly independent andM = M0G :De�nition 5.4 The unique matrix G de�ned by the previous lemma will be called the row-echelon form of M .proof. A method to factorize M as M =M0G with G in row echelon form is the following.Because M is nonzero, we can take for the �rst column of M0 the �rst nonzero column ofM . The second column of M0 is the next column ofM which together with the �rst columnof M0 forms a linearly independent set : : : . For any k, the kth column of G has only a�nite number of nonzero elements and these elements give the coe�cients of the �nite linearcombination of the columns of M0 to get the kth column of M . It is clear that G has therow echelon form and that this factorization is unique. 2Remark 5.2 We emphasize that in general the product of two in�nite matrices is not de-�ned. In Lemma 5.3 we use the special form of G which implies that any of its columns hasonly a �nite number of nonzero entries.Lemma 5.4 Let B be a linear operator and P be a projection, both de�ned on the samelinear space L. Suppose that KerP � KerB :Then B = BP :proof. For any element x 2 L we can writeBx = B(Px+ (I � P )x) :Since (I � P )x 2 KerP � KerB, it holdsB(I � P ) = 0and the proof is complete. 2Theorem 5.5 Let M be a k�1 matrix and D a nonsingular polynomial matrix. Then thefollowing properties are equivalent:(i) Mp̂ = 0 for all p 2 DFq [s](ii) M = M ~C1(D)(iii) There is a k �1 matrix P such that M = P ~C1(D).proof. (i)! (ii)M represents an operator T de�ned on Fq[s] such that Ker T � KerR(D). By thepreceding lemma, T = TR(D). In matrix representation, this is (ii).(ii) ! (iii)Evident.(iii) ! (i)Evident since ~C1(D)p̂ = 0 for all p 2 DFq[s]. 211



Theorem 5.6 Under the assumptions of Theorem 5.5 and denoting n = deg detD, thefollowing are equivalent:(i) Mp̂ = 0 if and only if p 2 DFq[s](ii) M = M ~C1(D) and rankM = n(iii) There is an 1�1 matrix P such that M = P ~C1(D) and rankM = n.(iv) The row-echelon form of M is C1(Dc) where Dc is the canonical form of D.proof.(i) ! (ii) Let T be the operator on Fq[s] the matrix representation of which is M . By(i), Ker T = DFq[s] = KerR(D). By Theorem 5.5, M = M ~C1(D). The equality of thekernels implies the equality of ranks: rankT = rankR(D) = n so that also rankM = n.(ii) ! (iii) Evident.(iii) ! (iv) It is ~C1(D) = ~C1(D) ~C1(Dc)= ~C1(D)(I)C1(Dc)so that M = P ~C1(D)(I)C1(Dc) : (3)Now rankM = n so that the matrixM0 = P ~C1(D)(I) has rank at least n. Since this matrixhas just n columns, they have to be linearly independent. Moreover, we know that C1(Dc)has the row echelon form. It follows that (3) gives the unique decomposition described inLemma 5.3. The property M0 = M (I) follows from the fact that C1(Dc)(I) = In.(iv) ! (i) Evident. 26 FINITE COMPANIONMATRIX FORAROWRE-DUCED MATRIX POLYNOMIALIn this section we give a generalization of the notion \�nite companion matrix" (or \Frobe-nius matrix") to matrix polynomials. We introduce it as the matrix representation of theoperator on R(D) of multiplication by s modulo D(s), i.e. the compressed shift. Notethat our particular choice of basis leads to the particular restriction of the de�nition to rowreduced matrix polynomials only.De�nition 6.1 (Operator S(D)) For any nonsingular D the operator S(D) : R(D) !R(D) is de�ned by S(D) = R(D)SjR(D) :If D(s) is row reduced, the matrix of S(D) w.r.t. the basis fbt j t 2 I(D)g equals(C1(D)Sq )(I(D))where S is the \in�nite shift matrix", S = [�i;j+1]1i;j=0 :De�nition 6.2 (Finite companion matrix for a row reduced matrix polynomial)The n� n matrix C(D) de�ned asC(D) = (C1(D)Sq )(I(D))is called the �nite companion matrix of D. 12



Because 8p 2 Fq[s] R(D)(sp(s)) = S(D)R(D)p(s)holds, the following theorem is true.Theorem 6.1 (Intertwining with the shift) For any row reduced D(s) the equalityC1(D)Sq = C(D)C1(D)holds.Similar to the scalar case, this relation implies the following property of the in�nite and�nite companion matrices of a row reduced matrix polynomial.Corollary 6.1 Let D be row reduced.(1) C1(D) = [C0; C(D)C0; C2(D)C0; : : :] = row1j=0(Cj(D)C0) where C0 is the submatrixof C1(D) given by its �rst q columns.(2) �C1(D)Sjq�(I(D)) = C(D)j ; j = 0; 1; : : :Corollary 6.1 shows that C1(D) has the form of a controllability matrix. >From linearsystem theory, we know that if D0 �R D or D0 �L D are both row reduced then C(D) andC(D0) are similar (see, e.g., [5, Theorem 4.8]). More precisely, it holdsLemma 6.2 (Similarity of finite companion matrices forequivalent matrix polynomials)Let D0 �R D be both row reduced. Denote M1 = C1(D)(I0), M2 = C1(D0)(I). ThenM1M2 = Inand C(D) = M1C(D0)M2 (4)so that the companion matrices C(D), C(D0) are similar.proof. Since KerR(D) = KerR(D0) by Lemma 4.2(2)(a), we have R(D) = R(D)R(D0)using Lemma 5.4 so that, in matrix form,~C1(D) = ~C1(D) ~C1(D0)whence C1(D) = C1(D)(I0)C1(D0) : (5)Hence, C1(D)(I) = In = C1(D)(I0)C1(D0)(I) = M1M2:By symmetry, C1(D0) = C1(D0)(I)C1(D) : (6)Using (5), (6) and Theorem 6.1, we haveC(D)C1(D) = C1(D)Sq = C1(D)(I0)C1(D0)Sq == C1(D)(I0)C(D0)C1(D0) = C1(D)(I0)C(D0)C1(D0)(I)C1(D) :Since the rows of C1(D) are linearly independent, the identity (4) follows. 2In the following, we shall need the concept of \left congruence".De�nition 6.3 For any nonsingular D, we write p1 � p2modLD(s) if p1 � p2 = Du forsome vector polynomial u. 13



Now we are going to study the characteristic values and characteristic vectors of the�nite companion matrix.Theorem 6.3 If D(s) is row reduced thend(C(D)) = 0with d = detD.proof.The matrix d(C(D)) represents the operator d(S(D)) on R(D). By de�nition of S(D),d(S(D)) = R(D)d(S)jR(D)so that for all p 2 R(D) d(S(D))p(s) = R(D)d(s)p(s):However, d(s)p(s) = D(s)Dadj (s)p(s) and, consequently,d(S(D))p(s) = 0 :This means that d(C(D)) = 0: 2Theorem 6.4 The number �0 is an eigenvalue of S(D) if and only if D(�0) is singular, inother words d(�0) = 0.If �0 is an eigenvalue of S(D) then the corresponding set of eigenvectors consists of allpolynomials of the form (s � �0)�1D(s)qwhere 0 6= q 2 KerD(�0).proof. If �0 is an eigenvalue and p the corresponding eigenvector of S(D) then (s��0)p(s)equals D(s)q(s) for some vector polynomial q(s). Since p 2 R(D)(D), we haveD�1(s)p(s) =(s� �0)�1q(s) strictly proper so that q(s) is a constant vector. It cannot be the zero vector(p(s) 6= 0) and, consequently, D(�0) is singular. The converse is immediate. 2De�nition 6.4 (Jordan chains of a matrix polynomial) Let D 2 Fq�q [s]. The se-quence of vectors fxigk�10 with xi 2 Fq[s] and x0 6= 0 is called a Jordan chain of length kfor the matrix polynomial D corresponding to the eigenvalue �0 2 F if D(s)x(s) is divisibleby (s � �0)k wherex(s) = x0 + x1(s � �0) + x2(s� �0)2 + � � �+ xk�1(s � �0)k�1 :The constant vector x0 is called an eigenvector of D(s) corresponding to the eigenvalue �0while the other vectors x1; : : : ; xk�1 are called generalized eigenvectors.We also recall the classical notion of a Jordan chain of vectors for a linear operator. IfT is a linear operator on a vector space and �0 is given, a sequence v0; : : : ; vk�1, v0 6= 0 ofvectors is said to be a Jordan chain of length k for T corresponding to �0 if(T � �0I)v0 = 0; (T � �0I)v1 = v0; : : : ; (T � �0I)vk�1 = vk�2 :The de�nition for matrices is analogous. Observe that v0; : : : ; vk�1 is a Jordan chain for amatrix T if and only if it is a Jordan chain in the sense of De�nition 6.4 for the linear matrixpolynomial T (s) = sI � T .For more information about Jordan chains of matrix polynomials, we refer the interestedreader to the book of Gohberg, Lancaster and Rodman [7].14



Theorem 6.5 (Jordan chains of D)Suppose D is row reduced. To each �0 which is an eigenvalue of D(s) (hence also aneigenvalue of S(D)), there is a one-to-one correspondence of the corresponding Jordan chainsfor D(s) and for S(D).If q(0); : : : ; q(k�1) is a chain of length k forD(s) then introduce the polynomials p0(s); : : : ; pk�1(s)by pi(s) = 1(s� �0)i+1D(s)qi(s)where qi(s) = q(0) + q(1)(s � �0) + � � �+ q(i)(s � �0)i :The polynomials pi(s) belong to R(D) and form a Jordan chain for S(D) of length k.Conversally, if p0(s); : : : :; pk�1(s) is a Jordan chain for S(D) then (S(D)��0)kpk�1(s) =0 so that there exists a polynomial q such that (s � �0)kpk�1(s) = D(s)q(s). Ifq(s) =X q(i)(s � �0)iis its expansion then the �rst k coe�cients q(0),: : : ,q(k�1) form a Jordan chain for D(s).proof.If q(0); : : : ; q(k�1) is a Jordan chain of length k for D(s), consider the polynomials qi,qi(s) = q(0) + � � �+ q(i)(s � �0)i for i = 0; : : : ; k � 1 :There exist polynomials pi(s) such thatD(s)qi(s) = (s � �0)i+1pi(s) :The identity D(s)�1pi(s) = qi(s)(s � �0)i+1shows that D(s)�1pi(s) is strictly proper rational so that pi 2 R(D). Let us show thatp0(s); : : : ; pk�1(s) is a Jordan chain for the operator S(D). Since p0 2 R(D) we have(S(D) � �0I)p0(s) = (R(D)S � �0I)p0(s) = R(D)(S � �0I)p0(s)= R(D)(s � �0)p0(s) = R(D)D(s)q0(s) = 0 :For i > 0 (S� �0I)i+1pi(s) = D(s)qi(s) = D(s)qi�1(s) +D(s)q(i)(s � �0)i= (s � �0)ipi�1(s) +D(s)q(i)(s � �0)iwhence (S� �0I)pi(s) = (s� �0)pi(s) = pi�1(s) +D(s)q(i) :Since the pj belong to R(D) we obtain(S(D) � �0I)pi(s) = pi�1(s) :In the same way the proof can be given in the other direction. 2The important computation of the characteristic polynomial of C(D) is left to the fol-lowing section (Theorem 7.4) since it follows easily from the linearization equality.15



7 LINEARIZATIONOF ARBITRARYROWREDUCEDMATRIX POLYNOMIALSIn the study of linear di�erential as well as di�erence equations with constant coe�cients,the fact that an equation of the nth order can be easily replaced by a system of n equationsof the �rst order (and vice-versa) is often useful. This fact has a narrow connection withthe transformation, called linearization, of the higher degree polynomial into a linear matrixpencil.Take a di�erential equation of the nth order with constant coe�cientsy(n) + dn�1y(n�1) + � � �+ d1y0 + d0y = ' : (7)The most transparent transformation into a system of n di�erential equations of the �rstorder is given by the substitution y0 = yy1 = y0...yn�1 = y(n�1) :Then the following system is obtained.y00 = y1y01 = y2...y0n�2 = yn�1y0n�1 = �dn�1yn�1 � � � � � d0y0 + ' :Note that, in matrix notation, this system can be written as(y00; : : : ; y0n�1) � (y0; : : : ; yn�1)C(d) = (0; : : : ; 0; ') : (8)The characteristic polynomial of the equation (7) is d(s) and the characteristic polynomialof the system (8) is sIn � C(d) : (9)Their mutual connection is given by[sIn � C(d)]F (s) = E(s) � d(s) 00 In�1 � (10)where E(s) = 2666664 1 �s � � � 00 1 �s... . . . . . . �s0 � � � 1 3777775 ; F (s) = 26666664 b1(s) �1 � � � 0b2(s) 0 �1b3(s) ... . . .... �1bn(s) 0 � � � 0 37777775and the polynomials bi are given bybi(s) = di + � � �+ dnsn�i :The linear matrix polynomial sIn � [C(d)]T is called a linearization of d(s).16



Generalization of this situation for a q� q system of di�erential equations the character-istic polynomial of which is a q�q matrix polynomialD(s) was also studied. Correspondingresults can be found in [8, Lemma 6.3-20] and [7, Theorem 1.1].If D(s) is monic then all the q equations of the system have the same order, say K. Itis reasonable to expect that the \dimension" of the problem is Kq and this number reallycoincides with the dimension of the linearization by [8] and [7]. However, the approachtaken there is such that the same dimension Kq is obtained when linearizing a system witha nonmonic characteristic polynomial D(s). The solution is a linear matrix pencil As � Bsuch that the coe�cient A has defect equal to Kq � n, n being the degree of detD(s).This means that besides the n characteristic values of D(s), there are Kq � n additionalcharacteristic values at in�nity.Our paper o�ers a di�erent approach to the nonmonic case.Since we shall need the assumption that D(s) is row reduced, we �rst emphasize that itis easy to meet this assumption by an easy pretransformation of the system. Actually, byequivalent row transformations we can get any characteristic polynomial D0 2 UL(D). ByLemma 4.3 we can get both row and column reduced characteristic polynomials.For D(s) row reduced, the number n = deg detD(s) is just equal to the sum of the ordersof all the q equations. The expected dimension of this problem is, of course, n and we showhere that the monic linear matrix pencil sIn � C(D) (where C(D) is our �nite companionmatrix) is a natural linearization having the mentioned minimal dimension n.The practical aspect of the problem is to �nd the substitution transforming a systemof equations of a higher order into the �rst order system with characteristic polynomialsIn�C(D) (like in (8) for the scalar case). Since this transformation exists, the characteristicvalues of the corresponding systems have to coincide.This fact implies a natural question whether a stronger connection of the characteristicpolynomials of both systems can be found. Such a connection does exist and performs thesecond and more theoretical aspect of linearization: The characteristic polynomial of thehigher order system can be extended by an identity matrix (of a proper dimension) andthen transformed by equivalent transformations (i.e., by pre- and/or postmultiplication byunimodular matrices) into the corresponding linear matrix pencil.Following [8] and [7], we shall use the name linearization in a narrower sense for thisequivalence relation. Our De�nition 7.1 is di�erent from the de�nition used there if thecharacteristic polynomial D(s) is not monic.Let us start with the �rst aspect: mutual transformation of systems of di�erential (anddi�erence) equations of higher orders into systems having more equations but of the �rstorder.Transformation of di�erence and di�erential systemsLet us write for short I = I(D). If D is row reduced, denote by z(0) < z(1) < � � � <z(n�1) the elements of I arranged in increasing order. Further let us introduce the notationD(Sq ) for the (block) matrix D(Sq ) =Xi Si 
Diwhere 
 denotes the Kronecker product.With this notation, it is easy to describe the row space of the matrix ~C1(D).Lemma 7.1 For any nonsingular D and any in�nite row vector vT , the vector vT belongsto the row space of ~C1(D) if and only ifvTD(Sq ) = 0 :proof.Take k = 1 and M = vT in Theorem 5.5. Note that p 2 DFq [s] if and only if p̂ belongsto the column space of the matrix D(Sq ). Consequently,vTD(Sq ) = 0 , vT p̂ = 0; 8p 2 DFq [s]:17



Hence, (by Theorem 5.5, (i)!(ii)) vT = vT ~C1(D)which means that vT is in the row space of ~C1(D). Conversely, if vT is in the row space of~C1(D) then, using (iii)!(i) of Theorem 5.5, vT p̂ = 0, 8p 2 DFq[s]. Therefore, vTD(Sq ) =0. 2Theorem 7.2 Let D be a row reduced polynomial matrix of dimension q, set n = deg detD.Then there is a one-to-one correspondence between the solutions of the q-dimensional systemcorresponding to D, KX0 DTj v(j+k) = 0; k = 0; 1; 2; : : : (11)and the solutions of the n-dimensional system corresponding to the linear polynomial sIn �C(D)T , w(l+1) � [C(D)]T w(l) = 0; l = 0; 1; 2; : : : : (12)More precisely, this correspondence is given by the mapping T : F q�1 ! Fn�1,Tfv(k)g = fw(l)gif w(l) = v̂(I+lq)(v̂ is the stacking vector), i.e.,w(l)j = v(k+l)i where i + kq = z(j) :proof. We note �rst that fv(k)g is a solution to (11) if and only if (v̂)TD(Sq) = 0 whichis (by the preceding lemma) if and only if (v̂)T belongs to the row space of C1(D). For Drow reduced, we have C1(D)(I) = In and, consequently, v̂T has the form(v̂)T = [(v̂)T ](I)C1(D) :Denote [(v̂)T ](I) by cT . Now �w(l)�T = ((v̂)T )(I+lq) == cTC1(D)(I+lq) = cTC(D)l(by Theorem 6.1) or �C(D)l�T c = w(l). Consequently, w(l+1) = [C(D)]T w(l) and w(0) = c.On the other hand, if fw(l)g is any solution to (12) such thatw(0) = cthen hw(l)iT = cTC(D)land if we set (v̂)T = cTC1(D), it holdshw(l)iT = �(v̂)T �(I+lq)so that w(l) = [v̂](I+lq) :18



Consequently, the solution fv(k)g of (11) with the initial conditions v(k)i = cj (for j =0; : : : ; n�1 and i; k such that i+kq = z(j)) is the unique solution such that Tfv(k)g = fw(l)g.2The case of di�erential equations is completely analogous. The solutions of the systemsKXj=0DTj v(j)(x) = 0 (13)and w0(x) = [C(D)]T w(x) (14)can be put into a one-to-one correspondence by the equalityw(l)j = v(k+l)i where i + kq = z(j) :Now we turn to the second, theoretical point of view.De�nition 7.1 A linear monic matrix polynomial sI � A is called a linearization of the(not necessarily monic) matrix polynomial D(s) if there are unimodular matrices E(s) andF (s) and a positive integer r such thatsI �A = E(s) � D(s) 00 Ir �F (s) : (15)We start by formulating the main results and then we continue by giving the proofs.Theorem 7.3 Let D(s) =PKk=0Dksk be a row reduced not necessarily monic matrix poly-nomial, let n = deg detD. Then the monic linear matrix polynomial sI � C(D) is a lin-earization of D. More precisely, it holds[sI �C(D)]F (s) = E(s)�(s) (16)where �(s) = diag (D(s); In�q) for unimodular matrix polynomials E(s), F (s) given byF (s) = [B(s) � (Sq )�](I)(I) ;B(s) being the matrix B(s) = 2666666664 B1(s)B2(s)...BK (s)0... 3777777775 � I 0 � � � 0 � � � �where Bj(s) = Dj +Dj+1s+ � � �+DKsK�j ;and E(s) = [I � s(Sq )�](I)(I) :As a corollary, we compute the characteristic polynomial of the �nite companion matrix.Theorem 7.4 det(sI � C(D)) detDhrdc = detD(s) :19



proof.Compute the determinants of all matrices in the above matrix identity (16). It holdsdet �(s) = detD(s) and det[I � s(Sq )�](I)(I) = 1 so that the degree of the determinant onthe r.h.s. equals n = deg det[sI � C(D)]. Consequently, the matrix [B(s) � (Sq)�](I)(I) isunimodular and det[sI � C(D)]c = detD(s)with c a nonzero constant. We know that the highest coe�cient in detD(s) is Dhrdc so thatthe constant c is equal to Dhrdc. 2The proof of the linearization theorem is based on a simple operator identity for theshift operator on the space of vector polynomials. This identity was already used in thecase of scalar polynomials [11, page 90] and is restated here because it is of independentinterest. We use the symbol P0 for the operator which assigns to any vector polynomialp =P pisi 2 Fq[s] the constant vector polynomial p0 2 Fq[s].(rI � S)K�1X0 rj(S�)j+1 = P0 K�1X0 rj(S�)j + rK(S�)K � I ; (17)when restricted to the subspace of all polynomials of degree not exceeding K, it assumesthe following form (rI � S)K�1X0 rj(S�)j+1 = P0 KX0 rj(S�)j � I (18)because, in that case, rK(S�)K = P0rK(S�)K . To prove the identity (17), take any r 2 F,write down the sum of the geometric series(rS� � I)K�1X0 rj(S�)j = rK(S�)K � I (19)and replace, on the left hand side, the identity by SS� + P0 so thatrS� � I = (rI � S)S� � P0 :For any (constant) matrix A 2 F q�q we denote by M (A) the operator of multiplicationby A on the space Fq[s], i.e. M (A)p(s) = Ap(s). Note that the matrix ofM (A) with respectto the basis B is the block diagonal matrix diag (A;A;A; : : :).We introduce the matrix polynomial function of the shift operator byD(S) =XM (Di)Si :The next step consists in composing both sides of the identity (18) with the operator D(S)P0.Let us precompute the sum on the l.h.s.,K�1Xj=0 rj(S�)j+1D(S)P0 = K�1Xj=0 rj(S�)j+1 KXi=0M (Di)SiP0 :Using the fact that multiplication operators commute with the shifts and reducing the sumsby means of the equalities S�S = I and S�P0 = 0, the expression can be written asKXi=0M (Di) X0�j�i�1rjSi�j�1P0 :Writing k for i� j � 1 so that i = k + 1 + j, this sum appears in the form20



K�1Xk=0 0@K�k�1Xj=0 rjM (Dk+1+j)1ASkP0 = K�1Xk=0 M (Bk+1(r))SkP0 :The r.h.s. of (18) composed by D(S)P0 givesP0 KX0 rj(S�)jD(S)P0 �D(S)P0 = KX0 rjM (Dj)P0 �D(S)P0 =M (D(r))P0 �D(S)P0 :In this manner, we obtain the following identity(rI � S)K�1X0 M (Bk+1(r))SkP0 =M (D(r))P0 �D(S)P0 : (20)Using (20) and the identities (rI � S)S� = �(I � rS�)SS� andS�M (D(r))P0 = 0, we obtain(rI � S)(K�1X0 M (Bk+1(r))SkP0 � S�) = M (D(r))P0 �D(S)P0 � (rI � S)S� =(I � rS�)M (D(r))P0 �D(S)P0 + (I � rS�)SS� =(I � rS�)(M (D(r))P0 + SS�)�D(S)P0 :We introduce the notation B(r) for the operator PK�10 M (Bk+1(r))SkP0.Composing this identity to the left by R(D) and using the identity R(D)D(S)P0 = 0,we have R(D)(rI � S)(B(r)� S�) = R(D)(I � rS�)(M (D(r))P0 + SS�) :If we consider the restriction to the subspace R(D) and if we join an additional conditionthat R(D)M (D(r))P0 = M (D(r))P0 on R(D), we can omit R(D) on the r.h.s. and we haveto replace the shift on the l.h.s. by S(D). In this way, we obtain the following theorem thematrix representation of which is Theorem 7.3 above:Theorem 7.5 Suppose that D is row reduced and, moreover, thatR(D)M (D(r))P0 = M (D(r))P0 restricted to R(D).Then [rI � S(D)][B(r) � S�] = [I � rS�][M (D(r))P0 + SS�]if the operators on both sides are restricted to the space R(D).Remark 7.1 Note that the condition R(D)M (D(r))P0 = M (D(r))P0 on R(D) holds, e.g.,in the case when all row degrees of D are positive.8 CONNECTIONBETWEEN THE INFINITE COM-PANION MATRIX FOR D AND THE SCALARINFINITE COMPANION MATRIX FOR detDLet D be any row reduced matrix polynomial in Fq�q[s] and let d = detD. (Recall thatn = deg d =P row degrees of D .)Note that dIq = DDadj21



and use Lemma (4.2)(1) to get KerR(dIq) � KerR(D) :>From this fact it can be shown thatspan rows C1(dIq) � span rows C1(D) :This implies that C1(D) = MC1(dIq)for an n� nq matrix M . Since division by dIq is equivalent to scalar division by d in eachcomponent, we can write C1(dIq) = C1(d)
 Iq :Since the �rst n columns of C1(d) form the identity matrix In, we conclude that the�rst nq columns of the matrix C1(d)
 Iq = C1(dIq) form the identity matrix of order nq.After having noticed this fact, we can easily �nd the explicit form of the matrix M andformulate the following theorem.Theorem 8.1 For any row reduced matrix polynomial D 2 Fq�q [s],C1(D) = M (C1(d)
 Iq)where M = �C0; C(D)C0; C(D)2C0; : : : ; C(D)n�1C0�and the matrix C0 is formed by the �rst q columns of C1(D).In other words, M is formed by the �rst nq columns of C1(D).9 FACTORIZATION OF INFINITE BLOCK HAN-KEL MATRICES HAVING FINITE RANKIt is a well-known fact that any scalar in�nite Hankel matrix having �nite rank correspondsto a (strictly proper) rational function, H = H(!) = (!i+j) where !(s) = q(s)=f(s) =P1i=0 !is�i�1 [6, p. 207]. This matrix has a well-known factorizationH = VfMV Tfwhere Vf is the (in general con
uent) Vandermonde matrix, corresponding to the zeros off and M is an (in general block) diagonal matrix. There is also another factorization givenby Pt�ak in terms of the in�nite companion matrix,H = [C1(f)]TH0C1(f)where H0 is the leading n� n submatrix of H.The generalization of the �rst formula for block Hankel matrices is studied (even for�nite block Hankel matrices) in [4]. Here we give a block generalization of the factorizationusing in�nite companion matrices.Let 
(s) =P
is�i�1 2 Fp�q(s) and H(
) = [
i+j].Choose one right and one left polynomialmatrix fraction description of 
 (not necessarilycoprime): 
 = NRD�1R = D�1L NL :Recall that the Hankel operator H = H(
) corresponding to the matrix rational function
 is the operator which maps any p 2 Fq[s] onto the strictly proper rational functionv = ��
p :22



In terms of expansions in powers of s, the Hankel operator H is represented by the Hankelmatrix H. Evidently KerH � DRFq [s] ;i.e. KerR(DR) � KerH. We can apply Theorem 5.5 to corresponding matrix representa-tions to obtain H = H ~C1(DR) : (21)Using the same reasoning for HT , we can writeHT = HT ~C1(DTL ): (22)Substituting (22) into (21), we get the following theorem.Theorem 9.1 (Factorization of block Hankel matrices)(1) Using the notation introduced above,H = [ ~C1(DTL)]TH ~C1(DR):(2) If we moreover suppose that DR; DTL are row reduced thenH = [C1(DTL )]THrsC1(DR)where Hrs is the r � s submatrix of H given byHrs = H(IR)(IL)where IR = I(DR), IL = I(DTL ) and r = jIRj = deg detDR, s = jILj = deg detDL.(3) If DR, DTL are row reduced and, moreover, both decompositions 
 = NRD�1R and
 = D�1L NL are coprime thenH = C1(DTL )HnC1(DR)where Hn = H(IR)(IL) is a square nonsingular submatrix of H of ordern = deg detDR = deg detDL = rankH :The fact that n = deg detDR = deg detDL = rankH under the assumptions of item (3)can be found e.g. in [8], page 442.Remark 9.1 Let 
 = NRD�1R be any right coprime polynomial matrix fraction decomposi-tion. Then the unique row echelon form of the Hankel matrix H is the in�nite companionmatrix � C1(Dc)0 �where Dc is the canonical form of DR.In conclusion we note that the intertwining relation(Sp)TH = HSq (23)together with the factorization equalities give the following:[C1(DTL)]T [C(DTL)]THnC1(DR) =[C1(DTL )]THnC(DR)C1(DR)and, consequently, [C(DTL)]THn = HnC(DR) :This is compression of the relation (23). This relation shows also that [C(DTL)]T and C(DR)are similar while Hn is the corresponding transformation matrix.23
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